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Abstract: In this paper we study a special kind of finite mixture model. The sample drawn from the
model consisits of three parts. The first two parts are drawn from specified distributions f; and f,
while the third one is drawn from the mixture. A problem of interest is whether the two distributions
f1 and f, are the same. To test this hypothesis, we first define the regular location and scale family of
distributions and assume that f; and f, are regular denisty functions. Then the hypothesis transforms
to the equalities of the location and scale parameters, respectively. To utilize the information in the
sample, we use Bayes’ theorem to obtain the posterior distribution and give the sampling method.
Then we propose the posterior p-value to test the hypothesis. The simulation studies show that our
posterior p-value largely improves the power in both normal and logistic cases while nicely controls
the Type-I error. A real halibut dataset is used to illustrate the validity of our method.

Keywords: three sample problem; homogeneity test; bernstein-von Mises theorem; posterior p-value

1. Introduction

In this paper we focus on the model proposed by Hosmer [1], which is used to study the halibut
data. There are two different sources of halibut data. One is from the research cruises, where the sex,
age and length of the halibut are available while another comes from the commercial catch where only
age and length can be obtained since the fish have been cleaned before the boats returned to the port.
The length distribution of an age class of halibut is closely approximated by a mixture of two normal
distributions, which is

iid .
Xilflvfl(y), i=1,...,m

Y]%fz(y), j:1,...,1’12 (1)
Z M) + A=), k=1,...,m,

where f1 and f; are the probability density functions of the normal distributions and A is the proportion
of the male halibut in the commercial catches. Hosmer [1] estimated the parameters of the two
distributions using the iterative maximum likelihood estimate method. Murray and Titterington [2]
summarized the techniques for maximum likelihood estimation and Bayesian analysis. Anderson [3]
proposed a semiparametric modeling assumption known as the exponential tilt mixture model. The
estimating of the proportion is done by a general method based on direct estimation of the likelihood
ratio. The estimation of the model is further studied by Qin [4], who extended Owen’s [5] empirical
likelihood to the semiparametric model. Qin gave the asymptotic variance formula for the maximum
semiparametric likelihood estimation. Later, Zou ef al. [6] showed that the partial profile empirical
likelihood also worked well with realistic sample size. An EM algorithm for this semiparametric model
is further given by Zhang [7]. Furthermore, Inagaki and Komaki [8] and Tan [9] respectively modified
the profile likelihood function and provided better estimators for the parameters.

Except for the estimation of parameters, another important issue is to test the homogeneity of the
model. Thus the null hypothesis is

HO :f1 :fz.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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To test the null hypothesis, Liang and Rathouz [10] proposed a score test and applied it to genetic
linkage. Lemdani and Pons [11] suggested using likelihood ratio tests(LRT) under modified likelihood
function since classical results on LRT may be invalid. Chen et al. [12,13] proposed a modified LRT
with a general parametric kernel distribution family and they proved that the modified LRT has a
X-type of null limiting distribution and is asymptotically most powerful under local alternatives. Chen
and Li [14] proposed an EM approach for the normal mixture models. Li et al. [15] used a high-order
expansion to establish a nonstandard convergence rate N~1/4 for the odds ratio parameter estimator
and solved the problem of degeneration of the Fisher information. These works are applied to a variety
of genetic mixture model in real applications. For example, genetic imprinting and quantitative trait
locus mapping, see Li et al. [16] and Liu et al. [17].

Most mixture models discribed above mainly consider the case when f; and f, are normal
distributions. In this paper, we want to extend the conclusion to more general cases. Similar question
has been researched by Ren ¢t al. [18]. In their paper a two-block Gibbs sampling method are proposed
to obtain the samples of the generalized pivot quantities of the parameters. They studied both cases
when f; and f, are normal and logistic distributions. In our paper, we assume that f; and f, are
in a specified location-scale family with location parameter i and scale parameter . We propose a
posterior p-value based on the posterior distribution to test the homogeneity. To sample from the
posterior distirbutions, we propose to use approximate Bayesian computation (ABC) method for the
case when f; and f, are normal distributions, which is different from the cases when f; and f, are
general distributions. This is because the posterior distirbution of the normal case can be regard as
using the information contained in the first two samples as prior distribution and updating it via the
third one without loss of information. We find in our simulation that this method is promising and
efficient even we use the simplest reject-sampling. For the general case, since ABC method is no longer
available, we use MCMC method such as Metropolis-Hastings sampling method proposed by Hannig
et al. [19] and the two-block Gibbs sampling proposed by Ren ef al. [18] to sample from the posterior
distribution.

The paper is organized as follow. In Section 2 we first define the regular location-scale family and
give some properties of the family. Then we propose our posterior p-value for testing the homogeneity.
We further introduce the sampling method for different cases. A real data of the halibut is studied in
Section 3 to illustrate the validity of our method. The simulation study is given in Section 4 while the
conclusion is given in Section 5.

2. Test Procedure

In this section we consider model (1) where the distributions are in a certain regular location-scale
family. Thus, we first give the definition in the following subsection.
2.1. Regular Location-Scale Family

In this section we first give the definition of the regular location-scale family.

Definition 1 (regular location-scale family). Let f(x) be a probability density function. If f(x) satisfies

(1) f(x) >0, —00 < x < 00;
(2) f"(x) is continous;
(3) XEI’EI Xf(x) = lim x*f'(x) =0;

X—+00
@ [l iy < oo

Then f(x) is defined as a regular density function, and

Ry = {1f<x_”>;u € (~00,+0),0 € (0,—|—oo)}

(o (o4

is defined as the regular location-scale family.
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It is easy to verify that many families of distributions are regular location-scale families. For
example, let
1 <2 e ™
-7

B

Then f1(x) and f,(x) are regular density functions. The families of distributions that constructed by
f1(x) and f,(x) are regular, which are the families of normal distributions and logistic distibutions,
respectively. The two families of distributions are concerned in the paper later.

The following lemma highlights some properties of this family.

Lemma 1. If f(x) is a reqular density function, then we have
(1) lim xf( )= lim xf(x)=0;

X——00 X— 400
(2) f+°° f/(x)dx = 0;
3) [T« f’ )dx = —

4) f*°°f" dx—O
(5) [T xf"(x)dx = 0;
6) [T x2f" (x)dx = 0.

