
Article

Not peer-reviewed version

Jeffreys Divergence and

Generalized Fisher Information

Measures on Fokker-Planck

Space-Time Random Field

Jiaxing Zhang 

*

Posted Date: 24 August 2023

doi: 10.20944/preprints202308.1738.v1

Keywords: Space-time random field; Fokker-Planck equations; Differential entropy; Jeffreys divergence;

Fisher information; De Bruijn identities

Preprints.org is a free multidiscipline platform providing preprint service that

is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of

Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons

Attribution License which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.

https://sciprofiles.com/profile/2794980


Article

Jeffreys Divergence and Generalized Fisher
Information Measures on Fokker-Planck Space-Time
Random Field
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Abstract: In this paper, we derive Jeffreys divergence, generalized Fisher divergence and

corresponding De Bruijn identities on space-time random field. First, we determine the relation

between Fisher information on the space-time random field in one of the space-time points and the

ratio of Jeffreys divergence on a space-time random field at distinct space-time positions to the square

of coordinate difference. In addition, we also find identities between the partial derivative of the

Jeffreys divergence and the generalized Fisher divergence with respect to space-time variables, i.e.

the De Bruijn identities, between two space-time random fields obtained by different parameters

under the same Fokker-Planck equations. At the end of this paper, we present three examples of

the Fokker-Planck equations on space-time random fields, identify their density functions, and

derive the Jeffreys divergence, generalized Fisher information, generalized Fisher divergence, and

accompanying De Bruijn identities.

Keywords: space-time random field; Fokker-Planck equations; differential entropy; jeffreys

divergence; Fisher information; De Bruijn identities

1. Introduction

Information entropy and Fisher information are quantities to measure random information, and

entropy divergence is derived from information entropy to measure the difference between two

probability distributions. Formally, we can construct straightforward definitions of entropy divergence

and Fisher information for the case of a space-time random field found on classical definitions. The

density function, in their definitions, can be obtained in many different ways. In this paper, the

density function of a space-time random field is obtained by Fokker-Planck equations. The traditional

Fokker-Planck equation is a partial differential equation that describes the probability density function

of a random process[1]. It describes the density function’s time-varying change rule. However,

Fokker-Planck equations for random fields, particularly space-time random fields, does not have a

clear form so far. The classical equation needs to be generalized because the variable varies from time

to space-time.

In this paper, we mainly obtain the relation between Jeffreys divergence and generalized Fisher

information for space-time random field generated by Fokker-Planck equations. Jeffreys divergence is a

symmetric entropy divergence, which is generalized from Kullback-Leibler divergence (KL divergence).

In information theory and statistics, Jeffreys divergence is often used to measure the distance between

predicted and true distributions, but its drawback is that when there is less overlap between the two

distributions, the result is infinity. In order to avoid the divergence results, we consider the relationship

between Jeffreys divergence and generalized Fisher information for space-time random field with

small differences in space-time parameters.

Moreover, the classical De Bruijn identity describes the relationship between differential entropy

and Fisher information of Gaussian channel[2], and it can be generalized other cases[3–7]. Thanks their

works and following their ideas, we obtain De Bruijn identities on Jeffreys divergence and generalized

Fisher information of two space-time random fields whose density function satisfies Fokker-Planck

equations.
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1.1. Space-time random field

Random field was first studied by Kolmogorov[8–10] and it was gradually improved by

Yaglom[11–13] in the middle of last century. A random field with n ∈ N+ variables can be expressed as

X(t1, t2, · · · , tn) (1)

where (t1, t2, · · · , tn) ∈ Rn. We call (1) as a generalized random field, or a multiparameter stochastic

process. In some practical applications, we often use the concept of space-time random field. The

space-time random field on a d-dimensional space is expressed as

X(t, x) (2)

where (t, x) ∈ R+ ×Rd are the space-time variables. It has many applications in statistics, finance,

signal processing, stochastic partial differential equations and other fields[14–27].

1.2. Kramers-Moyal expansion and Fokker-Planck equation

In the literature of stochastic processes, Kramers-Moyal expansion refers to a Taylor series of the

master equation, named after Kramers and Moyal[28,29]. The Kramers-Moyal expansion is an infinite

order partial differential equation

∂p(u, t)

∂t
=

∞

∑
n=1

(−1)n

n!

∂n

∂un
[Kn(u, t)p(u, t)] (3)

where p(u, t) is the density function and

Kn(u, t) =
∫

R

(

u′ − u
)n

W(u′|x, t)du′ (4)

is the n-order conditional moment. Here W(u′|u, t) is the transition probability rate. The Fokker-Planck

equation is obtained by keeping only first two terms of the Kramers-Moyal expansion. In statistical

mechanics, Fokker-Planck equation is usually describes the time evolution of probability density

function of the velocity of a particle under the influence of drag forces and random forces, as in

famous Brownian motion. And this equation is often used to find the density function of Itô stochastic

differential equation[1].

1.3. Differential entropy and De Bruijn identity

The entropy of a continuous distribution was proposed by Shannon in 1948, known as differential

entropy[30]:

h (X) = −
∫

Rd
p(x) log p(x)dx (5)

where h(·) represent the differential entropy and p(·) is probability density function of X. However,

differential entropy is not easy to calculate and seldom exists. There have been related studies

on the entropy of stochastic processes and continuous systems[31–34]. If we consider a classical

one-dimensional Gaussian channel model

Yt = X +
√

tG (6)

here X is the input signal, G is standard Gaussian noise, t ≥ 0 is the strength and Yt is the output, we

can obtain the density of Yt satisfies the following Fokker-Planck equation

∂p(y, t)

∂t
=

1

2

∂2 p(y, t)

∂y2
(7)
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Further, by calculating the differential entropy of Yt and obtaining its derivative to t, we can get

dhYt
(t)

dt
=

1

2
FIYt

(t) (8)

where

FIYt
(t) =

∫

R

[

∂ log p(y, t)

∂y

]2

p(y, t)dy (9)

is the Fisher information of Yt. The equation (8) here is the De Burijn identity. The de Bruijn identity

connects the differential entropy h(·) and the Fisher information FI(·), which shows that they are

different aspects of the concept of “information”.

1.4. Entropy Divergence

In information theory and statistics, an entropy divergence is a statistical distance generated

from information entropy to measure the difference between two probability distributions. There

are various divergences generated by information entropy, such as Kullback-Leibler divergence[35],

Jeffreys divergence[36], Jensen-Shannon divergence[37], Rényi divergence[38], etc. These measures

have been applied in a variety of fields such as finance, economics, biology, signal processing, pattern

recognition and machine learning[39–49]. In this paper, we mainly focus on the Jeffreys divergence of

two distributions, formed as

JD (P, Q) =
∫

R

[p(x)− q(x)] log
p(x)

q(x)
dµ(x) (10)

where µ is a measure of x.

2. Notations, Definitions and Propositions

2.1. Notations and Assumptions

In this paper, we use the following notations and definitions:

• Given a probability space (Ω,F , P), two real valued space-time random fields are denoted as

X(ω; t, x), Y(ω; s, y) or X(t, x), Y(s, y), where ω ∈ Ω and (t, x) (s, y) ∈ R+ ×Rd, d ∈ N+, are

space-time variables.

• The probability density functions of P and Q are denoted as p and q. With ∀u ∈ R, p(u; t, x) is

the density value at (t, x) of X and q(u; s, y) is the density value at (s, y) of Y.

• Suppose that our density functions p(u; t, x), q(u, s, y) ∈ C2(R)×C1(R+ ×Rd), i.e. p(u; t, x) and

q(u; s, y) are derivable twice with respect to u and once with respect to (t, x) or (s, y), respectively.

• In this paper, we denote that only the k-th coordinate differs in the d-dimensional real vectors as

x̃k and ỹk, where the k-th coordinates are xk and yk, k = 1, 2, · · · , d.

2.2. Definitions

To obtain the generalized De Bruijn identities between Jeffreys divergence and Fisher divergence,

we need to introduce some new definitions and propositions.

The first and important information quantity is the Kullback-Leibler divergence for random fields.

Same as the classical Kullback-Leibler divergence, we can easily get the Definition 1.

Definition 1: The Kullback-Leibler divergence between two space-time random fields X(t, x) and

Y(s, y), (t, x), (s, y) ∈ R+ ×Rd, with density functions p(u; t, x) and q(u; s, y), is defined as

KL (P(t, x)‖Q(s, y)) =
∫

R

p(u; t, x) log
p(u; t, x)

q(u; s, y)
du (11)
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Similar to the classical Kullback-Leibler divergence, Kullback-Leibler divergence on random fields

is not symmetrical, i.e.

