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Abstract: The Chen circuit system, a three-dimensional autonomous system with intriguing dynamics,
has gained considerable attention due to its potential applications in diverse scientific fields. In this
article, a Chen circuit-like system is defined and a comprehensive dynamics has been studied. The
system exhibits chaotic dynamics, limit cycles, and bifurcations, making it a captivating subject
of study. By employing numerical simulations and analytical techniques, we explore the system’s
stability and identify critical parameter values leading to qualitative changes. Notably, we delve Hopf
bifurcations, which give rise to stability changes and the emergence of limit cycles. Furthermore, we
analyze the fractal dimension of the system’s attractor, providing insights into its complexity and
self-similarity. Through a systematic examination of the Chen circuit-like system, we deepen our
understanding of its intricate dynamics and offer valuable insights into the underlying mechanisms.
The findings contribute to the field of dynamical systems and hold potential implications in areas such
as chaos-based secure communications, signal processing, and nonlinear control. This work serves
as a valuable reference for researchers and practitioners interested in the dynamics and bifurcation
analysis of nonlinear systems.

Keywords: Chen-like chaotic system; limit cycle; chaotic solution; local asymptotic stability;
bifurcation, phase portrait analysis
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1. Introduction

The exploration of dynamical systems plays a pivotal role in understanding complex phenomena
across diverse scientific disciplines, ranging from physics and biology to engineering and economics.
Most of the complex dynamical chaotic and hyper-chaotic system of nonlinear ODEs characterizes
phenomenons. For instance, variations in population dynamics can be discussed and predictions can
be made for the future scenarios. Moreover, Lorenz introduced a model in 1963 for weather forecasting
[1], demonstrating temperature and wind speed variations. He observed that small perturbations in
the initial conditions of the proposed dynamical model led to surprising results. This effect is known
as the butterfly effect, as the system has sensitive dependence on the initial conditions.

The world chaos was used by Li and Yorke in 1975 for the first time in their research [2]. In
1976, Rossler considered a prototype equation to the Lorenz model that behaves similarly to the
Lorenz model but in low dimensional dissipative dynamical systems [3]. He also proposed an even
simpler (algebraic) model in 1979 [4]. Matsumoto et al. developed an autonomous chaotic system
1986 concerning the basic circuit layout. This circuit is known in the literature as the “Chua circuit”
[5]. Chen and Ueta discovered a chaotic system in 1999, known as the Chen system [6] based on the
Lorenz model. Another chaotic system has been investigated in [7] by Lu and Chen, representing the
transition between the Lorenz and Chen systems. Sprott studied generic three-dimensional systems
with quadratic nonlinearities [8-10]. He found nineteen different chaotic systems by exhaustive
computer research such that there is no apparent transformation of one to another. Many other chaotic
systems have been introduced and analyzed in the literature, including the Liu system [11,12].

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Thus chaos is a highly complex nonlinear dynamical phenomenon in nature. Much research
has been reported in the literature investigating various characteristics associated with dynamical
systems. Edward Lorenz discovered a strange attractor while finding the numerical solutions to the
proposed weather model [13]. In recent years, motivated by different applications, great works have
been reported in constructing the chaotic and hyper-chaotic dynamical models [17-32].

Among the intriguing dynamical systems, the Chen circuit system has garnered significant
attention due to its remarkable dynamics and potential applications in various domains. In this study,
a Chen circuit-like system is defined as follows:

& =aly—x)
% =x—bxz+cy
& — xy+x%z —dz

The Chen circuit-like system exhibits a rich variety of behaviors, including chaotic dynamics,
bifurcations, and limit cycles. Its dynamics are governed by a set of nonlinear ordinary differential
equations, capturing the interactions among its state variables. Specifically, the system involves
variables x, y, and z, coupled through nonlinear terms incorporating parameters a, b, c, and d.

In this article, we embark on a comprehensive analysis of the Chen circuit-like system, aiming to
unveil its intricate dynamics and investigate its bifurcation behavior. Our objective is to comprehend
the system’s stability, explore the critical parameter values triggering qualitative changes, and
elucidate the underlying mechanisms governing its observed dynamics. To achieve this, we employ
a combination of numerical simulations and analytical techniques to study the system’s behavior
under parameter variations. Our focus lies on conducting bifurcation analyses to identify the specific
parameter values at which significant changes in the system’s dynamics occur. Notably, we delve
into the exploration of Hopf bifurcations, which lead to stability changes and the emergence of limit
cycles. Furthermore, we delve into the fractal dimension analysis of the attractor generated by the
Chen circuit-like system. The fractal dimension provides valuable insights into the complexity and
self-similarity of the attractor, shedding light on the underlying dynamical properties of the system. By
employing the box-counting method, we estimate the fractal dimension and discuss its implications in
relation to the system’s chaotic behavior.

Through our in-depth analysis, we aim to deepen the understanding of the Chen circuit-like
system’s complex dynamics and provide valuable insights into the underlying mechanisms governing
its behavior. The findings presented in this article contribute to the broader field of dynamical systems
and offer potential applications in diverse areas such as chaos-based secure communications, signal
processing, and nonlinear control.

The subsequent sections of the article are structured as follows: Section 2 provides a concise
overview of the Chen circuit-like system and presents a comprehensive stability analysis of the system
and identify critical parameter ranges associated with distinct dynamical regimes. Sections 3 and 4
focus on limit cycles and chaotic solutions of the system, respectively. Bifurcation analysis is presented
in the Section 5. Finally, Section 6 summarizes the key findings and offers concluding remarks.

We believe that this thorough investigation of the Chen circuit-like system contributes to the
growing body of knowledge on nonlinear dynamical systems and serves as an essential reference for
researchers and practitioners working in the field.

2. Chen-like system and its dynamical analysis

In this present study, we have introduced the new chaotic system:

% = aly )
% =x—bxz+cy (2.1)
dz

Z = xy+x?z —dz
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where x, y and y are state variables and 4, b, c and d are parameters.

2.1. Symmetry and Invariance
It is simple to see the invariance of system 2.1 under the coordinate transformation
(x,y,2) = (=%, —y,2)

That is, the system 2.1 has symmetry around the z-axis [15]. Hence, we can observe that the variables
x and y are symmetrical with respect to the origin O(0,0,0).

2.2. Dissipativity
The proposed dynamical system 2.1 can be written in the vector form as
X =F(X) = [i(X), £(X), f5(X)]". 22
The divergence of the vector field F(X) on R? is given by

_0f1(X) | 9fa(X) | 9fs(X)
V.F= 18x + ‘Sy + 332 . 2.3)

For the system 2.1, the divergence is computed as V - F = —a + ¢ + x*> — d < 0, which is negative if
(a—c —x*>+d) > 0, so that volume(V) decreases at rate

v (1)

— = (—a+c+x*>—d)V. (2.4)

Solving the above differential equation, we have
V(t) = V(0)el-atera® =) 2.5)

So the volume of the system reduces exponentially fast to 0, and hence the dynamical model 2.1 is a
dissipative system for (a — ¢ — x> + d) > 0. That is, every volume consisting of the system trajectory
shrinks to zero as t — oo at an exponential rate of (—a + ¢ + x*> — d). Thus, all the system orbits are
confined to a specific subset containing zero volume and the asymptotic motion converges onto an
attractor [16], [26].

2.3. System equilibria

Definition 2.1. [30] The steady-state equilibrium, E;, is hyperbolic if none of the eigenvalues of ] (E;) = DF(E;)
lies on the unit circle, i. e., if |A;| # 1, fori =1,2,3.

