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Abstract

This Supplementary Information document contains details of the algebraic
turbulence model which have been omitted from the paper.

1. Introduction

This Supplementary Information (SI) document accompanies the paper
[1]. It provides background information on the ingredients of the algebraic
turbulence model discussed in the paper.

The SI is organised as follows: In Section 2, we describe the basic model.
The turbulent viscosity ratio is discussed in Section 3, mixing length scales
are covered in Section 4 and turbulence intensity definitions are presented in
Section 5. Model input, assumptions and choices can be found in Sections 6,
7 and 8, respectively.

2. Basic model

We follow the treatment and nomenclature in [2], along with inspiration
from [3].

For simplicity of exposition we treat simple shear flow, where the turbu-
lent (eddy) viscosity (νt) hypothesis [4] can be written:

−uv = νt × S, (1)
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with −uv being the Reynolds (shear) stress of the streamwise fluctuating
velocity u and the wall-normal fluctuating velocity v. The mean shear rate
(mean velocity gradient) is given by:

S = ∂U/∂z, (2)

which can be inverted to define a mean shear time scale:

τS =
1

S (3)

The turbulence production rate is:

P = −uv × S = νt × S2, (4)

where the turbulent viscosity is modelled as a product of characteristic length
and velocity scales:

νt = ℓ∗ × u∗ (5)

As a characteristic length scale we use the mixing length ℓm which will
be defined in more detail in Section 4:

ℓ∗ = ℓm (6)

Regarding the characteristic velocity scale, we treat the one originally
proposed in Section 2.1 for reference. In the remainder of the paper we will
use the modified characteristic velocity scale introduced in Section 2.2.

2.1. Original u∗

The characteristic velocity for the original mixing length hypothesis [5, 6]
is:

u∗ = uP = ℓm|S|, (7)

where we use the subscript ”P” for Prandtl. This characteristic velocity and
Equations (5) and (6) lead to a turbulent viscosity of:

νt = νt,P = ℓm × ℓm|S| = ℓ2m|S|, (8)

and, finally, by use of Equation (1), an expression for the Reynolds stress:

−uv = −uvP = νt × S = ℓ2mS|S| (9)
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2.2. Modified u∗

Kolmogorov [7] and Prandtl [8] independently proposed the Kolmogorov-
Prandtl velocity scale:

u∗ = uK−P = c
√
k, (10)

where the subscript ”K-P” is for Kolmogorov-Prandtl, c is a constant (but
turns out to be a variable for our model) to be determined and k is the
turbulent kinetic energy (TKE). Now, we define the turbulent viscosity as
the product of the mixing length and the Kolmogorov-Prandtl velocity scale:

νt = νt,K−P = ℓm × c
√
k (11)

Taylor proposed [9, 10] that the dissipation rate ε of the TKE can be
written in this form:

ε =
u∗3

ℓ∗
, (12)

and combining this expression with Equations (6) and (10) we arrive at:

ε =
(c
√
k)3

ℓm
=

CDk
3/2

ℓm
, (13)

where CD = c3 and using Equations (11) and (13) the turbulent viscosity
becomes:

νt = cCD × k2

ε
= Cµ ×

k2

ε
, (14)

with Cµ = c4. Now we are able to introduce an expression for the turbulent
production-to-dissipation ratio based on Equations (4) and (13):

P
ε
=

ℓ2m × c
√
k × S2

CDk3/2
=

ℓ2m × S2

c2k
, (15)

which can be rearranged to:
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c
√
k = ℓm|S|

(P
ε

)−1/2

(16)

Comparing the equations in Section 2.1 with the equations in this section,
we can write the Kolgomorov-Prandtl expressions as the Prandtl equations
divided by

√

P/ε:

uK−P = ℓm|S|
(P

ε

)−1/2

= uP

(P
ε

)−1/2

(17)

νt,K−P = ℓ2m|S|
(P
ε

)−1/2

= νt,P

(P
ε

)−1/2

(18)

−uv = −uvK−P = ℓ2mS|S|
(P

ε

)−1/2

= −uvP

(P
ε

)−1/2

(19)

So a production-to-dissipation ratio above one implies lower velocity, tur-
bulent viscosity and Reynolds stress compared to the original Prandtl for-
mulation.