The proof of this lemma is given in Appendix.
We further calculate the Fisher information matrix of the regular location-scale family with the
following proposition.

Proposition 1. Assume that f(x;¢) = 1 f(*2) is in the reqular location-scale family, where & = (u,0) 7.
The parameter space QO = {(y,0) : —00 < p < 00,0 > 0}. Let I(&, X) = log f(X; ). Then

(1) The score function satisfies

(2) The Fisher information matrix satisfies

[0 (AN 1 L (Culf) Colf)
0w (GG - aen -5 (@7 &) <o
where !

Cul(f) = /oo [ffiy)] dy

Cia(f) = Cau(f / y[f/((‘;

C2(f) :Lw (1+yj;(( fly)d / v ];

(3) The Fisher information matrix is given by
Pf(X,8)
(0 = ~Bs | S5

The proof is given in Appendix.

Proposition 2. Assume that 0 < Ay < 1and f(-) is reqular. Then {g(x;0) : 0 € Q} given by

A - 1-A -
g(x,Q)IUff(x (lel) + (%) Of<x 0’2]/‘2), (2)
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where 0 = (1, 12, 01,05) T and Q = R% x R*?, has following properties.

v dlog g(x,6)
o ]
2)
10) = E {<alog§9(x,6)> (alogge(x,ﬂ))]T < o
(3)

9% log ¢(x; 6

The proof is given in Appendix.
We then give the Fisher information matrix of the normal and logistic distribution. For the normal
distribution, we have

Cu(f) :/jo \/;—ﬂey;yzdyZ
Cia(f) = Culf) =

Cxo(f —e T y4dy

=

Thus the Fisher information matrix of normal distribution is

w0-2 (2

Cu(f) = /w ﬁdy =1/3

Similarly, for the logistic distribution,

Ci2(f) = Ca(f) Z/_OOW

© oY (p—Y _ 1\2
sz(f):/_ooe(yl(j_zy;)dy:;+7;

Thus the Fisher information matrix of logistic distribution is

0 >
1 2
3t

Now we consider testing the homogeneity of model (1) where f; and f, are in R,

() R (5)

This is equivalent to testing equality of the parameters of the two density functions, that is,

O W=

@) = (

2.2. A Posterior p-Value

H() CH1 = U2,01 =02 DS H1 M 75 U2 or o1 75 (%2 (3)
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Consider the density function

=30 (532) 41 5)

where 6 = (u1, #2,01,02,A) " is the unknown parameter. f(x) is the regular density function, then the
Fisher information matrix is

1L(6) = Eo [alogagg(x;e)} {alogége(x;Q)]Tl

where

alo%@(x;e) | [;%f/(xmyl) A (e m)}
o[ () ()
o s (5) —af (552

dlogg(x;0)
oA
the last row and column of I, (9) is zero, which means that |I(6)| = 0 and is non-definite. Thus, we
may encounter some difficulties when using some traditional test methods, such as the likelihood ratio
test.

When p1 = pp, 01 = 02,
= 0,

We suggest a solution here. First we assume that A = A is known. Then there are 4 parameters
and we still denote them by 0 = (y1, uz, 01, 0’2)T. We use the estimate of A instead since A is unknown.
This is because that when the homogeneity hypothesis holds, the distribution of the population is
irrelative to A. So the level of the test is irrelative to the estimate of A. We then give the inference on 0
below. For the first two samples, the fiducial density of (y1,01) and (up, 02 ) are

(ho1) lH f(xu m)} 11 ynr03) Lﬁ 1f(x2] Hz)};z/ I

where “” denote “proportion to”, see the example 3 of Hannig et al. [19]. Then to combine (4) with
the third sample, we regard (4) as the prior distribution. By the Bayes’ theorem

90(1@[ fo <x3k0—1 #1) N 1(—72)\0]( <x3k(; mﬂ
[ﬁ f(xll .”1)] all' ijalzf ("2102?‘2” alz

Denote the probability measure on the parameter space determined by (5) by P®lX, where x =
(xlT,sz,ng), x1 = (x11, %12, /xlnl)T/ Xy = (Xo1,X2," - /x2n2)Tr x3 = (x31,Xx32," - /x3n3)T~ ©
denotes the random variable. We can see from the expression (5) that POI¥ is the posterior distribution

under the prior distribution

de = 0_1761}11(1;12(1(710'2
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Let
|1 =10 0 - T
A—[o 0 _1], b=1[0,0] .
Then the hypotheses (3) is equivalent to
Hy: A6=Db vs. Hi:AO0#b. 6)

where 6 = (p1, p2,01,02) .
To establish Bernstein-von Mises theorem for multiple samples, we first introduce some necessary
assumptions below. Let /;(0) be the log-likelihood function of the ith sample, where i = 1,2, 3.

Assumption 1. Given any e > 0, there exists § > 0 such that in the expansion

(6 —60) " [nI;(60) + R, (0)](6 — 60), i=1,2,3,

1(6) = 1(60) + (6. 60) TH(60) — 5

where 0y is the true value of the parameter. 1;(0y) is the Fisher Information matrix. The probability of the
following event

1
sup { %A R (6)]: 0 — G0l < 6} > ¢

tends to 0 as n — oo, where || - || is the Euclidean norm and Amax(A) denotes the largest absolute eigenvalues of
a square matrix A.

Assumption 2. For any § > 0, there exists e > 0 such that the probability of the event

sup { £ 15(6) = 60)] : 0 ~ 6ol > 6 < ¢

1

tends to 1 asn — oo.
Assumption 3. Under the prior 7, there exist ko such that the integral of ||0|| below exists,
2 [ (xi— i\ 1y [, (%2 —
6 —f|— —f|—=—= )| n(0)df < 0.
/H | E[01f< 01 )]H[sz< %] )] (6)

Assumption 4. When n = ny + ny + nz — oo,

n; .

. —r€(0,1), i=1,23.

Then we give the Berstein-von Mises theorem for multiple samples as follow.

Theorem 1. Denote the posterior density of t = \/n(0 — Ty,) by 7v* (t|x), where

1 _
Ty=60+ 1 L(60)I' (6p).

