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Abstract: Let (), #) be a measure space and {7, },c be a normalized continuous Bessel family
for a real Hilbert space H. If the diagonal A := {(a,«a) : « € Q} is measurable in the measure
space () x (), then we show that sup, g 5(Ta, Tp) > %. We call Inequality (1) as
continuous Rankin bound. It improves 76 years old result of Rankin [Ann. of Math., 1947]. It also
answers one of the questions asked by K. M. Krishna in the paper [Continuous Welch bounds with

applications, Commun. Korean Math. Soc., 2023]. We also derive Banach space version of Inequality (1).
Keywords: rankin bound; Continuous Bessel family
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1. Introduction

In 1947, Rankin derived following result for a collection of unit vectors in R¥.

Theorem 1. (Rankin Bound) [1-3] If {Tj}}‘:l is a collection of unit vectors in R%, then

-1
max Ti, Tp) > ——. 1
1§j,k§n,j7ék< i Te) = n—1 M)
In particular,
2n

. 2
min T — T < . 2
1Sjrkgn,ﬁékllj Wllf < )

Striking feature of Inequalities (1) and (2) is that they do not depend upon the dimension d.
Inequalities (1) and (2) play important roles in the study of packings of lines (which motivated to
study the packings of planes) [4,5], Kepler conjecture [6,7], sphere packings [8,9] and the geometry of
numbers [10].

After the derivation of continuous Welch bounds in most general form [11], author asked what is
the version of Rankin bound for collections indexed by measure spaces. We are going to answer this in
this paper.

2. Continuous Rankin bound

We start by recalling the notion of continuous frames which are introduced independently by Ali,
Antoine and Gazeau [12] and Kaiser [13]. In the paper, H denotes a real Hilbert space (need not be
finite dimensional).

Definition 1. [12-15] Let (), ) be a measure space. A collection {Ty }yeqy in a Hilbert space H is said to be a
continuous frame (or generalized frame) for H if the following holds.

(i) Foreach h € H, the map QO > a — (h, Ty) € K is measurable.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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(ii) There are a,b > 0 such that
all* < / [, ) [P dp(a) < bllR]?, V€ H.
Q
If we do not demand the first inequality in (ii), then we say it is a continuous Bessel family for H. A
continuous Bessel family { Ty }ycq is said to be normalized or unit norm if || t,|| = 1, Va € Q.
Given a continuous Bessel family, the analysis operator
Or:Ho>h—0:he L2(Q);, 6:h:Q>a— (h1) K

is a well-defined bounded linear operator. Its adjoint, the synthesis operator is given by
01 L2(Q) > f s /f(zx)r,x du(a) € H.
Q

By combining analysis and synthesis operators, we get the frame operator, defined as

Sei= 030 H 3 ho [ () mdu(a) € M.
@)

Note that the integrals are weak integrals (Pettis integrals [16]). With this machinery, we
generalizes Theorem 1.

Theorem 2. (Continuous Rankin Bound) Let (Q), u) be a measure space and {Ty },cq be a normalized
continuous Bessel family for a real Hilbert space H. If the diagonal A := {(a, &) : & € Q} is measurable in the
measure space ) x Q), then

—(px pu)(A)
AL e ((CETORVIY @)
In particular,
. 2 (1 xu)(A)
i e 2 (1 o B ) @

Proof. Since 1(Q) < oo (see lemma 2.3 in [11]), xq € £%(Q) and

/ |(tw, ) [ d (1 x ) (o, B) < / 7l Il (e % p) (@, B) = (X p)((QAx Q) \ A) < e0.
(QxO)\A (AxO)\A
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Now by using Fubini’s theorem, we get
ogmmw—mmwmm—<ﬁmwwww/mwmww»
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() dux )@ )+ [ () e x 0w B)
(QxQ)\A

—@xw@+ [ () A< e, p)

(QxQ)\A

< (pxpu)(d)+ ( sup <Ta,T;s>> (rx ) ((QAxQ)\A).
a,feQu#p

Now writing inner product using norm, we get

B Il + 7l = e — 7512 2 - |Ime — 7l
sup (T, Tg) = sup = sup _
a,peQa#p a,BeQu#p 2 x,peQup 2
1 infy geqazp ITa — 5
5 .
Therefore
| nfepeanzp I -l —(ex p)(8)
2 T (rxp)((Qx0)\4)

which gives

infy geqazp |7 — 12 (nx p)(A)
; =T @< ) A

O
Corollary 1. Theorem 1 follows from Theorem 2.

