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Abstract: Throughout this paper, we will establish a comprehensive theoretical foundation and
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relying on the assumption of primeness or semi-primeness of the ring.

Keywords: prime ring; prime ideal; derivation; symmetric n-derivation; symmetric generalized
n-derivation.

MSC: 16W25, 16R50, 16N60

1. Introduction

At the heart of ring theory lies the concept of derivations, over the years, several researchers
have extended the notion of derivations in various directions such as generalized derivations,
(«, B)-derivations, bi-derivations, higher derivations, symmetric n-derivations, etc. and have studied
the structure of rings as well as the structure of additive mappings (refer to [3-6,12,13,22,23]). In this
research article, we present a comprehensive investigation of symmetric generalized n-derivations,
seeking to establish a theoretical connection between symmetric generalized n-derivations and other
fundamental algebraic concepts. “Throughout the discussion, we will consider & to be an associative
ring with Z(&) being its center. A ring & is said to be prime if, 0&¢ = {0} implies that either
0 = 0or ¢ = 0, and semiprime if, 0S¢ = {0} implies that ¢ = 0, where ¢, € &. The symbols
[0,¢] and o o & denote the commutator, o — {0 and the anti-commutator, of + o, respectively, for
all 0, € 6. A ring © is said to be n-torsion free if ng = 0 implies that 0 = O for all o € &. If
G is n!-torsion free, then it is d-torsion free for every divisor d of n!. Recall that an ideal 3 of &
is said to be prime if, f # & and for 0, € S, 06 C P implies that 0 € P or { € P. An
additive mapping d : & — & is called a derivation if d(o¢) = d(0)& + 0d(¢) holds for all ¢, ¢ € &.
Following [14], an additive mapping ¢ : & — & is said to be a generalized derivation on & if
there exists a derivation d : & — & such that g(of) = g(0)¢ + 0d() holds for all o,§ € S. A
bi-additive map ® : & x & — & is said to be symmetric if D(0,{) = D(¢,0) forall o, € 6. A
symmetric bi-additive map is said to be symmetric bi-derivation if D (0¢,z) = 09(¢,z) + D(0,2)¢
forall o, ¢,z € &. The concept of symmetric bi-derivation in rings was introduced by G. Maksa [16].
Suppose n is a fixed positive integer and 6" = Ex G x---x & Amap D : 6" = G is
said to be symmetric(permuting) if the relation © (01,02,...,00) =D (Qn(l), Or(2)r--+s Qﬂ(n)) holds
for all o; € & and for every permutation {7t(1), 77(2),...,7t(n)}. The concept of derivation and
symmetric bi-derivation was generalized by Park [18] as follows: a permuting map © : 6" — &
is said to be a permuting n-derivation if ® is n-additive (i.e.; additive in each coordinate) and

©(91/QZ/"' /QiQZ,‘/"' ;Qn) = Q1© (Ql/QZ/"' /QZ,‘/"' ;Qn)“‘@(Ql/QZ/"‘ /Qir"' /Qn)Q: holds for all
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0i,0; € 6. A 1-derivation is a derivation and a 2-derivation is a symmetric bi-derivation while a
3-derivation is known as permuting tri-derivation (viz., [2,7,12,17,23-25]). Let n > 2 be a fixed integer
and amap ¢ : & — & defined by 6(0) = D(0,0,...,0) forall o € S, where ® : " — & is a permuting
map, be the trace of ®. If ® is symmetric and n-additive, then the trace d of © satisfies the relation

dlo+¢&) =d(e)+d(@) + 1/ "C:D( ¢...,0 ,§..., ) forallg,¢ € &."
—— N——r
(n—t)—times f—times

Motivated by the concept of generalized derivation in ring, Ashraf et al. [12] introduced the
notion of permuting generalized n-derivation in ring. Let n > 1 be a fixed positive integer. A
permuting n-additive map ¢ : 6" — & is known to be permuting generalized n-derivation
if there exists a permuting n-derivation ® : &" — & such that ¢ (01,02,...,0i0),...,00) =
G (01,02, ---,0i,---,0n) 0 +0D(01,02,...,0},...,0n) holds for all ¢;, 0} € &. In fact, in [12], the
authors proved that “for a fixed positive integer n > 2, let & be a n!-torsion free semiprime ring
admitting a permuting generalized n-derivation () with associated n-derivation © such that the trace
w of () is centralizing on &. Then w is commuting on &". Also, in [11], Ashraf et al. have characterized
the traces of permuting generalized n-derivations. In fact, their result was motivated by the result
due to Hvala [15]. Basically, they proved that “for a fixed positive integer n > 2, let & be a n!-torsion
free prime ring. Suppose that w; and w, are the traces of permuting generalized n-derivations (),
0, respectively and §; # 0; J, are the traces of associated derivations ©1 and ©; respectively. If
w1 (0)w2(8) = wo(0)w1(E) holds for all o, & € G, then there exists y € C, the extended centroid of &
such that d,(0) = yd1(0)."