If the Assumption 1, 2 and 4 hold, then

P

/Q |7 (t) = (27) 1 (80)|2 e 271@)|at B o

Furthermore, if Assumption 3 holds, then

P

/Q (1 101 | (¢1) = (27) =5 1 80) | e 3¢ 100 e B o

do0i:10.20944/preprints202308.1303.v1
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Then we can define the posterior p-value as follow

Definition 2. Let »

p(x) = PO (@ —05)" AT (AzpAT)  A(© - 6p)
-1 @)
> (b— A9s)" (AZpAT) (b - A0)),

where PO (-) is the probability under the posterior distribution. 8 is the posterior mean and L.p is the posterior
covariance matrix. We call p(x) as a posterior p-value.

The theorem below gurantees the validity of the posterior p-value.

Theorem 2. Under the assumption of Theorem 1, the p-value define by (7) satisfies

p(X) -4 u(o,1).

d/
/

where “ ' is the convergence in distribution and U (0, 1) is the uniform distribution on the internal (0,1).

The proof is given in Appendix. Then for a given significance level &, we may reject the null
hypothesis if the p-value is less than «.

2.3. Sampling Method

The posterior mean 0 and the posterior variance Xp in equation (7) can be estimated by the
sample mean and variance, respectively. Now the remain problem is how to sample from the posterior
distribution. When A is unknown, we first propose an EM algorithm to estimate A, then we sample
from the posterior distribution where A is fixed to the estimate of A. The Markov Chain Monte Carlo
(MCMC) method are commonly used. However, as we have mentioned earlier, MCMC method needs
to discard a large number of samples in the burn-in period to gurantee the samples accepted sufficiently
close to the ones from the real distribution. Fortunately, when f; and f, are normal distributions,
we find that the posterior distribution can be transformed and sampled by using the approximate
Bayesian computation (ABC) method. However, when f; and f, are some more common distributions,
such as the logistic distributions, the two-block Gibbs sampling proposed by Ren et al. [18] can be an
appropriate substitution. We will discuss the details in the following subsection.

2.3.1. Em Algorithm for A

In this subsection we propose the EM alogorithm for estimating A.
The log-likelihood function of the model is

L(x:6,A) = i‘{log [fr (x10:0)] + ilog [f2 (x27:6)] + kill"g [p (x5:0,1)],
i= j= =

where f1 and f, are in the same regular location-scale family R ¢, with parameters (y1,01) and (2, 02)
respectively. p (x3;; 0, A) in the log-likelihood function of the third sample is

p(x3:0,A) = Af1 (x3;0) + (1= A) fo (x31:0)

The EM algorithmis is first proposed by Dempster ef al. [20] and broadly applied to a wide variety of
parametric models, see McLachlan and Krishnan [21] for a better review.

Assume that we have obtain the estimate of the parameters after m times of iterative, denote them
by 6(") = (,ugm), al(m), ng),%(m))r and A("). We introduce the latent variable v = (71,72, , Tny) "

7
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the component -, indicates which distribution the sample x5 is drawn from. ¢ = 1 when it is drawn
from the first distribution f; (x3; 6), otherwise, yx = 0. Then we have

Plyp,=1)=A, Plyu=0=1-A, k=1,2,--+,n3

The density of the joint distribution of X3, X5, X3, v is
] 12 13 1
T TAGas0) T T fa(x2i:0) T T [Af1 (23 0] [(1 = A) fa(x3s0)] 7%

Given X1 = x1, Xp = xp, X3 = x3, the conditional distribution of 7 is

Af1(x3x; 0) ]W { (1= A)fa(xz;0) L=
Af1(x35;0) + (1 = A) fa(x31; 0) Af1(x31;0) + (1= A) fa(x3y; 0) ’

where 7, = 0,1,k =1,2,--- ,n3. Thus the conditional expectation of y; is

Af1(x3;0)
Egn7k =P, —1)= .
o1 = Poay(re =1) Af1(x35;0) + (1= A) f2(x31;0)

When 6 = (") and A = A("), the conditional expectation of 7, can be the estimate of ;.

AU f1 (3161
A0m) £ (x5 00m) ) 4 (1 — A0m)) fo (x5, 00m) )

Fe(00m A1)y =

k=1,2,---,ns.
The log likelihood function is

np nyp ns
Y log f1 (x15;0) + Y _log fo (x2;0) + Y vilog f1 (x31:6,)
i=1 j=1 k=1

+ fj(l — i) log f2 (x31;6,) + < 3 'm) log A + (”3 - fj 'm) log(1—A).

k=1 k=1 k=1

Since the latent variable is unknown, we use its conditional expectation. Besides, the MLE of A is

Amt1) Y 'AYk(G(m)//\(m))‘
n3

Then in the E-step, we calculate the expectation of new parameters conditional on (6("), A(™)),

ny ny
Q(0, A0, A1M) = Y " log fi (x1;;0) + Y _log f> (x2); 0)
i=1 j=1

13
+ Z '?k((e(m)r /\(m))) 10gf1 (x3k; 0, )
k=1

Y- (0, A)) og £ (36,
k=1
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Let % = (60, A(M), then

]

Q(6, A8, AlMy =y {—mgal +1log f <"1;"1>}
1

i=1

nyp Yo
+) {—IOgaz +log f (MH
j=1 (%)
ns X B
+ ) [—IOgm +log f (%P‘l>]
k=1 logl
ns . -
+ Y (1 — %) {—bgaz +log f (31<UV2)] .
k=1 )

In the M-step we compute the simultaneous equations below to maximize Q(6,A6(™),A(")). The
solutions are the new parameters (6("+1), A("+1)) We give the equations of (1, 07), similarly can we

get (‘1/11,(71).

0Bt (05) + B [ (42
= L i (o2 f1+ (B2 (g — o) | + Ty [0+ G — ) (B52) 4]
_n3zk:l’yk

In the simulation study we consider the normal and logistic cases. Then the maximization step of the
normal case can be simplified as

Y2 Xk + Doty xqi
21?3:1 Yk + 11
n3 _ 2 nq L 2
2 Yot k(e — p1)” + Xt (%1 — p)
! 223:1 Y+

1=

7

while that of the logistic case is

M xlz Hy .
0 - Zk 1 'Yk xSk Vl + Zl 1 xll [
L1

+1
X3k M1 1 Xi—H 1
—_y"s Yk—pie N — | X—p (e 1 —
0= Z:k=1 Yk 0 Y3k —H1 -1 + Z:i:l 0 Xi—H# 1]
e 1 +1 e 1 +1
The two steps are repeated sufficiently to gurantee the convergence. Then we can get the MLE of the
parameters.

