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Abstract: Steady-state one-dimensional flows of five-component air behind a normal shock wave
are considered with one-temperature model. A mathematical model is formulated to describe the
relaxation of a five-component air mixture with a one-temperature non-equilibrium approximation.
A numerical study of non-equilibrium flows of a reacting five-component air mixture behind shock
waves at different heights and velocities of free flow is performed. The contribution of different
types of reactions to the overall relaxation of the mixture is discussed, and the distributions of
macro-parameters of the flow behind the shock wave front are calculated. The lengths of the
relaxation zones behind the shock wave front are compared at different initial conditions.
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1. Introduction

The solution of practical problems of high-speed aerodynamics leads to the need to study physical
and chemical processes in air flows behind shock waves. The air behind the shock wave formed near
the aircraft during its entry into the atmosphere is heated to high temperatures [1]. As a result of air
heating, there is an excitation of internal degrees of freedom, energy exchange between molecules,
processes of dissociation and ionization [2-5]. These processes are characterized by a significant
imbalance between different degrees of freedom of molecules (thermally non-equilibrium gas). The
need to study non-equilibrium flows of gas mixtures also arises in flows formed in rocket engine
nozzles and when reproducing experimental conditions in shock tubes [6-8].

Development of models of different levels of physical complexity is dictated by the relationships
between the characteristic relaxation times of processes occurring in a high-temperature air. In
high-temperature and high-enthalpy flows, the excitation of the internal degrees of freedom of
molecules and chemical reactions lead to violation of thermodynamic equilibrium. In this case,
the relaxation processes leading to the establishment of equilibrium states proceed at different rates,
some of which are comparable with the characteristic times of change in flow quantities. At high
temperatures, the characteristic relaxation time of the translational degrees of freedom, 1;, is of the
order of the mean free path 1), and the relations 7, ~ 57y are satisfied for the relaxation time of the
rotational and vibrational degrees of freedom and 7, ~ 10001y [9]. A specific feature of the flow behind
shock waves is the significant difference between the relaxation times of different degrees of freedom.
In air components at high temperatures, the time to establish equilibrium in translational and rotational
degrees of freedom is much shorter than the time of vibrational and chemical relaxation [10]. Taking
into account the relationships between the characteristic times of kinetic processes, mathematical
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models of various levels of complexity have been developed that describe high-temperature air flows
under different non-equilibrium conditions [3].

Models designed to describe non-equilibrium mixtures and based on the introduction of a
common temperature do not take into account the effects of interaction between different vibrational
modes. In many cases, the one-temperature approximation does not provide an adequate description
of vibrationally non-equilibrium air flows and leads to significant differences in temperature and
mixture composition found within the multi-temperature approximation. In particular, the application
of the approximate approach leads to an underestimated length of the relaxation zone compared to
modelling with the full model [11].

The most detailed and rigorous approach to the description of relaxation processes is a
level-by-level approach based on the coupled solution of the equations for the populations of the
vibrational levels of molecules and the densities of atoms together with the Euler equations [12,13].
The theory of relaxation processes in multi-component reacting gas mixtures, taking into account the
level-by-level kinetics, was developed in [2,3] using the Chapman-Enskog method generalized for
strongly non-equilibrium gases. Difficulties that arise in the numerical study of the level-by-level
kinetics in flows of multi-component mixtures are associated with the need to solve a large number
of equations for the populations of the vibrational levels of all molecular components of the mixture
together with the equations for macro-parameters. The high computational costs and the presence
of a large number of coefficients characterizing all kinds of energy exchanges between different
types of oscillations make it difficult to use this approach in practice. In particular, when describing
the vibrational spectra of molecules in a five-component model of air with a model of anharmonic
oscillators, the model contains 122 equations for the populations of vibrational levels, the numerical
densities of atoms, together with equations for macro-parameters [2,3].

In multi-temperature models, the distributions of parameters are characterized by different
temperatures of translational and vibrational degrees of freedom [14,15]. Multi-temperature models
make it possible to reduce the number of unknown functions and equations to be solved. The equations
for a large number of populations of vibrational levels with multi-temperature description are reduced
to several equations for the vibrational temperatures of molecules of different chemical types. The
multi-temperature approach seems to be more rigorous with respect to the simplified one-temperature
approximation, without leading to significant difficulties in numerical simulation compared to the
level-by-level approach [16-19]. The effect of vibrational excitation and dissociation of nitrogen
and oxygen molecules in the flows of binary mixtures N /N and O,/0O in nozzles is studied with
level-by-level approach [13] and multi-temperature approximation [20]. The model of two-temperature
physico-chemical kinetics taking into account the ionization process behind the front of a strong shock
wave is considered in [21].

