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Abstract: This work aims to generate some types of M;-neighborhoods. Relationships among these M; -
neighborhoods and some other types of neighborhoods are discussed. Additionally, M;-lower, M;-upper
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1. Introduction

Topology and rough sets are two distinct mathematical frameworks, but many con nections
exist. Rough set theory [1-5] is a good non-statistical tool for big data. It depends essentially on binary
relations that are equivalence. These types of relations are often hard to satisfy because of their
restrictions and application limitations. The philosophy of rough set theory depends on two
approximations of categories. This theory can extend to many other approaches related to topological
notations, such as near-open sets and neighborhoods. Topology is an important branch of
mathematics that is rich with logical relations. These relations can make use of many generalizations
and useful applications. It has many near-open logical notations, such as alpha and beta open sets,
that generate new real-life applications. More studies had done to use topology with rough set theory
in different ways [6-11]. Topologically, rough approximations are motivated by different types of
neighborhoods. Some studies [12-15] used generalized binary relations to generate new rough-set
approaches. Others used topological neighborhood systems to generate granules used in many
applications [16-19]. Also, some introduced a mixed neighborhood system for rough approximations
and developed eight different types of neighborhoods. These types of neighborhood systems are
studied and generalized by to P -neighborhoods, E;-neighborhoods, C;-neighborhoods, and
recently S;-neighborhoods. The connection between rough set theory and topology is studied in
various directions depending on the suitable applications [8]. The following manuscript is
formulated as follows: Sections 1&2 are the introduction and preliminaries of the work. Section 3
introduces the concepts of M; neighborhoods systems. Section 4 introduces the relations between
these neighborhoods, and Section 5 communicates and revision the notions M;-lower and M;-upper
approximations, M; -boundary region, M; -positive and M; -negative regions, and M; -accuracy
measure, and generate their M; —topologies in section 6. We studied the relations among the
generated topologies in Section 7. Some approximations operators induced by the topologies
Ty, studied in Section 8, and we investigate the concepts from a topological concept, and its main
properties are explored. Moreover, Section 9 compares our approaches and previous approaches
concerning different j types. Finally, we give a conclusion in Section 10.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Preliminaries

We rewrite some important definitions and notations for non-specific readers to help them read
this work easily. These definitions spotlight on different types of neighborhoods and relations.

2.1. Pawlak Approximation Space

Definition 2.1.1. [1,20] The relation Q on universe U is a subset of U x U. Two elements, p and r, are in
relation (in symbols pQr ) when (p, r) € Q. The relation Q is called:

Reflexive if pQp for each p € U.

Symmetric if pQr [=/rQp.

Transitive if pQn whenever pQr and rQn.

Equivalence is when it is reflexive, transitive, and symmetric.

N =

Definition 2.1.2. [1,20] We assume Q is an equivalence relation. A pair (U, Q) is called an approximation
space, where U is the universe, and Q is an equivalence relation on U. Let P be a subset of U, i.e., P € U. Our
goal is to characterize the set P concerning Q.

e QP)=U{VeUIVcPL
e QP)=uU{VeUIVnP= g\

The two sets Q(P) and Q(P) are respectively called lower and upper approximations of P, and
P is said to be a rough set if Q(P) # Q(P) . Otherwise, it is definable (or exact).
The boundary and accuracy of Pawlak approximations are defined, respectively, by:

e |
1o(P)|

e BND(P)= Q(P)- Q(P) and u(P) = , Where Q(P) = 0.

Proposition 2.1.1. [1,20] Pawlak supposes that (U, Q) be an approximation space, O represents an empty set
and P€ represents a complement of P in U. Then, the lower approximations and the upper approximations
have the followings properties:

(L1) Q(P) < P. (ut) P < Q(P).

(L2) Q@) = o. (Uu2) Q@) = 0.

(L3) QU) = U (u3) Q) = U.

(L4) Q(PNV) = Q(P) n QV). (U4) Q(PUV) = Q(P) U Q).
(L5)IfP € V, then Q(P) € Q(V). (U5)IfP < V, then Q(P) < Q(V).
(L6) Q(P) U Q(V) € Q(PUV). (U6) Q(P) n Q(A) 2 Q(PnV).
(L7) Q(P%) = (Q(P))~. (U7) Q(P9) = (QP))".

(L8) Q (Q(P)) = Q(P). (Us) Q (Q(P)) = Q(P).

(L9) Q ((Q(P)Y) = (@(P)“. (U9Q ((QP))) = (Q(P)°.

2.2. j-Neighborhood space

Definition 2.2.1. [12] For any binary relation Q on U. The following j-neighborhood sets are defined for p €
U(N;(p),j € {r, L <r>, <> i u, <i> <u>las follows:

The r-Neighborhood when, N, (p)={v € U | p Qv}.

The I-Neighborhood when, N, (p)={v € U | v Q pl.

The « r >-Neighborhood when, N, ,(p) = Npen, ) Ny (V).
The < I »-Neighborhood when, N, (p) = Npen, @y Ny (v).
The i-Neighborhood when, N;(p)= N, (p) n Ny (p).

The u-Neighborhood when, Ny (p)= N, (p)U N, (p).

The « i »-Neighborhood when, N, (p)= N, (p)n N, (p).

NS W=
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8. The < u »-Neighborhood when, N, ,(p) = N, (p) U N, (p).

Definition 2.2.2. [12] Let Q be an arbitrary binary relation on U and &j : U— P(U) be a mapping which
assigns for eachp € U its N; (p) in the P(U) . Then, the triple (U, Q, &j ) called a j-neighborhood space (briefly,
J-NS).

Theorem 2.2.1. [12] Let (U, Q, &j ) be a j-NS and P € U. Then, for each j € {r, |, <v>, <I>, i, u, <i> <u
>ithe group 1 ={P € U |V v € P,N;(v) € P}isatopology on U.

Definition 2.2.3. [12] Let (U, Q, &j ) be a j-NS. Then, a subset P S U is called a j-open set if P € t;. The
complement of a j-open set is called j-closed, and the family T; of all j-closed sets is given by T;j = { F € U |
F¢ € 1} and the j-interior (resp. j-closure) operator of A is given by

e int;(P) =u{G €1;:G € P}.
e cli(P)=n{He :P Cc H}

Definition 2.2.4. [12] Let (U, Q, &j ) be a j-NS and P € U. Then, the (j-lower and j-upper) approximations,
(j-boundary, j-positive and j-negative) regions, and j-accuracy of the approximations of P € U are given,
respectively, by

e Qj(P)=u{G €r1;:G S P}=j-interior of P.
. 5]-(P)= N{H €t :P < H/=j-closure of P.
e B;j(P) =Q;(P)_ Q;(P).

° POS]-(P)= Q(P)

e NEGi(P) =U-— Q;P).

o ui(P)= % | , where |Q](P)| * 0.