KL (P(t, x)‖Q(s, y)) 6= KL (Q(s, y)‖P(t, x)) (12)

Following the classical definition of Jeffreys divergence on two random variables, we mainly consider

Jeffreys divergence for random fields in this paper.

Definition 2: The Jeffreys divergence divergence between two space-time random fields X(t, x)

and Y(s, y), (t, x), (s, y) ∈ R+ ×Rd, with density function p(u; t, x) and q(u; s, y) is defined as

JD (P(t, x), Q(s, y)) = KL (P(t, x)‖Q(s, y)) + KL (Q(s, y)‖P(t, x)) (13)

Here, we replaced ‖ by , in the distortion measure to emphasize the symmetric property.

Another significant measure of information is Fisher information. In this paper, we consider the

generalized Fisher information of space-time random field.

Definition 3: The Generalized Fisher information of space-time random field X(t, x), (t, x) ∈
R+ ×Rd, with density function p(u; t, x) defined by nonnegative function f (·) are formed as

FI f (P(t, x)) =
∫

R

f (u) [∂u log p(u; t, x)]2 p(u; t, x)du (14)

In particular, as f ≡ 1, FI1(t, x) is the Fisher information in usual case. In addition to equation (14), we

have other similar forms of generalized Fisher information

FI
(t)
f (P(t, x)) =

∫

R

f (u) [∂t log p(u; t, x)]2 p(u; t, x)du (15)

and

FI
(xk)
f (P(t, x)) =

∫

R

f (u)
[

∂xk
log p(u; t, x)

]2
p(u; t, x)du (16)

for k = 1, 2, · · · , d. Obviously, (15) and (16) are generalized Fisher information on space-time variables.

Regarding the generalized Fisher information (14), we can come to a following simple proposition.

Proposition 4: For arbitrary non-negative function f (·), we assume the generalized Fisher

information of random variable X

FI f (X) :=
∫

R

f (x)

[

d log pX(x)

dx

]2

pX(x)dx (17)

is well defined, where pX(x) represents the probability density. Then we have the generalized Fisher

information inequality
1

FI f (X + Y)
≥ 1

FI f (X)
+

1

FI f (Y)
(18)

When f ≡ 1, FI1(X) is the Fisher information in usual case.

Proof Denote Z = X + Y, pX , pY and pZ represent densities i.e.

pZ(z) =
∫

R

pX(x)pY(z − x)dx (19)

and derivative function

p′Z(z) =
∫

R

p′X(x)pY(z − x)dx (20)
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If pX , pY and pZ are never vanish,

p′Z(z)
pZ(z)

=
∫

R

pX(x)pY(z − x)

pZ(z)

p′X(x)

pX(x)
dx

=E

[

p′X(x)

pX(x)

∣

∣

∣

∣

∣

z

]

(21)

is the conditional expectation of
p′X(x)
pX(x)

for given z. Similarly, we can obtain

p′Z(z)
pZ(z)

= E

[

p′Y(y)
pY(y)

∣

∣

∣

∣

∣

z

]

(22)

and ∀µ, λ ∈ R, we find that

E

[

µ
p′X(x)

pX(x)
+ λ

p′Y(y)
pY(y)

∣

∣

∣

∣

∣

z

]

= (µ + λ)
p′Z(z)
pZ(z)

(23)

Hence, we have
[

(µ + λ)
p′Z(z)
pZ(z)

]2

=

{

E

[

µ
p′X(x)

pX(x)
+ λ

p′Y(y)
pY(y)

∣

∣

∣

∣

∣

z

]}2

≤E

{

[

µ
p′X(x)

pX(x)
+ y

p′Y(y)
pY(y)

]2
∣

∣

∣

∣

∣

z

}

(24)

with equality only if

µ
p′X(x)

pX(x)
+ λ

p′Y(y)
pY(y)

= (µ + λ)
p′Z(z)
pZ(z)

(25)

with probability 1 whenever z = x + y and we have

f (z)

[

(µ + λ)
p′Z(z)
pZ(z)

]2

≤ f (z)E

[

(

µ
p′X(x)

pX(x)
+ y

p′Y(y)
pY(y)

)2
∣

∣

∣

∣

∣

z

]

(26)

Averaging both sides over the distribution of z

E

{

f (z)

[

(µ + λ)
p′Z(z)
pZ(z)

]2
}

≤E

{

f (z)E

[

(

µ
p′X(x)

pX(x)
+ y

p′Y(y)
pY(y)

)2
∣

∣

∣

∣

∣

z

]}

=µ2E

{

f (z)E

[

(

p′X(x)

pX(x)

)2
∣

∣

∣

∣

∣

z

]}

+ λ2E

{

E

[

f (z)

(

p′Y(y)
pY(y)

)2
∣

∣

∣

∣

∣

z

]}

(27)

i.e.

(µ + λ)2 J f (X + Y) ≤ µ2 J f (X) + λ2 J f (Y) (28)
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Setting µ = 1
J f (X)

and λ = 1
J f (Y)

, we obtain

1

FI f (X + Y)
≥ 1

FI f (X)
+

1

FI f (Y)
(29)

According to Definition 3, we can get relevant generalized definitions of generalized Fisher

information in general.

Definition 5: The Generalized cross Fisher information for space-time random fields X(t, x) and

Y(s, y), (t, x), (s, y) ∈ R+ ×Rd, with density functions p(u; t, x) and q(u; s, y), defined by nonnegative

function f (·) is formed as

CFI f (P(t, x), Q(s, y)) =
∫

R

f (u) [∂u log q(u; s, y)]2 p(u; t, x)du (30)

Similar to the concept of cross-entropy, it’s easily to verify that (30) is symmetrical about P and Q.

Definition 6: The Generalized Fisher divergence for space-time random fields X(t, x) and Y(s, y),

for (t, x), (s, y) ∈ R+ × Rd, with density functions p(u; t, x) and q(u; s, y), defined by nonnegative

function f (·) is formed as

FD f (P(t, x)‖Q(s, y)) =
∫

R

f (u) [∂u log p(u; t, x)− ∂u log q(u; s, y)]2 p(u; t, x)du (31)

In particular, as f ≡ 1, FD1 (P(t, x)‖Q(s, y)) is the Fisher divergence in usual case.

Obviously, the generalized Fisher divergence of random fields is not a symmetrical divergence.

To get the symmetrical formula, we need to generalize (31) in another field.

Definition 7: The Generalized Fisher divergence for space-time random fields X(t, x) and Y(s, y),

for (t, x), (s, y) ∈ R+ × Rd, with density functions p(u; t, x) and q(u; s, y), defined by nonnegative

functions f (·) and g(·) is formed as

FD( f ,g) (P(t, x)‖Q(s, y)) =
∫

R

[ f (u; t, x)∂u log p(u; t, x)− g(u; s, y)∂u log q(u; s, y)]

× [∂u log p(u; t, x)− ∂u log q(u; s, y)] [p(u; t, x) + q(u, s, y)] du
(32)

In particular, as f ≡ g, FD( f , f ) (P(t, x)‖Q(s, y)) is the generalized Fisher divergence for random fields

by one function. In general, FD( f ,g) (P(t, x)‖Q(s, y)) is asymmetric with respect to P and Q, i.e.

FD( f ,g) (P(t, x)‖Q(s, y)) 6= FD( f ,g) (Q(s, y)‖P(t, x)) (33)

If we suppose that f and g are functions only related to P and Q, i.e.