Definition 2.2. [30] Consider the discrete, nonlinear dynamical system in 2.1 with a steady-state equilibrium,
E;. The associated Jacobian matrix has three eigenvalues A;(i = 1,2,3).

(i) The steady-state equilibrium E; is called a sink if |A;| < 1foralli=1,2,3.

(ii) The steady-state equilibrium E; is called a two-dimensional saddle if one |A;| > 1.

(iii) The steady-state equilibrium E; is called a one-dimensional saddle if one |A;| < 1.

(iv) The steady-state equilibrium Ejis called a source if |A;| > 1 foralli =1,2,3.

Result 2.3. Routh-Hurwitz stability criterion states that the equilibrium of a three dimensional system is locally
asymptotically stable if and only if ay, ag are positive and aya; > ag, where ay, a; and ag are the coefficient of
the characteristic polynomial F(A) = A3 + ayA? + ayA + ag of the Jacobian at the equilibrium.
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Lemma 2.4. [31] We consider a cubic polynomial equation of the following type:

A3 + a2A2 +aiA4+a9=0 (2.6)
where ap, a1 and ag represents real constants. Furthermore, all roots for the polynomial equation 2.6 lie within
the open disk if and only if the following conditions are satisfied:

|ap +ag| <1+ ay, |ap —3ag| <3 —ay, and a%+a1—a0a2<1.

The equilibria of the chaotic system 2.1 are found by setting x =y =2 =0,
ie,
a(ly—x) =0
x—bxz+cy=0 (2.7)
xy+x%z—dz=0

The system 2.1 has three equilibrium points:
_ _ d(c+1 d(c+1) 41 o Jdle+l) [dle+1) cq1
Ey = (0,0,0), E2 = (- b$c+1)’ - hsfc—&-%' %)’ and E3 = ( bgfc—i-l)’ b$c+1)’ %)

Since the equilibrium points E; and Ej3 are reflection of each other with respect to z-axis, we only
would be interested to explore dynamical behavior of Ez without loss of generality.

The local behavior of the system around these equilibrium points can be investigated by using
the following Jacobian matrix:

—a a 0
J(E) = 1-bz ¢ —bx
2xz+y x x*>—d

Dynamical behavior about E;:
For the equilibrium point E1, the above Jacobian matrix becomes the following

—a a O
J(Ey) = 1 ¢ 0
0 0 —d

To obtain its eigenvalues, let det(AI — J(E;)) = 0. Then, the characteristic equation has the following
form:
N4 (a—c+d)A*+ (—a—ac+ad—cd)A — (ad +acd) =0 (2.8)

Solving the above characteristic equation, the eigenvalues are found as

M=—d A = % (\/a2+2ac+4a+c2—u+c),)\3: % (—\/a2+2ac+4a+c2—a+c)

Lemma 2.5. (i) Ey isasink ifand only ifd <1,a <1,and c+ac < 1.
(ii) Eq is a source ifand only if d > 1,a > 1+c,and 1 +c > /2.

(iii) Eq is a saddle node if and only ifd > 1,14c¢ > V2, and1+a < %
(iv) Eq is non-hyperbolic if and only ifa = c = % (\@— 1), andd = 1.

Here we present four examples which illustrate Lemma 2.5.
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Example 2.6. Consider the parameters a

0.9421,b = 96,¢

doi:10.20944/preprints202308.0741.v1

conditions d < 1,a <1, and c + ac < 1. then the equilibrium E; is a sink. (Figure 1).
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Figure 1. Sink trajectory in 3 dimension and two dimensional phase portraits

Example 2.7. Consider the parameters a = 114,b = 67,c = 75, and d = 59 satisfying the conditions
d>1,a>1+cand1+c > 2. then the equilibrium Eq is a source (Figure 2).
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Figure 2. Source trajectory in 3 dimension and two dimensional phase portraits

Example 2.8. Consider the parameters a = 1.0339,b = 67,c = 0.4072 and d = 32 satisfying the conditions
d>1,14+c>V2,and1+a< % then the equilibrium Eq is a saddle node. (Figure 3).
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Example 2.9. Consider the parameters a = ¢ =

non-hyperbolic. (Figure 4).

Figure 3. Saddle node trajectory in 3 dimension and two dimensional phase portraits

% (\/5— 1), and d = 1, then the Eq of system 2.1 is

doi:10.20944/preprints202308.0741.v1
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Figure 4. Non-hyperbolic trajectory in 3 dimension and two dimensional phase portraits

Dynamical behavior about Es:
For the equilibrium point Ej3, the above Jacobian matrix becomes the following

—a a 0
_ _ (c+1)d
J(E3) = ¢ ¢ by 5ot
a
(b+2c+2) /{11 (c+Dd  _  bd
b b+c+1 b+c+1

To obtain its eigenvalues, let det(AI — J(E3)) = 0. Then, the characteristic equation has the following
form:

bd bd(1 + a)
3 _ 2 _
A +<(a C)+1+b+c>A + oAt 2ed(14 ) =0 2.9)
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Comparing equation 2.9 and equation 2.6, we have
ap = (a—c)+ %
_ bd(1+4a)
M = T4ptc (2.10)

ay =2ad(1+c)

Lemma 2.10. The steady state (E3) for model 2.1 is a sink and it is locally asymptotically stable if and only if
the following inequalities are satisfied:

|ap +ao| <1+ ay, |ap —3ag| <3 —ay, and a%—l—al —agap < 1.
where ap, a1 and ag are written in 2.10.

Example 2.11. By satisfying the Lemma 2.10, consider the parameters bea = 83,b =70, c = 32, and d = 96,
then the system 2.1 converges to (5.546,5.546,0.471) (Figure 5).
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Figure 5. Convergent trajectory in 3-dimension and 2-dimensional phase portraits

doi:10.20944/preprints202308.0741.v1

Following examples (2.11-2.12) are presented where the condition stated in the Lemma 2.10 do
not satisfy.

Example 2.12. Consider the parameters be a = 61, b = 72, c = 23, and d = 12, then the system 2.1 forms
chaotic trajectory (Figure 6).
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Figure 6. Chaotic trajectory in 3 dimension and two dimensional phase portraits

3. Limit Cycles

Here we present a set of examples depicting limit cycles with very high periodicities.

Example 3.1. Consider the parameters be a = 64, b = 10, c = 28, and d = 55, then the system 2.1(with the
initial value (0.001,0.002,0.003) forms a limit cycle of period 69. (Figure 7).


https://doi.org/10.20944/preprints202308.0741.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 August 2023

doi:10.20944/preprints202308.0741.v1

12 of 27

x Trajectory (Chen-like System)

x-y Phase Space (Chen-like System)

0 10 20 30 40 50 80 70 80 % 100 E o 12
Time

y Trajectory (Chen-like System)

y-z Phase Space (Chen-like System)

o

0 10 20 30 40 50 60 70 80 °0 100 -10 5 0 5 10 15
Time ¥

z Trajectory (Chen-like System)

x-z Phase Space (Chen-like System)

E 12
Time

Trajectory

Figure 7. Periodic trajectories with periodicity 69 and corresponding two dimensional phase portraits

Example 3.2. Consider the parameters be a = 96, b = 49, c = 81, and d = 15, then the system 2.1(with the
initial value (0.421,0.9157,0.7922) forms a limit cycle of period 425. (Figure 8).
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Figure 8. Periodic trajectories with periodicity 425 and corresponding two dimensional phase portraits

Example 3.3. Consider the parameters be a = 40, b = 66, ¢ = 18, and d = 1, then the system 2.1(with the
initial value (0.706,0.0318, 0.2769) forms a limit cycle of period 689. (Figure 9).
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4. Chaotic Solutions

Here we have listed parameters 4, b, ¢, and d for which the dynamical system 2.1 possesses chaotic
trajectories with positive Lyapunov exponent (Tables 1-3). For each set of parameters, Lyapunov
exponent were calculated and the same is plotted in Figure 10. In addition, box plot of range of values
from the interval (0, 1) for each parameter is figured in Figure 10.

doi:10.20944/preprints202308.0741.v1
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Figure 10. Lyapunov exponent with associated parameters for 409 cases, where the system possesses
chaotic trajectories.