Definition 2.2.5. [18] For any binary relation Q on U. The group of E;-neighborhoods of P SU are defined
as follows:

E,.(P)={v € U: N,.(v)n N.(P)# &.
E; (P)={v € U: Ny(v)n Ni(P) # &}.
E;(P)= E.(P)n E,(P).
E, (P)= E.(P)uU E;(P).
E.,,(P)={v € U: N,,(v)n N, ,(P)# d].
E ., (P)={v € U: N (v)n N, ,(P)# 2.
E;,(P)=E,,(P)n E ,(P).
E.,,(P)=E,,(P)UE,/P).

® NS L=

3. M; -Neighborhoods in the j -neighborhood space

In this section, we define the concepts of M;neighborhoods By inclusion relations between N; -
neighborhoods and E; -neighborhoods. An illustrative example is given to support the obtained
results and relationships. The study of M; -neighborhoods aims to increase the accuracy of
approximations.

Definition 3.1. For any binary relation Q on U. The class of M;-neighborhoods of P € U ( M; (P)) are
defined, for each j € {r,1,i,u,<r>,<l><i> cu>}as follows:

M,(P)={v € U: N.(P) n E.(P) ).
M;(P)={v € U: Ny(P) n E/(P)}.
M;(P)={v € U:M.(P) n M,(P)}.
M, (P)={v € U:M,(P)U M,(P)}.
M., (P)={v e U: N,,(P)nE.,,(P)

ARG B
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6. M,,(P)={v € U:N,,(P) N E,,(P).
M., (P)={v e U: M, (P)n M,,(P).
8. M<u>(P)={U € U:M<r>(P)U M<l>(P)}'

N

The following example will show the behavior of these neighborhoods, help us show the
relationships among them, and illustrates the method of Mj-neighborhood.

Example 3.1. Suppose the wuniverse of some types of characters in a story U=
{ Protagonist (Pr), Antagonist (An), Sidekick (Si), Confidante (Co) } as an initial set of objects. We
suppose the relation Q = {(Pr,Si),(An, An), (Si,Pr),(Co,Pr)} that defined on U. The classes
N; neighborhoods, Ej-neighborhoods and M; -neighborhoods are shown in Table 1.

Table 1. Classes of Nj-neighborhoods, E;-neighborhoods and M;-neighborhoods.

Neighborhoods Protagonist Antagonist Sidekick = Confidante

N, {Si} {An} {Pr} {Pr}
N, {Si,Co} {An} {Pr} 0]
N; {Si} {An} {Pr} ?
N, {5i,Co} {An} {Pr} {Pr}

N, {Pr} {An} {Si} )

N, {Pr} {An} {Si,Co} {5i,Co}

N, {Pr} {An} {Si} 1)

N ., {Pr} {An} {Si,Co} {5i,Co}
E, {Pr} {An} {Si,Co} {Si,Co}
E, (P} {An} (si) 0
E; {Pr} {An} {Si} ?
E, {Pr} {An} {Si,Co} {5i,Co}

E., {Pr} {An} {Si} )
E;, {Pr} {An} {Si,Co} {5i,Co}

E;, {Pr} {An} {Si} ?

E., {Pr} {An} {5i,Co} {Si,Co}
M, 1) {An} 1) 1)
M, ? {An} ? 1)
M; ) {An} (0] (0]
M, ? {An} ? 1)

M., {Pr} {An} {Si} )

M, {Pr} {An} {5i,Co} {Si,Co}

M, {Pr} {An} {Si} ?

M., {Pr} {An} {Si,Co} {51,Co}

4. The Relationships Among M;—neighborhoods

The following results show the relationships between the different types of Mj-neighborhoods.
Proposition 4.1. Let (U, Q, &j) be a j-approximation space. Then for each v € U, the following relations hold.

1. v € M;(v) for each j.
2. M;(v) € M, (v) € M, (0v).
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M; (v) € M, (v) € M, (v).

M, (v) €M, (v) € M,, ).

M., (v) € M,,(v) €M, (v).

If Q is symmetric, then M, (v) = M; (v) = M; (v) = M, (v) and M., (v) = M, (v) = M, (v) =
M,,, (v).

S W

Proof. The proof of (1) comes from the fact N;(v) S N;(v) and E;(v) € E;j(v) for j € {r,},<r>,<1>}

The proof of (2)-(5) come from the Definition 3.1.

The proof of (6): Since Q is symmetric, then N (v) = Nj(v). This leads to N;(v) = N, (v) as well
and E. (v) = E; (v). This leads to E; (v) = E, (v). Therefore, M, (v) = M, (v) = M; (v) =M, (V) .
Similarly, one can prove thatand M., (v)= M, (V) = M, (V) = My, (v). O

5. Generalized Rough Approximations Based on M;-neighborhoods.

In this section, New concepts of M;-lower approximations and M;-upper approximations, M;-
boundary region, M;-positive regions, M;-negative regions and M;-accuracy measure of a subset
based on M;-neighborhoods. We reveal the main properties with the help of some examples.

Definition 5.1. Let (U, Q, &j) be a j-approximation Space, given a set P € U. The lower bM]. (P) and the
upper GMi(P) approximations based on M; -neighborhoods defined as follows:

. bM]. P)={v e U, Mj(v) € P}Called M,lower approximation of P.
e BYi(P)={v € U, Mj(v) n P# ¢ } Called M;upper approximation of P.

Definition 5.2. Let (U, Q, &j) be a j-approximation Space, given a set P € U. The M;-boundary region, M;-
positive region, Mj-negative region and M;-accuracy of P is defined as follows:

o By(P) = B¥i(P)_ by (P)
e POSy (P)= Gy (P)
¢ NEGy(P)= U~ &Yi(P)

[6m; (P)
o (P) = —2
® M]( ) IbM’(P)I

, where [6Mi(P)| # 0.

In the next example, we calculate the M;lower approximation of P, M; upper approximation of
P, Mj-boundary region, M;-positive region, M;-negative region and M;j-accuracy measure of P.

Example 5.1. Suppose the universe U= {e, f, g, h} as an initial set of objects and P S U. We suppose the
relation Q = {(e,e),(e,h),(fe),(£,8),(¢.1),(3,.8).(g.1),(h,e)} that defined on U.

Let P ={e,f,h}. Then we calculate bM]. (P), Mi(P), FM]. (P) and 8Mj (P) for j=(r,Liu) as follows:

e Forj=r, we have Gy (P)={eh}, be(P) =U, Fy,(P) ={f,g} and 0y, (P) ="

e Forj=1, wehave Gy, (P)={e}, sM(P) = {e,g/h}, Fy, (P) ={g/h} and 0y, (P) =1/3.
e Forj=i, wehave Gy, (P)={eh}, bMi(P) ={e,g/h}, F, (P) ={g} and 0\, (P) =2/3
e Forj=u, we have Gy (P)={e}, 6Mu(P) =1, Fyp, (P) ={f,g,h} and dy, (P) =1/3.

Proposition 5.1. For any j and each non-empty subset P of U, we have &y,(P) € [0,1].