2.3.2. Normal Case

When the estimate of A is obtained, the posterior distribution (5) can be rewritten as

(0| X1, X2, X3) = ( Hf X111V11f71> ( Hf Xz;#zﬂz))

13

I P‘f(ch;lh/‘Tl) + (1= A)f (X5 Vz,ffz)]

k=1

)
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This means that the posterior distribution is equivalent to using the first two terms on the right side of
the equation as the “prior distribution” and the third term as the likelihood function. For the first term

we have . " ( )2
1A 1 1 n Yl (Xi—m
o L1 i) o (Varar) ol 207 )

Denote the sample mean and variance by X and S2, respectively, we have

; 1 ¢ 2 1§ 72
X = — X iy S = X [ X 7
1 " 1221 1i 1 n-1 ;( 1i l)
which follows a normal and x?(n; — 1) distribution respectively, that is,

2 2
7 (n1 —1)S3 2
— |, —s—~ ny—1).
711) 0_12 X( 1 )

Xl ~ N <]’l1/
Let U ~ N(0,1) and V ~ x?(n; — 1) be two independent random variables. Then

- -
X =m+ \/—%u, (n1 —1)S} = V.

Given X; = ¥ and 5% = s%, then 1 and 07 can be regard as the functions of U and V

2
o0 ,  (np—=1)sy
= — 71 l, = -
mi=n= g a %
The joint distribution of (U, V) is
1 u? 0”1;1 -1 v
e 2 e 2

Then the joint distribution of (y1,01) can be calculated as

= )2 -1 -1 _1)s2
N e C R it V| ml_g3 !
Tt (p1, 01| Xops) = € 1 Lol —) 2 2e T, )
V27oy I‘(’”; )27 03

where x1,ps = (x1,%2,- -+, %n,) . This coincides with the joint fiducial density proposed by Fisher[22],
which means that the fiducial distribution of (y1,071) is

2 2
2 G 1 x(m-—-1)
of~N|x,— ]|, —~F——7s. 10
Similarly can we get
2 2
2 - 0 1 x(n2—1)
o5 ~N|xp,—=|, —~"—7F7—, 11
,uZ| 2 ( 2 }’l1> 022 (1’12—1)5% ( )

where ¥, and s% are the sample mean and variance of the second sample and xp,s =
(21,222, , Xomy) |

With the conclusion above, sampling from the posterior distribution (5) can be done by sampling
first from the fiducial distribution of the parameters and then combine the information with the
likelihood function of the third sample from the mixture model (1). This can be done simply using the
approximate Bayesian computation (ABC) method. In this case, we regard the fiducial distributions
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of (41,01, p2,02) " as the prior distribution. After we drawn samples of parameters from (10) and
(11), denote by (u}, 07, u3,05) ", we generate simulations from the model below and denote them by
X3sim = (X31, %32, , X3ny) |, . .

Af(xp3,07) + (L= A f(x; 12, 03)

where A is the MLE of A estimated aforehand using the EM algorithm proposed in the last subsection.
Then we calculate the distance between the simulations and the observation and accept those whose
distance is below a given threshold e. The algorithm is given below.

1. Compute the sample mean and variance of the first two samples and denote them by £, s?, 7 and
s3. Calculate the MLE of A using EM algorithm and denote it by A

2. Sample U and U, from the standard normal distribution, V; from the x> (ng — 1) distribution
and V; from x2(n; — 1). respectively. To sample from the fiducial distributions of the parameters,
we calculate 1, 01, pp and oy using

= 7 — Uy SL 2 (n1 —1)s7
i/ —1ym ! vz
_ UQ S 2 (le — 1)5%

Ho = X2 0y =

/N —1ym V2

We denote the samples of the parameters by 0* = (u}, 13, 07,035) "

3. Generate a simulation of size n3 from

~

Al of) + 1= A)f (x5, 09).

The simulation is represented by x34j,, = (X351, X3, - , x:’;ns)T.

4. Calculate the Euclidean distance between the order statistics of the observation Z;, Z,, - - - , Zy,
and the simulation zj,z3, - - - ,223. We accept the parameters if the distance is below a given
threshold e. Otherwise we reject the parameters.

5. The procedure is repeated until we accept a certain number of parameters.

A remark that should be noted in this algorithm is that the samples we get from is an
approximation to the posterior distribution (5). We actually samples from

n(6/5|x10b51x20bsrx) & 7T<9|xlobsrx20b51x3ohs)]1(”x - x3obs|| < 8)/ (12)

where I is the indicator function. e controls the proximity of (12) to (5) and can be adjusted to balance
the accuracy and computational cost.

2.3.3. General Case

When f; and f, are not normal distributions, to sample from the posterior (8), it is natural to
use the Markov chain Monte Carlo (MCMC) method. Metropolisi-Hastings (MH) sampling method
and Gibbs sampling method are commonly used. An early version of MH algorithm was given by
Metropolis et al. [23] in a statistical physics context, with subsequent generalization by Hastings [24],
who focused on statistical problems. Some computational problem and solutions can be further see in
Owen and Glynn[25].

The initial values of the parameters can be determined by the EM algorithm mentioned above.
For the proposal distribution, we choose

gl (™) = N ™, 1)

(13)
g(oxlot?) = Ga(;0t7,1)
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where Ga(-) and N(-) denote the gamma distribution and normal distribution respectively. k = 1,2 and
],tl(f), U,ET) denotes the parameters accepted in the Tth loop. After we get 6(0) = ( ygT), (71(7), ‘uéT), 02(7) )T,

we can further obtain §(7*1) via the following two-step algorithm.

1. Sample (u}, 07, u3,05) " respectively from the proposal distribution (13). Compute

log Q(6%(67) = log q(4{[\™) +log g (13 |u")) +log g(o7|of™) +log g(v3|oi™)

ny ny
+ Y log f(xi; 5, 07) + Y log f(vi; 5, 05)
i=1 i=1

ns R R
+) [AMfGipi,of) + (1= M) f(zi;u3,03)] —log (o7 03).
i=1
2. Accept 8* with probability
P(6*,0(7)) = exp {min [0, log Q(6*67) —log Q(8™) \6*)] } .

and let 8(T+1) = g*. Otherwise we reject the parameters and return to the first step.