Many researchers have extensively examined a wide range of identities involving traces of
n-derivations, leading to the discovery of various interesting results (see, for example [1,2,10-12,19]
and the associated references). Very recently, Ali et al. [2], explored some algebraic identities associated
with the trace of symmetric n-derivations acting on prime ideal P of &, but without imposing
the assumption of primeness on the ring under consideration. In fact, apart from proving some
other interesting results, they extended the famous result [20, Theorem 2] for the trace of symmetric
n-derivations which involves prime ideals. Precisely, they proved that for any fixed integer n > 2, let
G be any ring and B3 be a prime ideal of & such that &/ is n!-torsion free. If there exists a non-zero
symmetric n-derivation © with trace ¢ on & such that [4(0), 0] € B, for all ¢ € &, then either G /P isa
commutative integral domain or (&) C *B.

The main purpose of our current research is to delve into the structure of the quotient ring &/
where & is any ring and ‘B is a prime ideal of & which admits symmetric generalized n-derivations
satisfying certain algebraic identities acting on prime ideals 3. In particular, we prove that if a ring
G admits a symmetric generalized n-derivation ¢ : 6" — & with trace g : & — & associated with
symmetric n-derivation ® : 6" — & with trace ¢ : & — & satisfying any one of the following
functional identities:

(i) [9(e), 0] €PB
(i) 9([o,¢]) = [¢(0),¢] € B
(iii) g(eo¢) £[d(0), ¢l € P
(iv) g(o,¢]) £d(@) oG €P
W) [9(0),9(5)] £ 9(0), ¢l £ [0, 9(8)] € B
(vi) [9(e),9(¢)] £9([0,¢]) = [d(0), &l €,

forall g, ¢ € G, then one of the following holds:
(1) (&) P

(2) &/ is a commutative integral domain.

2. The Results

The following auxiliary results are essential for proving the above mentioned results:
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Lemma 1. “ ([19, Lemma 2.3]) For a fixed positive integer 7, let R be a ring and # be a prime ideal of
R, such that &/ is n!-torsion free. Suppose that ¢1, {y, ..., ¢, € R satisfy al; + a2ly 4 al, € P
fora. =1,2,...,n. Thent; € P fort=1,2,...,n.

Lemma 2. [21] Let R be a ring and & be a prime ideal of R. If one of the following conditions is
satisfied, then R/ is a commutative integral domain.

L [o¢le? Voier
2. gofe® VvV olcR

Lemma 3. ([2, Theorem 1.4]) For a fixed integer n > 2, let & be a ring and 3 be a prime ideal of & such
that /B is n!-torsion free and ® : 6" — & be a nonzero symmetric n-derivation on & with trace
d:6 — &.1f[d(0),0] € Pforall p € G, then ¢(S) C P or /P is a commutative integral domain."

Our first main result establishes a link between the derivation and symmetric generalized
n-derivation. In simpler terms, we demonstrate the following result:

Theorem 4. For any fixed integer n > 2, let & be any ring and B be a prime ideal of & such that &/ is
n!-torsion free. Let G : &" — & be a nonzero symmetric generalized n-derivation with associated symmetric
n-derivation ® : 6" — S withtraces g: 6 — Sof Gand d : & — S of ©. Next, let 6 : & — G bea
derivation on &. If [§(0), 0] — g(0) € BV 0 € &, then we have one of the following assertions:

1. 4(6)CP
2. &/ is a commutative integral domain.

Proof. By the assumption, we have
[6(e), el —g(e) P Vo6& ©)
Replacing oby o+ mi for1 <m <n—1,¢{ € 6, we get
[6(e +m¢), 0 +mG] —g(o+mE) € PV, e6. )

Continuing to solve, we obtain

[6(0), 0] + [6(0), m&] + [6(mE), o] + [6(mE), mE] — g(0)—

n—1

g(mg) =Y "CGG( o...,0 ,mE,...,mE) EPVYo,EeS. (3
(n—t)—times  f—times
Application of relation (1) yields that
n—1
m[8(0), &l +m[6(8), 0l — ) "CG( @0 ,mE,... ,mE) EPV o, €S
=1 —— N——

(n—t)—times  f—times

This can be written as
mAl(Q/ g) + mZAZ(QI é) + 4+ mn_lAnfl(Qr C) € ;’p v ng € 6/

where A; (o, §) represents the term in which ¢ appears t-times.

On taking account of Lemma 1, we get

[6(0), ¢l +1[6(8), e] —nG(e,...,0,8) €EP Vo E€G. 4)
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Substitute o for ¢, we see that

[6(0),Ge] +[0(¢e), 0] —nG(e,...,0,50) EPVe, €S

which on solving, we get

2¢[0(0), 0] —n&d(e) +[¢, 0]0(0) + {[6(e),&] + [6(8), 0] —
nG(e,...,0,6)}e—ndd(e) € PVl €6

By (4), we have
2¢[0(0), 0] —ngd(e) +[¢,0]0(0) —ngd(e) € P Ve, ¢ € 6. (5)

Replace ¢ by r¢ in (5) and use (5) to get

[r,el¢6(e) e BV Gred

or
[r,0]66(0) e BVo,reb.