Proof. Let P be a non-empty subset of U. It follows from (1) of Proposition 4.1 that v € M, (v) for each
j- Then Mj(v) NP # @ foreachv € P; consequently, 6Mi(P)# @. Thus, |6M P®)| > 0.0

Now, we have two cases:

[6m; (P)
Case 1: by, (P) = @. Then = 2

ey -

6P |

d0i:10.20944/preprints202308.1036.v1
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Case 2: ij (P)# 0. Then v € ij (P). Then v € M (v) NP. Therefore, v € &M (P). Thus
|BMm; (P) |
]

c sMi i <
B (P) € 67(P). This means that 0 < e

< 1. Hence, we obtain from the two cases above that 0

< 8M]. (P) £1 as required.
In the following results, we present the main properties of M;-lower approximations and M;-
upper approximations for each j.

Theorem 5.2. Let (U, Q, &j) be a j-approximation space, given a set P € U. Then the following properties hold
for each j.

1. by(@PESPc sMi(P).

2. by (@)= 0 and BY(0) = 0.

3. by (U)=Uand 6™(U)=U.

4. IfP € W, then by (P) € by, (W)
5. IfP € W, then 6Mi(P) € 6BMi(W).
6. By (P N W)= By (P) N By (W).
7. BM@PuUW)=6MP)u 6MW.

8. by (P = (6"(P)C.

9. BM(P)= (B, (P)C.

Proof. We prove (1) ,(2),(3),(4),(6) and (8) and the other cases similarly.

1. Letv e [V (P) . Then M (v) < P. It follows from the item (1) of Proposition 4.1 that v € M (v)
therefore, v € P. Thus, Gy (P) € P.

2. Since Mj(v) # @.Foreachv € U, then Gy (9) = .

3. Sincev € Mj(v) €U foreachv € U, then U,cy {vl S U ey Mj(v) € U thus Gy, (U) =U.

4. SinceP € W, then Gy, (P)={v € Q: Mj(v) € P} € {v € Q: Mj(v) € W}= by (W).

5. It follows from (iv) that By, P NnW)= Gy (P) N Gy (W). Conversely, let v € Gy (P) N
bM]. (W). Then v € bM]. (P)and v € bM]. (W) so that Mj(v) €SP and Mj(v) €W thus Mj(v) €P
NW, Hence v € ij P n W)

6. v € by (P) [2] Mj(v) €P°[=] Mj(v) n P=0 [~] vnotbelong MiP) [=]v e BMP)°.

Corollary 5.3. Let (U, Q, &j) be a j-approximation space and P, V € Q. Then Gy_(P)U Gy_(V) S &y_(P
UV). The next example shows that the converse of the above corollary need not be true.

Example 5.2. According to Example 5.1. Let P ={e}, V ={f, hf and P U V = {e,f,h}. Then &y _(P UV) =fe},
bM,, (P) :{e} and bMv (V) = ® . bMy (P U V) -¢— bMy (P) U bMY (V)

Remark 5.1. The converse of Theorem 5.2. that Gy, _(P) € P need not be true. The following example shows
this remark.

Example 5.3. According to Example 5.1. Let P = {f, g}, we have Gy_ (p)={g} then P & &y,_(P).

Remark 5.2. The converse of the item (4) of Theorem 5.2. that If P € W, then &y_(P) € Gy_ (W) need not
be true as shown in Example 5.4.

Example 5.4. According to Example 5.1. Let P = {e,f,h} and W = {e,g,h}. Then Gy_(P)={e,h} S Gy _(W)=
{e,f,h} although P & W.

d0i:10.20944/preprints202308.1036.v1
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Some properties of Pawlak’s lower approximations are not realized for Mj-lower approximation
Gy, (P) such as Gy, (bMJ. P) = Gy, (P) . To clarify this fact, consider a subset P = {e, f, h}. Then
Gy, (P) ={e}, But ij (ij (P)) = @ given in Example 5.1.

Corollary5.4. Let (U, Q, &j) be a j-approximation space and P, V € Q. Then &"~(P n V) c &"i(P)n
&Y~ (V). The next example show that the converse of the above corollary need not be true.

Example 5.5. According to Example 5.1. Let P = {f, h}, V={e, g, h} and P 0 V = {h}. Then GM(P) = {e, g},
6M(V) = U and 6GMU(P n V) =fe}). GMU(P) n BMY(V) & BM(P n V).

Remark 5.3. The converse or the item (1) of Theorem 5.2. that P < 6Mi(P) Need not be true as shown in the
following example.

Example 5.6. According to Example 5.1. Let P = {f, ¢}, we have 6Mr(p) ={g} then P & &M (p).
Remark 5.4. The converse of item (5) of Theorem 5.2. need not be true as shown in Example 5.7.

Example 5.7. According to Example 5.1. Let P = {g, h} and V = {e,g,h}. Then 6Mv(P) ={ef,h} € &M (V) =U
although P € V.

Some properties of Pawlak’s upper approximations are not realized for M; -Upper
approximation 5Mi(P) such as 5Mi(6Mi(P)) = 6Mi(P) . To clarify this fact, consider a subset P = {f}.
Then 6Mu(P) ={g} But GMu(6Mu(P)) = {f,g h} given in example 5.1.

Proposition 5.5. Let (U, Q, &j) be a j-approximation space, given a set P € U. Then the following proposition
gives the relationships between the M; -lower approximations &y_(P) and M; -upper approximations &"~(P)
where j € {r,,i,u,<r> s <i>cus}

By, (P) € By, (P) € By, (P) .
By, (P) S By (P) € By, (P) .
Gy, ) € By, (P) € By, (P)
G, P) € By, (P) € By, (P)
6Mi(P) € M (P) € EMu(P).
6Mi(P) c sM(P) € EMu(P).

PN LN

&M Py c M (P) € M (P).
M p) c M1 (P) € M (p).
Proof.

e  We prove (1): Let v € Gy, (P) then v € M, (v) € P. Since M, (v) € M, (v), then v € Gy (P)
therefore Gy, (P) € Gy, (P). O
similarly, we prove that Gy, (P) S by, (P) and the other cases (2),(3) and (4) can be proved
similarly.
e We prove (v): let v € GMi(P) then v € M; (v) . Such that M; (v) NP # @ Since M; (v) €
M, (v).Then M, (v) NP # @ , therefore 6Mi(P) € &M (P). o
similarly, we prove that Mr(P) € tMu(P) and the other cases (6),(7) and (8) can be proved
similarly.

Proposition 5.6. Let (U, Q, &j) be a j-approximation space, given a non-empty set P € U

Om, (P)
Om, (P)

om,(P) < Oy (P) .
ony(P) < 0y (P).

om,, (P) < Oy (P) < Oy (P).

om., (P) < Oy, (P) < 0y, (P).

<
<

Ll

d0i:10.20944/preprints202308.1036.v1
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Proof. We prove (1) and one can prove the other cases similarly.