Example 4.1. Consider the parameters be a=0.2575, b=0.8407, ¢=0.2543, and d=0.8143, then the system
2.1(with the initial value (1,1,1) forms a chaotic trajectory (Figure 11).

Here fractal dimension of the three dimensional chaotic attractor is turned out to be 1.9645. Non-zero fractal
dimension reconfirms the chaotic behaviour of the three dimensional attractor.
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Figure 11. Chaotic trajectories with Lyapunov exponent (1=0.001220) and corresponding two
dimensional phase portraits (Parameters: a=0.2575, b=0.8407, c=0.2543, and d=0.8143)

Example 4.2. Consider the parameters be a=388, b=244, c=218, and d=224, then the system 2.1(with the initial
value (1,1,1) forms a chaotic trajectory (Figure 12).

Here fractal dimension of the three dimensional chaotic attractor is turned out to be 0.73486. Non-zero fractal
dimension reconfirms the chaotic behaviour of the three dimensional attractor.
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Figure 12. Chaotic trajectories with Lyapunov exponent (1=0.000094) and corresponding two

dimensional phase portraits (Parameters: a=388, b=244, c=218, and d=224)

Example 4.3. Consider the parameters be a=388, b=244, c=218, and d=224, then the system 2.1(with the initial
value (1,1,1) forms a chaotic trajectory (Figure 13).

Here fractal dimension of the three dimensional chaotic attractor is turned out to be 0.50202. Non-zero fractal
dimension reconfirms the chaotic behaviour of the three dimensional attractor.
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Figure 13. Chaotic trajectories with Lyapunov exponent (A=0.000088) and corresponding two
dimensional phase portraits (Parameters: a=205, b=298, c=132, and d=302)
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Table 1. List of parameters and associated Lyapunov exponent for which chaotic were noticed in the model