{

f (u; t, x) = T [p(t, x)] (u)

g(u; s, y) = T [q(s, y)] (u)
(34)

where T is a operator, the generalized Fisher divergence FD( f ,g) (P(t, x)‖Q(s, y)) can be rewrite as

FD( f ,g) (P(t, x)‖Q(s, y))

=
∫

R

{T [p(t, x)] (u)∂u log p(u; t, x)− T [q(s, y)] (u)∂u log q(u; s, y)}

× [∂u log p(u; t, x)− ∂u log q(u; s, y)] [p(u; t, x) + q(u, s, y)] du

(35)

and we can easily get

FD( f ,g) (P(t, x)‖Q(s, y)) = FD(g, f ) (Q(t, x)‖P(s, y)) (36)
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In this case, we call (35) symmetric Fisher divergence for random fields generated by operator T and

denote it as
sFDT (P(t, x), Q(s, y))

=
∫

R

{T [p(t, x)] (u)∂u log p(u; t, x)− T [q(s, y)] (u)∂u log q(u; s, y)}

× [∂u log p(u; t, x)− ∂u log q(u; s, y)] [p(u; t, x) + q(u, s, y)] du

(37)

Notice that
Aa − Bb

=
1

2
× 2 (Aa − Bb)

=
1

2
[(Aa − Ab + Ab − Bb) + (Aa − Ba + Ba − Bb)]

=
1

2
[(A + B) (a − b) + (A − B) (a + b)]

(38)

for A, B, a, b ∈ R, then we can rewrite (37) as

sFDT (P(t, x), Q(s, y))

=
1

2

∫

R

{T [p(t, x)] (u) + T [q(s, y)] (u)} [∂u log p(u; t, x)− ∂u log q(u; s, y)]2

× [p(u; t, x) + q(u, s, y)] du

+
1

2

∫

R

{T [p(t, x)] (u)− T [q(s, y)] (u)}
{

[∂u log p(u; t, x)]2 − [∂u log q(u; s, y)]2
}

× [p(u; t, x) + q(u, s, y)] du

=
1

2

[

FDT [p(t,x)]+T [q(s,y)] (P(t, x)‖Q(s, y)) + FDT [p(t,x)]+T [q(s,y)] (Q(s, y)‖P(t, x))
]

+
1

2

[

FIT [p(t,x)]−T [q(s,y)] (P(t, x)) + FIT [p(t,x)]−T [q(s,y)] (Q(s, y))
]

+
1

2

[

CFIT [p(t,x)]−T [q(s,y)] (Q(s, y), P(t, x))− CFIT [p(t,x)]−T [q(s,y)] (P(t, x), Q(s, y))
]

(39)

Proposition 8 (Kramers-Moyal expansion)[28,29]: Suppose that the random process X(t) has any

order moment, then the probability density function p(u, t) satisfies the Kramers-Moyal expansion

∂p(u, t)

∂t
=

∞

∑
n=1

(−1)n

n!

∂n

∂un
[Kn(u, t)p(u, t)] (40)

where

Kn(u, t) =
∫

R

(

u′ − u
)n

W(u′|u, t)du′ (41)

is the n-order conditional moment. Here W(x′|x, t) is the transition probability rate.

Proposition 9 (Pawula theorem)[50,51]: If the limit on conditional moment of random process

X(t)

lim
∆t→0

1

∆t
E
{

[X(t + ∆t)− X(t)]n
∣

∣

∣
X(t) = x

}

(42)

exists for all n ∈ N+, and the limit value equals 0 for some even number, then the limit values are 0 for

all n ≥ 3.

Pawula theorem states that there are only three possible cases in the Kramers-Moyal expansion:

1) The Kramers-Moyal expansion is truncated at n = 1, meaning that the process is deterministic;

2) The Kramers-Moyal expansion stops at n = 2, with the resulting equation being the

Fokker-Planck equation, and describes diffusion processes;

3) The Kramers-Moyal expansion contains all the terms up to n = ∞.

In this paper, we focus on the case of Fokker-Planck equation.
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3. Main Results and Proofs

Lemma 1: Suppose f , p, q are continuous derivable functions defined on R. Then

∫

R

f (u)

[

d log p(u)

du
− d log q(u)

du

]

[p(u) + q(u)] du = −
∫

R

f ′(u) [p(u)− q(u)] du (43)

holds true if it makes sense.

Proof:
∫

R

f (u)

[

d log p(u)

du
− d log q(u)

du

]

[p(u) + q(u)] du

=
∫

R

f (u)p(u)
d log p(u)

du
du +

∫

R

f (u)q(u)
d log p(u)

du
du

−
∫

R

f (u)p(u)
d log q(u)

du
du −

∫

R

f (u)q(u)
d log q(u)

du
du

=
∫

R

f (u)
[

p′(u)− q′(u)
]

du +
∫

R

f (u)

[

q(u)

p(u)
p′(u)− p(u)

q(u)
q′(u)

]

du

(44)

Notice that














d

du

[

p(u)

q(u)

]

=
1

q(u)

[

p′(u)− p(u)

q(u)
q′(u)

]

d

du

[

q(u)

p(u)

]

=
1

p(u)

[

q′(u)− q(u)

p(u)
p′(u)

] (45)

i.e.














p(u)

q(u)
q′(u) = p′(u)− q(u)

d

du

[

p(u)

q(u)

]

q(u)

p(u)
p′(u) = q′(u)− p(u)

d

du

[

q(u)

p(u)

] (46)

then

∫

R

f (u)

[

q(u)

p(u)
p′(u)− p(u)

q(u)
q′(u)

]

du

=
∫

R

f (u)

[

p′(u)− q(u)
d

du

[

p(u)

q(u)

]]

du −
∫

R

f (u)

[

q′(u)− p(u)
d

du

[

q(u)

p(u)

]]

du

=
∫

R

f (u)
[

p′(u)− q′(u)
]

du −
∫

R

f (u)q(u)d

[

p(u)

q(u)

]

+
∫

R

f (u)p(u)d

[

q(u)

p(u)

]

=
∫

R

f (u)
[

p′(u)− q′(u)
]

du +
∫

R

[

f ′(u)q(u) + f (u)q′(u)
] p(u)

q(u)
du

−
∫

R

[

f ′(u)p(u) + f (u)p′(u)
] q(u)

p(u)
du

=
∫

R

f (u)
[

p′(u)− q′(u)
]

du +
∫

R

f ′(u) [q(u)− p(u)] du −
∫

R

f (u)

[

q(u)

p(u)
p′(u)− p(u)

q(u)
q′(u)

]

du

=
∫

R

d { f (u) [q(u)− p(u)]} −
∫

R

f (u)

[

q(u)

p(u)
p′(u)− p(u)

q(u)
q′(u)

]

du

=−
∫

R

f (u)

[

q(u)

p(u)
p′(u)− p(u)

q(u)
q′(u)

]

du

(47)

So we can get the result

∫

R

f (u)

[

d log p(u)

du
− d log q(u)

du

]

[p(u) + q(u)] du = −
∫

R

f ′(u) [p(u)− q(u)] du (48)
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Lemma 2: Suppose that the Fokker-Planck equation for the density function p(u, t) is

∂p(u, t)

∂t
=

1

2

∂2 [b(u, t)p(u, t)]

∂u2
− ∂ [a(u, t)p(u, t)]

∂u
(49)

We use variable substitution u = u(v) or v = v(u) to convert the equation to

∂p(v, t)

∂t
=

E(t)

2

∂2 p(v, t)

∂u2
− F(t)

∂p(v, t)

∂u
+ G(t)p(v, t) (50)

where E(t), F(t), and G(t) are functions of t and E(t) > 0. Then we get the density

p(u, t) =
e
∫ t

0 G(s)ds

√

2π
∫ t

0 E(s)ds
e
− [v(u)−v(u0)−

∫ t
0 F(s)ds]

2

2
∫ t

0 E(s)ds (51)

Proof: Using Fourier transform, we can get the solution of Fokker-Planck equation (50) about v

p(v, t) =
e
∫ t

0 G(s)ds

√

2π
∫ t

0 E(s)ds
e
− [v−v0(x)−

∫ t
0 F(s)ds]

2

2
∫ t

0 E(s)ds (52)

It is worth noting that while p is a probability density function for u, and p is not a probability

density function for v. Our transformation, u = u(v) or v = v(u), is only introduced in the process of

solving the equation, which does not mean that v is a random process. Therefore, the integral value of

p with respect to v is not 1. But we can obtain

p(u, t) =
e
∫ t

0 G(s)ds

√

2π
∫ t

0 E(s)ds
e
− [v(u)−v(u0)−

∫ t
0 F(s)ds]

2

2
∫ t

0 E(s)ds (53)

and
∫

Iu

e
∫ t

0 G(s)ds

√

2π
∫ t

0 E(s)ds
e
− [v(u)−v(u0)−

∫ t
0 F(s)ds]

2

2
∫ t

0 E(s)ds du = 1 (54)

where Iu is the supporting set of p(u, t) with respect to u.

