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Information Measures on Fokker-Planck Space-Time
Random Field

Jiaxing Zhang
School of Mathematics, Tianjin University, Tianjin, China; 2017233010@tju.edu.cn; Tel.: +86-1512-750-2081

Abstract: In this paper, we derive Jeffreys divergence, generalized Fisher divergence and
corresponding De Bruijn identities on space-time random field. First, we determine the relation
between Fisher information on the space-time random field in one of the space-time points and the
ratio of Jeffreys divergence on a space-time random field at distinct space-time positions to the square
of coordinate difference. In addition, we also find identities between the partial derivative of the
Jeffreys divergence and the generalized Fisher divergence with respect to space-time variables, i.e.
the De Bruijn identities, between two space-time random fields obtained by different parameters
under the same Fokker-Planck equations. At the end of this paper, we present three examples of
the Fokker-Planck equations on space-time random fields, identify their density functions, and
derive the Jeffreys divergence, generalized Fisher information, generalized Fisher divergence, and
accompanying De Bruijn identities.

Keywords: space-time random field; Fokker-Planck equations; differential entropy; jeffreys
divergence; Fisher information; De Bruijn identities

1. Introduction

Information entropy and Fisher information are quantities to measure random information, and
entropy divergence is derived from information entropy to measure the difference between two
probability distributions. Formally, we can construct straightforward definitions of entropy divergence
and Fisher information for the case of a space-time random field found on classical definitions. The
density function, in their definitions, can be obtained in many different ways. In this paper, the
density function of a space-time random field is obtained by Fokker-Planck equations. The traditional
Fokker-Planck equation is a partial differential equation that describes the probability density function
of a random process[1]. It describes the density function’s time-varying change rule. However,
Fokker-Planck equations for random fields, particularly space-time random fields, does not have a
clear form so far. The classical equation needs to be generalized because the variable varies from time
to space-time.

In this paper, we mainly obtain the relation between Jeffreys divergence and generalized Fisher
information for space-time random field generated by Fokker-Planck equations. Jeffreys divergence is a
symmetric entropy divergence, which is generalized from Kullback-Leibler divergence (KL divergence).
In information theory and statistics, Jeffreys divergence is often used to measure the distance between
predicted and true distributions, but its drawback is that when there is less overlap between the two
distributions, the result is infinity. In order to avoid the divergence results, we consider the relationship
between Jeffreys divergence and generalized Fisher information for space-time random field with
small differences in space-time parameters.

Moreover, the classical De Bruijn identity describes the relationship between differential entropy
and Fisher information of Gaussian channel[2], and it can be generalized other cases[3-7]. Thanks their
works and following their ideas, we obtain De Bruijn identities on Jeffreys divergence and generalized
Fisher information of two space-time random fields whose density function satisfies Fokker-Planck
equations.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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1.1. Space-time random field
Random field was first studied by Kolmogorov[8-10] and it was gradually improved by
Yaglom[11-13] in the middle of last century. A random field with n € N variables can be expressed as

X(tll tZ/ Tty tn) (1)

where (t1,t,- -+, t,) € R™. We call (1) as a generalized random field, or a multiparameter stochastic
process. In some practical applications, we often use the concept of space-time random field. The
space-time random field on a d-dimensional space is expressed as

X(t, x) )

where (t,x) € Ry x R? are the space-time variables. It has many applications in statistics, finance,
signal processing, stochastic partial differential equations and other fields[14-27].

1.2. Kramers-Moyal expansion and Fokker-Planck equation

In the literature of stochastic processes, Kramers-Moyal expansion refers to a Taylor series of the
master equation, named after Kramers and Moyal[28,29]. The Kramers-Moyal expansion is an infinite
order partial differential equation

Bp(u,t) _ & (<) "
o = L g Kl 0pG ) )
where p(u,t) is the density function and
Ky (u,t) = /R (' —u)" W |x, t)du’ 4)

is the n-order conditional moment. Here W (1’ |u, t) is the transition probability rate. The Fokker-Planck
equation is obtained by keeping only first two terms of the Kramers-Moyal expansion. In statistical
mechanics, Fokker-Planck equation is usually describes the time evolution of probability density
function of the velocity of a particle under the influence of drag forces and random forces, as in
famous Brownian motion. And this equation is often used to find the density function of It6 stochastic
differential equation[1].

1.3. Differential entropy and De Bruijn identity

The entropy of a continuous distribution was proposed by Shannon in 1948, known as differential
entropy[30]:

nX) == [ p(x)logp(x)dx ©

where h(-) represent the differential entropy and p(-) is probability density function of X. However,
differential entropy is not easy to calculate and seldom exists. There have been related studies
on the entropy of stochastic processes and continuous systems[31-34]. If we consider a classical
one-dimensional Gaussian channel model

Y; = X + VG (6)

here X is the input signal, G is standard Gaussian noise, ¢ > 0 is the strength and Y; is the output, we
can obtain the density of Y; satisfies the following Fokker-Planck equation

ot 2 oy?
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Further, by calculating the differential entropy of Y; and obtaining its derivative to ¢, we can get

dhy,(t) 1
FTa EFIYt(t) (8)
where )
Fin() = [ |ZEEED N iy, 0y ©)

is the Fisher information of Y;. The equation (8) here is the De Burijn identity. The de Bruijn identity
connects the differential entropy %(-) and the Fisher information FI(-), which shows that they are
different aspects of the concept of “information”.

1.4. Entropy Divergence

In information theory and statistics, an entropy divergence is a statistical distance generated
from information entropy to measure the difference between two probability distributions. There
are various divergences generated by information entropy, such as Kullback-Leibler divergence[35],
Jeffreys divergence[36], Jensen-Shannon divergence[37], Rényi divergence[38], etc. These measures
have been applied in a variety of fields such as finance, economics, biology, signal processing, pattern
recognition and machine learning[39—49]. In this paper, we mainly focus on the Jeffreys divergence of
two distributions, formed as

_ - p(x)
ID(P,Q) = [, Ip(x) ~q(x)]10g 2 () (10)

R

where y is a measure of x.

2. Notations, Definitions and Propositions

2.1. Notations and Assumptions
In this paper, we use the following notations and definitions:

¢ Given a probability space (Q), F, P), two real valued space-time random fields are denoted as
X(w;t,x), Y(w;s,y) or X(t,x), Y(s,y), where w € Q and (t,x) (s,y) € Ry x RY, d € Ny, are
space-time variables.

e The probability density functions of P and Q are denoted as p and q. With Vi € R, p(u;t,x) is
the density value at (¢, x) of X and g(u; s, y) is the density value at (s,y) of Y.

e Suppose that our density functions p(u;t,x), q(u,s,y) € C2(R) x C(Ry x R%),i.e. p(u;t,x) and
q(u;s,y) are derivable twice with respect to u and once with respect to (, x) or (s, y), respectively.

e In this paper, we denote that only the k-th coordinate differs in the d-dimensional real vectors as
% and f, where the k-th coordinates are x and yy, k =1,2,--- ,d.