Considering the primeness of the ideal 3, we get for all p € &
either [r, 0] € Por (o) € P.
Consequently, & is a union of two of its proper subgroups H; and Hj, where
Hy={¢c&|[[re cF}and Hy = {0 € & [5(&) C B}

Since a group cannot be a union of two of its proper subgroups, we are forced to conclude that either
& = Hj or & = H,. Consider the first case, & = Hy, i.e., [r, 0] € PB. Using Lemma 2, we conclude that
& /B is commutative integral domain. By the second case, we have §(&) CB. O

Theorem 5. For any fixed integer n > 2, let & be any ring and B be a prime ideal of & such that S/ is
n!-torsion free. If & admits a nonzero symmetric generalized n-derivation ¢ : 6" — S withtrace g : & — &
associated with symmetric n-derivation © : 6" — & with trace d : & — & satisfying the condition
[9(0),0] € BV o € &, then one of the following holds:

1. J4(6)CP
2. &/ is a commutative integral domain.

Proof. We have
[9(), 0] € B Vo€ G (6)

Replace oby ¢+ m( for{ € Gand1 < m < n —1leads to

[9(e+mg), (¢ +ml)] € PV, €6
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As a consequence obtaining

[9(e), el + [9(0), m] + [g(mE), o] + [g(mE), mE]+

n—1
chtg( 0,...,0 ,m@,...,m(’j),g]—i—
t=1 S~ v

(n—t)—times  t—times

n—1
[Z”Ctg( 0,...,0 ,m& ...,mg),mé| €P
(n—t)—times  t—times

YV 9,¢ € 6. Using the relation (6), we obviously find that
n—1
nlale) €1+ (o @6l + | MGG geg e )] +
—— ——

t=1 )
(n—t)—times t—times

n—1
{ "CG( 0,...,0 ,mé,...,mE),mi| €EPVo, e
t=1 —— T

(n—t)—times t—times

and thus,
mA1(0;€) +m*Ay(; &) + - +m"An(;E) € PV, i €S,

where A;(0; ) represents the term in which ¢ appears t-times.

The application of Lemma 1 yields
l9(0), 61 +n[G(e - 06), 0l €BV e e )
Replacing ¢ by o, we can see that
l9(0), Gl +n[G(e .- 0.C0) 0] BV €6
After additional computation
{lo0). ] +n[G(e -, 0,8) el}e+¢lg(e) o] +ng[d(e), o] +n[S, eld(e) € BV o, & € 6.
By using (7) and using the hypothesis, we get
ngld(e) o] +ng,eld(e) B Vo, & € 6.
Since &/ is n!-torsion free, we get
¢lde), el + 1[G elde) BV e 6 ®)
Again replacing ¢ by ¢z and using (8), we obtain
[2,0]¢d(e) e R Ve Gz €6 ©)
Next, replace g by o + mw for1 <m <n -1, w € G, to get

[z, 0 + mw|zd(o+ mw) € PV 0,8, w,z € &.
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After simplification, we find that

[z, ]G(0) + [z, mw]Ed(e) + [z, 0]¢d (mw) + [z, mw]gd (mw)+

n—1
z, "cd( o,...,0 ,mw,..., mw)+
[déé& (0,0 v)

(n—t)—times t—times

n—1
, "C¢d( o,...,0 ,mw,..., IS
[z mw]CZ D( o 9 ,mw mw) € P

t=1 )
(n—t)—times t—times

Vo,¢,w,z € 6. Application of (9) and Lemma 1 gives

z,w]¢d(0) + [z,0¢D(0,...,0,w) EP Ve weBG. (10)

Putting wz instead of z in (10) and using (10), we can see that

[w, 0]zyD(w, 0,...,0) € PBVo,yw,zeG,
or
[w,0]6D(w,0,...,0) CPVo,we 6.

On taking account of primeness of 3, we get forallw € &
either [w, 0] € BorD(w,0,...,0) € P.
Consequently, & is a union of two of its proper subgroups H; and Hp, where
H={we&|[w& CPtand H, ={w e & |D(w,0,...,0) € P}

Since a group cannot be a union of two of its proper subgroups, we can only deduce that either & = H;
or & = Hj. Consider the second case, & = Hp, i.e., D(w,0,...,0) € P. Replace w by wo to obtain
wD(o,...,0) € P. This implies that wd(¢) € P forall w,o € &,1i.e., Sd(0) C P. Since P # S, then
d(0) e Pforallg € G,ie., d(S) C P. If & = Hy, then using Lemma 2, we conclude that G/ is a
commutative integral domain. [

Theorem 6. For any fixed integer n > 2, let & be any ring and B be a prime ideal of & such that &/ is
n!-torsion free. If & admits a nonzero symmetric generalized n-derivation G : 6" — G withtraceg : 6 — &
associated with symmetric n-derivation ® : 8" — G with trace d : & — & satisfying any one of the following
conditions:

1. g([e,¢]) £[d(e), ¢l € PV eES
2. g(gog)*[d(0),fl€EPVe e

Then we have one of the following assertions:

1. 4(6)CP
2. &/ is commutative integral domain.