The algorithm should be repeated sufficiently before obtain the samples from the posterior
distribution. This cost much more time compare with the ABC algorithm for the normal case.
What’s more, in our simulation we found that the MH algorithm may be too conservative. A better
subsititution can be the two-block Gibbs sampling proposed by Ren et al. [18]. In this sampling method,
A is first estimiated using the EM algorithm, then for each loop, the parameters are updated by the
conditional generalized pivotal quantities.

3. Real Data Example

In this section we apply the proposed posterior p-value to the real halibut dataset studied by
Hosmer [1], which is given by International Halibut Commission in Seattle, Washington. This dataset
consists of the lengths of 208 halibut caught on one of their research cruises, in which 134 are female
while the rest 74 are male. The data is summarized by Karunamuni and Wu [26] and given in Table 1.
We follow their method and randomly select 14 males and 26 females from the samples and regard
them as the first and second sample of the mixture model 1. Then the remain male proportion of
60/168 is approximately indentical to the original male proportion of 74/208, which is 0.3558. 100
replications is generated with the same procedure. Hosmer [1] pointed out that the component for the
dataset can be fitted by the normal distribution. A problem of interest is whether the sex effects the
length of the halibut.

Table 1. Frequency distribution of the lengths in centimeters of 11 year old male and female halibut
caught on Western Trip I, April 1957.

75 8 8 90 95 100 105 110 115 120 125 130 135
Males 2 7 8 6 7 11 10 9 9 3 2 0 0
Females 0 1 0 0 4 2 7 8 22 29 28 13 10

To test the homogeneity, for each replication we first use the EM algorithm to estimate A, then we
use the reject-ABC method to generate 8000 samples. We choose a moderate threshold ¢ to balance
the accuracy and the computational cost. For the 100 replications, the mean of estimate of the male
proportion A is 0.3381, with the mean squared error 0.0045, which illustrate the accuracy of our EM
algorithm The estimates of the location and scale parameter of the male halibut are }i; = 96.655 and
1 = 12.983 while that of the female ones are i, = 118.806 and ¢, = 9.077. This is close to the estimates
of Ren et al. [18]. As with the hypothesis testing f; = f,, we calculate the posterior p-value of the
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100 replications. Given the significance level « = 0.05, all the p-values are less than «. Thus the null
hypothesis is rejected, which indicates that there exists association between the sex and length of the
halibut.

4. Simulation Study

In this section we give the simulation study of the cases discussed above. We compare the results
of the posterior p-value (7) using different sampling methods and the generalized fiducial method
proposed by Ren et al. [18]. As we can see from the simulations, the posterior p-value we proposed
largely improves the testing of homogeneity.

4.1. Normal Case

When f; and f; are normal distributions, we compare the results of three different tests. The
first two are the posterior p-value we proposed, but using two-block Gibbs sampling and reject-ABC
sampling method, respectively. The last one is the generalized fiducial method proposed by Ren et al.
[18]. In the following tables, the first two are denoted by “T;” and “Tr”, while the last is denoted by
“G”. We fix f1 to N(0,1) while f, is set to be N(0,1), N(1,1), N(0,1.5%) and N(1,1.5%). For each f; and
f» we consider A = 0.3,0.5,0.7 and different sample sizes for n1, np; and n3. We simulate N = 10000
repetitions for each case. For the Gibbs sampling, we accept 3000 samples after burning in the first 2000.
For the reject-ABC sampling method, we first calculate the estimate of A and accept 4000 parameters
with ¢ set to /n3/2. Then we calculate the posterior p-value using the samples. We set the significance
level to alpha = 0.05 and reject the null hypothesis when the posterior p-value is below a. The results
are shown in Tables 2-5. We further give the QQ-plot of T in Figure 1, which indicates the correctness
of Theorem 2. The first row are the cases of (11,1, 13)=(10, 10, 10), (20,20,20) and (30, 30, 30), while
the second row are the cases of (10,20, 30), (30,20, 10) and (15, 25,150).

Table 2. Type-I errors(%) of the three methods in normal cases.

ny, 1y, 13 G e Tr

10,10, 10) 389 392 447
20, 20, 20) 463 484 4.72
30, 30,30) 463 475 542
10, 20, 30) 436 485 4.36
(30, 20, 10) 446 446 4.79
(10,10,100) 392 464 477
(15, 25, 150) 464 565 451

|~

Table 3. Power comparison(%) of the cases when f; = N(0,1) and f, = N(1,1).

0.3 0.5 0.7

G Tg TR G Tq TR G Tg Tr

(10, 10, 10) 322 339 368 | 322 339 365 | 333 359 365
(20, 20, 20) 70.6 74.2 76.3 70.3 74.0 76.0 72.3 76.2 75.6
(30, 30, 30) 90.2 933 921 89.2 912 922 | 90.7 922 920
(10, 20, 30) 463 509 464 | 513 561 456 | 568 632  45.6
(30, 20, 10) 84.3 85.8 85.3 81.3 83.3 85.4 82.8 84.3 85.2
(10, 10, 100) 35.4 43.0 41.8 33.1 419 41.7 34.3 445 41.2
(15, 25, 150) 63.5 70.7 71.5 66.8 75.1 74.0 75.8 82.3 72.6
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Table 4. Power comparison(%) of the cases when f; = N(0,1) and f» = N(0,1.5%).
0.3 0.5 0.7
G Tg TR G Tq TR G Tg Tr

(10, 10, 10) 11.8 20.8 22.5 13.9 22.3 22.8 14.0 24.3 224
(20, 20, 20) 28.4 39.9 43.8 29.7 41.6 44.6 32.8 44.5 43.4
(30, 30, 30) 42.2 57.1 58.5 441 56.3 58.3 45.5 57.4 58.5
(10, 20, 30) 14.3 23.8 26.3 15.5 26.8 26.5 20.9 33.5 26.8
(30, 20, 10) 38.4 50.5 50.1 38.6 49.8 51.3 38.9 49.2 50.7
(10, 10, 100) 94 18.0 25.2 14.4 22.2 23.7 18.5 27.6 254
(15, 25, 150) 20.9 35.4 35.6 28.2 42.5 37.7 35.3 48.8 38.4

Table 5. Power comparison(%) of the cases when f; = N(0,1) and fo = N(1,1.5%).