2.3. Derived quantities

Manipulating the equations in Section 2.2, we can reformulate the ex-
pressions to establish alternative dependencies explicitly.

The TKE production rate can be written using Equations (13), (15) and
(16):

P = ℓ2m|S|3
(P
ε

)−1/2

, (20)

while c, CD and Cµ can be expressed in terms of the TKE, the mixing length,
the mean shear rate and the TKE production-to-dissipation ratio using Equa-
tion (16):

c =
ℓm|S|√

k

(P
ε

)−1/2

(21)
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CD = c3 =
ℓ3m|S|3
k3/2

(P
ε

)−3/2

(22)

Cµ = c4 =
ℓ4mS4

k2

(P
ε

)−2

(23)

The TKE can be written explicitly from Equation (16)

k =
ℓ2mS2

c2

(P
ε

)−1

, (24)

and the TKE dissipation rate from Equations (13) and (16):

ε = ℓ2m|S|3
(P
ε

)−3/2

(25)

The ratio of the absolute value of the Reynolds stress to the TKE can be
written using Equation (19) as:

|uv|
k

=
ℓ2mS2

k

(P
ε

)−1/2

, (26)

or - using Equations (1) and (14) - as:

|uv|
k

=
νtS
k

=
S
k
Cµ

k2

ε
= Cµ

Sk
ε

(27)

The TKE production-to-dissipation ratio can be derived from Equations
(4) and (14):

P
ε
=

νtS2

ε
=

S2

ε
Cµ

k2

ε
= Cµ

(Sk
ε

)2

(28)

Combining Equations (27) and (28) we can also write the ratio of the
absolute value of the Reynolds stress to the TKE as:

|uv|
k

=

(

Cµ
P
ε

)1/2

(29)

This last equation could also have been derived from Equations (23) and
(26).
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2.4. General formulation

Several quantities can be derived from k and ε and most will be used
later in the paper. The first is a length scale where we use Equation (13):

L =
k3/2

ε
=

ℓm
CD

, (30)

and the corresponding ratio between the mixing length and this new length
scale can be found using Cµ from Equation (23):

ℓm
L

= c3 = C3/4
µ =

ℓ3m|S|3
k3/2

(P
ε

)−3/2

(31)

The second quantity is a turbulent time scale where we use Equations
(13) and (27):

τL =
k

ε
=

|uv|
k

1

CµS
=

ℓm

CD

√
k
=

L√
k

(32)

Note that in conjunction with Equation (3), this time scale can be used
to express a turbulence-to-mean shear time scale ratio:

Sk
ε

=
τL
τS

(33)

A frequency scale can be defined as a third quantity which is the inverse
of the turbulent time scale:

ωL =
ε

k
=

k

|uv|CµS =
CD

√
k

ℓm
=

√
k

L
(34)

Two-equation turbulence models can for example solve equations for k
and ε (k − ε [11]) or k and ωL (k − ωL [10]).

As the final, fourth, quantity we define the turbulent viscosity scale based
on the length scale L:

νt,L =
k2

ε
=

|uv|
CµS

=
ℓm

√
k

CD
=

√
kL (35)
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2.5. Standard turbulence model constant Cµ

For standard turbulent viscosity models, [12] is used for the ratio of the
absolute value of the Reynolds stress to the TKE:

|uv|
k

≈ 0.3 (36)

Along with an assumption of equilibrium flow:

P ≈ ε, (37)

we can use Equation (29) to derive the standard turbulence model constant
Cµ:

Cµ,B = (0.3)2 = 0.09, (38)

where we use the subscript ”B” for Bradshaw et al. [12].
As we have seen in Section 2.3 (Equation (23)), we predict that Cµ scales

with (P/ε)−2 for non-equilibrium flows.
We note that with the assumptions above, the turbulence-to-mean shear

time scale ratio is:

τL
τS

=
Sk
ε

=
|uv|
k

1

Cµ,B

=
10

3
, (39)

where we have used Equations (27) and (33).