Proof. (i) Itis given that
9([e.d]) £ [d(e).¢l e PVl €6

Replacing { by ¢ +mzfor1 <m < n —1and z € & in above, we get

9([o,& +mz]) £ [d(0), ¢ +mz] € PV, zeB.
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After simplifying the expression, we get

n—1

o108 +o(lom) + Y "G (0., o.&) lo,ma, .. [0, m2))

t=1

(n—t)—times t—times
+[d(e), ¢l = [d(e),mz] €
YV 0,¢,z € 6. On using the given condition, we obtain
n—1

Y "CG([e.d)- . lo.d[oma ... lom)) PV LzeS
t=1

(n—t)—times t—times

which implies that
mAl(Qr g,Z) + mzAz(Q, C,z) et mnilAnfl(Qr ng) € ‘B

V o0,¢,z € & where A¢(o, ¢, z) represents the term in which z appears t-times.

In view of Lemma 1 and torsion restriction, we have

G(legl-- loclloz]) eBVeized.

Replacing z by ¢ and using the given condition, we find that [¢(¢), ] € P forall o, ¢ € S. In particular,
[4(0),0] € P forall o € &. Thus by Lemma 3, S/ is commutative integral domain or (&) C .

(ii) Proceeding in the same way as in (i), we conclude. [J

Theorem 7. For any fixed integer n > 2, let & be any ring and B be a prime ideal of & such that & /B is
n!-torsion free. If & admits a nonzero symmetric generalized n-derivation ¢ : &" — S withtrace g : & — &
associated with symmetric n-derivation ® : 8" — S with trace d : & — & satisfying any one of the following
conditions:

1. g(eog)£d(0)og€PVeo ieS
2. 9([0¢]) £d(e)ol EPVo e

Then we have one of the following assertions:

1. d6)Cyp
2. &/P is commutative integral domain.

Proof. (i) Assume that
9(od)£d(0)ofePVe e,

Onreplacing ¢ by ¢ +mz, for1 <m <n —1, we get
glgol+mz)£d(g)o(d+mz) ePVol,z€G.
By simplifying, we find
n—1

g(008&) +g(gomz)+ Y "CiG(¢o¢,...,008 00mz,...,gomz) £ d(0) o £ d(g) omz € P
t=1

(n—t)—times t—times
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vV 0,¢,z € 6. By applying the provided condition, we obtain the following:

n—1

Y "CiG(0o&,...,00¢,00mz,...,0omz) € BV, (,z€S
=1

(n—t)—times t—times
which implies that
mA1(g,&z) +m*A(0,&,2) + - +m" 1A, _1(0,8,2) €P

Vo,¢,z € G where A¢(0, ¢, z) represents the term in which z appears t-times.

Taking into account of Lemma 1 and torsion restriction, we find that

G(00¢&, ...,00800z) EPVo,EzEB.

Replacing z by &, we get g(0 0 &) € B, then our hypothesis reduces to 4(0) o & € P. Replace ¢ by ér to

get [d(0),¢|r +E(d(0) or) € P and hence we get [d(0),&]r € Pforall o, i, 7 € G, 1ie., [d(0), 5|6 C PB.
Since P # G, then [d(0),¢] € PB. In particular, [d(0), 0] € P for all ¢ € &. Thus by, [2, Theorem 1.4],
&/ is commutative integral domain or ¢(&) C B.

(ii) Proceeding in the same way as in (i), we conclude. [

Theorem 8. For any fixed integer n > 2, let & be any ring and P be a prime ideal of & such that & /P is
n!-torsion free. If & admits a nonzero symmetric generalized n-derivation G : 6" — S with traceg : 6 — &
associated with symmetric n-derivation © : 6" — & with trace d : & — & satisfying the condition

[9(0),9(&)] £19(0),¢]l £ [0,9(E)] € B forall 0,& € S, then either (&) C P or &/P is commutative
integral domain.

Proof. Itis provided that

l9(e).9(@)] £19(0).E1 £ [0, 9(O)] € BV 6.

Substitute ¢ 4+ mz in place of ¢ for1 < m < n — 1 to get

n—1
[9(0),9(0)] + [9(e), 9(mz)] + [9(0), t; GG g 6 mz,. . mz)]

(n—t)—times  f—times

+ [9(0), ¢l £ [9(0), mz] £ [0,9(S)] £ [0, 9(mz)]

n—1
i[Q,t; CG( G- &  mz,... ,mz) €P

(n—t)—times  f—times

¥V 0,¢,z € 6. Through the utilization of the given condition, we get

n—1 n—1

, nc ,...,C ,mz,...,mz)| £ o, nc ,...,C ,mz,...,mz)| €

[9(0) t; tG( i 4 . )] £ 1o t; tG( ¢ g . ) €B
(n—t)—times  f—times (n—t)—times  t—times

which implies that

mA1(0,&z) + m*Ax(0,&z) + - +m" 1Ay _1(0,&2) €P
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YV 0,8,z € & where At(g, ¢, z) represents the term in which z appears t-times.

In the context of Lemma 1 and torsion restriction, we get

[9(), G-, &2 +[0,G(E,...,5,2) €eRV i z€6.

Replacing z by ¢ and using the given condition, we find that [g(0),{] € B for all o,¢ € &. In
particular, [g(0), 0] € B for all ¢ € &. Thus by, Theorem 5, S/ is commutative integral domain or
2(&) Cp. O

Corollary 9. For any fixed integer n > 2, let & be any ring and ‘P be a prime ideal of & such that & /B
is n!-torsion free. If & admits a nonzero symmetric n-derivation ® : 6" — & with traced : 6 — &
satisfying the condition [¢(0),d(&)] £ [4(0), ] £ [0,4(E)] € BV 0, € S, then either ¢(S) C P or
S /B is commutative integral domain.