| Lambda | ¢ C Lambda | ¢ C Lambda ¢ C | Lambda

0.2575 | 0.8407 [ 0.2543 [ 0.8143 | 0.001220 [ 0.7048 [ 0.3810 | 0.0764 0.4108 | 0.000017 | 0.2732 | 0.3147 | 0.5817 | 0.6894 0.000626 [ 0.7280 [ 0.2020 | 0.7380 | 0.8672 | 0.000450
0.5285 | 0.1656 [ 0.6020 | 0.2630 | 0.000442 [ 0.0524 [ 0.7343 | 0.4995 | 0.9433 | 0.001155 | 0.7750 | 0.7915 [ 0.7095 | 0.9465 [ 0.000738 | 0.2811 [ 0.8722 | 0.8456 | 0.6480 | 0.000614
0.1450 | 0.8530 [ 0.6221 | 0.3510 | 0.000713 [ 0.6042 | 0.641T | 0.1275 | 0.4962 | 0.000079 | 0.8880 | 0.0497 | 0.6702 | 0.9766 | 0.000053 | 0.6564 | 0.1693 | 0.6212 | 0.4246 | 0.000367
0.0154 | 0.0430 [ 0.1690 [ 0.6491 | 0.001406 [ 0.6316 [ 0.8335 | 0.2702 | 0.4008 | 0.000084 | 0.3218 | 0.9483 | 0.2073 | 0.4893 [ 0.001529 | 0.I1170 | 0.1304 [ 0.7418 [ 0.1383 | 0.000710
0.5502 | 0.6225 [ 0.5870 | 0.2077 | 0.000694 | 0.6794 [ 0.9768 | 0.1255 | 0.7522 | 0.000100 | 0.8777 | 0.8739 | 0.4896 | 0.6063 | 0.000080 | 0.4802 [ 0.4346 | 0.5121 | 0.5245 | 0.000728
0.2625 | 0.8010 [ 0.0292 | 0.9289 | 0.000169 [ 0.9200 [ 0.300T | 0.0734 | 0.7674 | 0.000158 | 0.2179 | 0.7530 [ 0.5198 | 0.7601 [ 0.000793 | 0.7189 [ 0.8807 | 0.0107 [ 0.5715 | 0.000073
0.6596 | 0.5186 [ 0.9730 [ 0.6490 | 0.000490 [ 0.9189 [ 0.7336 | 0.3011 | 0.4956 | 0.000117 | 0.0338 | 0.8595 | 0.5286 | 0.9755 [ 0.001459 | 0.7877 | 0.3098 [ 0.1185 [ 0.4854 | 0.000097
0.269T | 0.4228 [ 0.5479 | 0.9427 | 0.000677 | 0.9926 [ 0.9322 | 0.0922 | 0.9535 | 0.000100 | 0.0641 | 0.4435 | 0.5430 | 0.5402 [ 0.000844 | 0.3261 [ 0.8255 | 0.5502 | 0.6448 | 0.000749
0.5830 | 0.25I8 [ 0.2904 | 0.6171 | 0.000053 [ 0.4210 [ 0.640T | 0.7876 | 0.2700 | 0.000611 | 0.9678 | 0.6341 | 0.7773 | 0.8985 [ 0.000758 | 0.3738 [ 0.2585 | 0.2606 | 0.4725 | 0.000494
0.8200 | 0.7184 [ 0.9686 | 0.5313 | 0.000557 | 0.8167 [ 0.830T | 0.4890 | 0.7607 | 0.000091 | 0.6803 | 0.8585 | 0.8718 | 0.8971 [ 0.000601 | 0.6115 [ 0.6153 | 0.8772 | 0.7669 | 0.000544
0.0067 | 0.6022 [ 0.3868 [ 0.9160 | 0.002314 [ 0.3130 [ 0.0764 | 0.7914 | 0.3654 | 0.000476 | 0.5240 | 0.0459 | 0.1013 | 0.4689 [ 0.000222 | 0.3532 | 0.7589 [ 0.5056 [ 0.7658 | 0.000795
0.2089 | 0.7093 [ 0.2362 | 0.1194 | 0.000887 [ 0.1827 [ 0.1012 | 0.2016 | 0.I347 | 0.000591 | 0.8595 | 0.7132 | 0.5750 | 0.74I1 [ 0.000095 [ 0.9147 [ 0.9990 | 0.1705 [ 0.I726 | 0.000049
0.1097 | 0.0636 [ 0.4046 | 0.4484 | 0.000710 [ 0.5035 [ 0.7688 | 0.3881 | 0.4533 | 0.000346 | 0.6022 | 0.6012 | 0.6439 | 0.9219 [ 0.000667 | 0.2471 [ 0.9018 | 0.9824 | 0.4841 | 0.000581
0.7487 | 0.8256 [ 0.7900 [ 0.3185 | 0.000692 [ 0.0069 [ 0.7666 | 0.0218 | 0.3931 | 0.002623 | 0.4282 | 0.1924 | 0.5675 | 0.6577 [ 0.000548 | 0.7982 | 0.9952 [ 0.2118 [ 0.3290 | 0.000285
0.2467 | 0.6664 | 0.0835 | 0.6260 | 0.000406 | 0.4591 [ 0.4329 | 0.2596 | 0.I337 | 0.000001 | 0.9743 | 0.5027 | 0.8914 | 0.7265 [ 0.000557 | 0.2723 [ 0.7312 | 0.9695 | 0.3756 | 0.000578
0.6952 | 0.4991 [ 0.5358 | 0.4452 | 0.000019 [ 0.2082 [ 0.7573 | 0.5467 | 0.3574 | 0.000726 | 0.1108 | 0.8T66 | 0.2493 | 0.5092 [ 0.001074 | 0.I185 [ 0.9190 | 0.6240 | 0.2576 | 0.000729
0.1339 | 0.0309 [ 0.9391 | 0.3013 | 0.000553 | 0.7160 [ 0.5529 | 0.1423 | 0.3804 | 0.000105 | 0.227T | 0.1069 | 0.6628 | 0.9546 [ 0.000537 | 0.IT17 | 0.8468 | 0.6597 | 0.7797 | 0.000793
0.2089 | 0.9052 [ 0.6754 [ 0.4685 | 0.000681 [ 0.6610 [ 0.3947 | 0.2590 | 0.8479 | 0.000090 | 0.4890 | 0.8061 | 0.3778 | 0.5180 [ 0.001251 | 0.0598 | 0.6160 [ 0.5639 [ 0.6683 | 0.000889
0.0899 | 0.0809 [ 0.7772 | 0.9051 | 0.000610 [ 0.8710 [ 0.2118 | 0.8367 | 0.8593 | 0.000410 | 0.2397 | 0.9595 | 0.3055 | 0.1549 [ 0.000896 | 0.4911 [ 0.3418 | 0.9627 | 0.1249 | 0.000578
0.0729 | 0.0885 [ 0.7984 | 0.9430 | 0.000632 | 0.5140 [ 0.5484 | 0.2078 | 0.7846 | 0.000098 | 0.9380 | 0.6053 [ 0.6389 | 0.7027 [ 0.000081 | 0.0509 [ 0.I350 | 0.5781 [ 0.9044 | 0.000789
0.4845 | 0.I518 [ 0.7819 [ 0.1006 | 0.000563 | 0.6786 [ 0.4651 | 0.9533 | 0.3547 | 0.000494 | 0.I1808 | 0.9956 | 0.5204 | 0.8853 [ 0.000885 | 0.2475 | 0.9359 [ 0.5646 [ 0.8796 | 0.000804
0.0594 | 0.3158 [ 0.7727 [ 0.6964 | 0.000739 [ 0.3237 [ 0.8011 | 0.2996 | 0.7756 | 0.001108 | 0.1879 | 0.0094 | 0.8383 | 0.4813 [ 0.000508 | 0.6818 | 0.5632 [ 0.1500 [ 0.9862 | 0.000080
0.9879 | 0.1704 [ 0.2578 | 0.3968 | 0.000018 [ 0.1T41 [ 0.5408 | 0.4164 | 0.5I71 | 0.000856 | 0.6218 | 0.4146 | 0.6476 | 0.4893 [ 0.000619 | 0.6006 [ 0.4361 | 0.1736 | 0.1949 | 0.000019
0.6537 | 0.9569 [ 0.9357 | 0.4579 | 0.000592 [ 0.4797 [ 0.1987 | 0.2390 | 0.7802 | 0.000069 | 0.1788 | 0.8597 | 0.2320 | 0.1681 [ 0.000970 [ 0.4606 [ 0.9209 | 0.8862 | 0.8795 | 0.000594
0.1807 | 0.2554 [ 0.0205 [ 0.9237 | 0.001652 [ 0.3158 [ 0.3113 | 0.3450 | 0.6663 | 0.000804 | 0.3937 | 0.9370 | 0.4369 | 0.1625 [ 0.000816 | 0.8022 | 0.9645 [ 0.1968 [ 0.7781 | 0.000085
0.3833 | 0.6173 [ 0.5755 | 0.5301 | 0.000702 [ 0.1354 [ 0.7655 | 0.3186 | 0.2524 | 0.000885 | 0.9406 | 0.5340 | 0.6712 | 0.6075 [ 0.000061 | 0.3814 [ 0.6192 | 0.6048 | 0.5356 | 0.000684
0.9456 | 0.6766 [ 0.9883 | 0.7668 | 0.000549 [ 0.8570 [ 0.8998 | 0.3484 | 0.4863 | 0.000069 | 0.7173 | 0.9801 [ 0.0537 | 0.6369 [ 0.000042 | 0.5076 [ 0.4991 | 0.9115 [ 0.7303 | 0.000510
0.7043 | 0.7295 [ 0.2243 [ 0.269T | 0.000036 | 0.6694 [ 0.0372 | 0.0033 | 0.1425 | 0.000020 | 0.1299 | 0.2174 | 0.8934 | 0.6217 [ 0.000573 | 0.0222 | 0.6580 [ 0.4586 [ 0.2000 | 0.000989
0.2815 | 0.2304 [ 0.7111 [ 0.6246 | 0.000551 [ 0.3823 [ 0.6929 | 0.6021 | 0.7753 | 0.000701 | 0.4606 | 0.7775 | 0.8168 | 0.6314 [ 0.000601 | 0.9790 | 0.6826 [ 0.7855 [ 0.3488 | 0.000003
0.9227 | 0.8004 [ 0.2859 | 0.5437 | 0.000178 [ 0.5087 [ 0.6033 | 0.1614 | 0.6355 | 0.000083 | 0.2535 | 0.6782 [ 0.9145 | 0.6171 [ 0.000582 | 0.6763 | 0.5017 | 0.1133 | 0.4613 | 0.000137
0.7284 | 0.5768 [ 0.0259 | 0.4465 | 0.000048 | 0.1693 [ 0.5934 | 0.6081 | 0.7724 | 0.000740 | 0.5198 | 0.6088 | 0.7272 | 0.0001 [ 0.000777 [ 0.3013 [ 0.1542 | 0.7444 | 0.2829 | 0.000533
0.5989 | 0.1489 [ 0.8997 [ 0.4504 | 0.000410 [ 0.4316 [ 0.7179 | 09162 | 0.8900 | 0.000553 | 0.8823 | 0.5513 | 0.3215 | 0.8998 [ 0.000097 | 0.0948 | 0.8065 [ 0.6827 [ 0.I1732 | 0.000753
0.3249 | 0.2462 [ 0.3427 | 0.3757 | 0.000759 [ 0.2973 [ 0.4044 | 0.3022 | 0.7573 | 0.000910 | 0.4824 | 0.0639 | 0.8029 | 0.35I1 [ 0.000412 | 0.5682 [ 0.0123 | 0.5898 | 0.3602 | 0.000287
0.8266 | 0.3945 [ 0.6135 | 0.8186 | 0.000135 | 0.0292 [ 0.7798 | 0.5674 | 0.0761 | 0.001874 | 0.3136 | 0.7892 | 0.4983 | 0.4370 [ 0.000768 | 0.4254 [ 0.7827 | 0.5891 | 0.4721 | 0.000728
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Table 2. List of parameters and associated Lyapunov exponent for which chaotic were noticed in the model