To find the dissociation rate coefficients of diatomic molecules, Trinor—Marron model [22], Park
model [23], as well as the model proposed in [24] are used. A comparison of the experimental values
of reaction rate coefficients in reacting mixtures containing carbon dioxide molecules is presented
in [25]. Various approaches to modelling physical and chemical processes in high-temperature air
are discussed in [26]. The source terms in the equations of level kinetics in the five-component air
model and the rate coefficients of exchange reactions behind shock waves are given in [27,28]. The
macro-parameters of the flow and their change with distance from the shock wave front weakly depend
on the chosen model of transition rate coefficients (the maximum difference is 3%). The choice of the
energy exchange model has the greatest influence on the vibrational distributions at the beginning
of the shock wave relaxation zone. With distance from the shock wave front, this influence becomes
insignificant [29]. The processes of vibrational relaxation and thermally non-equilibrium dissociation
of oxygen are discussed in [30].

Particular attention in the literature is given to issues related to the comparison of computational
and experimental data [31]. The vibrational temperature of molecular oxygen behind the shock
wave with experimental measurements is compared in [32-34]. The results of the comparison show
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significant differences in flow quantities computed with various models. For some flow configurations,
taking into account the effects of thermochemical non-equilibrium either has no effect or leads to small
differences in the results obtained with equilibrium and non-equilibrium models [35]. Comparison of
various models for describing the vibrational kinetics and chemical reactions in gas mixtures, as well
as estimates of the effects of the initial vibrational nonequilibrium in a spatially homogeneous mixture
and the influence of the vibrational excitation of gas molecules in free flow on the flow quantities
behind the shock wave front are given in [36,37]. Such results show the importance of evaluating the
various effects of vibrational and chemical non-equilibrium on flow parameters [11,38]. The results
of verification of theoretical models of dissociation, exchange chemical reactions and vibrational
relaxation are reported in [36].

There are practically no experimental data for such regimes. On the other hand, there is a
wide range of theoretical models that make it possible to calculate the characteristics of chemical
reactions at different levels of complexity. It is difficult to carry out experiments to study the relaxation
zone behind shock waves at high velocities in air. The development of a simplified approach for
describing high-temperature air flows that takes into account non-equilibrium effects and is suitable
for performing parametric calculations in solving problems of hypersonic aerodynamics seems to
be an important task. In this study, non-equilibrium flows of a reacting five-component air mixture
consisting of Np, Oy, NO, N, O behind a shock wave at different heights and at different velocities
of free flow are simulated. To assess the applicability of the equilibrium thermodynamics model
for calculating the macro-parameters behind the shock wave, the lengths of the relaxation zones are
considered at various initial conditions. The results of flow simulation with one-temperature model
are compared with the results of numerical calculations with the equilibrium thermodynamics model.

2. Components of air and chemical reactions

A five-component air mixture, consisting of N, O, NO, N, O, is considered. Dissociation
reactions of diatomic molecules, recombination reactions and exchange chemical reactions occur in air
mixture. In this case, the processes of ionization and excitation of electronic degrees of freedom are not
taken into account, since the temperature range is considered in which the effect of these processes
on the flow parameters is weaker than the effect of chemical reactions [2,39]. When considering
flows of multi-component air mixtures, it is necessary to take into account not only the dissociation
of molecules, but also exchange chemical reactions (Zeldovich exchange reactions) leading to the
formation of nitric oxide molecules. The choice of the model of chemical exchange reactions plays an
important role in the description of nonequilibrium kinetics in shock-heated air [29].