Theorem 10. For any fixed integer n > 2, let & be any ring and B be a prime ideal of & such that &/ is
n!-torsion free. If & admits a nonzero symmetric generalized n-derivation G : 6" — G withtraceg : 6 — &
associated with symmetric n-derivation ® : 8" — & with trace d : & — & satisfying the condition
[9(0),9(&)] £g(lo,¢]) £[d(0),E] € P forall 9,& € S, then one of the following assertions hold:

1. 4(6)CP
2. &/ is commutative integral domain.

Proof. Assume that

l9(0),9(&)] £ 9([e,¢]) £[d(0),El €B Ve, €B.
Replace { by ¢ +mz, for1 <m < n —1to get

[9(0), 9(¢ +mz)] £ g([o, &+ mz]) + [d(0), ¢ +mz] € PV o, &z 6.

After simplifying, it becomes

n—1
[9(0),9(8)] + [9(0), 9(mz)] + [9(0), t:Zl ”CtQ(( g, ) ..,g ,mzt,_-t..-JnZ)}
n—1
+9([o,¢]) £ 9(o,mz]) £ );l "CiG([o, ¢l (0,8l [o,mz], ..., [0, mz])+

(n—t)—times t—times

[4(0), ¢l £ [d(e), mz] € B

YV o,¢,z € 6. By employing the provided condition, we obtain

[g(Q)rt:Zl nctg( gr'”lg ,@wr.,mz)]j:
(n—t)—times  t—times
n—1
Y rciG([o€) .. [0l [o,mz],..., [o,mz]) € BV o, (z€S
t=1

(n—t)—times t—times

which implies that

mA1(0,&z) + m*Ax(0,&z) + -+ m" TAy_1(0,82) €P
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YV 0,8,z € & where At(g, ¢, z) represents the term in which z appears t-times.

In light of Lemma 1 and torsion restriction, we get

[9(),G(&, - 8 2) £ G0 G- [o ) [o2]) eB Ve zed.

Replacing z by ¢ and using the given condition, we find that [¢(0), ] € P forall o,{ € S. In particular,
[4(0),0] € P for all ¢ € S. Thus by, [2, Theorem 1.4], /P is commutative integral domain or
2(&) Cp. O

Theorem 11. For any fixed integer n > 2, let & be a ring and B be a prime ideal of & such that G /*B is
(n — 1)!-torsion free. If & admits a nonzero symmetric generalized n-derivation ¢ : 6" — & with trace
g9+ 6 — & associated with symmetric n-derivation ® : &" — & with trace d : & — & satisfying
9(0%) £0? €PV 0 € &, then & /Y is commutative integral domain.

Proof. On replacing o by 0 +m¢, { € & for 1 < m < n —1in the given condition, we get

glo+mE)? £ (0+mE? ePVo,eb.

Further solving, we have

n—1
9(0®) +9(m(of +20)) + Y "C:G( 6% ..., 0% ,m(oZ + Ea),...,m(ef + Z0))+
=1 ——

(n—t)—times t—times

n—1
g((mg)?) + Zl "CiG (" + m(0g +80), .., 0° +m(eE + o), (mE)?, ..., (mE)?)

(n—t)—times t—times

+ 0%+ (m&)? £ m(of + o) EP Vo, ¢ €6.

In accordance of the given condition and Lemma 1, we get

nG(o% ..., 0% 08 +&0) = (0 + %) € PV o, € &.

Replacing ¢ by o, we find that
2n9(0%) £2¢% € B,
or
(2n —2)0* € P.
The application of the torsion restriction gives that o> € . This implies that of + &o € ‘F for all
0,¢ € 6. Replacing ¢ by ¢z, we get [0, {]z € B. Again replacing z by r[o, ], we get [0, ¢]r[o, {] € B for

all o, ¢, r € &. Using the primeness of 3, we get [0, ¢] € P forall 9, ¢ € &. Hence & /P is commutative
integral domain by Lemma 2. [

Theorem 12. For any fixed integer n > 2, let & be any ring and B be a prime ideal of & such that G /B is
n!-torsion free. If & admits a nonzero symmetric generalized n-derivation ¢ : " — S withtraceg : 6 — &
associated with symmetric n-derivation © : 6" — & with trace d : & — & satisfying one of the following
conditions:

1. [9(0),9(0)] — [0, €PVeie6
2. [9(0),9(5)] — 150l €EB VoG EBG.

Then & /*B is commutative integral domain.
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Proof. (i) Given that
[9().9(8)] — [l € BV €. (11)

Consider a positive integer m; 1 < m < n — 1. Replacing ¢ by ¢ + mz, where z € & in (11), we get
[9(0),9(¢ +mz)] =g, +mz] € RV oGz € 6.

On further solving, we get

n—1
[9(),9(0)] + [9(e), 9(mz)] + [9(0), ; "CGG( G- mz, . mz)]—

(n—t)—times  f—times

[0,&] — [o,mz] € PV 0,E,z € G.