Theorem 3: The probability density function p(u; t, x) of space-time random field X(t, x), u ∈ R,

(t, x) ∈ R+ ×Rd, satisfies the following Fokker-Planck equations



























∂

∂t
p(u; t, x) =

1

2

∂2

∂u2
[b0(u; t, x)p(u, t, x)]− ∂

∂u
[a0(u; t, x)p(u; t, x)]

∂

∂xk
p(u; t, x) =

1

2

∂2

∂u2
[bk(u; t, x)p(u, t, x)]− ∂

∂u
[ak(u; t, x)p(u; t, x)]

k = 1, 2, · · · , d

(55)
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where






























































a0(u; t, x) = lim
∆t→0

1

∆t
M1(u; t, ∆t, x)

b0(u; t, x) = lim
∆t→0

1

∆t
M2(u; t, ∆t, x)

ak(u; t, x) = lim
∆xk→0

1

∆xk
M1(u; t, x, ∆xk)

bk(u; t, x) = lim
∆xk→0

1

∆xk
M2(u; t, x, ∆xk)

k = 1, 2, · · · , d

(56)

here










Mn(u; t, ∆t, x) = E
{

[X(t + ∆t, x)− X(t, x)]n
∣

∣

∣
X(t, x) = u

}

Mn(u; t, x, ∆xk) = E
{

[X(t, x + ∆xk)− X(t, x)]n
∣

∣

∣
X(t, x) = u

} (57)

are n-order conditional moments and (e1, e2, · · · , ed) is the orthonormal basis of the standard identity

of Rd.

Proof: ∀∆t 6= 0, we can get the difference of density function in time variable

p(u; t + ∆t, x)− p(u; t, x) =
+∞

∑
n=1

(−1)n

n!

∂n

∂un
[Mn(u; t, ∆t, x)p(u; t, x)] (58)

where

Mn(u; t, ∆t, x) = E
{

[X(t + ∆t, x)− X(t, x)]n
∣

∣

∣
X(t, x) = u

}

(59)

is the n-order conditional moment. Then the partial derivative of the density function with respect to t

is
∂

∂t
p(u; t, x) = lim

∆t→0

1

∆t

+∞

∑
n=1

(−1)n

n!

∂n

∂un
[Mn(u; t, ∆t, x)p(u; t, x)] (60)

The Pawula theorem implies that if the Kramers-Moyal expansion stops after the second term, we

get the Fokker-Planck equation about time variable t

∂

∂t
p(u; t, x) =

1

2

∂2

∂u2
[b0(u; t, x)p(u, t, x)]− ∂

∂u
[a0(u; t, x)p(u; t, x)] (61)

where














a0(u; t, x) = lim
∆t→0

1

∆t
M1(u; t, ∆t, x)

b0(u; t, x) = lim
∆t→0

1

∆t
M2(u; t, ∆t, x)

(62)

Similarly, we may consider the increment ∆xk of the space variable xk and we can obtain the

Fokker-Planck equations about xk is

∂

∂xk
p(u; t, x) =

1

2

∂2

∂u2
[bk(u; t, x)p(u, t, x)]− ∂

∂u
[ak(u; t, x)p(u; t, x)] (63)

where














ak(u; t, x) = lim
∆xk→0

1

∆xk
M1(u; t, x, ∆xk)

bk(u; t, x) = lim
∆xk→0

1

∆xk
M2(u; t, x, ∆xk)

(64)

here

Mn(u; t, x, ∆xk) = E
{

[X(t, x + ∆xkek)− X(t, x)]n
∣

∣

∣
X(t, x) = u

}

(65)
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(e1, e2, · · · , ed) is the orthonormal basis of the standard identity of Rd, k = 1, 2, · · · , d.

Theorem 4: Suppose that p(u; t, x) and p(u; s, y) are rapidly decreasing functions of space-time

random field X(t, x) such that the partial integral terms are 0, (t, x), (s, y) ∈ R+ ×Rd. If there are two

infinitesimal ε(t, x, s, y) > 0 and η(t, x, s, y) > 0 satisfied























lim
|t−s|→0

ε(t, x, s, y) = lim
|t−s|→0

η(t, x, s, y) = 0

lim
|xk−yk |→0

ε(t, x, s, y) = lim
|xk−yk |→0

η(t, x, s, y) = 0

k = 1, 2, · · · , d

(66)

where xk, yk are the k-th coordinate of x, y ∈ R, such that

1 − ε(t, x, s, y) <
p(u; t, x)

p(u; s, y)
< 1 + η(t, x, s, y) (67)

is true to all meaningful u ∈ R. Then we have























1

1 + η(t, x, s, y)
+ λ(t − s) <

JD (P(t, x), P(s, x))

|t − s|2FI
(s)
1 (X(s, x))

<
1

1 − ε(t, x, s, y)
+ λ(t − s)

1

1 + η(t, x, s, y)
+ µk(xk − yk) <

JD (P(t, x̃k), P(t, ỹk))

|xk − yk|2FI
(yk)
1 (X(t, ỹk))

<
1

1 − ε(t, x, s, y)
+ µk(xk − yk)

(68)

here FI
(s)
1 and FI

(yk)
1 are generalized Fisher information on space-time variables and











lim
|t−s|→0

λ(t − s) = 0

lim
|xk−yk |→0

µk(xk − yk) = 0
(69)

are infinitesimal on space-time variables, k = 1, 2, · · · , d.

Proof: First, we consider JD (P(t, x), P(s, x)) /|t − s|2. Notice that

log p(u; t, x)− log p(u; s, x)

=
1

γp(u; t, x) + (1 − γ)p(u; s, x)
[p(u; t, x)− p(u; s, x)]

=
1

γp(u; t, x) + (1 − γ)p(u; s, x)
[∂s p(u; s, x)(t − s) + o(t − s)]

(70)

then we can get

JD (P(t, x), P(s, x))

|t − s|2

=
1

|t − s|2
∫

R

[∂s p(u; s, x)(t − s) + o(t − s)]2
1

γp(u; t, x) + (1 − γ)p(u; s, x)
du

=
1

|t − s|2
∫

R

[

∂s [log p(u; s, x)] (t − s) +
1

p(u; s, x)
o(t − s)

]2

p(u; s, x)

× p(u; s, x)

γp(u; t, x) + (1 − γ)p(u; s, x)
du

=
∫

R

[

∂s [log p(u; s, x)] +
1

p(u; s, x)

o(t − s)

|t − s|

]2

p(u; s, x)
1

γ
p(u;t,x)
p(u;s,x)

+ (1 − γ)
du

(71)

where 0 < γ < 1.
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Recall the conditions, there are two infinitesimal ε(t, x, s, y), η(t, x, s, y) > 0 and

lim
|t−s|→0

ε(t, x, s, y) = lim
|t−s|→0

η(t, x, s, y) = 0 (72)

such that

1 − ε(t, x, s, y) <
p(u; t, x)

p(u; s, y)
< 1 + η(t, x, s, y) (73)

is true to all meaningful u ∈ R, then we can get

1

1 + η(t, x, s, y)

<
1

γ (1 + η(t, x, s, y)) + (1 − γ)

<
1

γ
p(u;t,x)
p(u;s,x)

+ (1 − γ)

<
1

γ (1 − ε(t, x, s, y)) + (1 − γ)

<
1

1 − ε(t, x, s, y)

(74)

so there exits infinitesimal λ(t − s) as |t − s| → 0 such that

1

1 + η(t, x, s, y)
+ λ(t − s) <

JD (P(t, x), P(s, x))

|t − s|2FI
(s)
1 (X(s, x))

<
1

1 − ε(t, x, s, y)
+ λ(t − s) (75)

Similarly, we can get the bounds of difference quotient on Jeffreys divergence for space coordinates

1

1 + η(t, x, s, y)
+ µk(xk − yk) <

JD (P(t, x̃k), P(t, ỹk))

|xk − yk|2FI
(yk)
1 (X(t, ỹk))

<
1

1 − ε(t, x, s, y)
+ µk(xk − yk) (76)

for k = 1, 2, · · · , d.