Proof. Take ) = {1,...,n} and y as the counting measure. [

A remarkable feature of Inequality (3) is that it allows to derive Inequality (4). We can not do this
by using first order continuous Welch bound [11].

Given a measure space (€, 4) with measurable diagonal and a normalized continuous Bessel
family {7, }4eq for a real Hilbert space H, we define

M{Tatacn) == sup <TDUT/3>
a,BeQ,a#p

and

N({t}aca) == zxﬂeigfa;éﬁ [T — Tﬁ”z-
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Similar to the problem of Grassmannian frames (see [17]), we propose following problem.

Question 3. Given a measure space (Q), y) with measurable diagonal and a real Hilbert space H, find
normalized continuous Bessel family {T, } e for H, such that

Mt }ueq) = Inf {IM{wataeq) : {Wa}taeq is a normalized continuous Bessel family for H} . (5)
Equivalently, find normalized continuous Bessel family {t, } e, for H, such that

N({tatacq) = sup {N ({wa }acq) : {watacq is a normalized continuous Bessel family for H} .

Further, for which measure spaces (Q), i) and real Hilbert spaces H, solution to (5) exists?

3. Continuous Rankin bound for Banach spaces

In this section, we derive continuous Rankin bound for Banach spaces. First we need a notion.

Definition 2. [18] Let (), u) be a measure space and p € [1,00). Let {7y }ocq be a collection in a Banach
space X and { fu }ycqy be a collection in X*. The pair ({ fa }ucqr, {Ta }acq) is said to be a continuous p-Bessel
family for X if the following conditions are satisfied.

(i) Foreach x € X, the map Q) > « — fo(x) € Kis measurable.
(ii) Foreachu € LP(Q, u), the map Q3 > & — u(a)t, € X is measurable.
(iii) The map (continuous analysis operator)

O : X > x>0 € LP(Qp); Opx: Q3 (05x)(a) = falx) €K

is a well-defined bounded linear operator.
1. The map (continuous synthesis operator)

O : LP(Q,p) D ur— Oru = /u(zx)T,X du(a) € X
Q

is a well-defined bounded linear operator.

Theorem 4. (Functional Continuous Rankin Bound) Let (Q,u) be a finite measure space and
({fataca, {ta}ucq) be a continuous p-approximate Bessel family for a real Banach space X satisfying the
following.

(i) fu(ta) =1foralla € Q.
() |[fall <1 |||l <1foralll <a e Q.
(iii) 070zxq > 0.

If the diagonal A := {(a, &) : & € Q} is measurable in the measure space Q) x ), then

—(pxp)(A)

S0 S) 2 A Ay

Proof. Since j1(Q2) < oo, we have

/ |[falTp) | d(p > p)(a, ) < / [ fellllTpll d(pe < ) (o, B) < (p x ) ((Q X Q) \ A) < o0,

(QxQ)\A (QxO)\A
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Now by using Fubini’s theorem, we get

o<ﬂwmmmwm /mmmwm>bﬁ;/mwmww ap (@)
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—/fa /T,sd#ﬁ) //fﬂ;s du(B) dp(a /faTﬁ (1 x ) (e, B)
axQ
—/fleﬁ (< p)(a, B) + / fa(Tg) d(p x p)(a, B)
(QOxOQNA
—/hmﬂﬂxwwﬁ [ Amdn< (@ p)
(QOxQ)\A
—exw@)+ [ fulmp)d(ux w)(wp)
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< (uxp)(B)+ < sup fa(Tﬁ)> (nx W) ((QAxQ)\A).
w,BeQ,a#p

O

Corollary 2. Let {T] 1 be a collection in a real Banach space X' and { f] 1 be a collection in X'* satisfying
the following.

(i) fi(tj)) =1forall1 <j<n.
(@) [Ifill <L |5l < 1forall1 <j<n.
(iii) Ya<jr<n fj(T) = 0.

Then

-1
n—1

max Hy >
<2 S (T) =
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