2.2. Definitions

To obtain the generalized De Bruijn identities between Jeffreys divergence and Fisher divergence,
we need to introduce some new definitions and propositions.

The first and important information quantity is the Kullback-Leibler divergence for random fields.
Same as the classical Kullback-Leibler divergence, we can easily get the Definition 1.

Definition 1: The Kullback-Leibler divergence between two space-time random fields X (¢, x) and
Y(s,y), (t,x), (s,y) € Ry x R?, with density functions p(u; t,x) and q(u; s, y), is defined as

_ . p(u;t, x)
KL(P(, ) Qs y)) = [, plust ) log B s (11)
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Similar to the classical Kullback-Leibler divergence, Kullback-Leibler divergence on random fields
is not symmetrical, i.e.

KL (P(t,x)[1Q(s,y)) # KL (Q(s, y)|P(t, x)) (12)

Following the classical definition of Jeffreys divergence on two random variables, we mainly consider
Jeffreys divergence for random fields in this paper.

Definition 2: The Jeffreys divergence divergence between two space-time random fields X(t, x)
and Y(s,v), (t,x), (s,y) € Ry x RY, with density function p(u;t, x) and q(u;s, y) is defined as

JD (P(t,x),Q(s,y)) = KL (P(t,x)[|Q(s,y)) + KL (Q(s, y) || P(£, x)) (13)

Here, we replaced || by , in the distortion measure to emphasize the symmetric property.

Another significant measure of information is Fisher information. In this paper, we consider the
generalized Fisher information of space-time random field.

Definition 3: The Generalized Fisher information of space-time random field X(f,x), (t,x) €
R, x R?, with density function p(u;t,x) defined by nonnegative function f(-) are formed as

Fl¢ (P /f ) [0 log p(u; t, %)) p(u; t, x)du (14)

In particular, as f = 1, FI; (¢, x) is the Fisher information in usual case. In addition to equation (14), we
have other similar forms of generalized Fisher information

FIY (P(t,x)) = [ f(w) @rlog plust, )] pluit, x)du (15)

and

FIZY (P(t,2)) = [ f(u) [0, log p(uit, )] p(ust, x)du (16)

fork=1,2,---,d. Obviously, (15) and (16) are generalized Fisher information on space-time variables.
Regarding the generalized Fisher information (14), we can come to a following simple proposition.

Proposition 4: For arbitrary non-negative function f(-), we assume the generalized Fisher
information of random variable X

FIy(x) = [ fl | HOBEXE) )rpx(x)dx (17)

is well defined, where px(x) represents the probability density. Then we have the generalized Fisher
information inequality

t .t 4.1 (18)
FIf(X‘FY) - FIf(X) FIf(Y)
When f = 1, FI;(X) is the Fisher information in usual case.
Proof Denote Z = X + Y, px, py and pz represent densities i.e.
z) = /R px(x)py(z — x)dx (19)

and derivative function

= [ Px(x)py(z = x)dx (20)
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If px, py and pz are never vanish,
p’z( z)
()
px(x PY z—x) px(x)
= dx
/ px(x) @)
px(x)
=E z
[Px(x) ]
is the conditional expectation of i Iig; for given z. Similarly, we can obtain
Pz(z) _ g (P, )
pz(z) pr(v)
and Vu, A € R, we find that
Px(x) () Pz(2)
E A z| =(p+A (23)
[V px(x) py(y) () pz(z)

Hence, we have

r,(z)1?
{(V+A)PZ(Z)}
2
_ Px(x) . py(y) Z
‘{E FoxG) ) ” 24

with equality only if
rx(x) | Py W)

+ A =(u+A
px(x ) py(y) (v )

with probability 1 whenever z = x 4 y and we have

" (z 2 !y , 2
@ [ 0223 < s l(ym ) B0

" (25)

21 (26)

Averaging both sides over the distribution of z

E {f(z) [(yﬂ)*”z(z’r}

pz(z)
Py (y)

2
Py (y)> Z} } )
/ 2
| oz o (3567)

(n+APT(X+Y) < uPTp(X) + A2J(Y) (28)

+3/

A
™
—N—
=
™
—
RS
=
=
=P
i‘{/\/

i.e.
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Setting y = ]f(lix) and A = ]f(l—y), we obtain
1 1 1

FI, (X 1Y) ~ FI;(X) T FI;(Y)

(29)

According to Definition 3, we can get relevant generalized definitions of generalized Fisher
information in general.

Definition 5: The Generalized cross Fisher information for space-time random fields X (¢, x) and
Y(s,y), (t,x), (s,y) € Ry x RY, with density functions p(u;t, x) and q(u; s, y), defined by nonnegative
function f(-) is formed as

CFI(P(t,%),Qs,)) = [ f(w) Puloga(u;s, ) plust, x)du (30)

Similar to the concept of cross-entropy, it’s easily to verify that (30) is symmetrical about P and Q.

Definition 6: The Generalized Fisher divergence for space-time random fields X (¢, x) and Y (s,y),
for (t,x), (s,y) € Ry x R?, with density functions p(u;t,x) and gq(u;s,y), defined by nonnegative
function f(-) is formed as

FDy (P(t,x)[|Q(s,y)) = /Rf(u) [Pulog p(u;t,x) — 3, log q(u;s,y)]” p(u; t, x)du (31)

In particular, as f = 1, FD; (P(t,x)||Q(s,y)) is the Fisher divergence in usual case.

Obviously, the generalized Fisher divergence of random fields is not a symmetrical divergence.
To get the symmetrical formula, we need to generalize (31) in another field.

Definition 7: The Generalized Fisher divergence for space-time random fields X (¢, x) and Y (s,y),
for (t,x), (s,y) € Ry x RY, with density functions p(u;t,x) and q(u;s,y), defined by nonnegative
functions f(-) and g(+) is formed as

ED (1) (P(£,x)[[Q(s,y)) = /R [f(u;t, x)9u log p(u;t, x) — g (u; 5, y)9u log q(u; s, y)]

x [0y log p(u;t,x) — dulogq(u;s,y)] [p(u;t, x) +q(u,s,y)| du

(32)

In particular, as f = g, FD(y r) (P(t,x)[|Q(s,y)) is the generalized Fisher divergence for random fields
by one function. In general, FD ) (P(t,x)[|Q(s, y)) is asymmetric with respect to P and Q, i.e.