0.3 0.5 0.7

G Tg TR G Tg TR G Tg Tr

(10, 10, 10) 38.9 42.6 46.6 382 421 41.7 420 462 426
(20, 20, 20) 77.3 79.7 823 75.2 78.0 80.6 80.0 82.6 80.8
(30, 30, 30) 936 942 955 | 938 940 933 | 939 945 944
(10, 20, 30) 472 50.0 55.2 55.4 596 572 62.1 66.0 56.1
(30, 20, 10) 88.4 89.0 88.9 85.8 87.2 86.5 86.3 87.6 85.3
(10, 10, 100) 46.0 48.9 49.1 53.8 56.9 45.9 59.1 64.6  48.6
(15, 25, 150) 77.1 78.6 78.1 83.9 84.8 74.4 89.6 91.5 75.1

0
10
0

00 02 04 06 08
00 02 04 08 08
L L L L L

0
0

00 02 04 06 08
00 02 04 08 08
L L L L L

T T T T T T T T T T T T
00 02 04 06 08 10 00 02 04 06 08 10
Gp ep

Figure 1. The QQ-plot of the normal cases.
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We can see from the results that the posterior p-value largely improves the testing of homogeneity
in normal cases. The Type-I error is controlled as well as the generalized fiducial methods. Moreover,
our method significantly improves the power of testing homogeneity, especially when ¢ is different.
The reject-ABC sampling method has the advantage of lower computational cost, comparing with
the two-block Gibbs sampling method. However, the power of using reject-ABC sampling method is
smaller than using two-block Gibbs sampling when 73 is much larger than 1 and n,. Thus, we can
use reject-ABC sampling method when the sample size is small or moderate and two-block Gibbs
sampling when the sample size is large.

4.2. General Case

For general case we assume that f; and f, are logistic distributions. The location and scale
parameters of f; and f, are set the same as that of the normal case. We simulate 10000 repetitions
for each sample size. We propose three methods in this simulation. The first two are the generalized
fiducial method proposed by Ren et al. [18] and our posterior p-value using two-blocks Gibbs sampling.
They are denoted by “G” and “T;” as last simulation. The last one is the posterior p-value using M-H
algorithm, which is denoted by “T),”. First we calculate the MLE of A using the EM algorithm. Then
we propose the Metropolis-Hastings algorithm to obtain 12000 samples after first burn-in 8000 ones.
To avoid the dependency between the samples, we choose the first one in every three samples, which
leaves us 4000 samples. Then we use these samples to calculate the posterior p-value. The algorithm
is natural and seems to be feasible. However, from the Table 6 we can see that with this sampling
method the results are rather conservative. Given the significance level « = 0.05, the type-I error of Ty,
is always much more smaller than 0.05, which makes the power of Ty, also smaller than the rest two
when f1 # f,. However, We find that the two-block Gibbs sampling method can successfully solve the
problem. It can be seen that the type-I error of “T{ can be controlled well while the power is largerly
improved, compares with the genralized fiducial method. The results are shown in Tables 7-9. We also
give the QQ-plot of “T[ in Figure 2.

Table 6. Type-I errors(%) of the three methods in logistic cases.

ny,np, N3 G TG TM
(10,10,10) 415 334 298
(20,20,20) 4.81 483 281
(10,20,30) 418 3.85 267
( )

)

30,20,10 473 461 231
(30,30, 30 472 492 341
(10,10,100) 4.16 492 2.58
(15,25,150) 5.06 596 291



https://doi.org/10.20944/preprints202308.1303.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 August 2023

do0i:10.20944/preprints202308.1303.v1

Table 7. Power comparison(%) of the cases when f; = Logis(0,1) and f, = Logis(1,1).
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0.3 0.5 0.7
G Tg Ty G Tq Ty G Tg Ty
(10, 10, 10) 12.2 12.0 13.2 12.6 13.3 14.5 13.2 13.0 13.7
(20, 20, 20) 294 30.3 26.2 28.3 29.9 26.4 28.9 30.2 26.0
(30, 30, 30) 43.2 45.4 36.6 43.1 45.2 35.9 43.9 46.5 37.3
(10, 20, 30) 17.5 18.1 15.1 19.3 20.2 16.9 22.2 23.2 18.7
(30, 20, 10) 35.4 36.6 31.8 33.9 35.8 324 33.5 35.1 30.4
(10, 10, 100) 13.8 17.8 12.7 13.8 17.1 11.8 13.9 16.6 11.9
(15, 25, 150) 244 29.3 20.1 25.3 30.0 22.7 30.9 38.1 241

Table 8. Power comparison(%) of the cases when f; = Logis(0,1) and f, = Logis(0,1.5).

0.3 0.5 0.7
G Tg Ty G Tg Ty G Tg Ty
(10, 10, 10) 10.3 13.5 16.2 10.5 14.7 16.3 11.2 159 159
(20, 20, 20) 20.8 324 23.6 21.7 33.3 23.7 23.0 334 241
(30, 30, 30) 32.4 44.7 33.3 33.8 449 33.2 349 46.2 34.1
(10, 20, 30) 9.6 15.3 12.1 11.1 18.0 15.2 14.2 21.9 17.9
(30, 20, 10) 27.4 37.1 219 271 36.7 224 27.1 36.3 22.3
(10, 10, 100) 8.9 14.8 10.6 10.2 16.3 12.2 12.7 184 16.8
(15, 25, 150) 15.1 26.2 20.6 211 32.0 20.7 24.2 35.6 22.0

Table 9. Power comparison(%) of the cases when f; = Logis(0,1) and f, = Logis(1,1.5).