It is assumed that the following kinetic processes occur in five-component air:

— dissociation and recombination

No+MS N+ N+ M; (1)
O, +MSO0+0+M; 2)
NO+MSN+0O+ M; (3)

— exchange reactions
N> 4+0 S NO+N; 4)
O, 4+ N S NO +O. (5)

Here, M is the particle involved in the collision (N2, Oz, NO, N, O). At temperatures below 3000 K,
exchange reactions prevail over dissociation reactions, and at temperatures above 5000 K, the situation
changes to the opposite effect when the contribution of dissociation becomes predominant.
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The vibrational energy of ¢ molecules at the i level, €, is represented as the sum of the vibrational

and rotational energies and is calculated on the basis of the Morse anharmonic oscillator model [2]
el = & + he (wS — wixs — wixsi) i, (6)

where

1 1
&) = he <2w§ - 4w§x§> .

Here, h is Planck constant, c is speed of light, w¢, wix$ are spectroscopic constants characterizing the
frequency and anharmonicity of molecular vibrations. The superscript takes the values ¢ = N, O,
NO. Molecular constants for the components of the air mixture, taken from [2,40], are given in Table 1,
where D, is the dissociation energy. The characteristic rotational temperature is found from the relation
Orc = h2/ (87T2klc), where k is the Boltzmann constant, I, is moment of inertia.

Table 1. Molecular constants.

Component  wy¢, s71 wsxs, m~! D., K Orc, R
Np 235857 1432 113493.16  2.867
0)) 158019 1198 59368.44 2.063
NO 190420 1407.5 75541.39  2.399

Assuming that the distribution of molecules over vibrational levels is quasi-stationary and
corresponds to the Boltzmann distribution, for the populations of the vibrational levels of the air
components we have the relation

i n Si
ny(T) = W})exp (_k;) .

The oscillatory partition function depends only on temperature and is represented as

Z2(T) = Yexp (—H)

3. Equations for macro-parameters

The ongoing processes are divided into fast and slow. Fast processes in a wide temperature
range include translational and rotational relaxation with characteristic times 7; and 7,. Other
processes, such as intermode exchanges, translational-to-vibrational energy transitions, and
dissociation/recombination reactions, occur at times 7y and T, comparable to the time of
macro-parameters change, 7. In a thermally equilibrium mixture, all transitions of internal energy
occur much faster than chemical reactions, and for the characteristic times of the processes the relation
T < Tr K Tgis ~ Tree ~ tau. To describe the relaxation of the mixture, a one-temperature description is
used. In this case, the non-equilibrium chemical kinetics is considered under the conserved thermally
equilibrium (Boltzmann) internal energy distributions of gas molecules.

In the kinetic theory of gas flows with fast and slow processes, the system of flow macroparameters
is derived using additive collision invariants in the fast stage of the process [2]. The corresponding
macro-parameters are the flow rate, the numerical densities of the mixture components, and the
gas temperature. The system of equations for macro-parameters, derived from the generalized
Enskog-Chapman method, describing the flow of an inviscid gas, includes equations of chemical
kinetics, equations of conservation of mass, momentum and energy.

The eoverning quations describing non-equilibrium air flows in the one-temperature
approximation are considered. The determining macro-parameters of the flow are the numerical
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densities of molecules and atoms ny;,, no,, N0, N, 1o, gas temperature T and macroscopic velocity
v.

The closed system of governing equations for macro-parameters contains equations of
one-temperature non-equilibrium chemical kinetics and equations of conservation of momentum
and total energy. In the case of a steady-state one-dimensional flow of an inviscid air, these equations
have the following form [2]

dny; do 2<—>2 263,
4 dxz +1’1N2d R +RN2 ;
dno, dv 292 2633
U Ty = R HRG
dr; do _ = R32 + R3S
an dv 5
— R 2 RZ(—>3,
g TN TRV
v@ +np— dv R2<—>2 + Ré<—>3;
dx dx
dv  dp
=0;
po dx + dx
dE do
—_— E)— =0.
v +(p+ )dx 0

Here, p = Y pnmmyp is mass density of the mixture, p = nkT is pressure, n = ) 5, 1)1 is number
density of the mixture, E is the total energy per unit volume. The relaxation terms on the right-hand
sides of the equations of chemical kinetics describe the change in the number densities of the mixture
components due to molecular dissociation reactions and reverse recombination reactions.