ED (1) (P(£,x)[|Q(s,y)) 7 FD(f,6) (Q(s,y)[|P(t, %)) (33)
If we suppose that f and g are functions only related to P and Q, i.e.

{f(u; t,x) =T [p(t,x)] (u)

(34)
g(uw;s,y) =T [q(s,y)] (u)

where 7 is a operator, the generalized Fisher divergence FD¢ .y (P(t,x)[[Q(s,y)) can be rewrite as

FD(5,¢) (P(t,)IQ(s,y))
=/R{T[P(bx)] (u)oylog p(u;t,x) — T [q(s,y)] (u)dulogq(u;s,y)} (35)
x [0y log p(u; t,x) — 9y logq(u;s, y)] [p(u; t,x) +q(u,s,y)] du

and we can easily get

ED(1) (P(£,x)[|Q(s,y)) = FD(g5) (Q(£, X) [ P(s,)) (36)
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In this case, we call (35) symmetric Fisher divergence for random fields generated by operator 7 and
denote it as

sFD7 (P(t,x),Q(s,y))
Z/R{T[P(t,x)] (u)oulog p(u;t,x) — T [q(s,y)] (u)oulogq(u;s,y)} (37)
x [0ulog p(u;t,x) — dulogq(u;s,y)] [p(u;t, x) +q(u,s,y)] du
Notice that
Aa — Bb
:% x 2 (Aa — Bb)
; (39)
=5 [(Aa— Ab+ Ab— BD) + (Aa — Ba + Ba — Bb)]
=2 [(A+B)(a—b)+(A~B) (a+D)
for A, B, a, b € R, then we can rewrite (37) as
sFD7 (P(t,x),Q(s,y))
:% /R {T [p(t, )] (u) + T [q(s, )] (1)} [0 log p(u; t, x) — 3y log q(u; s, y)]*
x [p(u;t,x) +q(u,s,y)] du
4 AT () (0 = T la(s,9)) ()} { Pulog e, 0012 = 2 log (s, )
 [p(st, ) + ,5,)] du )
:% [PDT[p(t,x)HT[q(s,y)] (P(t,x)1Q(5,¥)) + FDTp(t )+ Tla(s)] (Q(Sry)HP(t/x))}

1
+3 FLripe-Tigts) (P(EX)) + FIriy) rig(s) (Qs,v)]

1
t3 [CFIT[p(t,x)]—T[q(s,y)] (Q(s,y), P(t,x)) = CFLy(p(t )]~ Tlg(s)] (P(£ %), Q(S/y))}

Proposition 8 (Kramers-Moyal expansion)[28,29]: Suppose that the random process X(t) has any
order moment, then the probability density function p(u, t) satisfies the Kramers-Moyal expansion

() & (1)

) = T S W p ) (o)
where

Ky (u,t) :/R(u’—u)nW(u'\u,t)du’ (41)

is the n-order conditional moment. Here W (x'|x, t) is the transition probability rate.
Proposition 9 (Pawula theorem)[50,51]: If the limit on conditional moment of random process

X(t)
lim —E {[X(t + A = X" |X(1) = x} (42)
At—0 At
exists for all n € N, and the limit value equals 0 for some even number, then the limit values are 0 for
all n > 3.

Pawula theorem states that there are only three possible cases in the Kramers-Moyal expansion:

1) The Kramers-Moyal expansion is truncated at n = 1, meaning that the process is deterministic;

2) The Kramers-Moyal expansion stops at n = 2, with the resulting equation being the
Fokker-Planck equation, and describes diffusion processes;

3) The Kramers-Moyal expansion contains all the terms up to n = oo.

In this paper, we focus on the case of Fokker-Planck equation.
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3. Main Results and Proofs

Lemma 1: Suppose f, p, q are continuous derivable functions defined on R. Then

/f( [dlogP dlog:{](”)] [p(u +q u) /f (43)
holds true if it makes sense.
Proof dlog p(u _ dlogq(u)
[ fla [ B [p(u) + )] s

_/f dlogp d +/f )dlogz:(u)

(44)
_/Rf” p(u dlogq(u /f dlogq
, W e P,
= [ £ [ )~ ) du+ [ fta) [q) <u>—ZZ)q<u>]du
Notice that p () . ()
a\p)| _ Ly PO
du [qwﬂ i |70~ S ) )
4 [M _ 1 [,ﬂu) _ Mpfw]
du [p(u)]  p(u) p(u)
PO e d [pl)
{ B () = /o) = () g | 2003 -
A0 o d )
L) = ) = plo) 3 | 23]
then
[ sty | Bty = s o
_ / d p(”) / d Q(u)
=[50 |0 =0 g | B = [0 g0 = plao g | 55
= [ 50 [0 = ) = [ sanatud | B3]+ [ fpiaod | L]
= 700 [/ = /)] -t [ [ (0dgo) + g/ ()] 0
- [ 1m0 + ) L
= [ 20 1) = g ] et [0 a0~ p)) e [ F) | B30~ E g ()|
q(u) pu)
= [ a0 latw = pll) = [ f0) [k o) — Bl )
_ q0) gy P oo
== [ £l [ ) = B )] .

So we can get the result

/f [dlogp dlogz(”)] [p(w) +q(u))du = — | f'(u) [p(u) — q(u)] du (48)

d0i:10.20944/preprints202308.1738.v1
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Lemma 2: Suppose that the Fokker-Planck equation for the density function p(u, t) is
op(ut) _ 102[b(u,t)p(ut)] _ dla(u,t)p(u,t)] (49)
ot 2 ou? ou
We use variable substitution u = u(v) or v = v(u) to convert the equation to
oo t) _E()Ppt)  aplod)

T R — F(t) 50 +G(H)p(o, t) (50)

where E(t), F(t), and G(t) are functions of t and E(t) > 0. Then we get the density

tG(s)d B [v(u)—v(uo)—féL F(s)ds]2

eJo G(s)ds . o -

p(ut) = B e ra——
\/27 [y E(s)ds

Proof: Using Fourier transform, we can get the solution of Fokker-Planck equation (50) about v

[ G(s)ds [ fO ]
p(o,t) = _ . 2J EC (52)

\/27 fot E(s)ds

It is worth noting that while p is a probability density function for #, and p is not a probability
density function for v. Our transformation, # = u(v) or v = v(u), is only introduced in the process of
solving the equation, which does not mean that v is a random process. Therefore, the integral value of
p with respect to v is not 1. But we can obtain

eJo G(s)ds _ [”<“>*v(u9)ffot F(s)ds]”
p(ut) = ———c 2 E(s)ds (53)