On taking account of hypothesis, we see that

n—1
, "ce( ¢&,...,& ,mz,...,mz)] EPVo,EzZES
l9(e) t; G( &8 NERYel

(n—t)—times  t—times

which results in
mAl(Qr g,Z) + mzAz(Q, C,z) + -+ mnilAnfl(Qr C,z) S (’B

where A; (o, ¢, z) represents the term in which z appears t-times.

Using Lemma 1 and torsion restriction, we have

[9(0),G(E ..., 52)] €PVo,EzEB.

In particular, for z = {, we get

[9().9(8)] € BV, (€&,

Now using the given condition, we find that

[0, € PV, €6

From Lemma 2, &/ is commutative integral domain.

(ii) Follows from the first implication with a slight modification. [J
Following are the very interesting observations derived from Theorem 12.

Corollary 13. For any fixed integer n > 2, let & be any ring and ‘B be a prime ideal of & such that & /B
is n!-torsion free. If & admits a nonzero symmetric generalized n-derivation ¢ : " — & with trace
9 : 6 — 6 associated with symmetric n-derivation ® : " — & with trace ¢ : & — & satisfying one
of the following conditions:

1. 9(@)9(G) £l €PVele6
2. g(0)g(§) £io PV le6.

Then & /% is commutative integral domain.

Corollary 14. For any fixed integer n > 2, let & be any ring and 3 be a prime ideal of & such that & /B
is n!-torsion free. If & admits a nonzero symmetric generalized n-derivation ¢ : " — & with trace
g : & — 6 associated with symmetric n-derivation ® : 8" — & with trace ¢ : & — & satisfying one
of the following conditions:
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L [9(0),9(0)] =[]V €&
2. [9(0),9(8)] =10 Ve¢eE®6.

Then &/ is commutative integral domain.

Proof. (i) Let us assume that

[9(2),9(0)] + e8] =0V e, ¢ c 6.

According to semiprimeness, there exists a family T of prime ideals B such that Ny B = (0) thereby
obtaining [g(0),9(&)] + [0,¢] € B for all P € T. Invoking the previous theorem, we conclude that
S /9P is commutative integral domain. Therefore, for all 9, € &, we have [o,{] € P and since
Neper B = (0). This implies that [, ¢] = 0. Hence, & is commutative.

(ii) Similarly, if [g(0), 9(&)] — [¢, 0] = 0 for all ¢, & € &, then the same reasoning proves the required
result. [

Corollary 15. For any fixed integer n > 2, let & be a n!-torsion free semiprime ringand ® : 6" — &
be a n-derivation of & with trace ¢ : & — & satisfying any one of the following conditions:

L [0 4] =108V ies
2. [d(e)d(@)]=1[¢aVeied

Then S is commutative.

Theorem 16. For any fixed integer n > 2, let G be any ring and P be a prime ideal of & such that &/ is
n!-torsion free. If & admits a nonzero symmetric generalized n-derivation G : 6" — S with traceg : 6 — &
associated with symmetric n-derivation ® : 8" — & with trace d : & — & satisfying g(0o ) £ oo € P
YV o,¢ € & then & /B is commutative integral domain.

Proof. The given condition is that

g(eod) ol ePVo et
Put ¢ + mz in place of §, where 1 < m <n —1to get
g(go(&+mz))+qgo(E+mz) € PVl zeb.
Upon simplifying, we arrive at
n—1

g(0o&)+g(oomz)+ 2"Ctg(gog,...,Qog,gomz,...,gomz)igogigomzE‘B
t=1

(n—t)—times t—times
vV 0,¢,z € 6. Inlight of the given condition, we obtain
n—1

Z”Ctg(qog,...,Qoé,Qomz,...,Qomz) EPVo(zed
t=1

(n—t)—times t—times
which implies that
mA1(0,¢,2) +m*Ax(0,8,2) +---+m" 1A, 10,6 2) €B

Vo,8,z € G where A;(o, ¢, z) represents the term in which z appears t-times.
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Because of Lemma 1 and torsion restriction, we get

G(0o¢g,...,00%,00z) €BVoiz€B.

Replacing z by ¢ and using the given condition, we find that oo € PV o,{ € Gie, S0 & C*B.
Using the Lemma 2, we get &/ is commutative integral domain. [

Corollary 17. For any fixed integer n > 2, let & be a n!- torsion free semiprime ring. If & admits a
nonzero permuting n-derivation © : 6" — & with trace d : & — & satisfying d(po¢) £00f =0,V
0,¢ € 6, then & is commutative.

Theorem 18. For any fixed integer n > 2, let & be any ring and B be a prime ideal of & such that &/ is
n!-torsion free. If & admits a nonzero symmetric generalized n-derivation G : 6" — S with traceg : 6 — &
associated with symmetric n-derivation ® : 8" — S with trace d : & — & satisfying any one of the following
conditions:

1. g([e,¢]) 0ol €EPVo e
2. g(eog)* [0 ¢l €PVeoleSG,

Then & /*B is commutative integral domain.
Proof. (i) Replacing ¢ by {+ mzfor1 < m < n—1,z € & in the given condition, we get
g(l0,&+mz]) £ 0o (E+mz) € BV g,8,z € 6.
After simplification, it becomes

n—1

9(le.€) +a(lemz]) + }_ "CiG ([0, -, [0.C], [0,m2], ..., [o,mz])

t=1

(n—t)—times t—times
+ooltoomzePVo (G zebC.
Using the specified condition, we get
n—1

Y. "CG(log) - (0.8 [omzl,... . [omz]) PV iz G

t=1

(n—t)—times t—times
which implies that
mAl(Q/ Cr Z) + mzAZ(Q/ grz) +oot mn_lAnfl(Ql grz) € m

V 0,8,z € & where A;(0, ¢, z) represents the term in which z appears t-times. Using Lemma 1 and
using the fact that G /B is n!-torsion free, we get

G(le ¢l lecllez]) €BVelze®6. (12)

For z = ¢, we get g([o, ¢]) € B then our hypothesis reduces to ¢ o § € PB. Using the Lemma 2, we get
& /P is commutative integral domain.