The total energy of a unit volume is found from the relation

E=E +Er +Eo + Ef,

where E;, E,, E,, E ¢ are translational, rotational, vibrational energies and formation energy of mixture
particles per unit volume. To calculate the components of the total energy, the relations are used

3
Et - EnkT,
Er= ) nkT;
C:Nz,Oz,NO
Eo= ) Y (e+e)n(T);
C:Nz,OZ,NO i
Ef = Z ndsj;.
d=N,O,NO

Here, SJ;\], e{), s{\IO are the formation energies of NO molecule, and N and O atoms. The energies of
formation of various components of the mixture (NO molecules, N and O atoms) are found from the
relations

1 1
E{\] = EDNZ’ J(; DOZ’ EJI(\]O = E(DN2 + DOZ) — Dpo.
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The governing equations form a closed system of non-linear ordinary differential equations
describing the one-dimensional flow of the air mixture, taking into account the reactions of exchange,
dissociation and recombination. To integrate them, the implicit Gear method is applied. This approach
has high accuracy and computational efficiency, allowing solving stiff systems with variable order and
integration step.

4. Initial conditions

In the one-temperature approximation, it is assumed that energy exchanges occur inside the
shock wave front, and dissociation and recombination begin immediately behind its front. The
one-temperature approach assumes that only the chemical composition of the mixture is preserved at
the shock wave front. When modelling relaxation behind the shock wave front, the parameters in free
flow are given as initial conditions, pressure py (or mixture number density 7(), mixture temperature
Tp, Mach number M (or gas velocity vp), the initial composition of the mixture. Then the parameters
of the gas behind the shock front are calculated. The obtained values are used as initial ones in solving
the system of equations describing the conservation laws.

To determine the parameters behind the shock wave, a system of mass, momentum, and total
energy conservation equations is solved. For a steady-state one-dimensional flow at the shock wave
front, the conditions of dynamic compatibility are satisfied

PY = Po%o,
pv* + p = poT5 + po;

E+ 2 E v2
P_’_Ui: 0+P0_'_70'
1Y 2 Lo 2

The subscript 0 corresponds to the parameters in free flow.

To find the parameters of the mixture behind the shock wave front, the conditions of dynamic
compatibility are resolved. The obtained values of the flow quantities are used as initial conditions for
equations written in the form of conservation conditions.

5. Relaxation terms

To close the system of governing equations, it is necessary to express the relaxation terms, R>*2
and R%73, in terms of flow macro-parameters. The subscript ¢ corresponds to various air components.

The source terms R2*2 describe changes in the number densities of molecules due to exchange
reactions (4)—(5) and have the following form [2]

RR,? = nnonnkNG v, — 1Ny nokR, os
RE? = nnonokiigNo, — no,mkS, Nos
RRG = ~RY, -~ RE,
R} = —R}+ RE%

252 p2e2 2452

Here, kgz_’ *No(T) and kg’;ONO(T) are the rate coefficients of direct exchange reactions (temperature
dependent), k%ggNZ(T) and k%a’ﬁoz("f) are the rate coefficients of reverse reactions (4) and (5)
depending on temperature.
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The source terms R%*3 describe the processes of dissociation and recombination (1)~(3) and have
the form [2]

263 _ 2 M M .
RNz - Z nm (nNkrec,Nz - nNszz,dis> ’
M=N,,0,,NO,N,0
2653 2 M M )
Rp,” = nm (”okrec,02 - nozkoz,dis> ’
M=N,,0,,NO,N,0
263 M M .
Ryo = nm (nNnOkrec,NO - ”NOkNo,dis> ’
M=N,,0,,NO,N,0
243 243 243,
Ry = —ZRN2 — RNG
2633 243 2433
Here, kij ;s (T), ko, dis (T) and ki, 45 (T) are the rate coefficients of dissociation of molecules N, Oz,
NO upon collision with particle M, depending on temperature, k%fc Ny (T), kffe 0y (T) and kﬁ\fc NO(T)

are the rate coefficients of recombination of atoms with formation of molecules N>, O, NO depending
on temperature.

To calculate one-temperature rate coefficients of direct exchange and dissociation reactions, the
Arrhenius law is used, which is valid in a thermally equilibrium gas

E
ké\,/{’(T) = ApmT" exp <_kT> P

where E = E, . or D, is activation energy in case of exchange reactions and dissociation energy in case
of decay reactions; Ap; and n are constant factors, which are determined from experimental data or
numerical calculations. The dissociation rate coefficients recommended in [40] and given in Table 2 are
used in the calculations.