Theorem 5: Suppose that p(u; t, x) and q(u; t, x) are rapidly decreasing functions of space-time

random fields X(t, x) and Y(t, x) such that the partial integral terms are 0, (t, x) ∈ R+ ×Rd. Then the

Jeffreys divergence JD (P(t, x), Q(t, x)) satisfies generalized De Bruijn identities



























∂

∂t
JD (P(t, x), Q(t, x)) = −1

2
FD(

b
(1)
0 ,b

(2)
0

) (P(t, x)‖Q(t, x))− R0 (P(t, x)‖Q(t, x))

∂

∂xk
JD (P(t, x), Q(t, x)) = −1

2
FD(

b
(1)
k ,b

(2)
k

) (P(t, x)‖Q(t, x))− Rk (P(t, x)‖Q(t, x))

k = 1, 2, · · · , d

(77)

where a0, b0, ak, bk are the forms in (56) and (57), and



























R0 (P(t, x)‖Q(t, x)) =
∫

R

[

1

2
∂2

uu

(

b
(1)
0 − b

(2)
0

)

− ∂u

(

a
(1)
0 − a

(2)
0

)

]

(p + q) du

Rk (P(t, x)‖Q(t, x)) =
∫

R

[

1

2
∂2

uu

(

b
(1)
k − b

(2)
k

)

− ∂u

(

a
(1)
k − a

(2)
k

)

]

(p + q) du

k = 1, 2, · · · , d

(78)

here we omit (u; t, x) in the integrals.
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Proof: Notice that
JD (P(t, x), Q(t, x))

=KL(P(t, x)‖Q(t, x)) + KL(Q(t, x)‖P(t, x))

=
∫

R

p log
p

q
du +

∫

R

q log
q

p
du

=
∫

R

[

p log
p

q
+ q log

q

p

]

dudu

(79)

where p := p(u; t, x), q := q(u; t, x) and we omit the variable (u; t, x). Then

∂t JD (P(t, x), Q(t, x))

=
∫

R

[

∂t p log
p

q
+ q∂t

(

p

q

)

+ ∂tq log
q

p
+ p∂t

(

q

p

)]

du

=
∫

R

[

∂t p log
p

q
+ ∂t p − p

q
∂tq + ∂tq log

q

p
+ ∂tq −

q

p
∂t p

]

du

=
∫

R

[(

log
p

q
− q

p

)

∂t p +

(

log
q

p
− p

q

)

∂tq

]

du

=
∫

R

(

log
p

q
− q

p

) [

1

2
∂2

uu

(

b
(1)
0 p

)

− ∂u

(

a
(1)
0 p

)

]

du

+
∫

R

(

log
q

p
− p

q

) [

1

2
∂2

uu

(

b
(2)
0 q

)

− ∂u

(

a
(2)
0 q

)

]

du

=−
∫

R

[

1

2
∂u

(

b
(1)
0 p

)

− a
(1)
0 p

] [

q

p
∂u

(

p

q

)

− ∂u

(

q

p

)]

du

−
∫

R

[

1

2
∂u

(

b
(2)
0 q

)

− a
(2)
0 q

] [

p

q
∂u

(

q

p

)

− ∂u

(

p

q

)]

du

=−
∫

R

[

1

2
∂u

(

b
(1)
0 p

)

− a
(1)
0 p

]

1

p

[

q∂u

(

p

q

)

− p∂u

(

q

p

)]

du

−
∫

R

[

1

2
∂u

(

b
(2)
0 q

)

− a
(2)
0 q

]

1

q

[

p∂u

(

q

p

)

− q∂u

(

p

q

)]

du

=−
∫

R

{[

1

2
∂u

(

b
(1)
0 p

)

− a
(1)
0 p

]

1

p
−

[

1

2
∂u

(

b
(2)
0 q

)

− a
(2)
0 q

]

1

q

}

(∂u log p − ∂u log q) (p + q) du

=−
∫

R

[

1

2
b
(1)
0 ∂u log p − 1

2
b
(2)
0 ∂u log q +

1

2
∂u

(

b
(1)
0 − b

(2)
0

)

−
(

a
(1)
0 − a

(2)
0

)

]

× (∂u log p − ∂u log q) (p + q) du

=−
∫

R

[

1

2
b
(1)
0 ∂u log p − 1

2
b
(2)
0 ∂u log q

]

(∂u log p − ∂u log q) (p + q) du

−
∫

R

[

1

2
∂u

(

b
(1)
0 − b

(2)
0

)

−
(

a
(1)
0 − a

(2)
0

)

]

(∂u log p − ∂u log q) (p + q) du

=− 1

2
FD(

b
(1)
0 ,b

(2)
0

) (P(t, x)‖Q(t, x))− R0 (P(t, x)‖Q(t, x))

(80)

where
FD(

b
(1)
0 ,b

(2)
0

) (P(t, x)‖Q(t, x))

=
∫

R

[

b
(1)
0 ∂u log p − b

(2)
0 ∂u log q

]

(∂u log p − ∂u log q) (p + q) du
(81)

and

R0 (P(t, x)‖Q(t, x)) =
∫

R

[

1

2
∂2

uu

(

b
(1)
0 − b

(2)
0

)

− ∂u

(

a
(1)
0 − a

(2)
0

)

]

(p + q) du (82)
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Similarly, for k = 1, 2, · · · , d, the generalized De Bruijn identities about the space variable xk is

∂

∂xk
JD (P(t, x), Q(t, x)) = −1

2
FD(

b
(1)
k ,b

(2)
k

) (P(t, x)‖Q(t, x))− Rk(P(t, x), Q(t, x)) (83)

where

Rk (P(t, x)‖Q(t, x)) =
∫

R

[

1

2
∂2

uu

(

b
(1)
k − b

(2)
k

)

− ∂u

(

a
(1)
k − a

(2)
k

)

]

(p + q) du (84)

then we get the conclusion.

4. Three Fokker-Planck Random Fields and Their Corresponding Information Measures

In this section, we list three types Fokker-Planck equations, obtain their density functions and

the corresponding information measures, the Jeffreys divergence, generalized Fisher information

and Fisher divergence. Starting from these quantities, we get two results illustrated in Theorem 4

and Theorem 5. On the one hand, we obtain the quotient of Jeffreys divergence and the squared

of space-time variation on the same Fokker-Planck space-time random field at different space-time

points, comparing with the generalized Fisher information. On the other hand, we obtain the De

Burijn identities on Jeffreys divergence and generalized Fisher divergence from the Fokker-Planck

equations on space-time random field at the same space-time position under the same type and

different parameters.

4.1. A Trivial Equation

If we let


































a0(u; t, x) = a0(t, x)

b0(u; t, x) = b0(t, x) > 0

ak(u; t, x) = ak(t, x)

bk(u; t, x) = bk(t, x) > 0

k = 1, 2, · · · , d

(85)

are continuous derivable functions independent of u and p(u; 0, x) = δ [u − u0(x)] is the initial density,

the Fokker-Planck equations are simple parabolic equations and the solution can be obtained by

Fourier transform






































p(u; t, x) =
1

√

2π
∫ t

0 b0(s, x)ds
e
− [u−u0(x)−

∫ t
0 a0(s,x)ds]

2

2
∫ t

0 b0(s,x)ds

p(u; t, x) =
1

√

2π
∫ xk

0 bk(t, x)dxk

e
−

[

u−u0(x)−
∫ xk

0 ak(t,x)dxk

]2

2
∫ xk

0 bk(t,x)dxk

(86)

In order to write the above results into a unified form, we suppose that















∫ t

0
a0(s, x)ds =

∫ xk

0
ak(t, x)dxk

∫ t

0
b0(s, x)ds =

∫ xk

0
bk(t, x)dxk

(87)

hold for k = 1, 2, · · · , d, we can get a unified formula. This reminds us that we need to find functions

α(t, x) and β(t, x) > 0 subject to the total differential

{

dα(t, x) = a0dt + a1dx1 + · · ·+ addxd

dβ(t, x) = b0dt + b1dx1 + · · ·+ bddxd

(88)
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i.e. a0, a1, · · · , ad, b0, b1, · · · , bd correspond to partial derivatives of α(t, x) and β(t, x) with respect to

space-time variables, respectively. In this way, we can get the probability density function

p(u; t, x) =
1

√

2πβ(t, x)
e
− [u−u0(x)−α(t,x)]2

2β(t,x) (89)

Actually, there are many examples whose Fokker-Planck equations fit this form. Let B(t, x) is

(1 + d, 1) Brownian sheet. That is, a centered continuous Gaussian process which is indexed by (1 + d)

real, positive parameters and takes its values in R[52,53]. Moreover, its covariance structure is given by

E [B(t, x)B(s, y)] = (t ∧ s)
d

∏
k=1

(xk ∧ yk) (90)

for (t, x1, x2, · · · , xd), (s, y1, y2, · · · , yd) ∈ R+ × Rd
+, where (· ∧ ·) represents the minimum of two

numbers. We can easily get

E
[

B2(t, x)
]

= prod(t, x) (91)

where prod(t, x) = tx1x2 · · · xd is the coordinate product of (t, x) and the density function is formed as

p(1)(u; t, x) =
1

√

2πprod(t, x)
e
− u2

2prod(t,x) (92)

Moreover, the Fokker-Planck equations are



























∂

∂t
p(1)(u; t, x) =

prod(x)

2

∂2

∂u2
p(1)(u, t, x)

∂

∂xk
p(1)(u; t, x) =

prod(t, x)

2xk

∂2

∂u2
p(1)(u, t, x)

k = 1, 2, · · · , d

(93)

with the initial condition p(u; t, x) = δ(u) as prod(t, x) = 0.