Lambda Lambda Lambda Lambda
] . . . 0.000597 4 . . . 0.000550 . . . . 0.000427 . . 9 4 0.000020
0.1432 | 0.5594 | 0.0046 | 0.7667 | 0.003872 | 0.8890 | 0.8598 | 0.5971 | 0.6548 | 0.000088 | 0.4991 | 0.2754 | 0.4196 | 0.5970 | 0.000739 | 0.1165 | 0.9812 | 0.5417 | 0.0865 | 0.000865
0.3002 | 0.4014 | 0.8334 | 0.4036 | 0.000562 | 0.0984 | 0.I700 | 0.3712 | 0.0398 | 0.002435 | 0.0055 | 0.1629 | 0.2623 | 0.0389 | 0.002692 | 0.1576 | 0.7601 | 0.0919 | 0.9677 | 0.003279
02649 | 0.0684 | 0.4363 | 0.1739 | 0.000566 | 0.8257 | 0.4445 | 0.982T | 0.5783 | 0.000469 | 0.1315 | 0.062T | 0.7775 | 0.7422 | 0.000557 | 0.9589 | 0.5074 | 0.6662 | 0.4295 | 0.000020
0.3365 | 0.1877 | 0.3219 | 0.4039 | 0.000716 | 0.0334 | 0.8390 | 0.5073 | 0.1137 | 0.000953 | 0.6163 | 0.0069 | 0.0629 | 0.9200 | 0.000045 | 0.5811 | 0.9684 | 0.0414 | 0.1886 | 0.000124
0.1982 | 0.6723 | 0.4315 | 0.6944 | 0.000848 | 0.2449 | 0.3790 | 0.2703 | 0.2156 | 0.000882 | 0.4317 | 0.5428 | 0.6101 | 0.4362 | 0.000667 | 0.6249 | 0.9417 | 0.5668 | 0.6931 | 0.000911
0.1519 | 0.3971 | 0.3747 | 0.I31T | 0.000843 | 0.0367 | 0.5384 | 0.7372 | 0.I812 | 0.000832 | 0.4002 | 0.5539 | 0.5963 | 0.5063 | 0.000676 | 0.0364 | 0.1939 | 0.7495 | 0.3082 | 0.000797
02299 | 0.5761 | 0.8106 | 0.4038 | 0.000611 | 0.9695 | 0.442T | 0.5910 | 0.IT10 | 0.000062 | 0.3649 | 0.5923 | 0.9052 | 0.2645 | 0.000580 | 0.1847 | 0.5737 | 0.483T | 0.4216 | 0.000760
0.0610 | 0.5846 | 0.2851 | 0.8277 | 0.001353 | 0.7145 | 0.4598 | 0.9193 | 0.9889 | 0.000480 | 0.1063 | 0.5020 | 0.0192 | 0.4426 | 0.002400 | 0.8300 | 0.5672 | 0.2600 | 0.7845 | 0.000069
0.4139 | 0.3091T | 0.2638 | 0.7588 | 0.001083 | 0.8246 | 0.5375 | 0.8175 | 0.4604 | 0.000581 | 0.4569 | 0.2381 | 0.7712 | 0.2734 | 0.000508 | 0.9071 | 0.7020 | 0.8956 | 0.9480 | 0.000596
0.3963 | 0.7051 | 0.5586 | 0.7566 | 0.000735 | 0.3896 | 0.4901 | 0.8869 | 0.9050 | 0.000526 | 0.6639 | 0.7274 | 0.2230 | 0.55565 | 0.000066 | 0.3356 | 0.3110 | 0.4202 | 0.0877 | 0.000675
0.6153 | 0.3766 | 0.8772 | 0.7849 | 0.000479 | 0.7816 | 0.9877 | 0.7883 | 0.8529 | 0.000714 | 0.0800 | 0.7353 | 0.8227 | 0.3434 | 0.000700 | 0.9712 | 0.6034 | 0.6676 | 0.8633 | 0.000095
0.0496 | 0.0911 | 0.5940 | 0.2411 | 0.000800 | 0.4249 | 0.5216 | 0.8403 | 0.6250 | 0.000550 | 0.2798 | 0.7801 | 0.9628 | 0.6882 | 0.000572 | 0.9500 | 0.8285 | 0.6291 | 0.2956 | 0.000018
0.548T | 0.3690 | 0.2083 | 0.4409 | 0.000059 | 0.3657 | 0.3449 | 0.6927 | 0.7166 | 0.000566 | 0.6764 | 0.7061 | 0.9577 | 0.9399 | 0.000526 | 0.7505 | 0.3189 | 0.1074 | 0.8061 | 0.000101
0.618T | 0.9322 | 0.8351 | 0.8954 | 0.000624 | 0.3938 | 0.3918 | 0.2070 | 0.7245 | 0.000321 | 0.6356 | 0.8062 | 0.6679 | 0.2866 | 0.000744 | 0.3624 | 0.231T | 0.8602 | 0.6344 | 0.000484
0.3253 | 0.8318 | 0.8103 | 0.5570 | 0.000613 | 0.4150 | 0.6873 | 0.6577 | 0.6800 | 0.000666 | 0.9315 | 0.9764 | 0.3312 | 0.6237 | 0.000110 | 0.0054 | 0.3653 | 0.5920 | 0.9248 | 0.001517
0.5464 | 0.3467 | 0.6228 | 0.7966 | 0.000587 | 0.9387 | 0.6181 | 0.2507 | 0.1025 | 0.000085 | 0.3075 | 0.4112 | 0.8163 | 0.3683 | 0.000572 | 0.6527 | 0.6747 | 0.7498 | 0.3059 | 0.000646
0.4380 | 0.9403 | 0.0058 | 0.6103 | 0.000057 | 0.5199 | 0.7663 | 0.3362 | 0.6260 | 0.000146 | 0.0248 | 0.9178 | 0.6860 | 0.2343 | 0.000874 | 0.6584 | 0.8083 | 0.8564 | 0.7109 | 0.000605
0.7425 | 0.7579 | 0.3891 | 0.4293 | 0.000074 | 0.7799 | 0.7083 | 0.5909 | 0.3770 | 0.000042 | 0.5430 | 0.3571 | 0.6616 | 0.6787 | 0.000573 | 0.7197 | 0.7773 | 0.6450 | 0.3381 | 0.000565
0.9737 | 0.9723 | 0.6437 | 0.8601 | 0.000104 | 0.9352 | 0.9698 | 0.3753 | 0.9849 | 0.000089 | 0.1079 | 0.4457 | 0.9388 | 0.6338 | 0.000627 | 0.2998 | 0.6323 | 0.2358 | 0.4893 | 0.001279
0.5197 | 0.0590 | 0.8900 | 0.3302 | 0.000399 | 0.5805 | 0.6261 | 0.I111 | 0.2137 | 0.000100 | 0.2054 | 0.2597 | 0.9426 | 0.6416 | 0.000527 | 0.4746 | 0.2317 | 0.7810 | 0.6824 | 0.000478
0.4509 | 0.5511 | 0.8054 | 0.7009 | 0.000564 | 0.6283 | 0.3648 | 0.6366 | 0.8913 | 0.000590 | 0.6273 | 0.2059 | 0.9802 | 0.4378 | 0.000416 | 0.6635 | 0.6355 | 0.3402 | 0.7448 | 0.000093
05811 | 0.6372 | 0.6513 | 0.8646 | 0.000674 | 0.4924 | 0.7294 | 0.9550 | 0.7624 | 0.000539 | 0.2459 | 0.9477 | 0.0324 | 09062 | 0.000114 | 0.4792 | 0.4382 | 0.2552 | 0.1411 | 0.000030
0.8296 | 0.8222 | 0.5707 | 0.5718 | 0.000084 | 0.1889 | 0.4339 | 0.0456 | 0.6565 | 0.002148 | 0.214Z | 0.9058 | 0.2778 | 0.0971 | 0.000876 | 0.6830 | 0.9247 | 0.2917 | 0.4760 | 0.000091
09730 | 0.3650 | 0.3092 | 0.1209 | 0.000014 | 0.0413 | 0.4238 | 0.0756 | 0.3138 | 0.001462 | 0.8031 | 0.8766 | 0.0875 | 0.6679 | 0.000066 | 0.5615 | 0.8522 | 0.7275 | 0.5387 | 0.000672
02379 | 0.2436 | 0.1048 | 0.8584 | 0.001229 | 0.9928 | 0.3901 | 0.8268 | 0.9541 | 0.000539 | 0.9952 | 0.4396 | 0.1514 | 0.7781 | 0.000150 | 0.2413 | 0.504T | 0.8013 | 0.6635 | 0.000596
0.0686 | 0.2994 | 0.5916 | 0.2033 | 0.000800 | 0.5444 | 0.8461 | 0.0407 | 0.3294 | 0.000146 | 0.191Z | 0.3784 | 0.2563 | 0.0215 | 0.000720 | 0.3361 | 0.4643 | 0.3777 | 0.0640 | 0.000643
0.8169 | 0.1895 | 0.1237 | 0.8210 | 0.000118 | 0.7252 | 0.9120 | 0.0864 | 0.5200 | 0.000250 | 0.1148 | 0.8123 | 0.6668 | 0.3818 | 0.000714 | 0.5724 | 0.4917 | 0.8015 | 0.4411 | 0.000555
02470 | 0.3107 | 0.4089 | 0.7080 | 0.000739 | 0.0082 | 0.3984 | 0.4878 | 0.6181 | 0.001342 | 0.0933 | 0.9693 | 0.I1900 | 0.1646 | 0.001033 | 0.9976 | 0.3841 | 0.5293 | 0.7842 | 0.000073
0.4334 | 0.7413 | 0.0705 | 0.8473 | 0.000084 | 0.0899 | 0.8103 | 0.3996 | 0.65563 | 0.000979 | 0.5752 | 0.9760 | 0.4416 | 0.7778 | 0.001142 | 0.4637 | 0.4008 | 0.9439 | 0.0956 | 0.000641
0.2988 | 0.7040 | 0.3816 | 0.5677 | 0.000891 | 0.4239 | 0.7993 | 0.9323 | 0.4697 | 0.000569 | 0.0343 | 0.5162 | 0.6533 | 0.7541 | 0.000943 | 0.0703 | 0.3794 | 0.5652 | 0.7566 | 0.000838
0.8776 | 0.4691 | 0.4374 | 0.7462 | 0.000080 | 0.1177 | 0.6573 | 0.7530 | 0.702T | 0.000711 | 0.1665 | 0.7477 | 0.3346 | 0.3051 | 0.000874 | 0.4658 | 0.7984 | 0.2210 | 0.3824 | 0.000060
0.7896 | 0.7992 | 0.0496 | 0.2832 | 0.000063 | 0.8236 | 0.4272 | 0.9203 | 0.5280 | 0.000482 | 0.4630 | 0.1669 | 0.4664 | 0.4564 | 0.000550 | 0.0851 | 0.0490 | 0.0804 | 0.2133 | 0.000897
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Table 3. List of parameters and associated Lyapunov exponent for which chaotic were noticed in the model