Table 2. Constants in Arrhenius equations.

Reaction A,m3/s n Eycor D, J
Ny +N, — N+N+N, 41x10712 —062 1567 x1071?
N+0y — N+N+0, 15x10711 —068 1567 x10"Y
N, +NO —N+N+NO 15x10°1 —068 1567 x1071°
Ny+N— N+N+N 1.0x10°1  —0.68 1567 x 1071°
Ny+O—N+N+O 40%x10712 054 15.67 x 1071
O, +N, — O+0+N, 13x10710 -1  8197x10°1
O, +0;, — O0+0+4+0, 53x1001 -1 8197 x10°1
0,+NO—O0+0+NO 11x10°%0 -1 8197x10°1°
O, +N —O0O+0+N 11x10710 -1 8197x10°1°
0, +0—0+0+0 15%x10710  —1.05 8197 x10°1°
NO+N, — N+O+N, 21x10710 -1  1043x10°1
NO+0O, — N+O+0, 20x10710 1 1043x10°P
NO+NO —N+O+NO 10x10710 —1 1043x10°1
NO+N —-N+O+N 40x10710 _—11 1043 x1071°
NO4+0O—N+0+0 40x10710 —-11 1043x10°1
N, +O0 — NO+N 0.8 x 10716 0 5.175 x 10~1°

O+ N —NO+O 40x107 —039 02x1071
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The rate coefficients of recombination and reverse exchange reactions are found using the ratios
following from the principle of detailed balance [2]

M, h2

3/2
Dy
rech(T) kl\l\g,dis(T) <m%\1271'kT> Z;\IZ( )ZNZ(T eXp( 2

3/2
mo. h? Do
krec Oz( ) = kl(\)/lz,dis(T) ( m(zj 27TkT> Zgz(T)ZOz eXp ( kT2>

3/2
KM (T) = kM (1) ( NO i ro(T)Z8(T) exp [ 2O
rec, NO NO,dis MNMO 27kT NO NO kT ’

Zy,(T) 23, (T) Dy, — D
N—O KON MmN, Mo N N N NO \ .
kNa)%Nz( ) N;L)NO(T) (mN(Z)mN) ngtZ(T> 2 ( ) €x ( 2 ) s

ZgH(T) 28, Do, — D
0N _ N=O0 mo,MN 0, —Pno
kNO%OZ(T) - kozﬁNO(T) <mNOmO> (T) ( ) exp ( kT ) .
Here, Z!(T) is the partition function of the rotational degrees of freedom, ZZ(T) is the partition function
of the vibrational degrees of freedom. The partition function of the rotational degrees of freedom is
found from the relation

T

20 = g

where 0] is the characteristic rotational temperature, oy, = 0p, = 2 and oo = 1 are symmetry factors.

6. Results and discussion

The chemical reactions behind a normal shock wave at different altitudes and flight speeds are
considered. It is assumed that the air in free flow consists only of nitrogen and oxygen molecules,
nn, = 0.79n9, np, = 0.21ny, where ny = po/ (kTy) is total number density of the mixture in free flow.
The flight speed varies from M = 10 to M = 16. The upper limit is due to the fact that at Mach numbers
above 16, the temperature and pressure immediately behind the shock layer have values at which
ionization processes have a significant effect on the flow quantities [26]. To determine the parameters
of free flow at different flight altitudes, the model of standard atmosphere (ISO 2533) is applied. The
standard atmosphere sets the average numerical values of the main atmospheric parameters for heights
from —2000 m to 1200 km for latitude 45°32/33", corresponding to the average level of solar activity.

6.1. Composition of mizture

In the one-temperature approximation, it is assumed that equilibrium is established inside the
front in translational, rotational, and vibrational degrees of freedom. The values of the Mach numbers
behind the shock wave and the ratios of the values of the macroparameters before and behind the
wave front are related by Rankine-Hugoniot conditions.

Dependencies of temperature, speed, and concentrations of mixture components Ny, Oz, N, O,
NO on the longitudinal coordinate at different flight altitudes are shown in Figures 1-7.