Since Gy, (P) € Gy, (P) € Gy, (P)then |Gy, P) | < 6y, P) | < | &y, (P) |
Since 5Mi(P) € BM(P) € GMu(P)then |EM(P) | < |EM®) | < | 6Mu(P) |
By hypothesis, P is non-empty, so that | M (P) | >0 for each j. Therefore:

| Bm, @) | [ Bm, @) | | bm; (P |
My | = 16M@ | = M) |

1 1 1
< < .
[eMupy | = 1My | — 1M |

To support the above results, we present the following example.
Example 5.8. According to Example 5.1, we calculate the approximations and their accuracy measure for j €
{r,l,i,u} as in Table 2, and we calculate the approximations and their accuracy measure j €

{cr>, >, <is<u>} asin Table 3.

Table 2. The approximations and accuracy measure in cases of j € {r,1, 1, u}.

P(E) bw, (E) GMw(E) 8w, bm, (E) G™(E) 8m, bm(E) G"(E) 8w, bwm,(E) GBM(E) 38m
{e} (%] {eth} 0 {e} {eth} 1/3 (%] {e,h} 0 {h} {e,h} Vs
{f} % {g} 0 % (g} 0 % {g} 0 % {g} 0
{g} (%] {tghy 0 (%] {£g} 0 {f} {tght 1/3 {f} {£.g} Y
{h} g {e} 0 (%) {e} 0 (%] {e} 0 %] {e} 0
{e f} %] 8] 0 {h} 8] Va (%] feghl 0 {h} {eghl 1/3

{e,g} {£,h} 8] 2] {£h} 8) 2] {£h} 8) % {th} 8] Vs

{e,h} {e} {eth} 1/3  {eh} {e,£h} 2/3 {e} {eh} ) {e,h} {e,h} 1
{t.g} (gl {tght 13  {gl {tgf v g {fght 2B  {fg} {t,g} 1
{fh} (%) {e,g} 0 (%) {e,g} 0 (%) {e,g} 0 (%) {e,g} 0

{gh} (%) 8) 0 (%] {e,g} 0 {f} 8) Vs {f} fefgl 1/3

fefgl {fgh} 8] %  {fgh} 8) %  {fgh} 8) %  {fgh} 8] ¥a

{e,fh} {e} U Ya {e,h} U Vs {e} {egh} 1/3 {e,h} {e,gh} 2/3

{eghl {efh} 8] %  {efh} 8) %  {efh} 8) % {efh} 8] ¥4

{f.g/h} (gl 8] Va {g} lefgl 13  ({fg} 9) oo {tgl  lefgl 23
8] 8] 8] 1 8] U 1 U U 1 U U 1

Table 3. The approximations and accuracy measure in cases of j € {<r»,<l»<i><u>}.

P(E)  Gm,, (E) tMw(E) 8um, bm, (E) 6Mr(E) 8m,, bm, (B) GM0(E) 8m, bm, (E) 6Mi(E) 8u
le} {e} {eh} % {e} {e} 1 {e} {eh} 7 {e} (e} 1
{f} (%] {th} 0 (%] {f} 0 {f} {£h} Y {f} {f} 1
{g} (g} tgl % {g} tgl g {g} 1 {g} {g} 1
{h} ) {h} 0 {h} {h} 1 ) {h} 0 {h} {h} 1
{e f} {e} {efh} 13 {e} feff 2 feff {efh} 23 {ef} {e.f} 1
{egl {e.g} U o {egl lefgl 2B f{egl {eghl 23  {eg} legh 1
{eh} {e} {e,h} Vs {e,h} {eh} 1 {e} {e,h} Y {e,h} {e,h} 1
{tg} {tgl {fght 2/3  {fg} {t.g} 1 {tgt  {tght 23  {fg} {t.g} 1
{£h} (%) {f,h} 0 {h} {f,h} Vs {f} {£h} Y {f,h} {£h} 1

{g/h} {g} {fght 13 {ght {tght 23  {g {ght 2 {gh} {ght 1

{e f,g} (e f,g} U 3 {e f,g} {e f,g} 1 {e.f,g} U ¥ {e.f,g} {e f,g} 1
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{eth}  {eh} {efth} 2/3 f{eh} {efh} 2/3 {efh} f{efh} 1 {efh} {efh)

leghl  fegl 9] V2 {egh} 9] %  {egl {eght 23 {egh} {egh!

{tght {ftgl {ftghl 2/3 {fghl {fghl 1 {tgl  {fght 2/3 ({fgh} ({fgh)
U U U 1 U U 1 U U 1 U U

6. M; — Toplogies

Using the following theorem, we can generate eight different topologies via
M; -neighborhoods.

Theorem 6.1. If (U, Q,&j) is a j-approximation space, Then the collection

Tsz{B CU|Mj(w) EB forallveB}, forj€{r,l,iu,«r>l><i><u>}isatopology
On U.

Proof.

1. Uand @ belong to Ty .

2. If{B; 11 €1} is a family of elements in Ty and v € U; B;. Then there exists iy € I such that v
€ By,. Thus, M;(v) € By, thislead to M;(v) €U; B; and U; B; € Tn; -

3. 1If B,B, € T, and P € B; n B,.Then, v € B; and v € B, which lead to M;(v) € B; and
M;(v) € B, Thus, M;(v) € B; N Byand hence B;,B, € TMj.Then Ty, is a topology on U. o

Example 6.1. According to Example 3.1, the classes of M, -topologies are given as follows:

TMr = P(U),

™, = P(U),

T = P(U),

™, = P(U),

T, = P(U),

™, = {U, 9, {Pr}, {An}, {Si, Co}, {Pr, An}, {Pr, Si, Co}, {An, Si, Co}},
™, = P(U),

™™,,, = (U, G, {Pr}, {An}, {Si, Co}, {Pr, An}, {Pr, Si, Co}, {An, Si, Co}}.

7. The Relations Among Tty; Topologies.

We study the relationships among the topologies tw,, T, Tm;s TMy, T™™.,, T™,;,, T™,;,and Ty

<> «u»”

Proposition 7.1. [n a j-NS (U, R, &j), ty_is the dual topology of Tp_.

Proof. Firstly, let A € 7y, then Vv € A, M, (v) S A. Suppose that q € B, then M;(q)={y €
U|yRq }

Now, let Mj(q) N A # @ then x € U such thatx € A and x € Mj(q) = xEA and xRq = xE
A and q € M,(x) Since x €EA =>M;(x) € A and so q € A which contradicts with q € B. Thus,
Mj(q@) N A= @ thisimplies M;(q) < B. Now, we have Vq € B, M;(q) < B. Hence, B € ty,. Similarly,
we can prove thatif B € 1y,. Then, B¢ € 1y . Consequently, ty, is the dual topology of ty,. O

The following example shows Proposition 7.1

Exemple7.1. Let U={e, f, g, h} and R ={(e, e),(e, h),(f, e),(f, £),(g, (2, §),(g, h),(h, e)}.