0.3 0.5 0.7
G Tg Ty G Tg Ty G Tq Ty
(10, 10, 10) 174 17.9 18.1 18.3 21.7 18.8 18.5 22.6 19.6
(20, 20, 20) 43.7 494 36.3 43.7 49.3 36.2 45.2 51.3 37.7
(30, 30, 30) 62.9 67.3 58.1 62.2 67.2 57.9 63.6 68.4 59.6
(10, 20, 30) 20.6 24.2 21.3 241 294 26.2 30.1 35.8 35.8
(30, 20, 10) 52.7 57.0 37.6 51.7 55.9 39.7 51.5 56.0 38.8
(10, 10, 100) 19.9 241 18.7 23.1 27.3 19.8 23.5 30.2 19.7
(15, 25, 150) 36.7 43.1 40.4 44.6 51.5 40.7 51.0 57.8 40.1
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Figure 2. The QQ-plot of the logistic cases.
5. Conclusions

In this paper, we propose a new posterior p-value for testing the homogeneity of the three-sample
problem. We define the regular location-scale family and assume that both f; and f; are in the same
family. Then testing the homogeneity is equivalent to testing the equality of the location and scale
parameters. We use the Bayes’ theorem to obtain the posterior distribution of the parameters and
propose the Bernstein-von Mises theorem for multiple samples. Then we propose the posterior p-value
for testing the equality of the parameters. To sample from the posterior distribution, we compare
different sampling methods. The simulation studies illustrate that reject-ABC sampling method may
be a good choice for the normal case while the two-block Gibbs sampling is better for the general ones.
It should be noticed that we transform the hypotheses of homogeneity to the hypotheses (6). Then
with different matrix A, we can generate our method to a variety of hypotheses.
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Appendix A

Proof of lemma 1. (1) First we show that

lim f(x)= lim f(x)=0. (A1)

X——00 X——+00
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By the third condition in Definition 1, there exists a M > 0 such that when |x| > M, x2|f’(x)| < 1. Let
{xn,n=1,2,-- -} be a sequence satisfies 1i_1}1 x, = —oo and let a, = f(x,). Then for sufficiently large
n—oo

Ym ] 1 1

[ do

Xn X .Xm xn

This indicates that when m,n — oo, |a,, — a,| — 0. Thus {a,,n = 1,2,---} is a Cauchy sequence,

which must be convergence. Since {x,,n = 1,2, -- - } is an arbitrary sequence, then the limit Ern f(x)
X— —00

m and n such that |x,| > M and |x,,| > M, we have

am — an| = |f(xm) — f(xn)| =

/x:n f’(x)dx‘ <

exists. Notice that f(x) is a continuous density function, so

Jim_f) =0
Similarly can we show that
Jim, @) =0

By condition (3) in Definition 1, for arbitrary e > 0, there exists a number B such that when
|x| > B, x?|f'(x)| < e. Then by (A1) we have

fol=x [ pma<x [ |fma<x [ Sat=e.
—00 —00 —oot

This means that gl}rl xf(x) = 0. In the same way can we obtain Lim xf(x) =0(2) From (Al)we
X (o) X——00

| s = 5x)

can get

[e9)
.
(3) Aswe can see

_oo xf’(x)dx:xf(x)c:o — _oo f(x)dx.
L. -/

Then by the lemma we just proved and the fact that f(x) is a density function,

/oc xf'(x)dx = —1. (A2)

(4) Since
lim f'(x) = lim f(x)=0.

X——00 X—>400

Then it is easy to get

) (5

X—r—00 x—r+o00
+ 0 © ©
[ xfwax=xf )|~ [ fodr=0-fx)|"
Then by (A1)
/7 xf"(x)dx =0
(6) %) 00 [ %)
l X2 f"(x)dx = xzf’(x)‘_ - /f 2xf!(x)dx = =2 i xf!(x)dx

Then by (A2), we have

/00 X2 f"(x)dx = 2
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O

Proof of Proposition 1. (1) The log likelihood function I(¢, x) is

1(¢,x) =log f(x,8) = flog0+logf<¥>.

Then we can get the derivatives as below

M= ()
M ()

Using the second term in Lemma 1, we can get the expectation of the first derivatives

R 7 A G L Sy B

E; [al(a(f(;x)] _0

(2) The elements of the Fisher information matrix are computed as
2 76=21k
) A U | N T
ou —0 0 2 (u) o o
“ [f'(y)] dy — Cu(f)

~o f(y) o2
3(Z, x) ol (6, x o 1 f (5 x—uf (F ¥
“Fee W/;M s )
- 012 /oo {f/(y) +y [f’(y)}z/f(y)] dy
/ yf’ Clégf)l
e _ 1 x—f’%z .
S Y I e

: %/_w 1P OT iy
2

1—|—2/ yf'(y dy—i—/ e ‘1; dy]

fy)
L[l

So the equation holds. By the fourth condition in Definition 1, we can prove that

I§(§) = = C(f) < 0.

o
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Now we show that C(f) > 0. Suppose that |C(f)| = 0, then there exists a nonzero vector
a = (ay,a2)" such thata' Ca = 0, which also means that

aT al((:, X) ‘
a0  le=@o,)7

=0, ae f(x).
Since f(x) > 0, we have

Tal(é,x)
NPT

_ iy I LCA
=017 - f(x) +a2( 1 xf(x)) 0, ae L

where L is the Lebesgue measure. Because a is nonzero, so a, # 0, then

flix)
(x+mf&)+l_a

where b = a1 /a,. When x > —b,

fog )y = L8 = - 1,

log f(x) = —In(x+b) + D,

where D is a constant. Then f(x) = eP/(x + b), this is contradict to the first equation in Lemma
1. Thus the assumption of |C(f)| = 0 is not true, then I(8) > 0. (3) We first calculate the second
derivatives of the parameters.

e 1 |70 (7 ()

2 - 2
ay (% f

2
oudr ot | f

(
ey 1 |f (5
(

P 1 2w SO et () e (0 ()

I € RN € I T

Then by Lemma 1, we have

o [FE] _cnlf)
C_ayz_* o2
o [PUE0] __Culf)
Sl ouoe |~ o2
o [PUE] _ Calf)
¢ a2 | o2
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Proof of Proposition 2. (1) First we calculate the derivatives as follow.

dlog ¢(x,0 /\ X —
gg( ) g ( Ulyl) /g(x;e);

a]/ll l
alogg(x,()) 1-— )\0 / <x—y2>
=- :0);
B2 72 f o /8(x;0)

dlogg (x,0) Ao, [(x—m Ao x—py [ x—
28\ ) IS 8 S R Y -0) -
80'1 0'12 (%] (%] 0'12 f (%] /g (x’ )’

dlogg(x,0) _ l_l_z)mf (x—ptz) B 1—on—2ﬂzf, <x(—fzﬂz)] /(x;0).

302 05 (%) (%) 05

Then by the second equation in Lemma 1, we have

dl 6) — Ay [
Ee[ O%ilx }— / f(x ”1> x==2 [ fyy =0
By Lemma 1(3),
dlogg(x;0)]1 _ (| Ao, (x—m\ Aox—p1, (x—ph
Ee[ oo ]_/w[ o2 < 01 > o o? f( %) )]dx
e A
—/w {—f —Ufyf(y)} d

= 2 [1+/_wyf(y)dy} =0.