(ii) Proceeding in the same way as in (i), we conclude. [J

Corollary 19. For any fixed integer n > 2, let & be any ring and ‘B be a prime ideal of & such that
& /' is n!-torsion free. If & admits a nonzero symmetric n-derivation with trace d : & — &. If 4
satisfying any one of the following conditions:
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1. d([e,¢]) 0ol €PVoceES
2. d(eog)E[ollePVeced

Then & /9 is commutative integral domain.

Corollary 20. [9, Theorem 2.10] For any fixed integer n > 2, let G be a n!- torsion free semiprime
ring. If & admits a nonzero permuting n-derivation ® : 6" — & with trace d : & — & satisfying
d([0,¢]) =00¢, Vo, €S, then & is commutative.

Theorem 21. For any fixed integer n > 2, let & be any ring and B be a prime ideal of & such that S /P is
n!-torsion free. If & admits a nonzero symmetric generalized n-derivation G : 8" — S withtraceg : 6 — &
associated with symmetric n-derivation ® : 6" — & with trace d : & — & satisfying one of the following
conditions:

1. g([e,¢]) £9(e) [0l €PBVeo e
2. g([0¢]))£9(@) £ [0cl€PBVoled

Then & /*B is commutative integral domain.

Proof. (i) Given that
9(le.¢) +g(e) £l ePVele6.

Replacing ¢ by ¢ + mz, where z € & and 1 < m < n — 1 in the given condition, we get
g(le+mzc]) £g(o+mz) o +mz,ll€ePVeled
which on solving
n—1

9([0.€]) +9([mz,c) £ }_ "CiG([0,C), - [0, 8], [mz,8), ..., [mz,¢))

t=1

(n—t)—times t—times

n—1

+g(0) £g(mz) £ Y "CG( Q-0 ,mz,...,mz) o, & £ [mz, ] €P

=1 (n—t)—times ~ f—times
YV 0,¢,z € 6. By using hypothesis, we get
n—1
Y. "G¢(edl - Mo d] mz,8l, .. [mz, )
t=1

(n—t)—times t—times

n—1
+ e .., 0 ,mz,...,mz) €EPBVo Clzed
t; G( Q-0 z) €PVog

(n—t)—times ~ f—times
which implies that
mA1(0,¢,2) +m*Ax(0,8,2) + - +m" 1A, 1(0,¢2) €B

Vo,8,z € G where A¢(o, ¢, z) represents the term in which z appears t-times.

Making use of Lemma 1 and torsion restriction, we see that

G(le/¢l,---,le¢l [z¢]) £Clo,...,02) EP Ve, zEG.

Replace z by ¢ to get
9([e¢]) +g(e) €BV e z€6.
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Hence, by using the given condition, we find that [, {] € 8. On taking account of Lemma 2, we get
& /B is commutative integral domain.

(ii) Follows from the first implication with a slight modification. [

Corollary 22. For any fixed integer n > 2, let & be any ring and ‘33 be a prime ideal of & such that &/
is n!-torsion free. If & admits a nonzero symmetric n-derivation ® : 6" — & with traced : 6 =+ &
satisfying one of the following conditions:

1. d(fe¢]) £d(e) [0l €PFVoieES
2. d([o,¢]) £4(8) [0 ¢l € Vo iES

Then & /9 is commutative integral domain.

Corollary 23. For any fixed integer n > 2, let & be a n!-torsion free semiprime ring. If & admits a
nonzero symmetric n-derivation ® : 6" — & with trace ¢ : & — & satisfying one of the following
conditions:

1. d([e¢]) £d(e) [0, ¢] =0V €S
2. d([0,¢]) £d(&) £ [0, ¢] =070 €6

Then S is commutative.

Theorem 24. For any fixed integer n > 2, let & be any ring and B be a prime ideal of & such that &/ is
n!-torsion free. If & admits a nonzero symmetric generalized n-derivation G : 6" — S with traceg : 6 — &
associated with symmetric n-derivation © : 6" — & with trace d : & — & satisfying one of the following
conditions:

1. g(@)og(§) £eol €PVeled
2. [9(0),9(G)] 0ol €PVoieS
3. 9(0)og(@)*£[0¢l€PVeoled

Then & /B is commutative integral domain.