Then, we have
™, = {U/ Q/ {e/ h}}/
TM1={U,®,{f, g}}

d0i:10.20944/preprints202308.1036.v1
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Obviously, ty,is the dual topology of Ty,.
Proposition 7.2. Let (U, Q, &j) is a j-approximation space , then

TMr
"C]\/I1

TMi .

c
c TMi'

Proof. Let B €1y, thenV v € B, M,(v) €B. Thus M,(v) N My(v)EBandsoVv € B, M;(v) €B,Hence
B € tyand 1y, S Ty, similarly, we can deduce that 1y, & Ty O

Remark 7.1. Let (U, R, &j) be a j-NS and then the following are not necessarily true.

™ = v
™ = T

Proposition 7.3. Let (U, Q, &j) is a j-approximation space. Then

TMu c TMr
TMu c "E]\/I1
TMu c TMi

Proof.LetB € 1y, thenVv € B, M (v) €B. Thus, Vp € B, M,(v) U M(v) EBandsoVv € B, M,(v)
€ B, Mj(v) € B. Then, B € 1y, and B € 1y, and 1y, & Ty, and 1y, S Ty, Using Proposition 7.2.
we have 1y € Ty, . O

u

Remark 7.2: Let (U, R, &j) be a j-NS, then the following is not necessarily true.

TMu = TMr
TMH = TMI
TMH = TMi

The following example explains Remark 7.1 and Remark 7.2.
Example 7.2. Let U={e, f, 8, h, k} and R=1(e, e), (f, 8), (f, h), (g, h), (g, k), (h, e), (h, k), (k, f), (k, k).

Then, we have ty ={U, O, {e},{k},{e, k},{e, h, k},{e, g h, k}},
w,={U 9 {e} {gh{g hl{g h, klle g h k} {f, g h k}}
Tv; = P(U) and ™= {U/ % ’ {e}/{e/ g h/ k}}

Proposition 7.4. Let (U, Q, &j) is a j-approximation space. Then

™.y,
™.,

™.,
™,

N N

Proof.LetB € 1y ,thenVv €B, M,,(v) €B.ThusVv € B, M,,,(v)nM,,,(v) SBandsoVv € B,
M, (v) €B, ThenB € 1y, and 1y, & Ty, we canprove that 1y, S v, similarly. o

Remark 7.3. Let (U, R, &j) be a j-NS, then the following is not necessarily true.

TM<r> = TM<i>
™, = ™M,

Remark 7.4. In a j-NS, Ty, and Ty, are not necessarily comparable.

The following example explains remarks Remark 7.3 and Remark 7.4.
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Example 7.3. Let U={e, f, g, h} and R={(e, h), (f, ), (f, 3), (¢, ), (h, e), (h, g)}.

Then, we have
w,,, = 1{U, 9, {t}{g}, {h}, {e, gL if, gl Af, hl{g hlle £, gl.{e g h}if g hil,
w,,,={U,9 (e it} {hl {e, f},{e, hL{f, gl if, hl e, £, gl {e £, hL{f, g h}} and
™, =PU).

Proposition 7.5. Let (U, Q, &j) is a j-approximation space. Then

™, & ™,
TM<u> c TM<1>
TM<u> < TM<i>

Proof.LetB € 1y ,thenVv € B, M,,(v) €B.Thus, Vv € B, M, ,(v)U M,(v)EB.andsoVv €
B, M,;,(v) € Band M,,(v) € B. Then, B € 1y and B € 7y, and hence 1y , € ©y  and Ty, &
Tv,,,- Similarly, we can prove that ty S Tv,,,- O

Remark 7.5. Let (U, R, &j) be a j-NS; then the following are not necessarily true.

™, = ™,
TM<u> TM<1>

™o, = ™,
The following example shows Remark 7.5.

Example 7.4. Let U={e, f, g, h} and R={(e, ¢), (e, O, (f, Q), (f, h), (g, e), (h, e)}.

Then, we have
W= 11U, 9, el {e, fl,{g h}fe g hll,
s ={UD (el ] {e, fl.{e, g hi},
™ =1 U9 fe}{fl{e fl,{g h}le g h}if, g hi} and
v ={U/D, e} e, f}{e, g hil.

Remark 7.6. In a j-NS, ty_and Ty, are not necessarily comparable. Also, Ty_ and ty_ are not
necessarily comparable, as the following example illustrates.

Example 7.5. Let U={e, f, g, h} and R={(e, ), (f, O, (g, 8), (g, h), (h, e)}.

Then, we have
o, =1{U, 9, {el it} {gl{e fh{e, gl{e hL{f, gl le £ gl le £ hlfe g h}},
™., ={U. D feb it} e, fh{g, hl{e g hLif, g hi},
wy, =1{U, 9, {e}{f}{ghle f}e gl it hlig hile f gl le g hlif g hil and
T =(UD, 1}, (gh e, hL{E, gl le, f, hi{e, g hi}.

Proposition 7.6. Let (U, Q, &j) is a j-approximation space. Then

c

TMu TMr c TMi

TMu c TMI c TMi
™Meys & ™M & Mg
C C
TMe> = Mg = WM

Proof. By using Propositions 7.2, 7.3, 7.4, and 7.5, the proof is obvious. 0
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8. Rough Approximations Generated by M; -Topologies.

We introduced the rough approximations by using M; -neighborhoods. Let (U, Q, &j) be j-
approximation space. We employ M;-neighborhoods to generate classes of topologies Ty, = {B &
U|M;(v) €B forallv e B} (called Mj-topologies).

Rough approximations using interior and closure operators in the topology Ty, , forallj €

{r,L,i,u,<r> <15 ¢i><u>} are defined.

Definition 8.1. Let (U, Q, &j) be a j-approximation space. The subset B € U is said to be Mj-open set if B €
Ty and the supplement of M;-open sets are called Mj-closed sets. The family Ty of all Mj-closed sets are

defined as T, ={FcU|I F° € TM].}.

Definition 8.2. Let (U, Q, £j) be a j-approximation space and P € U. The M;-lower approximations by, (P)
and M;-upper approximations 16™i(P) are defined by:

. I’ij P)=u(G € Ty - G ¢ P} = Mj-interior of P.
e wWMP)=n{HE v P S H} = M- closure of P.

Definition 8.3. Let (U, Q, &j) be a j-approximation space and P S U. The M;-boundary region, M;-positive
region and M;-negative region of P are defined as follows:

© By (P) = BY(P) _ oy, (P).
o POSy(P) = Iby (P).
e NEGy(®P)=U- Mi(P).

Definition 8.4. Let (U, Q, &j) be a j-approximation space. The M;-accuracy of the approximations of P € U
is defined by:

o (P)= D here [BMI(P)| # 0
w(P)= —r ot where [DMi(P)] # 0.
It is clear that 0 < 8Mj < 1.if 8M]_ (P) =1, then P is called Mj-exact set. Otherwise, P called M;-

rough.