Similarly can we prove that
dlogg(x)8)] _
Fo [aaz =0

(2) First we calculate the derivatives on the location parameter as

o8] - [ (<52 roma
TP e

A (W)
B e

Similarly we have

Eq [alogg(x;e)r < 1_A0C11(f) < oo

iz 03
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Then as with the scale parameter, we have
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. 2 00 —
o B 6 (o) g (S5 ] s
A2 oo x X — A x —
SOTQ —o0 l;f( 01V1>+ Uzylf ( 171#1)] /?Sf (‘71#1> dx
=§§_: 1+y(}g?1 fy)dy
= %sz(f) < o0
1
Ey [alogafo;ixﬂ)r _1 ;ZZAOCZZ(f) < o0
Then I(6) < co.
© Ag g1 (X—p1 M (g (x=m 2
Plogg(x;0) _ o) (*7) o (7 (7))
ou3 8(x;0) (g(x;0))2

Then by the fourth equation in Lemma 1 can we get

-1

82 log g(x;0)

opd g(x;60)2

The same procedure can be applied to the rest 9 equations to show that the conclusion holds.

A
Al

>f__%<

dlog g(x,0)
a‘lll

;

O

Proof of Theorem 1. First we give the Bernstein-von Mises theorem for multiple samples, see the
Theorem 2 in Long and Xu [27]. Besides the Assumption 1 to 4 in the context, there are some other

assumptions below

Assumption 5. Foralli=1,2,...,
conditions:

k, the density function f;(x|0) of the population G; satisfies the following

(a) The parameter space of 6 contains an open subset w C ), in which the true value is included.

(b) The set A; = {x : f;(x]0) > 0} is independent of 6.

(c) For almost allx € A;, fi(x|0) as a function of 6 admits continous second derivatives ae‘?—éehfi(xW),

jh=1,2,...,4, forall 6 € w.

(d) Denote by 1\)(0) the Fisher's information matrix of f;(x|0). The first and second derivatives of the

logarithm of f;(x|6) satisfy the equations

d .
&laﬁ%ﬁwml—a j

ﬁ@:@[amﬂw>

:&F

82
mlogﬂxlﬂ)

1,...

ldl

aw%um]

L h=12,...,d
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(e) Suppose the sample size n; of G; satisfies that when n — oo, n;/n — r; € (0,1). Let

1(0) = Zr,-ﬂi)(e).

We assume that all entries of 1(0) are finite, and 1(0) is positive definite.

Then, by Definition 1, Proposition 1 and 2 and Assumption 1- 5, the Theorem 1 holds. It should
be noticed that since the prior is 71(8) = 1/0107, its second moment doesn’t exist. So we draw kg
samples from the first two density functions and combine them with 77(6), thus we get the new prior.
This is a trick in the research of big data. [

Proof of Theorem 2. First we give two conclusions
Vi (05 —Ty) 50, nZp 5171 ().
Let Epg(6) be the expectation of g(6) under distribution P. Then
Vn(0p — Tp) = Vn(Ex0 — Ty) = Ex[vVn(0 — Tp)] = Ex+0 — Eno,1-1(g))?-
V(0 — Tn)|l = |Ex+0 — Ex(o,1-1(gy)) 0l
< [ 11817 6lx) = 27) 180 e~ 10" ap.
By the Theorem 1, the above equation converges in probability to 0.

nTp = nE.(0 —05)(60 —0g)"
= nE (0 =Ty + Ty —6,)(0 — Ty + T — 6;) "
= nEx(0 = Tu)(0 — Tu) " + nEx(6 — T,,) (T, — 05) "
+1(Ty — 0p)Ex (0 — Tu) +n(Tw — 0p)(Tn — 65)
= En*BGT + Eﬂ*g\/ﬁ(Tn - QB)T + W(Tn —0p)Erf + [\/E(Tn - GB)HW(Tn - 93)]T'

From the conclusion above we have
Vi(Ty —0p) =50, Ex60-50,

then by Theorem 1,
E(807) — I71(6y).

thus,
nEp — I71(6p).

Then we can get
0—05) " AT (AzBAT) A0 —0p)
— [V (0 -05)] AT [A (=g AT] A [ViE (0 65)]
= [V (0~ T,) V(o ~ T,)] AT [A(ni=g) AT] A [VA(E ~T,) — Ay (85— T,)
—tTAT [A (nZp) AT] U Af—2TAT [A (nZp) AT} A [V7 (65 — Ty)]

+ VA —T,)] AT [A(nzB) AT} AV (65— T
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-1
The expression above should have the same asymptotic distribution as tTAT {A( nxpg )AT} At, where

t ~ Np(0,171(69)) and At ~ Ni(0, AI"1(69)AT). From the conclusion above we have A (nXg) AT S
AI"1(6)) AT, thus we can get

(AT [A(nZB)AT} A 20,
where k is the degree of freedom and also the rows of matrix A. Thus
0—05) T AT (AZBAT) A0 —05) S ()
Under the null hypothesis,

(b— Adp) " (AzBAT) (b - Adp)
=[b— AT, — A (B —T,)] " (AZBAT> b AT, — A (05— T,)]"
=(b—AT,)" (AZBAT> (- AT+ (65T, AT (AZBAT) T A (05— Ty
—2(b—AT,)" (AZ3A) ' A (05— Ty).

Since b = Af), the expression above is equalivalent to

(3111 (60) ' (90))T AT (AZBAT>_1 A (311” (60) l’(90)>
+[Vn(6s—T,)] AT {A (nZp) AT} AV (65— T)]
42 (\}azl (8) £ (90))T AT A (nZ5) A" A [V (05 — T,)] .
The first term can be rewritten as

1 i -1 (1

—1""(60)1' (60) ) AT |A(nZp)AT A<119 l’9>.

(Jer @t @) AT [az) AT A (e @)

This asypototically follows the x?(k) distribution. The second and third terms tend to 0 in probability.
Thus

plx) — K [1 - (;ﬁll (B0) I (90)) N (A=) AT] A (11111(90)1’(90))] Bo.

Where F; is the cumulative distribution function of ?(k). Then by the asymptotic property, we have

p(x) -5 U(0,1).

O
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