. . . . 0.000079 . . . . 0.000327 . . .749 . 0.000614
0.7603 [ 0.5841 [ 0.4030 [ 0.5100 [ 0.000077 | 0.9997 | 0.1292 [ 0.2934 [ 0.4769 | 0.000114 | 0.347 0.0713 | 0.8551 [ 0.0944 [ 0.000611
0.9820 | 0.5136 [ 0.9926 [ 0.4558 | 0.000475 | 0.1358 [ 0.8583 | 0.0186 | 0.7283 | 0.000011 | 0.1763 | 0.6189 | 0.9703 | 0.6692 [ 0.000594
0.4939 | 0.8627 | 0.2429 [ 0.8343 | 0.000143 | 0.2460 [ 0.7278 | 0.2882 | 0.2373 | 0.000961 | 0.3644 | 0.8208 | 0.1228 | 0.6494 [ 0.000090
0.1629 | 0.5659 [ 0.9316 [ 0.7831 | 0.000603 | 0.8600 [ 0.0089 | 0.9960 | 0.2752 | 0.000346 | 0.7416 | 0.2173 | 0.3973 | 0.2626 [ 0.000002
0.8506 | 0.1445 [ 0.3705 [ 0.6224 | 0.000133 | 0.4063 | 0.4302 | 0.6593 | 0.2184 | 0.000626 | 0.7028 | 0.4707 | 0.4089 | 0.9886 [ 0.000127
0.2886 | 0.2690 | 0.5942 | 0.4759 | 0.000604 | 0.7944 | 0.8885 | 0.1425 | 0.9397 | 0.000158 | 0.6875 | 0.7257 | 0.8465 | 0.5538 | 0.000604
0.3567 [ 0.7529 [ 0.I100 [ 0.5970 | 0.000089 | 0.4310 | 0.7649 [ 0.9965 [ 0.2650 | 0.000568 | 0.0995 | 0.0909 | 0.0342 [ 0.3242 [ 0.001201
0.2698 [ 0.9897 [ 0.1837 [ 0.8617 | 0.001676 | 0.0478 | 0.6983 [ 0.2571 [ 0.6909 | 0.001453 | 0.7368 | 0.8340 | 0.8363 | 0.0331 [ 0.000709
0.3044 [ 0.9677 [ 0.8960 [ 0.1900 | 0.000635 | 0.0539 | 0.7870 [ 0.6301 [ 0.5088 [ 0.000830 | 0.4332 | 0.3384 | 0.4547 | 0.7700 [ 0.000707
0.2472 | 0.0542 [ 0.6090 [ 0.7772 | 0.000518 | 0.9827 [ 0.6822 | 0.8709 | 0.4962 | 0.000447 | 0.5214 | 0.9418 | 0.6375 | 0.7186 [ 0.000740
0.0346 | 0.4511 [ 0.0138 [ 0.4737 | 0.002510 | 0.9557 [ 0.3079 | 0.3423 | 0.3870 | 0.000100 | 0.2006 | 0.2876 | 0.2926 | 0.4298 | 0.000856
0.1203 | 0.6255 [ 0.3466 [ 0.3346 | 0.000878 | 0.3951 [ 0.4373 | 0.0849 | 0.5814 | 0.000079 | 0.2993 | 0.7754 | 0.6424 | 0.1795 [ 0.000698
0.3298 | 0.2042 [ 0.7672 [ 0.0700 | 0.000747 | 0.5073 | 0.4858 | 0.8617 | 0.9655 | 0.000513 | 0.6076 | 0.7765 | 0.0635 | 0.5912 [ 0.000083
0.9685 | 0.0988 | 0.5470 | 0.4030 | 0.000026 | 0.2315 | 0.381T | 0.4532 | 0.5006 | 0.000736 | 0.2458 | 0.6336 | 0.9601 | 0.7264 | 0.000566
0.8325 [ 0.9954 [ 0.6498 [ 0.7040 | 0.000268 | 0.4472 | 0.6410 [ 0.6489 [ 0.6784 | 0.000662 | 0.0117 | 0.7284 | 0.4153 | 0.1186 [ 0.001182
0.3472 [ 0.2537 [ 0.9525 [ 0.2982 | 0.000504 | 0.9804 | 0.7128 [ 0.8257 [ 0.6832 | 0.000651 | 0.2890 | 0.1431 | 0.3081 | 0.3474 [ 0.000678
0.5088 [ 0.5305 [ 0.8597 [ 0.6777 | 0.000536 | 0.0450 | 0.8420 [ 0.1647 [ 0.I151 [ 0.001136 | 0.6256 | 0.9258 | 0.9832 [ 0.7232 [ 0.000561
0.2343 | 0.4647 | 0.6194 [ 0.6153 | 0.000664 | 0.3751 [ 0.1463 | 0.3168 | 0.2812 | 0.000039 | 0.4070 | 0.2738 | 0.2314 [ 0.7379 [ 0.000929
0.5835 | 0.0833 [ 0.6602 [ 0.0523 | 0.000679 | 0.9805 [ 0.3267 | 0.2196 | 0.5182 | 0.000058 | 0.5232 | 0.1247 | 0.4527 | 0.9926 [ 0.000540
0.6065 | 0.7146 | 0.4015 [ 0.8587 | 0.000925 | 0.0064 [ 0.9199 | 0.0180 | 0.0294 | 0.000573 | 0.3319 | 0.3223 | 0.7654 | 0.3842 [ 0.000556
0.531T | 0.00I5 | 0.8838 | 0.4044 | 0.000397 | 0.9911 | 0.951T | 0.6382 | 0.5041 | 0.000078 | 0.6393 | 0.1252 | 0.8653 | 0.4878 | 0.000395
0.6505 | 0.8914 | 0.86IT | 0.2099 | 0.000628 | 0.10I3 | 0.0719 | 0.9045 | 0.3T18 | 0.000594 | 0.5931 | 0.7313 | 0.6531 | 0.0620 | 0.000623
0.6862 | 0.3767 | 0.5043 | 0.7635 | 0.000572 | 0.5703 | 0.85I5 | 0.9846 | 0.7902 | 0.000548 | 0.2816 | 0.5434 | 0.4072 | 0.9203 [ 0.000842