According to the data given in Example 3.1, we get two tables that give M; -lower
approximations and M;- upper approximations for j € {r,1,i,u} as shown in Table 4 and for j €
{c<r>, <D, <i> <u>las shown in Table 5. The Mj-accuracy for j € {r,1,i,u,<r> <I> <i> <u>} as shown in
Table 6.

Table 4. The M;-approximations for each j € {r,1,i, u}.

Tv, Ty, Ty Tm,

ol Ty, (P) BMi(P) by, (P) BMi(P) by, (P) BMi(P) Ty, (P) BMi(P)

{Pr} {Pr} {Pr} {Pr} {Pr} {Pr} {Pr} {Pr} {Pr}

{An} {An} {An} {An} {An} {An} {An} {An} {An}

{Si} {si} {Si} {Si} {si} {si} {Si} {Si} {Si}

{Co} {Co} {Co} {Co} {Co} {Co} {Co} {Co} {Co}
{Pr,An} {Pr,An} {Pr,An} {Pr,An} {Pr,An} {Pr,An} {Pr,An} {Pr,An} {Pr,An}
{Pr,Si} {Pr,Si} {Pr,Si} {Pr,Si} {Pr,Si} {Pr,Si} {Pr,Si} {Pr,Si} {Pr,Si}
{Pr,Co} {Pr,Co} {Pr,Co} {Pr,Co} {Pr,Co} {Pr,Co} {Pr,Co} {Pr,Co} {Pr,Co}

{An,Si) {An,Si} {An,Si} {An,Si} {An,Si} {An,Si) {An,Si} {An,Si} {An,Si}

d0i:10.20944/preprints202308.1036.v1
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{An,Co} {An,Co} {An,Co} {An,Co} {An,Co} {An,Co} {An,Co} {An,Co} {An,Co}
{Si,Co} {5i,Co} {Si,Co} {Si,Co} {5i,Co} {Si,Co} {Si,Co} {Si,Co} {Si,Co}
{Pr,An,Si} {Pr,An,Si} {Pr,An,Si} {Pr,An,Si} {Pr,An,Si} {Pr,An,Si} {Pr,An,Si} {Pr,An,Si} {Pr,An,Si}
{Pr,An,Co} {Pr,An,Co} ({Pr,An,Co} {Pr,An,Co} {Pr,An,Co} ({Pr,An,Co} {Pr,An,Co} {Pr,An,Co} {Pr,An,Co}
{Pr,Si,Co} {Pr,Si,Co} {Pr,Si,Co} {Pr,Si,Co} {Pr,Si,Co} {Pr,Si,Co} {Pr,Si,Co} {Pr,Si,Co} {Pr,Si,Co}
{An,Si,Co} {An,Si,Co} {An,Si,Co} {An,SiCo} {AnSi,Co} {An,SiCo} {An,Si,Co} {An,Si,Co} {An,Si,Co}
8} 8] 8] 8] U U 8] 8] 8]

2 ? 2 2 ? ? 2 2 2

Table 5. The M;-approximations for each j € {«<r>,<D», <i5 <cu>}.

Ty, Ty Ty Tv,,
ro toy, (P) ™i(P) Toy, (P) ™i(P) Toy, (P) ™i(P) toy, (P) ™i(P)
{Pr} {Pr} {Pr} {Pr} {Pr} {Pr} {Pr} {Pr} {Pr}
{An} {An} {An} {An} {An} {An} {An} {An} {An}
{Si} {Si} {Si} [0] {Si,Co} {Si} {Si} [0) {Si,Co}
{Co} {Co} {Co} [0] {Si,Co} {Co} {Co} [0) {Si,Co}
{Pr,An} {Pr,An} {Pr,An} {Pr,An} {Pr,An} {Pr,An} {Pr,An} {Pr,An} {Pr,An}
{Pr,Si} {Pr,Si} {Pr,Si} {Pr} {Pr,Si,Co} {Pr,Si} {Pr,Si} {Pr} {Pr,Si,Co}
{Pr,Co} {Pr,Co} {Pr,Co} {Pr} {Pr,Si,Co} {Pr,Co} {Pr,Co} {Pr} {Pr,Si,Co}
{An,Si} {An,Si} {An,Si} {An) {An,Si,Co}  {An,Si} {An,Si} {An) {An,Si,Co}
{An,Co} {An,Co} {An,Co} {An} {Si,Co} {An,Co} {An,Co} {An} {Si,Co}
{Si,Co} {Si,Co} {S1,Co} {S1,Co} {Si,Co} {S1,Co} {S1,Co} {Si,Co} {Si,Co}
{Pr,AnSi}  {Pr,AnSi} {Pr,AnSi}  {Pr,An} U {Pr,An,Si}  {Pr,An,Si} {Pr,An} U
{Pr,An,Co  {Pr,An,Co {Pr,An,Co  {Pr,An,Co
{Pr,An,Co} } } {Pr,An} U } } {Pr,An} U

{Pr,Si,Co} {Pr,Si,Co} {Pr,Si,Co} {Pr,Si,Co} {Pr,Si,Co} {Pr,Si,Co} {Pr,Si,Co} {Pr,Si,Co} {Pr,Si,Co}
{An,Si,Co} {An,Si,Co} {An,Si,Co} {An,Si,Co} {An,Si,Co} {An,Si,Co} {An,SiCo} {An,Si,Co} {An,Si,Co}
8] 8] U 8] U 8] 8] U U
2 2 ) ) ? ) ) 2 2

Table 6. The Mj-accuracy for j € {r,Li,u,<r, <>, <i> cu>}.

P(U) 5, 5 5; 5, 5., 5.4, 5., 5.4,
{Pr} 1 1 1 1 1 1 1 1
{An} 1 1 1 1 1 1 1 1
{Si} 1 1 1 1 1 0 1 0
{Co} 1 1 1 1 1 0 1 0
{Pr,An} 1 1 1 1 1 1 1 1
{Pr,Si} 1 1 1 1 1 1/3 1 1/3
{Pr,Co} 1 1 1 1 1 1/3 1 1/3
{An,Si} 1 1 1 1 1 1/3 1 1/3
{An,Co} 1 1 1 1 1 i 1 1/3
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{Si,Co} 1 1 1 1 1 1 1 1
{Pr,An,Si} 1 1 1 1 1 1 1 1
{Pr,An,Co} 1 1 1 1 1 1 1 1
{Pr,Si,Co} 1 1 1 1 1 1 1 1
{An,Si,Co} 1 1 1 1 1 1 1 1
U 1 1 1 1 1 1 1 1

@ 0 0 0 0 0 0 0 0

9. Comparison between our approach and previous approaches.

According to data given in Example 3.1. Tables 7 and 8 provide a comparison between Yao’s
method [21], Abd El-Monsef et al.’s method [12](t;), and the current methods (TM].) in case of j =

r,],iand u, respectively.

Table 7. Comparison between Yao, t; and M; approaches for j = (r, I).