Proof. (i) We assume that
9(0)0g(§) ool €PVe, € G

Replacing ¢ by ¢ + mz, where z € G and 1 < m < n — 1 in the given condition, we get

9(@)og(§+mz)£go({+mz) EPVelz€eS
which on solving

n—1

g(e)og(é)+g(e)og(m2)+g(e)ot_21”ctg(( C_,.)-.,(;‘ /mzt/-tjme)
n—t)—times —tmes

tooltoomzePVo,izeEGC.

By using hypothesis, we get
n—1

"CD( &...,& mz,...,mz) EPV0,EzES
9(0)o ) "CD( ¢,...,5 ,mz,...,mz) EPV o,z

t=1 )
(n—t)—times  t—times

which implies that

mAl(Q/ C,z) + m2A2(Q, C,Z) +oF mn_lAnfl(Ql C,Z) € rp
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YV 0,8,z € & where At(g, ¢, z) represents the term in which z appears t-times.

Making use of Lemma 1, we see that

n(9(0)oG(&,...,&z)) EPVo,EzEB.

Since &/ is n!-torsion free, we get

g(Q>og(€/"'/§/Z) € ‘BVQ,C,Z € 6.

In particular, z = ¢, we get

9(0)og(d) €P Vo ceb.

Hence, by using the given condition, we find that ¢ o { € 3. On taking account of Lemma 2, we get
& /B is commutative integral domain.

(ii) Given that
[9(0),9(§)| £0olePVo 6.

Replace ¢ by { 4+ mz, wherez € Sand 1 <m < n —1, we get

[9(0),9(&+mz)| £ go (i +mz) €P Ve (zeEB.

After simplification, we obtain

n—1
[9(0),9(2)] + [9(a), g(mz)] + [9(0), t; "CG( ool mz, . mz)]

(n—t)—times  f—times

tooltoomzec PV, ,zec 6.

By using hypothesis, we get

n—1
[g(g)/tgl CtQ( gl’g ,mZ,...,mZ)] E‘B\vlglglzeg

(n—t)—times  t—times

which implies that
mA1(0,¢,2) +m*Ax(0,8,2) + - +m" 1A, 1(0,¢2) €B

Y o,¢,z € G where A¢(0,¢,2) represents the term in which z appears t-times. Application of Lemma 1
gives that

nlg(e),G(&,....52)] € PV oz €.
Since &/ is n!-torsion free, we get
[9(0),C(, ..., ,2)] €PBVozeb.

In particular, z = ¢, we get

[9().9(8)] € BVl €.

Hence, by using the given condition, we find that ¢ o { € P and using Lemma 2, we get &/ is
commutative integral domain.

(iii) Proceeding in the same way as in (i), we conclude. [
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Corollary 25. For any fixed integer n > 2, let & be a n!-torsion free semiprime ringand ® : 6" — &
be n-derivation of & with trace d : & — &. If  satisfy any one of the following:

1. d(0)od(§)+tool=0Vo e6
2. [d(0)d(g)]+eof =0V e
3. d(0)od(§)+[e¢]=0V0 €6

Then S is commutative.

Theorem 26. For any fixed integer n > 2, let & be any ring and B be a prime ideal of & such that & /B is
n!-torsion free. If & admits a nonzero symmetric n-derivation ® : 6" — & with trace d : & — & satisfying
d(0)d(&) —o0oC € P Vo, € S then either (&) C P or S/P is commutative integral domain.

Proof. Replacing ¢ by ¢ +mzfor1 <m <n —1,z € & in the hypothesis, we get
d(0)d({ +mz) —go (E+mz) €PVo,(zeb.

After simplification, it becomes
n—1

d(0) Y_ "Cd( é;,...,é‘ ,mz,...,mg) EPVoEzeS

t=1 )
(n—t)—times  t—times

which implies that
mAl(Q/ glz) + mzAZ(Q/ grz) +-+ mn_lAnfl(Ql grz) € m

Vo,¢,z € G where A;(0, ¢, z) represents the term in which z appears t-times.

Using Lemma 1 and the fact that &/ is n!-torsion free , we have

d(0)0(E,...,8,z) €PBVo,EzeB. (13)

Replace z by zr in above relation and using the above relation, we have

2(0)z0(¢E,...,C,r)ePVo, zreb. (14)
Also,

2d(0)D(E,...,E,r) €PVo,C,zreG. (15)
Using (14) and (15), we get

[4(e),2]D(¢,....5r) € BV @ re.

Writing r¢ instead of r, we get
[d(0),z]rd(C) € PB.

In particular for z = o,

[d(0),0]rd(§) € P.

Since B is prime, it follows that either [¢(0), 0] € P or d({) € P forall o, € &. Using the Lemma 3,
we get (&) C P or &/ is commutative integral domain. []

Corollary 27. [9, Theorem 2.11] For any fixed integer n > 2, let G be a n!- torsion free semiprime
ring. If & admits a nonzero permuting n-derivation ® : 6" — & with trace d : & — & satisfying
d(0)d(&) =00¢,Vo,¢ € S, then d is commuting on &.
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3. Conclusions

In summary, this research has achieved the successful establishment of a substantial link between
the structural properties of quotient rings and the behaviour of traces of symmetric generalized
n-derivations fulfilling certain algebraic identities involving prime ideals of an arbitrary ring &.
Through a comprehensive analysis and rigorous investigation, the study has provided persuasive and
substantial evidence of the interplay between these fundamental algebraic concepts.
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