0.3146 [ 0.3820 [ 0.7915 [ 0.8392 | 0.000550 | 0.5520 | 0.7423 [ 0.8246 [ 0.3934 | 0.000604 | 0.1329 | 0.5612 | 0.2076 | 0.I1180 [ 0.000963
0.1698 | 0.1787 [ 0.2435 [ 0.75I8 | 0.000856 | 0.7118 [ 0.2149 | 0.0154 | 0.2100 | 0.000107 | 0.3792 | 0.9956 | 0.8695 | 0.9479 [ 0.000626
0.5T67 | 0.I519 [ 0.3807 [ 0.8210 | 0.000631 | 0.0778 | 0.2414 | 0.0258 | 0.8465 | 0.001885 | 0.2946 | 0.6510 | 0.2986 [ 0.9447 | 0.001081
0.0708 | 0.9248 [ 0.6421 [ 0.1045 | 0.000847 | 0.2448 [ 0.7272 | 0.4008 | 0.3106 | 0.000826 | 0.3535 | 0.6411 | 0.7716 | 0.6771 [ 0.000602
0.6539 | 0.6577 | 0.1610 [ 0.4324 | 0.000244 | 0.3131 [ 0.6074 | 0.3787 | 0.9255 | 0.000902 | 0.4389 | 0.5872 | 0.3070 | 0.4355 [ 0.000089
0.1261 | 0.300T | 0.0021 | 0.9511 | 0.002264 | 0.7783 | 0.4073 | 0.8270 | 0.1480 | 0.000399 | 0.3193 | 0.2194 | 0.0280 | 0.6802 | 0.000086
0.1664 [ 0.1496 [ 0.2027 [ 0.9550 | 0.000867 | 0.6216 | 0.9116 [ 0.6061 [ 0.4853 | 0.000867 | 0.3071 | 0.6262 | 0.6340 [ 0.3012 [ 0.000668
0.1695 [ 0.8837 [ 0.3879 [ 0.3826 | 0.000838 | 0.2181 | 0.3177 [ 0.3440 [ 0.8001 | 0.000807 | 0.8987 | 0.7888 | 0.9088 | 0.4214 [ 0.000644
0.5223 [ 0.3974 [ 0.4791 [ 0.9939 | 0.000712 | 0.4402 | 0.6050 [ 0.1270 [ 0.5990 [ 0.000077 | 0.1888 | 0.4065 | 0.6940 | 0.8295 [ 0.000641
0.0679 | 0.2079 [ 0.0396 [ 0.4694 | 0.001517 | 0.1848 [ 0.6454 | 0.8566 | 0.8534 | 0.000631 | 0.4091 | 0.6937 | 0.7808 | 0.6364 | 0.000606
0.1883 | 0.7592 [ 0.0317 [ 0.6423 | 0.003418 | 0.9706 [ 0.5681 | 0.2740 | 0.I1291 | 0.000133 | 0.6166 | 0.2398 | 0.7911 [ 0.7056 [ 0.000461
0.6617 | 0.6028 [ 0.4738 [ 0.3563 | 0.000030 | 0.9551 [ 0.0630 | 0.I1832 | 0.6242 | 0.000159 | 0.7175 | 0.6209 | 0.3761 | 0.6307 [ 0.000085
0.1844 | 0.0457 | 0.8850 [ 0.8398 | 0.000498 | 0.5963 | 0.7235 | 0.4081 | 0.5976 | 0.000118 | 0.1032 | 0.8175 | 0.9801 [ 0.7517 [ 0.000667
0.5135 | 0.8144 | 0.0972 | 0.4637 | 0.000064 | 0.6701 | 0.9817 | 0.2561 | 0.6192 | 0.000086 | 0.3786 | 0.7838 | 0.9141 | 0.3611 | 0.000582
0.1336 [ 0.6385 | 0.3849 [ 0.7657 | 0.000956 | 0.8205 | 0.0398 [ 0.9662 [ 0.8880 | 0.000329 | 0.2949 | 0.2728 | 0.0809 | 0.I863 [ 0.000055
0.1253 [ 0.3645 | 0.6762 | 0.3758 | 0.000684 | 0.5353 | 0.3116 [ 0.7086 [ 0.5871 | 0.000527 | 0.0735 | 0.9880 | 0.4279 [ 0.7590 [ 0.001082
0.I514 | 0.1496 [ 0.3508 [ 0.3360 | 0.000753 | 0.4198 [ 0.3967 | 0.4129 | 0.9740 | 0.000757 | 0.1200 | 0.4120 | 0.7981 [ 0.2527 [ 0.000678
0.0785 | 0.2376 | 0.8176 [ 0.4058 | 0.000674 | 0.6063 | 0.7643 | 0.6006 | 0.7226 | 0.000788 | 0.091T | 0.3132 | 0.9583 [ 0.6385 [ 0.000620
0.2631 | 0.1027 [ 0.4837 [ 0.4189 | 0.000577 | 0.5031 [ 0.3827 | 0.9772 | 0.9361 | 0.000460 | 0.8447 | 0.8828 | 0.9283 [ 0.5626 | 0.000631
0.9043 | 0.6302 [ 0.9830 [ 0.5852 | 0.000536 | 0.6203 [ 0.0898 | 0.1T18 | 0.5756 | 0.000057 | 0.8976 | 0.2379 | 0.0671 | 0.3656 [ 0.000206
0.061T | 0.2195 | 0.0828 | 0.9504 | 0.001682 | 0.0898 | 0.6838 | 0.5469 | 0.9860 | 0.000960 | 0.0781 | 0.5259 | 0.0451 | 0.7966 | 0.003848
0.2038 | 0.9587 | 0.7118 | 0.1669 | 0.000699 | 0.4253 | 0.1058 | 0.043T | 0.5561 | 0.000062 | 0.5610 | 0.2459 | 0.I1345 | 0.2376 | 0.000030
0.0268 [ 0.5004 [ 0.8270 [ 0.2590 | 0.000819 | 0.2468 | 0.3695 [ 0.341T [ 0.4564 | 0.000837 | 0.8422 | 0.9715 | 0.1429 [ 0.8569 [ 0.000086
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5. Bifurcation Analysis