Yao T, v, 7 T,
P(U}
Apr(P)  Apr(P)  R(P) RP)  toy@®) Y@  RE RP) by ® 1Y)
{Pr,S1,C
{Pr} {Si,Co} {Si,Co} 1) {Pr} {Pr} [0} {Pr,Si} {Pr} {Pr}
o}
{An} {An} {An} {An} {An} {An} {An} {An} {An} {An} {An}
{Pr,Si,C
{Si} {Pr} {Pr} [0} {Si} {Si} [0) {Pr,Si} {Si} {Si}
o}
{Pr,Si,C
{Co} 1) 1) [} {Co} {Co} {Co} {Co} } {Co} {Co}
)
{An,Si, {An,Si, {Pr,An,
{Pr,An} {An} 18] {Pr,An} {Pr,An} {An} {Pr,An} {Pr,An}
Co} Co} Si}
{Pr,5i,C {Pr,Si,C {Pr,Si,C
{Pr,Si} {Pr, Si} {Pr,Si} {Pr,Si} [0) {Pr,Si} {Pr,Si} {Pr,Si}
o} o} o}
{Pr,S1,C {Pr,S1,C
{Pr,Co} {Si,Co} {Si,Co} 1) {Pr,Co} {Pr,Co} {Co} {Pr,Co} {Pr,Co}
o} o}
{An,Si} {Pr,An}  {Pr,An} {An} U {An,Si} {An,Si} {An} U {An,Si} {An,Si}
{An,Co {An,Co {An,Co
{An,Co} {An} {An} {An} {An,Co} {An,Co} U {An,Co}
1 1 1
{Pr,S1,C {Pr,S1,C
{Si,Co} {Pr} {Pr} 1) {Si,Co} {Si,Co} {Co} {Si,Co} {Si,Co}
o} o}
{Pr,An,S {Pr,An, {Pr,An,Si {Pr,An,Si {Pr,An, {Pr,An, {Pr,An,Si
U U U {An}
i} Si} } } Si} Si }
{Pr,An, {An,Si, {An,Si, {Pr,An,C {Pr,An,C {An,Co {Pr,An, {Pr,An,C
{An} U U
Co} Co} Co} o} o} } Co} o}
{Pr,Si,C {Pr,5i,C {Pr,5i,C ({Pr,SiC {PrSiC {PrSiCo ({PrSiCo {PrSiC {PrSiC {PrSiC
{Pr,Si,Co}
o} o} o} o} o} } } o} o} o}
{An,Si,C {An,Si,C {AnSiC {An,Co {An,Si, {An,Si,Co
{Pr,An}  {Pr,An} {An} U U

o} o} o} } Co} }



https://doi.org/10.20944/preprints202308.1036.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 15 August 2023 d0i:10.20944/preprints202308.1036.v1

15
U U U U U U U U U U U
[0] 4] 4] 4]
Table 8. Comparison between Yao, t; and M; approaches for j = (i, u).
Yao T; T, Ty T,
P(U}
Apr(®)  Apr(P) R(P) R(P) by, (P) 1™+ (P) R(P) R(P) oy, (P) 1"(P)
{Pr,Si,C
{Pr} {Si,Co}  {Si,Co} 1) {Pr,Si} {Pr} {Pr} [0) {Pr} {Pr}
o}
{An} {An} {An} {An} {An} {An} {An} {An} {An} {An} {An}
{Pr,Si,C
{Si} {Pr} {Pr} [0) {Pr,Si} {Si} {Si} [0) } {Si} {Si}
o
{Pr,Si,C
{Co} 1) [} {Co} {Co} {Co} {Co} [} } {Co} {Co}
o
{An,Si, {An,Si, {Pr,An,
{Pr,An} {An} {Pr,An} {Pr,An} {An} U {Pr,An} {Pr,An}
Co) Co} Si}
{Pr,Si,C  {Pr,Si,C {Pr,Si,C
{Pr,Si} {Pr,Si} {Pr,Si} {Pr,Si} {Pr,Si} [0) {Pr,Si} {Pr,Si}
o} o} o}
{Pr,Si,C {Pr,Si,C
{Pr,Co} {Si,Co} {Si,Co} {Co} {Pr,Co} {Pr,Co} [0) {Pr,Co} {Pr,Co}
o} o}
{Pr,An,
{An,Si} {Pr,An}  {Pr,An} {An} {An,Si} {An,Si} {An} U {An,Si} {An,Si}
Si}
{An,Co {An,Co
{An,Co} {An} {An} {An,Co} {An,Co} {An} U {An,Co}  {An,Co}
1 1
{Pr,Si,C {Pr,Si,C
{Si,Co} {Pr} {Pr} {Co} {Si,Co} {Si,Co} [0] {Si,Co} {Si,Co}
o} o}
{Pr,An,S {Pr,An, {Pr,An, {Pr,An,Si {Pr,An,Si {Pr,An,Si  {Pr,An,
U U {An} U
i si) si) ) ) J Si)
{Pr,An, {An,Si, {An,Si, {An,Co {Pr,An,C  {Pr,An,C {Pr,An,C {Pr,An,
U {An} U
Co} Co} Co} } o} o} o} Co}

{Pr,5i,C {Pr,5i,C ({PrsSiC {PrSiC {PrSi,C {PrSiCo {PrSiCo {PrSiC {PrSiC {PrSiCo {PrSiC
o} o} o} o} o} 1 1 o} o} 1 o}

{An,Si,C {An,Co {An,Si,C  {An,Si,C {An,Si,C {An,Si,
{Pr,An}  {Pr,An} U {An} U
o} } o} o} o} Co}
U U U U U U U U U U U
[0] [0) [0] [0) [0) [0) [0) [0] [0) [0)

From the Tables 7 and 8, it is clear that the best of these methods given by using
™, » T™p T™; » TMps  TMos - The boundary regions, in this case, are canceled. The results are so
important for eliminating the imprecision of rough sets.

Example 9.1. We give the following example to illuminate some consequences.

Suppose that our universe is a set of cars U =
{Sedan (Se), Sports Car (Sp), Coupe (Co), Minivan (Mi)} and our relationship is given as Q =
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{(Se, Se), (Mi, Mi), (Se, Co), (Se, Mi), (Mi, Sp), (Sp, Mi)}. The different types of neighborhoods are given in

Table 9 as follows:
Table 9. Different types of neighborhoods.