3. Turbulent Viscosity Ratio

We define the total viscosity as the sum of the kinematic (physical prop-
erty) and turbulent (flow property) viscosity:

νtot = νkin + νt (40)

From the two parts of the total viscosity we can calculate the turbulent
viscosity ratio:

νr =
νt
νkin

, (41)
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which is a quantity often used for inlet boundary conditions in CFD simula-
tions, a typical default value being 10 [13].

The turbulence Reynolds number [2] is given as:

ReL =

√
kL

νkin
=

k2

ενkin
, (42)

where we have used Equation (35). This means that the turbulent viscosity
ratio can be written as the following product:

νr =
Cµ × k2

ε

νkin
= Cµ ×ReL (43)

4. Turbulent Mixing Length Scales

4.1. von Kármán number

Before explicitly documenting the mixing length scales considered, we
take a look at the variation of the global von Kármán number, which is
derived by assuming that the streamwise mean velocity is given by the log-
law across the entire flow. For the Superpipe measurements, a solution to
this equation is given as ”Solution 2” (see [14] for details) for smooth and
rough wall pipe flow in Figure 1. In [14], we used a power-law fit to the
smooth pipe data, but here we show that the measurements can equally well
be described by a hyperbolic tangent function:

κg(Reτ ) = −1.18 + 1.52× tanh(2.15× 10−4 × (Reτ + 8785.94)), (44)

with asymptotic limits:

lim
Reτ→0

κg(Reτ ) = 0.27 (45)

lim
Reτ→∞

κg(Reτ ) = 0.34, (46)

where the upper limit is close to 1/3 as advocated for in [15]. We expect
that the rough wall κg should be identical to the smooth wall value, since
roughness shifts the velocity profile without changing the slope. For the
limited amount of rough wall points, it is difficult to discern if that is indeed
the case.

The transition of κg at Reτ ∼ 104 is consistent with the high Reynolds
number transition region found previously [14, 16].
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Figure 1: The global von Kármán number as a function of Reτ . The models display
Equation (44). The smooth and rough pipe lines are identical and cannot be distinguished.

4.2. Local mixing lengths

The classical mixing length is derived from measurements in [17]:

ℓm,N = δ ×
[

0.14− 0.08
(

1− z

δ

)2

− 0.06
(

1− z

δ

)4
]

(47)

= δ ×
[

0.4
(z

δ

)

− 0.44
(z

δ

)2

+ 0.24
(z

δ

)3

− 0.06
(z

δ

)4
]

, (48)

where we use the subscript ”N” for Nikuradse.
Another mixing length can be derived from the log-law [18]:

ℓm,vK = κg × z, (49)

where we use the subscript ”vK” for von Kármán. This expression implies
that the mixing length increases linearly from the wall with a slope κg.

Finally, a third mixing length is [19]:
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ℓm,G−H = δ × κg

6

[

1−
(

1− z

δ

)2
] [

1 + 2
(

1− z

δ

)2
]

(50)

= δ × κg

[

(z

δ

)

− 11

6

(z

δ

)2

+
4

3

(z

δ

)3

− 2

6

(z

δ

)4
]

, (51)

where we use the subscript ”G-H” for Gersten-Herwig. All three normalised
mixing length expressions are compared in Figure 2; since the von Kármán
and Gersten-Herwig expressions are functions of κg, they vary (increase) with
the friction Reynolds number, whereas the Nikuradse expression is indepen-
dent of Reτ .

For reference we have added the mixing length proposed in [20, 21] as
a more recent example. This expression is quite similar to the Nikuradse
mixing length and will not be used in the remainder of this SI.
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 = 3.90e+02

Nikuradse
Smooth pipe von Kármán
Rough pipe von Kármán
Smooth pipe Gersten-Herwig
Rough pipe Gersten-Herwig
Smooth pipe Cantwell
Rough pipe Cantwell
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Figure 2: Normalised mixing length as a function of normalised pipe radius, left: Low
friction Reynolds number, right: High friction Reynolds number. Smooth and rough pipe
lines are almost identical and cannot be distinguished.