\/27 fot E(s)ds

and R
[v u)fv(uo)ff(i)'l F(s)ds]
N (54)

elo G
/I“ \/271’]0 s)ds

where I, is the supporting set of p(u,t) with respect to u.
Theorem 3: The probability density function p(u;t, x) of space-time random field X(t,x), u € R,
(t,x) € Ry x RY, satisfies the following Fokker-Planck equations

] 1 92 d

(st x) = 5= (ot x)p(u b, )] — = [ao s, ¥)p (s, )]
d 1 92 d
G ) = 50 (s D)p( )] = o st 2)p(ust, )

k=12,---,d

(55)

d0i:10.20944/preprints202308.1738.v1
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where 1
Jbx) = lim — M (u;t, At
ag(u;t, x) Al%go AtMl(u' t, At, x)
. 1
bo(u; t,x) = AI%TO EMz(u, t,At, x)
1
. = lim — itx, A (56)
ar(u; £, x) Axlkrgo Axg M (u; £, x, Axy)
1
;t,x) = lim — shx, A
bi(u; t, x) pim Akaz(” x, Ax)
k=1,2,---,d
here
M, (u;t, At, x) = E {[X(t +ALx) — X(4 )] | X(x) = u}
(57)
My (131, x, Axy) = E {[X(t,x +Ax) — X( )" Xt %) = u}
are n-order conditional moments and (e, ey, - - - , ;) is the orthonormal basis of the standard identity
of RA.
Proof: VAt # 0, we can get the difference of density function in time variable
+o0 (_1)n o
plu;t+ At x) —p(u;t,x) = Y 5 [My, (u;t, At x)p(u; t, %)) (58)
n=1 .
where
My (u;t, At x) = E {[X(t AL X) — X(50)]" | X(Ex) = u} (59)

is the n-order conditional moment. Then the partial derivative of the density function with respect to ¢
is
1 I (_1)n "

d . ) )
&p(u, t,x) = Aligo A n;l R (M (u; t, At, x)p(u;t, x)] (60)

The Pawula theorem implies that if the Kramers-Moyal expansion stops after the second term, we
get the Fokker-Planck equation about time variable ¢

9 (u'tx)—la—z[b (u; t,x) (utx)]—i[a (u; t,x)p(u; t,x)] (61)
gt P\ %) = 5 gy P0Ub L 2P L gu (Ao XPULE

where .
ao(u; t,x) = lim — My (u;t, At, x)
At—0 At ©2)

1
bo(u; t,x) = Al%go EM2(H; t,At, x)

Similarly, we may consider the increment Axy of the space variable x; and we can obtain the
Fokker-Planck equations about xj is

0 1 02 0
o p3t,%) = 5 2 (it 2)pon )] = 5 s, 3)p ) (63)
where .
ar(u; t,x) = A}Clkrgo A—kal(u; t,x, Axy)
) (64)
br(u;t,x) = A}(lkrgo A—kaz(u; £, x, Axy)
here
My, (u;t,x,Ax) = E {[X(t,x + Axger) — X(t,x)]" |X(t, x) = u} (65)
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(e,€2,- - - ,€4) is the orthonormal basis of the standard identity of R k=1,2,---,d.

Theorem 4: Suppose that p(u; t,x) and p(u;s,y) are rapidly decreasing functions of space-time
random field X(t, x) such that the partial integral terms are 0, (t,x), (s,y) € Ry x R?. If there are two
infinitesimal €(t, x,s,y) > 0 and 7(t, x,s,y) > 0 satisfied

lim e(t x,5,y)= lim 75(txsy)=0

[t—s|—0 [t—s|—0
lim e(t,x,s,y)= lim 75t xsy) =0 (66)
Xk —yx| =0 [xk—yx|—=0
k=1,2,---,d

where xy, yi are the k-th coordinate of x, y € R, such that

1—e(t,x,sy) < M <1+7n(tx,s,y) (67)

p(u;s,y)

is true to all meaningful # € R. Then we have

1 JD (P(t,x),P(s,x)) 1
—+At—5) < +A(t—s
14+n(tx,s,y) ( |t—s|2F11(s) (X(s,x)) 1—e(t,x,s,y) ( ) )
JD (P(t, %), P(t, 7))
Ty k(e — i) < + (X — Yie)
1+n(tx,s,y) |xk_yk|21:11(yk) (X(t7) 1 —e(t, x,5,y)
here F Il(s) and F Il(y ©) are generalized Fisher information on space-time variables and
lim A(t—s)=0
[t—s|—0
. (69)
im  pu(x — yx) =0
k=Y =0
are infinitesimal on space-time variables, k = 1,2,-- - ,d.
Proof: First, we consider JD (P(t,x), P(s,x)) /|t — s|>. Notice that
log p(u;t,x) —log p(u;s, x)
1
= .t _ .
TPl T (- s, ) P P )
1
= osp(u;s,x)(t —s)+o(t—s
Tl + (=l P el
then we can get
JD (P(t,x),P(s, x))
|t —s|?
—L/ Bup(uss, x) (£ —s) +o(t —5)]? ! du
TSP e P TPt ) + (L= 1) pl5,%)
1 1 2
T /R {BS [log p(u;s, x)] (t —s) + mo(t - 5)] p(u;s, x) (71)
p(i;s,x)
X du
rp(utx) + (1= 7)p(u;s,x)
1 oft—9)]? 1
:/ s [log p(u;s,x)] + —— ] p(u;s, ) ——— du
R [ p(u;s,x) |t —s| ’Y,Zgui:x; +(1-7)

where 0 < v < 1.
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Recall the conditions, there are two infinitesimal £(t, x,s,y), #(t,x,s,y) > 0 and

lim e(t,x,s,y) = lim 5(tx,s,y)=0 (72)

[t—s|—0 |t—s|—0
such that
p(u; t,x)
p(u;s,y)

is true to all meaningful u € R, then we can get

1—e(t,x,sy) < <1+t x,s,y) (73)

1
14+n(t,x,s,y)
1

YA+t xsy))+A-7)
1

S g
T p(us,x) +(1-1)
1

v(1—e(tx,sy)+(1—7)
1
1o e(t,x,s,y)

(74)

<

so there exits infinitesimal A(t — s) as |t — s| — 0 such that

1 §) < JD (P(t,x), P(s,x)) < 1

— + At — +A(t—s 75
1+75(t,x,5,y) ( |t—s|2F11(5) (X(s,x)) 1—e(t,x,s,y) ( ) 75)