Following the construct idea of Brownian bridge on Brownian motion[53], we name

B∗(t, x) = B(t, x)− prod(t, x)B(1, 1, · · · , 1) (94)

Brownian sheet bridge on cube (t, x) ∈ [0, 1]× [0, 1]d where B(t, x) is the Brownian sheet. Obviously,

B∗(t, x) is Gaussian, E [B∗(t, x)] = 0 and

E [B∗(t, x)B∗(s, y)] = E [B(t, x)B(s, y)]− prod(t, x)prod(s, y) (95)

we can get

E
[

B2(t, x)
]

= prod(t, x) [1 − prod(t, x)] (96)

and density function of B∗(t, x) is

p(2)(u; t, x) =
1

√

2πprod(t, x) [1 − prod(t, x)]
e
− u2

2prod(t,x)[1−prod(t,x)] (97)
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On the other hand, the Fokker-Planck equations are



























∂

∂t
p(2)(u; t, x) =

prod(x) [1 − 2prod(t, x)]

2

∂2

∂u2
p(2)(u, t, x)

∂

∂xk
p(2)(u; t, x) =

prod(t, x)

2xk
[1 − 2prod(t, x)]

∂2

∂u2
p(2)(u, t, x)

k = 1, 2, · · · , d

(98)

with the initial condition p(u; t, x) = δ(u) as prod(t, x) = 0 and we get the solution (97).

Now, we have density functions (92) and (97) to get their respective Jeffreys divergence and the

generalized De Burijn identities. Actually, we can easily get the Jeffreys divergence of (89) at different

space-time points is formed as

JD (P(t, x), P(s, y)) =
[α(t, x)− α(s, y)]2 + β(s, y)

2β(t, x)
+

[α(t, x)− α(s, y)]2 + β(t, x)

2β(s, y)
− 1 (99)

and the Fisher divergence of P(1) and P(2) at the same space-time points

FD(

b
(1)
k ,b

(2)
k

)

(

P(1)(t, x)‖P(2)(t, x)
)

=
1

β2
1(t, x)β2

2(t, x)

{

[α1(t, x)− α2(t, x)]2
[

b
(2)
k β2

1(t, x) + b
(1)
k β2

2(t, x)
]

+ [β1(t, x)− β2(t, x)] [β1(t, x) + β2(t, x)]
[

b
(2)
k β1(t, x)− b

(1)
k β2(t, x)

]

}

(100)

here k = 0, 1, · · · , d.

Bring the density function of Brownian sheet into (99), we can get the Jeffreys divergence of

Brownian sheet at different space-time points

JD
(

P(1)(t, x), P(1)(s, y)
)

=
prod(s, y)

2prod(t, x)
+

prod(t, x)

2prod(s, y)
− 1 (101)

and the generalized Fisher information on space-time variables are















FI
(t)
1

(

P(1)(t, x)
)

=
1

2t2

FI
(xk)
1

(

P(1)(t, x)
)

=
1

2x2
k

(102)

k = 1, 2, · · · , d.

Then we can get quotients of the squared difference between Jeffreys divergence and space-time

variables


























JD
(

P(1)(t, x), P(1)(s, x)
)

|t − s|2 =
1

2st

JD
(

P(1)(t, x̃k), P(1)(t, ỹk)
)

|xk − yk|2
=

1

2xkyk

(103)
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and then we can get the relation between quotients and generalized Fisher information































JD
(

P(1)(t, x), P(1)(s, x)
)

|t − s|2FI
(t)
1

(

P(1)(t, x)
)

=
t

s

JD
(

P(1)(t, x̃k), P(1)(t, ỹk)
)

|xk − yk|2FI
(xk)
1

(

P(1)(t, x)
)

=
xk

yk

(104)

for k = 1, 2, · · · , d. If we consider the approximation of spacetime points (t, x) and (s, y), the final

result (104) satisfies the conclusion of Theorem 4.

Similarly, we can get the Jeffreys divergence of Brownian sheet bridge at different space-time

points

JD
(

P(2)(t, x), P(2)(s, y)
)

=
prod(s, y) [1 − prod(s, y)]

2prod(t, x) [1 − prod(t, x)]
+

prod(t, x) [1 − prod(t, x)]

2prod(s, y) [1 − prod(s, y)]
− 1 (105)

and the generalized Fisher information on space-time variables























FI
(t)
1

(

P(2)(t, x)
)

=
[1 − 2prod(t, x)]2

2t2 [1 − prod(t, x)]2

FI
(xk)
1

(

P(2)(t, x)
)

=
[1 − 2prod(t, x)]2

2x2
k [1 − prod(t, x)]2

(106)

k = 1, 2, · · · , d. Further, we can easily get the quotients of the squared difference between Jeffreys

divergence and space-time variables



























JD
(

P(2)(t, x), P(2)(s, x)
)

|t − s|2 =
[1 − prod(x)(s + t)]2

2st [1 − prod(s, x)] [1 − prod(t, x)]

JD
(

P(2)(t, x̃k), P(2)(t, ỹk)
)

|xk − yk|2
=

1

2xkyk [1 − prod(t, x)] [1 − prod(t, y)]

[

1 − prod(t, x̃k)

xk
(xk + yk)

]2

(107)

and then we can get the relation between quotients and generalized Fisher information



































JD
(

P(2)(t, x), P(2)(s, x)
)

|t − s|2FI
(t)
1

(

P(2)(t, x)
) =

t [1 − prod(t, x)] [1 − prod(x)(s + t)]2

s [1 − prod(s, x)] [1 − 2prod(t, x)]2

JD
(

P(2)(t, x̃k), P(2)(t, ỹk)
)

|xk − yk|2FI
(xk)
1

(

P(2)(t, x)
) =

xk [1 − prod(t, x̃k)]

yk [1 − prod(t, ỹk)] [1 − 2prod(t, x)]2

[

1 − prod(t, x̃k)

xk
(xk + yk)

]2

(108)

for k = 1, 2, · · · , d. Without loss of generality, the result (108) also satisfies Theorem 4.

Next, we consider the Jeffreys divergence on (92) and (97) at the same space-time points. Notice

that the bounded domain of the Brownian sheet bridge density function, we consider only the

space-time area (t, x) ∈ [0, 1]× [0, 1]d.

We can easily get the Jeffreys divergence

JD
(

P(1)(t, x), P(2)(t, x)
)

=
1 − prod(t, x)

2
+

1

2 [1 − prod(t, x)]
− 1 (109)
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and the Fisher divergence from (100)



















FD(

b
(1)
0 ,b

(2)
0

)

(

P(1)(t, x)‖P(2)(t, x)
)

= prod(x)− prod(x)

[1 − prod(t, x)]2

FD(

b
(1)
k ,b

(2)
k

)

(

P(1)(t, x)‖P(2)(t, x)
)

=
prod(t, x)

xk
− prod(t, x)

xk [1 − prod(t, x)]2

(110)

with the remainder terms R0

(

P(1)(t, x)‖P(2)(t, x)
)

= Rk

(

P(1)(t, x)‖P(2)(t, x)
)

= 0, k = 1, 2, · · · , d.