With an increase in the Mach number of free flow, the temperature and velocity changes become
much more significant and pass much faster. As the flight altitude increases, the temperature and
velocity behind the shock wave decrease (Figures 1 and 2).
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Figure 1. Dependencies of temperature on the longitudinal coordinate at different flight altitudes 1 = 0
km (a), h = 10 km (b), h = 24 km (c), h = 60 km (d).
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Figure 2. Dependencies of velocity on the longitudinal coordinates at different flight altitudes = 0

km (a), h = 10 km (b), h = 24 km (c), h = 60 km (d).

As the Mach number increases, the concentration of the N, and O, components in the air mixture

behind the shock wave decreases, while the rate of concentration change increases (Figures 3 and 4).
At a height of 10 km, the concentration of the components increases. However, at an altitude of 24 km,
the concentration of the components decreases and continues to decrease with increasing altitude.
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As the Mach number increases, the concentration of the N and O components in the air mixture
increases behind the shock wave, and the concentration change gradient increases (Figures 5 and 6).
As the altitude increases, the concentration of atomic nitrogen decreases. The concentration of atomic
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oxygen at a height of 10 km decreases, but already at a height of 24 km an increase in concentration is

observed.
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At the initial stage, the main role is played by dissociation reactions leading to a decrease in the
concentrations of nitrogen and oxygen molecules (1, and 10,), the appearance of free atoms and the
onset of direct exchange reactions with the formation of nitric oxide molecules (n50). With an increase
in the number of atoms and molecules of nitric oxide, reverse exchange reactions are activated, and
therefore the change in the number density of nitric oxide molecules occurs in a nonmonotonic manner.
In general, nitric oxide molecules make up a relatively small fraction of the air mixture (Figure 7).
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Figure 7. Dependencies of the njp concentration on the longitudinal coordinate at different flight
altitudes h = 0 km (a), h = 10 km (b), h = 24 km (c), h = 60 km (d).

6.2. Length of relaxation region

The results of numerical simulation make it possible to establish the role of chemical reactions
in relaxation processes. The lengths of the zones behind the shock wave front, in which the flow
parameters change by more than 1% of their final values, depending on the Mach number at different
flight altitudes are considered. In Figure 8, the y-axis shows the length of the relaxation zone in which
the indicated parameter differs from the final result by 1%. The zone in which all flow quantities
differ from the final result by 1% is called the relaxation zone. At the end of the relaxation zone, the
distribution models lead to parameter values that are achieved at thermal and chemical equilibrium.
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Figure 8. Relaxation zone length at height i = 0 km (a), 10 km (b), 24 km (c), 60 km (d).

With an increase in the Mach number, the zone of chemical reactions decreases. On the one
hand, the velocity behind the shock wave increases with increasing Mach number, which leads to an
increase in the relaxation zone. The pressure also increases, which leads to a decrease in the relaxation
zone. Since the pressure increases much more than the velocity, the chemical reaction zone decreases.
The establishment of macro-parameters occurs at a shorter distance than the establishment of some
concentrations of the mixture components. The slowest is the establishment of the concentration of
nitric oxide. The length of the relaxation zone is x = 0.383 mm at an altitude of # = 0 km, x = 8.5 mm
at an altitude of 7 = 10 km, x = 55 mm at an altitude of 1 = 24 km, x = 3211 mum at an altitude of
h = 60 km.

The lengths of the zones of change in the flow parameters behind the shock wave depending on
the flight altitude at Mach numbers M = 10, 13, 16 are analysed. The solid lines in Figure 9 show the
lengths of the chemical reaction zones, where the relative the error of macroparameters (temperature,
pressure, numerical density) relative to their final values exceeds 1%. The dashed-dotted lines show
the lengths of the chemical reaction zones, where the error of the numerical components of the mixture
relative to their final values exceeds 1%. The length of the zone of change in macro-parameters is much
less than the length of the zone of change in the numerical densities of the mixture components.
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Figure 9. Lengths of the chemical reaction zones depending on the height at different Mach numbers.

At the Mach number M=10, the conditional relaxation zone is more than 1 mm already at a height
of 4 km above sea level (in this case, the length of the zone of change in macro-parameters at the same
height is x = 0.32 mm). At a height of 10 km, the zone length is more than 1 cm (x = 2.5 mm for macro
parameters), at a height of 32 km is more than 1 dm (x = 1.57 cmfor macro-parameters), at a height of
60 km is about 3 m (x = 2.6 m for macro-parameters). The length of the relaxation zones at the Mach
number M=10 exceeds the length corresponding to other Mach numbers.