4.3. Centerline mixing lengths

The centerline (CL) value of the mixing length is the value on the pipe
axis (z/δ = 1). For the three mixing lengths considered, the CL values are:

ℓm,N,CL = 0.14× δ (52)

ℓm,vK,CL = κg × δ (53)

ℓm,G−H,CL =
κg

6
× δ (54)

10



4.4. Area-averaged mixing lengths

The area-average (AA) of a quantity is defined as:

〈·〉AA =
2

δ2

∫ δ

0

[·]× (δ − z)dz (55)

=
2

Reτ

∫ Reτ

0

[·]dz+ − 2

Re2τ

∫ Reτ

0

[·]× z+dz+ (56)

Using this averaging on our three mixing lengths in Equations (47), (49)
and (50), we can write:

〈ℓm,N〉AA = 0.08× δ[22] (57)

〈ℓm,vK〉AA =
κg

3
× δ[14] (58)

〈ℓm,G−H〉AA = 0.14κg × δ (59)

In Figure 3, we compare the three AA normalised mixing lengths as a
function of Reτ . As mentioned earlier, the Nikuradse mixing length is inde-
pendent of Reτ , whereas the von Kármán and Gersten-Herwig mixing lengths
increase across the high Reynolds number transition region due to the in-
crease of κg.

The CL-to-AA mixing length ratios are all constant:

ℓm,N,CL

〈ℓm,N〉AA

= 1.75 (60)

ℓm,vK,CL

〈ℓm,vK〉AA

= 3 (61)

ℓm,G−H,CL

〈ℓm,G−H〉AA

= 1.19 (62)

Using the AA formulation, we can also define the AA mean velocity as:

Um = 〈Ug,mean〉AA (63)

5. Turbulence Intensity

5.1. Friction factor

We introduce the friction factor λ through an equation relating it to the
friction velocity and the AA mean velocity:
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Figure 3: Area-averaged normalised mixing length as a function of the friction Reynolds
number. Smooth and rough pipe lines are identical and cannot be distinguished.

u2
τ =

λ

8
× U2

m, (64)

however, we note that this equation is not completely accurate for the mea-
surements used, see [16].

5.2. TKE assumption

The TKE is equal to the sum of the contributions from streamwise, wall-
normal and spanwise velocity fluctuations. We will assume that the TKE is
proportional to the square of the streamwise velocity fluctuations:

k = βu2 = β × u2

u2
τ

× u2
τ = β × u2

u2
τ

× λ

8
× U2

m, (65)

where β is a constant of proportionality.
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5.3. Centerline

We can write the square of the normalised CL fluctuating velocity as [23]:

u2
CL

u2
τ

= Bg −
Cg√
Reτ

, (66)

which is shown in Figure 4 and observed to increase across the transition
region.
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3.3

Smooth pipe (CL)
Rough pipe (CL)
Smooth pipe (AA)
Rough pipe (AA)

Figure 4: The square of the normalised CL and AA fluctuating velocity as a function of
Reτ . Smooth and rough pipe lines are identical and cannot be distinguished.

The square of the turbulence intensity (TI) at the CL is defined as:

I2CL =
u2
CL

U2
CL

=
u2
CL

u2
τ

× u2
τ

U2
CL

(67)

=

[

Bg −
Cg√
Reτ

]

× u2
τ

U2
CL

, (68)

where the mean CL velocity is related to the mean AA velocity as [24]:

UCL = 4.4441× uτ + Um, (69)
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Figure 5: Difference between centerline and mean velocity as a function of friction velocity.
Smooth and rough pipe values are on the same line.

see Figure 5.
Finally, the CL TKE is:

kCL = βU2
CLI

2
CL = βu2

CL (70)

= β

[

Bg −
Cg√
Reτ

]

× u2
τ (71)

5.4. Area-averaged

We repeat our CL analysis above with the AA quantities; the square of
the normalised AA fluctuating velocity is [16]:

〈u2〉AA

u2
τ

= Bg +
3

2
Ag −

8Cg

3
√
Reτ

, (72)

see Figure 4. Overall the trend for higher Reynolds number is a decrease as
opposed to the CL behaviour, but it has a peak value before beginning the
reduction towards higher Reynolds numbers.
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The square of the AA TI is defined as:

I2AA =
〈u2〉AA

U2
m

=
〈u2〉AA

u2
τ

× u2
τ

U2
m

=
〈u2〉AA

u2
τ

× λ

8
(73)

=

[

Bg +
3

2
Ag −

8Cg

3
√
Reτ

]

× λ

8
, (74)

with a corresponding AA TKE:

kAA = βU2
mI

2
AA = β〈u2〉AA (75)

= β

[

Bg +
3

2
Ag −

8Cg

3
√
Reτ

]

× λ

8
× U2

m (76)

5.5. Mixed

For reference, we include what we call the mixed TI definition from [13],
which consists of a combination of CL and AA quantities [25]:

I2mix =
u2
CL

U2
m

=
u2
CL

u2
τ

× u2
τ

U2
m

=
u2
CL

u2
τ

× λ

8
(77)

=

[

Bg −
Cg√
Reτ

]

× λ

8
, (78)

with a corresponding mixed TKE:

kmix = βU2
mI

2
mix = βu2

CL (79)

= β

[

Bg −
Cg√
Reτ

]

× λ

8
× U2

m (80)

6. Model input

The Princeton Superpipe parameters used are taken from [26]. The pipe
diameters for smooth and rough pipes are:

Dsmooth = 2× 64.68 mm (81)

Drough = 2× 64.92 mm (82)

For the experiments, the mean velocity was held close to constant; we use
this value, which is close to the ones measured:
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Um = 10 m/s (83)

The Reynolds number was mainly changed by varying the air pressure; we
use a range of kinematic viscosities extending beyond the measured Reynolds
numbers:

νkin = [10−9, 10−4] m2/s (84)

For the rough pipe, we use the sand-grain roughness [24]:

ks = 3 µm (85)

The pipe diameter, mean velocity and kinematic viscosity are used to
define the bulk Reynolds number:

ReD =
DUm

νkin
(86)

7. Model assumptions

For the equilibrium assumption, the Reynolds stress is related to the
friction velocity as [3]:

−uvP = u2
τ (87)

Adapting this to non-equilibrium flows using Equation (19) we get:

−uvK−P = u2
τ

(P
ε

)−1/2

(88)

Differentiating the log-law with respect to z, the mean shear rate can be
expressed as:

S =
uτ

ℓm
, (89)
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where ℓm is the von Kármán mixing length as given in Equation (49). Al-
though inconsistent, we will assume that the mean shear rate can be ex-
pressed using the above equation even for the other two mixing lengths
treated.

We will not assume equilibrium flows, so we explicitly write:

|uv|
k

6= 0.3, (90)

and:

P 6= ε (91)

8. Model choices

Since we only have the AA turbulence production-to-dissipation ratio, we
use AA for all other quantities as well to ensure consistency.

AA length scales can be used to define an AA mean shear rate:

SAA =
uτ

〈ℓm〉AA

, (92)

see Figure 6. We will use the Gersten-Herwig mixing length 〈ℓm,G−H〉AA,
since it includes a κg-dependency, has been compared to measurements and
possesses the correct overall behaviour of a linear rise from the wall which
develops to a constant towards the CL. However, it is only roughly half of
the Nikuradse length scale; it is not clear to us why there is such a large
difference.

We note that the log-law leads to a single length scale [14], whereas the
velocity fluctuations lead to two length scales as discussed in [16].

The friction velocity from [1] can be used to calculate the relationship
between the friction and bulk Reynolds numbers:

Reτ =
Ruτ

νkin
=

uτ

2Um
×ReD, (93)

see Figure 7.
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Figure 6: The AA mean shear rate as a function of Reτ with length scales from Figure 3
and friction velocities from [1].
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Figure 7: Friction Reynolds number as a function of bulk Reynolds number. Superpipe
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