Furthermore, we can get the generalized De Bruijn identities



























∂

∂t
JD

(

P(1)(t, x), P(2)(t, x)
)

= −1

2
FD(

b
(1)
0 ,b

(2)
0

)

(

P(1)(t, x)‖P(2)(t, x)
)

∂

∂xk
JD

(

P(1)(t, x), P(2)(t, x)
)

= −1

2
FD(

b
(1)
k ,b

(2)
k

)

(

P(1)(t, x)‖P(2)(t, x)
)

k = 1, 2, · · · , d

(111)

4.2. An Nontrivial Equation

If we let


















ak(u; t, x) = 0

bk(u; t, x) =
C1(t, x)C2

2(t, x)

4
(C4(t, x)− u)2

> 0

k = 0, 1, 2, · · · , d

(112)

are continuous derivable functions and

v(u; t, x) =
1

C2(t, x)
log

[

C1(t, x)C2
2(t, x)

4C3(t, x)
(C4(t, x)− u)2

]

(113)

is the transformation. Then the Fokker-Planck equations can be rewrite as

∂p

∂t
=

C1(t, x)

2

∂2 p

∂v2
+ C2(t, x)

∂p

∂v
+

C1(t, x)C2
2(t, x)

4
p (114)

Using Fourier transform, we can get the solution



















































p(v; t, x) =
e

1
4

∫ t
0 C1(s,x)C2

2(s,x)ds

√

2π
∫ t

0 C1(s, x)ds
e
− [v−v0(x)+

∫ t
0 C2(s,x)ds]

2

2
∫ t

0 C1(s,x)ds

p(u; t, x) =
e

1
4

∫ xk
0 C1(t,x)C

2
2(t,x)dxk

√

2π
∫ xk

0 C1(t, x)dxk

e
−

[

v−v0(x)+
∫ xk

0 C2(t,x)dxk

]2

2
∫ xk

0 C1(t,x)dxk

k = 1, 2, · · · , d

(115)

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 24 August 2023                   doi:10.20944/preprints202308.1738.v1

https://doi.org/10.20944/preprints202308.1738.v1


19 of 26

where v0(x) = 1
C2(t,x)

log

{

C1(t,x)C
2
2(t,x)

4C3(t,x)
[C4(t, x)− u0(x)]2

}

is the logarithm of initial value. Then we

need to suppose that there are functions subject to











































∫ t

0
C1(s, x)dt =

∫ xk

0
C1(t, x)dxk

∫ t

0
C2(s, x)ds =

∫ xk

0
C2(t, x)dxk

∫ t

0
C1(s, x)C2

2(s, x)ds =
∫ xk

0
C1(t, x)C2

2(t, x)dxk

k = 1, 2, · · · , d

(116)

and we take v = v(u; t, x) into p(v; t, x), we can get a unified density function formula.

As a example, we let














ak(u; t, x) ≡ 0

bk(u; t, x) = bk(t, x)u2
> 0

k = 0, 1, 2, · · · , d

(117)

and u0(x) = 1, the Fokker-Planck equations are



























∂p(3)

∂t
=

b0(t, x)

2
u2 ∂2 p(3)

∂u2
+ 2b0(t, x)u

∂p(3)

∂u
+ b0(t, x)p(3)

∂p(3)

∂xk
=

bk(t, x)

2
u2 ∂2 p(3)

∂u2
+ 2bk(t, x)u

∂p(3)

∂u
+ bk(t, x)p(3)

k = 1, 2, · · · , d

(118)

and v = log u i.e. u = ev, we can obtain



























∂p(3)

∂t
=

b0(t, x)

2

∂2 p(3)

∂v2
+

3b0(t, x)

2

∂p(3)

∂v
+ b0(t, x)p(3)

∂p(3)

∂xk
=

bk(t, x)

2

∂2 p(3)

∂v2
+

3bk(t, x)

2

∂p(3)

∂v
+ bk(t, x)p(3)

k = 1, 2, · · · , d

(119)

with the solution


















































p(3)(v; t, x) =
e
∫ t

0 b0(s,x)ds

√

2π
∫ t

0 b0(s, x)ds
e
− [v+ 3

2

∫ t
0 b0(s,x)ds]

2

2
∫ t

0 b0(s,x)ds

p(3)(v; t, x) =
e
∫ xk

0 bk(t,x)dxk

√

2π
∫ xk

0 bk(t, x)dxk

e
−

[

v+ 3
2

∫ xk
0 bk(t,x)dxk

]2

2
∫ xk

0 bk(t,x)dxk

k = 1, 2, · · · , d

(120)

and


















































p(3)(u; t, x) =
e
∫ t

0 b0(s,x)ds

√

2π
∫ t

0 b0(s, x)ds
e
− [log u+ 3

2

∫ t
0 b0(s,x)ds]

2

2
∫ t

0 b0(s,x)ds

p(3)(u; t, x) =
e
∫ xk

0 bk(t,x)dxk

√

2π
∫ xk

0 bk(t, x)dxk

e
−

[

log u+ 3
2

∫ xk
0 bk(t,x)dxk

]2

2
∫ xk

0 bk(t,x)dxk

k = 1, 2, · · · , d

(121)
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Then we suppose that there is a function β(t, x) subject to the total differential

dβ(t, x) = b0dt + b1dx1 + · · ·+ bddxd (122)

and the density function is

p(3)(u; t, x) =
eβ(t,x)

√

2πβ(t, x)
e
− [log u+ 3

2 β(t,x)]
2

2β(t,x) (123)

Similar to the idea of Section 4.1, if we consider different β3(t, x) and β4(t, x) in (123), we can get

density functions p(3)(u; t, x) and p(4)(u; t, x), then we can get the Jeffreys divergence

JD
(

P(3)(t, x), P(3)(s, y)
)

=
β3(t, x) + β3(s, t) + 4

8β3(t, x)β3(s, y)
[β3(t, x)− β3(s, y)]2 (124)

and generalized Fisher information



















FI
(t)
1

(

P(3)(t, x)
)

=
β3(t, x) + 2

4β2
3(t, x)

[

b
(3)
0 (t, x)

]2

FI
(xk)
1

(

P(3)(t, x)
)

=
β3(t, x) + 2

4β2
3(t, x)

[

b
(3)
k (t, x)

]2
(125)

then the quotients



























JD
(

P(3)(t, x), P(3)(s, x)
)

|t − s|2 =
β3(t, x) + β3(s, x) + 4

8β3(t, x)β3(s, y)

[

β3(t, x)− β3(s, y)

t − s

]2

JD
(

P(3)(t, x̃k), P(3)(t, ỹk)
)

|xk − yk|2
=

β3(t, x̃k) + β3(t, ỹk) + 4

8β3(t, x̃k)β3(t, ỹk)

[

β3(t, x̃k)− β3(t, x̃k)

xk − yk

]2

(126)

and we can easily get the relation































JD
(

P(3)(t, x), P(3)(s, y)
)

|t − s|2FI
(t)
1

(

P(3)(t, x)
)

=
β3(t, x)

β3(s, x)

β3(t, x) + β3(s, x) + 4

2 [β3(t, x) + 2]

[

β3(t, x)− β3(s, y)

b
(3)
0 (t, x) (t − s)

]2

JD
(

P(3)(t, x̃k), P(3)(t, ỹk)
)

|xk − yk|2FI
(xk)
1

(

P(3)(t, x̃k)
)

=
β3(t, x̃k)

β3(t, ỹk)

β3(t, x̃k) + β3(t, ỹk) + 4

2 [β3(t, x̃k) + 2]

[

β3(t, x̃k)− β3(t, x̃k)

b
(3)
k (t, x) (xk − yk)

]2
(127)

for k = 1, 2, · · · , d. Without loss of generality, the result (127) also corroborates Theorem 4.

Furthermore, if we consider different β3(t, x) and β4(t, x) in (123), we can get density functions

p(3)(u; t, x) and p(4)(u; t, x), then the generalized Fisher divergence at the same space-time points is

FD(

b
(3)
k ,b

(4)
k

)

(

P(3)(t, x)‖P(4)(t, x)
)

=
β3(t, x)− β4(t, x)

4β2
3(t, x)β2

4(s, y)

×
{

b
(4)
k (t, x)β3(t, x)

[

β2
3(t, x)− 2β2

4(s, y)
]

− b
(3)
k (t, x)β4(t, x)

[

β2
4(s, y)− 2β2

3(t, x)
]}

× [4β3(t, x) + 4β4(t, x)− 3β3(t, x)β4(t, x)]
[

b
(4)
k (t, x)β3(t, x)− b

(3)
k (t, x)β4(t, x)

]

(128)
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with the remainder terms Rk

(

P(3)(t, x)‖P(4)(t, x)
)

= 2
[

b
(3)
k (t, x)− b

(4)
k (t, x)

]

, k = 0, 1, 2, · · · , d. Then

the generalized De Bruijn identities are































∂

∂t
JD

(

P(3)(t, x), P(4)(t, x)
)

= −1

2
FD(

b
(3)
0 ,b

(4)
0

)

(

P(3)(t, x)‖P(4)(t, x)
)

− 2
[

b
(3)
0 (t, x)− b

(4)
0 (t, x)

]

∂

∂xk
JD

(

P(3)(t, x), P(4)(t, x)
)

= −1

2
FD(

b
(3)
k ,b

(4)
k

)

(

P(3)(t, x)‖P(4)(t, x)
)

− 2
[

b
(3)
k (t, x)− b

(4)
k (t, x)

]

k = 1, 2, · · · , d

(129)

4.3. An Interesting Equation

If we let






























ak(u) = −3D2
1D3

8
(u − D6)

bk(u) = D2
1D2

5

[

1 − D3

4D2
5

(u − D6)
2

]

k = 0, 1, 2, · · · , d

(130)

are continuous derivable functions and

u =
2D5√

D3
sin

(
√

D3

2
v + D4

)

+ D6 (131)

where D1 to D6 are nonnegative functions independent of u and we omit (t, x).