At the Mach number M=13, the length of the zone of change in flow parameters is more than 1
mm at an altitude of 25 km above sea level (while the length of the zone of change in macro-parameters
at the same height is x = 0.2 mm). At a height of 42 km, the zone length is more than 1 cm (x = 0.57
cm for macro-parameters), at a height of 53 km is more than 1 dm (x = 0.47 dm for macro-parameters),
at an altitude of 60 km is about 4.7 dm (x = 2.3 dm for macro-parameters).

At the Mach number M=16, the length of the zone of change in flow parameters is more than 1
mm at a height of 35 km above sea level (while the length of the zone of change in macro-parameters
at the same height is x = 0.5 mm). At a height of 46 km, the zone length is more than 1 cm (x = 0.58
cm for macro-parameters), at a height of 57 km is more than 1 dm (x = 0.5 dm for macro-parameters),
at a height of 60 km is about 2.1 dm (x = 1 dm for macro-parameters).

An increase in the Mach number leads to an increase in the flow velocity directly behind the shock
wave. However, the difference in velocity at the end of the relaxation zone is noticeable when the
Mach number changes from 6 to 8 and amounts to about 10%. For M > 8, the differences between
the velocity values do not exceed 3%, since in this case the temperature of the gas behind the shock
wave increases, which leads to an additional loss of the initial kinetic energy and velocity due to active
chemical reactions.

The obtained data on the lengths of the relaxation zone are given in Table 3 for various flight
altitudes and Mach numbers of free flow.
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Table 3. Relaxation zone length (in m) depending on the flight altitude.

hm M=10 M=13 M=16

0 0.382 0.010 0.00182
500 0.435 0.012 0.00199
1000 0.500 0.013 0.00217
1500 0.576 0.014 0.00236
2000 0.662 0.016 0.00260
2500 0.772 0.018 0.00285
3000 0.893 0.020 0.00309
4000 1.221 0.026 0.00375
5000 1.684 0.033 0.00453
6000 2.361 0.042 0.00553
7000 3.361 0.054 0.00683
8000 4.846 0.070 0.00842
9000 7.145 0.0942 0.010
10000  10.680 0.124 0.013
11000  16.358 0.169 0.016
12000  18.195 0.192 0.019
14000  22.156 0.253 0.026
16000  27.493 0.333 0.034
18000  33.598 0.435 0.046
20000  41.799 0.582 0.062
24000  54.895 0.928 0.096
28000  74.700 1.483 0.169
32000 104.143 2274 0.48
36000 119.754 2.494 1.218
40000  142.343 7.409 2.936
50000  262.711 54.330 24.078
60000 2987.198 471.223  206.254

7. Comparison of various models

The results of numerical calculations are compared with the results obtained with the
multi-temperature approach and presented in [41]. The conditions in free flow correspond to an
altitude of 48 km (Tp = 271 K, pg = 100 Pa). The calculations are carried out at Mach numbers
M, = 10, 13, 16 and the chemical composition of the air, consisting of 79% nitrogen and 21% oxygen
(nn, = 0.79n9, np, = 0.21ny, where ny is the total number density of the mixture in the oncoming
flow).

Changes in temperature, flow velocity, relative numerical densities N>, Oz, N, O, NO with distance
from the shock wave front are shown in Figures 10-16. In the left pictures, the solid lines represent the
simulation results obtained with three-temperature model (it is based on the two-temperature Treanor
distribution) and taken from [41], and the dash-dotted lines represent the solutions obtained with
one-temperature model (it is based on the equilibrium one-temperature Boltzmann distribution of
anharmonic oscillators). In the right pictures, the solid lines show the distribution of quantities in the
relaxation zone behind the shock wave front at the Mach number M = 10, the dash-dotted lines show
the distribution of parameters in the relaxation zone behind the shock wave front at the Mach number
M = 13, dotted lines show the distribution of parameters in the relaxation zone behind the shock
wave front at Mach number M = 16. There is a good agreement between the results corresponding
to different approaches. The values of the relative concentration NO found from multi-temperature
model exceed the corresponding values obtained with one-temperature model (Figure 16).
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Figure 10. Dependencies of temperature on the longitudinal coordinate computed with
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multi-temperature (a) and one-temperature (b) models.