U Sedan Sports Car Coupe Minivan
N, {Se,Co,Mi} {Mi} () {Sp,Mi}
N, {Se} {Mi} {Se} {Se,Sp,Mi}
N; {Se} {Mi} ? {Sp,Mi}
Ny {Se,Co,Mi} {Mi} {Se} {Se,Sp,Mi}

N, {Se,Co,Mi} {Sp.Mi} {Se,Co,Mi} {Mi}
N, {Sel {Se,Sp,Mi} (0] {Mi}
N, {Se} {Sp.Mi} (0] {Mi}
N.4, {Se,Co,Mi} {Se,Sp,Mi} {Se,Co,Mi} {Mi}

E, {Se,Sp,Mi} {Se,Sp,Mi} (0] {Se,Sp,Mi}
E; {Se,Co,Mi} {Sp.Mi} {Se,Co,Mi} U
E; {Se,Mi} {Sp,Mi} (0] {Se,Sp,Mi}
E, U {Se,Sp,Mi} {Se,Co,Mi} 8]

E.,, U U U U

E., {Se,Sp} {Se,Sp,Mi} (0] {Sp,Mi}
E;, {Se,Sp} {Se,Sp,Mi} (0] {Sp,Mi}
E 4, U U U U

M, {Se,Mi} {Mi} (0] {Sp,Mi}

M; {Se} {Mi} {Se} {Se,Sp,Mi}

M; {Se} {Mi} (0] {Sp,Mi}
M, {Se,Mi} {Mi} {Se} {Se,Sp,Mi}
M,,, {Se,Co,Mi} {Sp,.Mi} {Se,Co,Mi} {Mi}
M, {Se} {Se,Sp,Mi} (0] {Mi}
M, {Se} {Sp,.Mi} (0] {Mi}
M., {Se,Co,Mi} {Se,Sp,Mi} {Se,Co,Mi} {Mi}

The M;-Topologies as follows:

M, = 1U, @, {Co}, {Sp, Mi}, {Sp, Co, Mi}, {Se, Sp, Mi}}.
T = { U, {Se}, {Se, Co}, {Se, Sp, Mi}}.

Ty, = { U, ¢, {Se}, {Co}, {Sp, Mi}, {Se, Co}, {Se, Sp, Mi}, {Sp, Co, Mi}}.
v, = {U, @, {Se, Sp, Mi}}.
™., = LU, @, {Mi}, {Sp, Mi}, {Se, Co, Mi}}.

T, - {U, @ {Se}, {Co}, {Mi}, {Se, Co}, {Se, Mi}, {Co, Mi}, {Se, Sp, Mi}, {Se, Co, Mi}}

U, ¢, {Co}, {Se}, {Mi}, {Se, Co}, {Sp, Mi}, {Se, Mi},
"M, = { {Co, Mi}, {Se, Sp, Mi}, {Se, Co, Mi}, {Sp, Co, Mi} }
™,,, = (U, @, {Mi}, {Se, Co, Mi}}.
Table 10 give Mj-lower approximations and M;- upper approximations for each j € {r,1,i, u}.
Table 11 shows the comparison between Tareq M. Al-shami [18] (tg;) approach and the current
approach (ty;) incase ofj € {ri} as given in Example 9.1. The M;j-accuracy for each j € {r,],i,u} are

given in
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TMr TM.;;. T, T,
U M M; M; o™ (
oy, () 1677(P) oy (P)  17(P) oy, (P)  17(P)  Toy, (P) P)
{Se} 0] {Se} {Se} U {Se} {Se} 0] U
(Sp} ® {S&f}p’ ® (Sp,Mi) ® (Sp,Mi) 9 U
{Co} {Co} {Co} 0] {Co} {Co} {Co} 0] {Co}
{Mi) @ {Sf/iis}p’ @ {Sp,Mi} 9 {Sp,Mi} 0 U
{Se,Sp, {Se,Sp,
{Se,Sp} ) Mi) {Se} 8] {Se} Mi) ) U
{Se,Co} {Co} {Se,Co} {Se,Co} U {Se,Co} {Se,Co} (0) U
{Se,Mi} ) {Sf/iis}p’ Sel U (Se}  {Sp,Mi) ) U
{Sp,Co, Sp,CoM
{Sp,Co} {Co} U ) Mi) {Co} i ) U
SpMi(spMil CpeP 0 (spMi (SpMil fpMi 0 U
{CoMi}  {Co) U @ BpCo oy SpCOM gy U
Mi} i}
{Se,OS}p,C {Co} U {Se,Co} U {Se,Co} U ) U
{Se,Sp, M {Se,Sp,M  {Se,Sp, {Se,Sp, {Se,Sp, M {Se,Sp, .
i} i) Mi) Mi) v i} Mip  sese MU
{Se’(i:}"’M {Co} U {Se,Co} U {Se,Co} U ) U
{Sp,Co, {Sp,Co, {Sp,Co, {Sp.Co, Sp,CoM
Mi} Mi} v o Mi} Mi} i} 0 v
U U 8) U U U U U U
0] 9] 9] 9] 9] 9] 9] 9] 9]
Table 11. Comparison among E; and M; approaches for some subsets of U.
P(U} TE.&. TM* TE* tM-g.
Q(P) QP) Moy, (P) 1Y@ QP QP) oy, (P)  1BMi(P)
Se) ) Se’sf Mi @ Se} 9 Se’sif’M Se} Se)
{Se,Sp,M {Se,Sp, {Se,Sp, .
{Sp} ) n ? Mi) 1) Mi] ) {Sp,Mi}
{Co} {Co} U {Co} {Co} {Co} U {Co} {Co}
{Mi} p  OeoPMi ® (5e.5p, p  PM oy {SP,Mi}
} Mi} i}
{Se,Sp,M {Se,Sp, {Se,Sp, {Se,Sp,Mi
{Se,Sp} 0] i 0] Mi) ) Mi) {Se} |
{Se,Co} {Co} U {Co} U {Co} U {Se,Co} {Se,Co}
Se,Mi} o Se,Sp,Mi @ {Se,?p, @ Se,S.p,M (Sel {Se,Sp,Mi
} Mi} i} }
{Sp,Co}  {Co} U {Co} U {Co} U {Co} {SP’EO'M
(Sp,Mi) o SUSPML oy SeSP o %PM o ephr (spom

Mi}
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{CoMi)  {Co} U {Co) U {Co) U Co) {SP’EO’M
{Se,OS}p,C {Co) U {Co) U {Co) U {Se,Co) U

{Se,Sp, {Se,Sp, {Se,Sp.M {Se,Sp, {Se,Sp, {Se,Sp, {Se,Sp, {Se,Sp,  {Se,Sp,Mi
Mi) Mi} i) Mi) Mi) Mi) Mi) Mi} )
{Sl‘:'/f}o’ {Co) U {Co) U {Co) U {Se,Co) U

{Sp,Co, {Sp,Co, {Sp.Co, {Sp,CoM
Mi) {Col U Mi) u {Col U Mi) i)
U U U U U U U U U
9 [ 0 0 0 0 [ [ [

We complete this work by studying these concepts from a topological view and comparing them.
In all comparisons, we obtain higher accurate approximations in our approach.

10. Conclusions

This paper generated some classes of neighborhood systems that we call them M -
neighborhoods. We introduced some examples to discuss the main structures and their main
concepts. We generalized these concepts to the topological case. We addressed many possible
comparisons among them. We obtained refinement results that can be useful in real-life applications.
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