Similarly, we can get the bounds of difference quotient on Jeffreys divergence for space coordinates

JD (P(t, %), P(t, §k))
x — ye2EIY (X (t,5)) 1 et xs,y)

) + (ke — yi) < +uk(xe —yx)  (76)

1+n(tx,s,y
fork=1,2,---,d.
Theorem 5: Suppose that p(u; ¢, x) and q(u; t, x) are rapidly decreasing functions of space-time

random fields X(t,x) and Y (¢, x) such that the partial integral terms are 0, (f,x) € R} x R?. Then the
Jeffreys divergence D (P(t,x), Q(t, x)) satisfies generalized De Bruijn identities

%ID (P(t,x),Q(t,x)) = —;FD(bén,bém) (P(t, x)||Q(t,x)) — Ro (P(t, x)||Q(t, x))

9 _ 1 B 77)
ax /P (P(£:2),Q(t x)) = ZFD(b;U,b;f)) (P(t,X)[1Q(E x)) — Rie (P(t,x)[|Q(t, x))
k=1,2,---,d
where ay, by, a, by are the forms in (56) and (57), and
1
Ro (P(,0)]|Q(t,x) = | [Zafm (86"~ 86) =2 (ay” —aé”)] (p+aq)du
1
R (P(t,)1Q(t ) = [, [Zaiu (600~ 6 — 3, (al? a}({z))] (p+q) du (78)

k=1,2,---,d

here we omit (u;t, x) in the integrals.
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Proof: Notice that
JD (P(t,x),Q(t,x))
=KL(P(t,x)[|Q(t, x)) + KL(Q(t, x) || P(t, x))

:/Rplog Zdu+/quog %du (79)
:/R {plogg +qlog Z] dudu
where p := p(u; t,x), q := g(u; t, x) and we omit the variable (u; ¢, x). Then
otJD (P(t,x),Q(t, x))
:/R :atplogZ + qo; (Z) +8tqlog% + po; (Z)] du

- [ _atplogg o — gatq + thlog% g — Zatp] du

(80)

_ 1 o\ _ o, |1 (1 @y @ |1 _
- /R{[Zau(bo P) o P]p Lau(bo ‘1) a9 °q q (0ylogp — 9y logq) (p +q)du

_ (L 1 100 @) _ (.0 _ @
= /R _Ebo dylogp Zbo E)ulogq—i—zau (bo by ) (”0 a, )
x (dulogp —dylogq) (p+q)du

1 1
—— /R Eb((]l)au logp — Eb((]z)au logq] (dulogp —dylogq) (p+q)du

a /R :;a” (bél) - béz)) B (“t()l) - “82))] (dulogp —dylogq) (p +¢) du

1
=—FD/ ) @0 (P(t,x)[[Q(t x)) — Ro (P(t,x)[|Q(t, x))
2P ()
where
FD(bm ) (P(t,x)[|Q(t, x))
e (81)
= /R [bc()l)au log p — b9, log q] (9ulog p —dulogq) (p +q) du

and

1
Ro (P(t,)|Q(t %)) = [ [Za%m (66" — ) —au (a5 - aé”)] (p+q) du (52)

d0i:10.20944/preprints202308.1738.v1
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Similarly, fork = 1,2, - - ,d, the generalized De Bruijn identities about the space variable x; is

2 1
ax /P (P(£:2),Q(t,x)) = _EFD(hi”,bf)) (P(t,x)[|Q(£, x)) — Re(P(t, x), Q(t, x)) (83)

where .
R (P(t,x) Q1)) = [, [Zafm (o — ) —au (af)) - a}({z))} (p+q) du (84)

then we get the conclusion.

4. Three Fokker-Planck Random Fields and Their Corresponding Information Measures

In this section, we list three types Fokker-Planck equations, obtain their density functions and
the corresponding information measures, the Jeffreys divergence, generalized Fisher information
and Fisher divergence. Starting from these quantities, we get two results illustrated in Theorem 4
and Theorem 5. On the one hand, we obtain the quotient of Jeffreys divergence and the squared
of space-time variation on the same Fokker-Planck space-time random field at different space-time
points, comparing with the generalized Fisher information. On the other hand, we obtain the De
Burijn identities on Jeffreys divergence and generalized Fisher divergence from the Fokker-Planck
equations on space-time random field at the same space-time position under the same type and
different parameters.

4.1. A Trivial Equation

If we let
ao(u; t,x) = ag(t, x)
bo(u;t,x) =bo(t,x) >0
ar(u; £, x) = ag(t, x) (85)
be(u;t,x) = br(t,x) >0
k=1,2,---,d

are continuous derivable functions independent of 1 and p(u;0, x) = & [u — up(x)] is the initial density,
the Fokker-Planck equations are simple parabolic equations and the solution can be obtained by
Fourier transform

1 ~ [u—uo(x)—fé aO(s,x)ds]z
p(u; tx) = e 2 [E vy (s,0)ds
21 fg bo(s, x)ds
.o (86)
B [u—uo(x)—fo uk(t,x)dxk]
p(u;t,x) = ! e 2wy
\/277 Jo Fbr(t, x)dxy
In order to write the above results into a unified form, we suppose that
t Xj
/ ag(s, x)ds = / ay (£, x)dxy
0 0 87)

t X
/ bo(s, x)ds = / by (£, x)dxy
0 0

hold fork =1,2,--.,d, we can get a unified formula. This reminds us that we need to find functions
a(t,x) and B(t, x) > 0 subject to the total differential

{dzx(t,x) = agdt + a1dx + - - - + agdxy (88)

dﬁ(l‘, x) = bodt + bydxy + - - - + bydxy
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i.e.ag, a1, ,a4,by, by, -+, by correspond to partial derivatives of a(t, x) and B(t, x) with respect to
space-time variables, respectively. In this way, we can get the probability density function

1 _ [ufuo(x?—a)(t,x)]z
u;t,x) = ————e 2pltx 89
p(u;t, x) TP (89)

Actually, there are many examples whose Fokker-Planck equations fit this form. Let B(t, x) is
(1+d,1) Brownian sheet. That is, a centered continuous Gaussian process which is indexed by (1 + d)
real, positive parameters and takes its values in R[52,53]. Moreover, its covariance structure is given by

d
E [B(t,x)B(s,y)] = (tAs) [ ] (xx Awi) (90)
k=1

for (t,x1,x2,- -+ ,x4), (S,y1,Y2, -+, y4) € Ry X R?, where (- A ) represents the minimum of two
numbers. We can easily get
E [Bz(t,x)} = prod(t, x) (91)

where prod(t, x) = tx1xp - - - x4 is the coordinate product of (f, x) and the density function is formed as