Thus, we can rewrite the Fokker-Planck equations as



























∂p

∂t
=

D2
1

2

∂2 p

∂v2
+

D2
1D3

8
p

∂p

∂xk
=

D2
1

2

∂2 p

∂v2
+

D2
1D3

8
p

k = 1, 2, · · · , d

(132)

with the solution

p(v; t, x) =
e

1
8

∫ t
0 D2

1 D3ds

√

2π
∫ t

0 D2
1ds

e
− (v−v0)

2

2
∫ t

0 D2
1

ds (133)

Recall the Lemma 2, we obtain

∫

Iu

p(u; t, x)du

=
D5e

1
8

∫ t
0 D2

1 D3ds

√

2π
∫ t

0 D2
1ds

∫

R

cos

(
√

D3

2
ũ + D4

)

e
− (ũ−ũ0)

2

2
∫ t

0 D2
1

ds dũ

= 1

(134)

and use the result

1√
2πH

∫

R

cos (ωx + ϕ) e−
(x−G)2

2H dx = e−
ω2 H

2 cos (ωG + ϕ) (135)

the integral (134) can be write as

D5e
1
8

∫ t
0 D2

1 D3ds− D3
8

∫ t
0 D2

1ds cos

(
√

D3

2
ũ0 + D4

)

= 1 (136)
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where ũ0 = 2√
D3

arcsin
[√

D3
2D5

(u0 − D6)
]

.

Here we give a simple example. Let u ∈ [−1, 1],























ak(u; t, x) = −3

2
bk(t, x)u

bk(u; t, x) = bk(t, x)
(

1 − u2
)

k = 0, 1, 2, · · · , d

(137)

where bk(t, x) > 0 and we can obtain the Fokker-Planck equations formed as



























∂p

∂t
=

b0(t, x)

2

∂2

∂u2

[(

1 − u2
)

p
]

− 3b0(t, x)

2

∂

∂u
(up)

∂p

∂xk
=

bk(t, x)

2

∂2

∂u2

[(

1 − u2
)

p
]

− 3bk(t, x)

2

∂

∂u
(up)

k = 1, 2, · · · , d

(138)

with initial value u0(x) = 0.

Using the formula u = sin v, we can rewrite the Fokker-Planck equations



























∂p

∂t
=

b0(t, x)

2

∂2 p

∂v2
+

b0(t, x)

2
p

∂p

∂xk
=

bk(t, x)

2

∂2 p

∂v2
+

bk(t, x)

2
p

k = 1, 2, · · · , d

(139)

with the solution






























p(v; t, x) =
e

1
2

∫ t
0 b0(s,x)ds

√

2π
∫ t

0 b0(s, x)ds
e
− v2

2
∫ t

0 b0(s,x)ds

p(v; t, x) =
e

1
2

∫ xk
0 bk(t,x)dxk

√

2π
∫ xk

0 bk(t, x)dxk

e
− v2

2
∫ xk

0 bk(t,x)dxk

(140)

and the variable substitution is u = sin v.

Similarly, we suppose that there is a function β(t, x) subject to the total differential

dβ(t, x) = b0dt + b1dx1 + · · ·+ bddxd (141)

then the density is










p(v; t, x) =
e

1
2 β(t,x)

√

2πβ(t, x)
e
− v2

2β(t,x)

u = sin v

(142)

From density function (142), if we consider different β5(t, x) and β6(t, x) in (142), we can get

density functions p(5)(u; t, x) and p(6)(u; t, x), then we can get the Jeffreys divergence and generalized

Fisher information

JD
(

P(5)(t, x), P(5)(s, y)
)

=
1 − β5(t, x)− β5(s, y)

2β5(t, x)β5(s, y)
[β5(t, x)− β5(s, y)]2 (143)
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and


















FI
(t)
1

(

P(5)(t, x)
)

=
1 − 2β5(t, x)

2β2
5(t, x)

[

b
(5)
0 (t, x)

]2

FI
(xk)
1

(

P(5)(t, x)
)

=
1 − 2β5(t, x)

2β2
5(t, x)

[

b
(5)
k (t, x)

]2
(144)

then the quotients



























JD
(

P(5)(t, x), P(5)(s, x)
)

|t − s|2 =
1 − β5(t, x)− β5(s, x)

2β5(t, x)β5(s, x)

[

β5(t, x)− β5(s, x)

t − s

]2

JD
(

P(5)(t, x̃k), P(5)(t, ỹk)
)

|x̃k − ỹk|2
=

1 − β5(t, x̃k)− β5(t, ỹk)

2β5(t, x̃k)β5(t, ỹk)

[

β5(t, x̃k)− β5(t, ỹk)

x̃k − ỹk

]2

(145)

Obviously, we can easily get































JD
(

P(5)(t, x), P(5)(s, x)
)

|t − s|2FI
(t)
1

(

P(5)(t, x)
)

=
1 − β5(t, x)− β5(s, x)

1 − 2β5(t, x)

β5(t, x)

β5(s, x)

[

β5(t, x)− β5(s, x)

b
(5)
0 (t, x) (t − s)

]2

JD
(

P(5)(t, x̃k), P(5)(t, ỹk)
)

|x̃k − ỹk|2FI
(xk)
1

(

P(5)(t, x)
)

=
1 − β5(t, x̃k)− β5(t, ỹk)

1 − 2β5(t, x̃k)

β5(t, x̃k)

β5(t, ỹk)

[

β5(t, x̃k)− β5(t, ỹk)

b
(5)
k (t, x) (x̃k − ỹk)

]2
(146)

for k = 1, 2, · · · , d. Without loss of generality, the result (146) corroborates Theorem 4.

Furthermore, if we consider different β5(t, x) and β6(t, x) in (142), we can get density functions

p(5)(u; t, x) and p(6)(u; t, x), then the generalized Fisher divergence at the same space-time points is

FD(

b
(5)
k ,b

(6)
k

)

(

P(5)(t, x)‖P(6)(t, x)
)

=
[β5(t, x)− β6(t, x)]

[

b
(6)
k β5(t, x)− b

(5)
k β6(t, x)

]

2β2
5(t, x)β2

6(t, x)

[

β5(t, x)− β2
5(t, x) + β6(t, x)− β2

6(t, x)
]

(147)

with the remainder terms Rk

(

P(5)(t, x)‖P(6)(t, x)
)

= b
(5)
k (t, x) − b

(6)
k (t, x), k = 0, 1, 2, · · · , d. Then the

generalized De Bruijn identities are































∂

∂t
JD

(

P(5)(t, x), P(6)(t, x)
)

= −1

2
FD(

b
(5)
0 ,b

(6)
0

)

(

P(5)(t, x)‖P(6)(t, x)
)

−
[

b
(5)
0 (t, x)− b

(6)
0 (t, x)

]

∂

∂xk
JD

(

P(5)(t, x), P(6)(t, x)
)

= −1

2
FD(

b
(5)
k ,b

(6)
k

)

(

P(5)(t, x)‖P(6)(t, x)
)

−
[

b
(5)
k (t, x)− b

(6)
k (t, x)

]

k = 1, 2, · · · , d

(148)

5. Conclusions

In this paper, we generalize the classical definitions of entropy, divergence and Fisher information,

obtain these measures on space-time random field. In addition to that, we also get the Fokker-Planck

equations (55) for space-time random field and obtain the density functions. Moreover, we obtain

the Jeffreys divergence of a space-time random field at different space-time positions, and we get the

approximation of the ratio of Jeffreys divergence to the square of space-time coordinate difference

to the generalized Fisher information(68). Further, we use the Jeffreys divergence on two space-time

random fields from same type but different parameters Fokker-Planck equations, to obtain generalized

De Bruijn identities (77), and get the relation between Jeffreys divergence of space-time random field

and generalized Fisher divergence. Finally, we give three examples of Fokker-Planck equations, with

their solutions, calculate the corresponding Jeffreys divergence, generalized Fisher information and

Fisher divergence and obtain the De Bruijn identities. These results encourage further research into the
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entropy divergence of space-time random fields, which advances the pertinent fields of information

entropy, Fisher information, and De Bruijn identities.
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The following abbreviations are used in this manuscript:

KL Kullback-Leibler divergence

FI Fisher information

CFI Cross Fisher information

FD Fisher divergence

sFD symmetric Fisher divergence

JD Jeffreys divergence
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