The temperature and flow velocity distributions in the relaxation zone behind the shock
wave show that the use of the one-temperature approximation leads to an underestimation of the
temperature and velocity in the relaxation zone. This is more noticeable at high Mach numbers. In the
one-temperature description, vibrational relaxation is a fast process, and the transition of translational
energy into vibrational energy occurs inside the shock front. The difference between the temperatures
found in the three-temperature and one-temperature approximations reaches 20% for M = 16. With
distance from the front of the shock wave, the velocity decreases. At high Mach numbers in the
oncoming flow, the speed decreases faster. The use of a single-temperature description leads to an
underestimation of the rate by up to 24%.

Changes in the relative numerical densities of molecules and atoms with distance from the
shock wave front show that the active dissociation of oxygen molecules, as well as the dissociation of
nitrogen molecules, leads to the appearance of atoms and intense direct exchange reactions. With the
accumulation of atoms and molecules of nitric oxide, the role of reverse exchange reactions increases,
which leads to a non-monotonic change in the concentration of nitric oxide. The one-temperature
model gives a significant underestimation of the densities of nitrogen and oxygen molecules, an
overestimation of the densities of atoms and molecules of nitric oxide, and slows down the increase and
decrease of nitric oxide molecules. This is explained by the fact that the one-temperature approximation
does not describe the process of vibrational relaxation and the corresponding dissociation delay
observed in a nonequilibrium gas both in theoretical calculations [2] and in experiments [9]. The
differences between the flow parameters found in the three-temperature and one-temperature models
decrease with distance from the shock wave front as equilibrium is approached. In the one-temperature
approximation, there is no delay in reactions caused by vibrational relaxation, dissociation of molecules
occurs immediately, and chemical and thermal equilibrium is reached faster.

The one-temperature approximation leads to underestimated temperatures behind the shock
wave front, since it does not take into account the process of excitation of the vibrational degrees of
freedom of molecules in the relaxation zone. The number densities of nitrogen and oxygen molecules
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and atoms obtained in the considered approaches have close values, and the maximum difference is
about 5%. This is consistent with the data given in [29].

The most active reaction is the reverse exchange reaction in the collision of N, molecules with O
atoms, followed by exchange reactions involving oxygen molecules. In this case, near the shock wave
front, the reverse reaction occurs more actively when NO molecules collide with O atoms, and as x
increases, the forward reaction becomes more active when oxygen molecules collide with nitrogen
atoms. The least active among the exchange reactions is the direct exchange reaction involving nitrogen
molecules. Moreover, the most active dissociation of oxygen occurs upon collision with nitrogen
molecules, and the least active occurs upon collision with oxygen molecules. Nitrogen dissociation
also actively occurs in the collision of Ny molecules with O, molecules, and less actively occurs in the
collision of N, with Np. In this case, the rate coefficients of nitrogen dissociation behind the shock
wave remain lower than the rate coefficients of other reactions. One can also note a non-monotonic
change in the rate coefficients of the direct Zel’dovich reactions and dissociation with distance from
the shock wave front, which is associated with a nonmonotonic change in vibrational temperatures.

8. Conclusion

A mathematical model of relaxation of a five-component inviscid air mixture behind the shock
wave front is developed with one-temperature approximation. Numerical simulation of changes in
gas-dynamic parameters behind shock waves at different heights and different Mach numbers of
free flow has been carried out. The influence of the conditions in free flow on the distributions of
macro-parameters and the relaxation rate is shown, and the lengths of the zones of change in the flow
quantities behind the shock waves at different conditions are compared.

Simulations have shown that the length of the zone of change in the concentration of the
components of the mixture exceeds the length of the zone of change in the macro-parameters of
the flow behind the shock wave by a factor of 1.5-4. Therefore, in cases where there is no need to
obtain the results of changing the concentration of the mixture components, the zone of numerical
calculations of the flow can be reduced to the length of the zone of change in gas-dynamic variables.
The length of the zone of change in the parameters of the flow behind the shock wave decreases with
an increase in the velocity of free flow, since the pressure behind the shock wave front increases many
times more than the velocity. With an increase in flight altitude, the length of the relaxation zone
increases due to a decrease in density, pressure, and temperature in free flow.
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