1 T

) ut,x) = ——————p 2prod(tx) 92

a ) 27mtprod (¢, x) (92)
Moreover, the Fokker-Planck equations are

d rod(x) 92

ﬁp(l)(”;t/x) = 2( )a sVt x)

d rod (¢ 92 93
o (56 = pr(k)a P (u,t,x) (93)

k=1,2,---,d

with the initial condition p(u;t,x) = é(u) as prod(t,x) = 0.
Following the construct idea of Brownian bridge on Brownian motion[53], we name

B*(t,x) = B(t,x) — prod(t,x)B(1,1,--- ,1) (94)

Brownian sheet bridge on cube (t,x) € [0,1] x [0,1]¢ where B(t, x) is the Brownian sheet. Obviously,
B*(t, x) is Gaussian, E [B*(t,x)] = 0 and

E[B(t,x)B"(s,)] = E [B(t, x)B(s,y)] — prod(t, x)prod(s, ) 95)

we can get
E [Bz(t,x)} = prod(t, x) [1 — prod(t, x)] (96)

and density function of B*(t, x) is

1 S T S
(2) u; t’ x) = e 2prod(tx)[I—prod(t,x)] 97
. ) V/2rprod(t, x) [1 — prod(t, x)] &7
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On the other hand, the Fokker-Planck equations are
2 @) (ust,x) = PRI _2pr0d b 7y,
aaxkp(z)(u; fx) = pro;ix(kt,x) [1 —2prod(t, x)] %p(z)(u, £, x) (98)
k=1,2---,d

with the initial condition p(u;t, x) = 6(u) as prod(t, x) = 0 and we get the solution (97).

Now, we have density functions (92) and (97) to get their respective Jeffreys divergence and the
generalized De Burijn identities. Actually, we can easily get the Jeffreys divergence of (89) at different
space-time points is formed as

1D(P(3), P, ) — BER) S YP +Boy) | [atx) el )P 4Bt

99
2(1,%) 2(5,9) )
and the Fisher divergence of P() and P(?) at the same space-time points
1 (2)
FD (0 0y (PO (0 IPO )
_ 1 _ 22 2 (1) g2
TR R { a8,2) —alt ) [B7B10) +0 B30 ) (100)

+[Ba(tx) = Balt, )] [B1(8,2) + Balt, )] [0 Br(t,x) — by Ba(t, )| }

herek=0,1,--- ,d.
Bring the density function of Brownian sheet into (99), we can get the Jeffreys divergence of
Brownian sheet at different space-time points

1 (1) _ prod(s,y) | prod(t,x)
b (P (£ x), P (S'y)) 2prod(t, x) +2Prod(sly) ! (101)

and the generalized Fisher information on space-time variables are

FLY (PO (1)) = 21?

1 (102)
Fll(xk) PY(t,x)) = —
( ) 2x2
k=1,2,---,d
Then we can get quotients of the squared difference between Jeffreys divergence and space-time
variables
JD (PU(t,x), PV (s,%))
£—s|? ~ 2st
[t =l : (103)

JD (P, 2), PO(EG)) 4
[ — Yiel? - 2
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and then we can get the relation between quotients and generalized Fisher information
JD (PO (t,x),PV(s,x))
t—sPEI (PO(1,x)) 8
t—sPELY (PO (1,) o

I (P50, PO(LT))

lx — vk 2FL (PO (,x)) Vi

fork =1,2,---,d. If we consider the approximation of spacetime points (¢, x) and (s,y), the final
result (104) satisfies the conclusion of Theorem 4.

Similarly, we can get the Jeffreys divergence of Brownian sheet bridge at different space-time
points

_prod(s,y) [1 — prod(s,y)] prod(t,x) [1 — prod(t, x)]
JD (P(Z)(t’ x), P (s,y)) ~ 2prod(t,x) [1 — prod(t,x)] ' 2prod(s,y) [1 — prod(s,y)] 1 (05

and the generalized Fisher information on space-time variables

" - 2prod(t, x)]?
FL! (P(z)(t/x)) © 212[1 — prod(t, x)]?

[1—2prod(t, x)]
2x2 [1— prod(t, x)]?

(106)

P (P@) (t,x)) -

k=1,2,-.-,d. Further, we can easily get the quotients of the squared difference between Jeffreys
divergence and space-time variables

D (PA (2, PA ) 1 prod(x)(s 1)
— 42 = — —

[t —s| 2st [1 — prod(s, x)] [1 — prod(t, x)] (107)
]D( )(t, %), (2)(t,gk)) _ 1 1 prod(t, %) T 2

[ — il 2%y [1 — prod (£, x)] [1 - prod(t, )] e

and then we can get the relation between quotients and generalized Fisher information
JD (PO)(t,x), P (s,x)) 1= prod(t, x)] [1 - prod(x)(s + ]2
|t — s|2FI ( ) s[1 —prod(s, x)] [1 — 2prod(t, x)]?
(108)

JD ( (t %), ) xx [1 — prod(t, %)] - prod (¢, %) (i + 70) 2
xe = w2 (P< )(t,x>) e [1 = prod(t, 7)) (1~ 2prod(t, x) o

fork =1,2,--- ,d. Without loss of generality, the result (108) also satisfies Theorem 4.

Next, we consider the Jeffreys divergence on (92) and (97) at the same space-time points. Notice
that the bounded domain of the Brownian sheet bridge density function, we consider only the
space-time area (t,x) € [0,1] x [0,1]%.

We can easily get the Jeffreys divergence

1 —prod(t, x) n 1

Jb ( 1)(t x), P (2)(t’ x)) - 2 2[1 — prod(t, x)] -1 (109)
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and the Fisher divergence from (100)
FD 0 oy (PO ()PP (6)) = prod(x) — —PIW)__
() ’ ’ [1— prod(t, x)]? (110)
1) (2) _ prod(t,x)  prod(t,x)
PD(b’(fl)’b’(CZ)> (P (&x)lP (t,x)) Xk X [1— Prod(t,x)]2

with the remainder terms Ry (P(l)(t, x)HP(z)(t,x)) = Ry (P(l)(t,x)HP(z)(t, x)) =0k=12---,d
Furthermore, we can get the generalized De Bruijn identities

] 1
<D (PO (1,2), PO (t,x)) = —2FD (042) (PM e, 2)1P (1, x))

2
9
axk

JD (PD(t,x), PA)(t,x)) = —%PD (499) (PD(t,x) PP (t,x)) (111)

k=12 ,d

4.2. An Nontrivial Equation

If we let
ar(u;t,x) =0

Cq(t, x)C3(¢
st = QE0GED

k=0,1,2,---,d

(Ca(t,x) —u)* >0 (112)

are continuous derivable functions and

2
v(u;t,x) = 1 lo Ci(t,x)C5(t, x)

2
S G %8| Tagry (¥ - (113)

is the transformation. Then the Fokker-Planck equations can be rewrite as

ap  Ci(t,x)d%p dp  Ci(t x)C3(t x)
R T el R

(114)
Using Fourier transform, we can get the solution

4 Jo C1(sx)C3(s,x)ds ,M
p(v;t,x) = e 28 G ds
27t [ Ci(s, x)ds

[v—vo(x)Jrf(;ck Cz(t,x)dxk}z (115)
2 fok cp (40

el fokCi(tx)C(ba)dx,  —
p(u; t/ x) - = e
\/271 fo FCy(t, x)dxy

k=1,2,---,d
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m log {W [Cy(t,x) — uo(x)]z} is the logarithm of initial value. Then we

need to suppose that there are functions subject to

where vg(x) =

/ Ci(s, x) / C1(t, x)dxy
0
Cals, x)ds = / Calt, x)d
/ (s, x) A 2(t, x)dxy 116
t X
/0 Ci(s,x)C3(s,x)ds = /0 ‘ Cy(t, x)Ca(t, x)dxy
k=1,2,---,d
and we take v = v(u; t, x) into p(v; t, x), we can get a unified density function formula.
As a example, we let
ag(u;t,x) =
br(u;t,x) = b(t, x)u? >0 (117)
k=0,1,2,---,d
and ug(x) = 1, the Fokker-Planck equations are
p® _ bo(t,x) ,9%p® op®? 3
o = i 4 2bo (1) uE— + ot x)p )
ap®)  b(t,x) ,02p0) op(3) 118
gxk - (2 e azz + 2B (£, x)u L (t, x)p® (118)
k=1,2,---,d
and v = logu i.e. u = ¢Y, we can obtain
ap®  by(t,x) 2p®)  3by(t,x) ap® 3
a2 902 T o bo(t, x)p"?
ap® _ be(t,x) Pp®  3bi(t,x) 9p® ) (119)
e ~ 2 o2 2 a0 Tulbdp
k=1,2,---,d
with the solution ,
"bo(s,x)d [ 3 o]
p(3) (v;t,x) = edo tolsds e 2 by (s,)ds
21 fot bo(s, x)ds
X 2
% by (1) G T (120)
p(3) (Z)/‘t x) efl) Kb e Zf()kbk(t,x)dxk
\/271 o bie(t, x)dxy
k=1,2,---,d
and .
F by (s,%)d _ [rogut 3 5 bo(s)as]”
p(s) (u/ t,x) = 8f0 o) e Zfébo(s,x)ds
21 fot bo(s, x)ds
X 2
%, tx)d B [logu+%xf0kbk(f,x)dxk} (121)
p(3)(u,‘ ) = oo b (tx)dxy . 2% ming
\/27'[ foxk b (t, x)dxy

k=12, ,d
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Then we suppose that there is a function B(f, x) subject to the total differential
dB(t,x) = bodt + bydxy + - - - + bydxy (122)
and the density function is
ﬁ(t,x) _ [10gu+%/§(t,x)]2
PO (it x) = — e M (123)
27B(t, x)

Similar to the idea of Section 4.1, if we consider different B3(f, x) and B4(t, x) in (123), we can get
density functions p(3) (u;t,x) and p(4) (u;t, x), then we can get the Jeffreys divergence

(t,x) + Bs(s, t)+4
8B3(t, x)Bs(s, )

1D (PO (t,x), PO(s,)) = 2 [Bs(t, %) — Bs(5,y)) (124)

and generalized Fisher information

FI) (p(S)(t,x)) _ Bs(tx)+2 [b@)( )r

4p5(t,x) 125)
() _ Bt x)+2 7,3 2
FI, (p(S)(t,x)) = Zﬁ%(itx) [bkf‘ (t,x)}
then the quotients
D (P(3)(t,x),P(3)(s,x)> Bl x) + (s, x) + 4 [ﬁa(f/x)—ﬁs(w)r
|t—s]? o 8Bs(tx)Bs(sy) t—s (126)
D (PO(20, P (150) Byt 1) + Bt 7) +4 AR mr
| — yi|? 8B3(t, %) B3 (t, i) Xk — Yk
and we can easily get the relation
ID (PO, POs0)) Bt ) palt,x) +Bas,x) +4 [ Balt,x) — Bals, y>r
|t s|2FI(t)( t,x))  Ba(s,x)  2[Bs(tx) +2] 3( %) (t—s) )
ID (PO 0,56 PO (050)) ot 50) Bt B) + Balt, ) + 4 [ Batt, 7 — Bl x@]
= i PFIY (P<3 (b)) Pl 2[Bs(t W+ ”( %) (% — y)

fork=1,2,---,d. Without loss of generality, the result (127) also corroborates Theorem 4.
Furthermore, if we consider different B3(, x) and B4(t, x) in (123), we can get density functions
p®) (u;t,x) and p® (u;t, x), then the generalized Fisher divergence at the same space-time points is

FD (0 0) (PO (t,2) P9 (1, x))

_ Bs(t,x) — Pa(t,x)
4p3(t, x)B3(s,y) (128)

x {6 (6, x)Ba(t, %) [B3(t, %) —2B3(s, )| — b7 (£, x)Ba(t %) | B (s, y) — 263(t, %) |
X [4Bs (£, %) +4Ba(t,x) = 3Bs(t,x)Ba(t, )] [b*) (1,%)Ba(t,x) = b7 (£, 3)Ba(t, )]

d0i:10.20944/preprints202308.1738.v1


https://doi.org/10.20944/preprints202308.1738.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 24 August 2023 d0i:10.20944/preprints202308.1738.v1

21 of 26

with the remainder terms Ry <P(3)(t,x) ||P(4)(t,x)) =2 [ (3)( x) — b,((4)(t,x)} ,k=0,1,2,---,d. Then
the generalized De Bruijn identities are

2] 1
g ®) @) - = ®) 4) _2[p® ACY
at]D (P (t,x),P (t,x)) = ZFD(bff),bé‘”) (p (t, x)||P (t,x)) 2 [bo (t,x) — b, (t,x)]

d 1
3. /0 (PO (t,x), P (1,3)) = ~2FD(04) (PO ) IPD (1,2)) =2 [B7 (8, x) — b (1, )| (129)

k=12,---,d
4.3. An Interesting Equation
If we let )
3D;D3
a(u) = é (u— De)
— p2p2 D3 2 (130)
4Dz
k=012---,d
are continuous derivable functions and
2D VD
= 22 sin 30 + D¢ (131)
VD3 2
where D; to D¢ are nonnegative functions independent of u and we omit (¢, x).
Thus, we can rewrite the Fokker-Planck equations as
dp _ Did*p , DiDs
ot 2 92 8
dp _Did%p  DiDs (132)
dxp, 2 002 8
k=1,2,---,d
with the solution
ok JoDIDsds (”;”02)2
p(v;t,x) = e 2lobids (133)
\/27 [y D2ds
Recall the Lemma 2, we obtain
/ p(u;t,x)du
_ Dseb L [y D2Dsds ,%
et / cos ( D4) e 2hPi® gy (134)
\/27 [y D3ds
and use the result
%/ L g)e " dx = e cos (WG + ) (135)
cos(wx+¢@)e” 2H dx=e 2 cos(w P

the integral (134) can be write as

D /D
Dses Jo DiDsds=3 [y Dids g (23ﬁ0 + D4) =1 (136)
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where iy = ﬁ arcsin {%D; (up — D6)}.
Here we give a simple example. Let u € [—1,1],
3
ar(u; t,x) = —Ebk(t,x)u
be(u; t,x) = by(t, x) (1 - u2) (137)

k=0,1,2,---,d

where by (t, x) > 0 and we can obtain the Fokker-Planck equations formed as

aj _ bo(t,x) 92 Kl—uz) P] 3bo(t,x) 0 (up)

ot 2 ou? 2 ou
dp  by(t,x) 0 2 3bi(t,x) @ (138)
o, 2 ol Kl " )p] > ou “P)

k=12 ,d

with initial value ug(x) = 0.
Using the formula u = sin v, we can rewrite the Fokker-Planck equations

al - by (¢, x) a2l n bo(t, x)
of 2 o2 2
9p _ be(tx) o%p N by (t, x) (139)
Xy 2 002 2 7
k=1,2,---,d
with the solution
e% fot by(s,x)ds 2

P
e Zf(g b (s,x)ds

plort ) = —
\/ 27 [y bo(s, x)ds

1 kab (t,x)dx, o2 (140)
p(vt,x) = T LN
\/271 Jo Ebie(t, x)dxy
and the variable substitution is u = sin v.
Similarly, we suppose that there is a function B(t, x) subject to the total differential
d‘B(t, x) = bodt + brdx1 + - - - + bydxy (141)
then the density is
e%ﬁ(t/x) 2
p(v;t,x) = ———e 20N
21p(t, x) (142)
u = sinv

From density function (142), if we consider different B5(t, x) and B¢(f, x) in (142), we can get
density functions p(® (u; ¢, x) and p(®) (u; ¢, x), then we can get the Jeffreys divergence and generalized
Fisher information

1D (P63, P9 s,)) = 25 OIS 1) (s, ) (143)
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and 1 28e(s )
FIY (PO x)) = ;ﬁ;;,(x/)x) b9, )]
1—2Bs(t,x) 2 (144)
FI (PO (1,0)) = 72%(? 5 (671, )]
then the quotients
D (P(S)(t,x),P(5) (s,x)) 1= Bs(t,x) — Bs(s, x) [/35(t,x) B ﬁS(S,x)]z
|t —s|? T 2Bs5(tx)Bs (s, x) t—s (145)
ID (PO, PO050) 1 po(r,5) — ps(t, ) st~
| — e |? o 2Bs(t, %) Bs(t, Gk) e — T
Obviously, we can easily get
D (PO (6,2), PO s,x)) 1 it x) — (s, x) f(t, ) [ﬁs(t,x)—ﬁs(s,x)r
|t —s]2FL) (PG (1, x)) 1=2p5(t,x)  PBs(s,%) | bt 2) (t—s) e
D (POt 50, PO ) 1 po(t, 1) — Bs(t, i) Bs(t, 3 >[ﬁ5<txk> ﬁ5<t,37k>1
[ — 2P (PO (8, x)) L=2Bs(t%0) Bs(t i) | o (8, x) (5 — )

fork =1,2,---,d. Without loss of generality, the result (146) corroborates Theorem 4.
Furthermore, if we consider different B5(t, x) and B¢ (t, x) in (142), we can get density functions
p(5) (u;t,x) and p(6) (u;t, x), then the generalized Fisher divergence at the same space-time points is

FD () (P01 .0)
[Bs(t,x) = Bs(t,0)] [0 Bs(t,x) — b7 o8, )] |
B 282 (t, ) PR (1, )

with the remainder terms Ry <P(5)(t,x)||P(6)(t,x)) = b,ES)(t,x) - b£6>(t,x), k = 0,1,2,---,d. Then the
generalized De Bruijn identities are

(147)

Bs(t,x) — BA(t,x) + Bs(t,x) — B(t, )|

fm( (t,%), PO (1,%)) = %FD(,,<5>,,,<6>> (PO &) PO (1)) = [667 (t,x) b (8, )]

1
aTck JD (PO (t,x), PO (1,x)) = ~2FD(04) (PO (PO (1, 2)) = [0 (1,6) — b (1,0 (148)

k=1,2,---,d

5. Conclusions

In this paper, we generalize the classical definitions of entropy, divergence and Fisher information,
obtain these measures on space-time random field. In addition to that, we also get the Fokker-Planck
equations (55) for space-time random field and obtain the density functions. Moreover, we obtain
the Jeffreys divergence of a space-time random field at different space-time positions, and we get the
approximation of the ratio of Jeffreys divergence to the square of space-time coordinate difference
to the generalized Fisher information(68). Further, we use the Jeffreys divergence on two space-time
random fields from same type but different parameters Fokker-Planck equations, to obtain generalized
De Bruijn identities (77), and get the relation between Jeffreys divergence of space-time random field
and generalized Fisher divergence. Finally, we give three examples of Fokker-Planck equations, with
their solutions, calculate the corresponding Jeffreys divergence, generalized Fisher information and
Fisher divergence and obtain the De Bruijn identities. These results encourage further research into the
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entropy divergence of space-time random fields, which advances the pertinent fields of information
entropy, Fisher information, and De Bruijn identities.

Acknowledgments: The author would like to thank Prof. Pingyi Fan for providing relevant references and helpful
discussions on topics related to this work.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

The following abbreviations are used in this manuscript:

KL  Kullback-Leibler divergence
FI Fisher information

CFI  Cross Fisher information

FD  Fisher divergence

sFD  symmetric Fisher divergence
JD Jeffreys divergence
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