In the present system, the parameter b is the most suitable choice to observe bifurcation. This is
because the equation involving b contains a non-linear term (bxz) that can lead to bifurcation behavior.
By varying the parameter b, one can observe changes in the system’s dynamics, such as stable
equilibrium points, limit cycles, or chaotic behavior. Bifurcations, such as saddle-node bifurcation,
pitchfork bifurcation, or Hopf bifurcation, may occur as the parameter b crosses certain critical values.
Therefore, focusing on the bifurcation analysis with the parameter b will provide insights into the
qualitative changes in the system’s behavior as b is varied.

5.1. Hopf Bifurcation at E3

The three-dimensional Hopf bifurcation theory is used to analyze the parametric variations of the
system 2.1 according to its dynamical bifurcation. In this section we discussion the existence of Hopf
bifurcation for the equilibrium point E3.

In order to see the in stability of system 2.1 let us consider b as bifurcation parameter.For this purpose
let us first state the following theorem.

Theorem 5.1. [33] If ay, ay and ag listed in 2.10 are smooth functions of b in an open interval about b € R
such that the characteristic equation 2.9 has

(i) a pair of complex eigenvalues A = a(b) +iB(b) (with a(b), B(b) € R) so that they become purely imaginary
atb = b* and %’b:b* #0,

(ii) the other eigenvalue is negative at b = b*,

then a Hopf bifurcation occurs around E3 at b = b* (i.e., a stability change of E3 accompanied by the creation of
a limit cycle at b = b*).

Theorem 5.2. System 2.1 possesses a Hopf bifurcation around E3 when b passes through b* provided
ay(b*),a1(b*) > 0 and ay(b*)ay (b*) = ap(b¥)
where a, ay and ag are listed in 2.10.

Proof. For b = b*, the characteristic equation of system 2.1 at E3 becomes
(A2 +a1)(A+ap) =0

providing roots Ay = i\/a1, Ay = —i\/a;,A3 = —ap. Thus, there exists a pair of purely imaginary
eigenvalues and a strictly negative real eigenvalue. Also a;(i = 0,1,2) are smooth functions of b.

So, for b in a neighbourhood of b*, the roots have the form A (b) = p1(b) + ip2(b), A2(b) = p1(b) —
ipa(b), A3(b) = —p3(b), where p;(b),i = 1,2,3 are real.

Next we shall verify the transversality conditions:

& (Re(i(0)))loope #0,i=1,2

Substituting A = p1(b) + ipa(b) into the characteristic equation 2.9, we get
(p1+ip2)® +aa(p1 +ip2)* + a1 (p1 +ipa) + a9 =0 (5.1)

Now,let us take derivative of both sides of 5.1 with respect to b:

3(p1+ip2)*(p1 +ip2) +2a2(p1 +ip2) (P1 +ipP2) + do(p1 +ip2)* + a1 (p1 + ip2) + a1 (p1 +ip2) +dp = 0
(5.2)

doi:10.20944/preprints202308.0741.v1
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Equating real and imaginary parts from the both sides of 5.2, we get
Bq pP1 — sz'z + B3 =0 (5.3)
and
Bop1 + Bipa + By =0 (5.4)
where
By =3(pi — p3) + 2a2p1 +
Bz = 6}71]72 + 2a2p2
B3 = dp(p] — p3) + d1py + do
By = 2dyp1p2 + d1p2
From 5.3 and 5.4, we get
) ByBy + B1B3
- _ B ) 5.5
Now,
By = dy(p} — p3) + drp1 + do # d2(pT — p5) + d1py + daay + dyay
Atb = b*:
Case I:
p1=0,p2 = /a1
By = —2ay, By = 2ay+\/ay, B3 # dya, By = d1\/a1
Therefore,

BBy + B1Bs # 2ayd1a1 — 2axd1a1 =0
So, ByBy + B1B3 # 0 atb = b*, when p; = 0, p, = \/a1.

Case II:
p1=0,pp=—Vm1
By = —2ay, By = 2a3\/a1, B3 # dyaz, By = —dy+\/a1
Therefore,

BBy + B1B3 # 2ayd1a1 — 2axd1a1 = 0

So, ByB4 + B1B3 # 0 at b = b*, when p1=0,pp = —\/ﬂT.

Therefore,
ByBy + B1B3

B%—l—B% |b:b* #01121/2

%Rew(b))m:b* __

and
—p3(b*) = —ax(b*) <0

Hence, by Theorem 5.1, the result follows. [

Example 5.3. Consider the parameters a = 0.5870,c = 0.2077,d = 0.3012 and b as the bifurcation parameter
ranging from 0.5 to 1.2. Then E3 exchange the stability and Hopf bifurcation takes place by Theorem 5.2.
Therefore the Hopf bifurcation diagrams are presented in (Figure 14). Finally the bifurcation point and Hopf
bifurcation for different set of parameters are drawn in (Figure 15).
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Bifurcation Diagrams for x, y, and z

Bifurcation Diagram for x (a=0.5870, ¢=0.2077, and d=0.3012)
T T T T

LT A Gl e e pwE

. 1 | | | | |
05 0.6 07 08 09 1 11 12
Parameter b

Bifurcation Diagram for y (a=0.5870, c=0.2077, and d=0.3012)
T T

¥
ol K4 o - n o«

Parameter b

Bifurcation Diagram for z (a=0.5870, ¢=0.2077, and d=0.3012)
T T

Parameter b

Figure 14. Hopf Bifurcation diagram at E3 where b € [0.5,1.2]

Hopf Bifurcation Diagram
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T
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=
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0 0.5 1 1.5 2 2.5 3

Parameter b
Figure 15. Hopf bifurcation for different set of parameters
6. Discussions and Concluding Remarks

The study of the Chen circuit-like system has provided valuable insights into the dynamics
and bifurcation behavior of this intriguing three-dimensional autonomous system. Through our
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analysis, we have unraveled the system’s complex dynamics, explored bifurcation phenomena, and
investigated the fractal properties of its attractor. This section presents a summary of the key findings
and discusses their implications and potential future directions. Firstly, our analysis revealed that
the Chen circuit-like system exhibits a wide range of dynamic behaviors, including chaotic dynamics,
stable equilibria, and limit cycles. The system’s sensitivity to initial conditions, demonstrated by
its chaotic behavior, suggests its potential applications in chaos-based secure communications and
random number generation. Furthermore, the emergence of stable equilibria and limit cycles provides
opportunities for designing nonlinear oscillators and exploring synchronization phenomena.

The bifurcation analysis offered valuable insights into the system’s stability and qualitative
changes in its dynamics. The Hopf bifurcations unveiled the emergence of limit cycles as the
system’s dynamics transitioned from stable equilibria. These findings shed light on the critical
parameter values that dictate the system’s stability and the onset of complex dynamics. Moreover,
the fractal dimension analysis provided a quantitative measure of the attractor’s complexity and
self-similarity. The estimation of the fractal dimension using the box-counting method unveiled the
system’s underlying structure and demonstrated its sensitivity to parameter changes. The observed
fractal nature of the attractor highlights the intricate patterns and fine-scale details embedded within
the system’s dynamics.

In conclusion, the study of the Chen circuit-like system has deepened our understanding of
its intricate dynamics and provided valuable insights into the system’s stability, bifurcations, and
fractal properties. The findings presented in this work contribute to the broader field of nonlinear
dynamical systems and hold potential implications in various scientific disciplines, including secure
communications, signal processing, and control engineering. Future research directions may include
further exploration of the system’s parameter space, investigating higher-dimensional versions of the
Chen circuit-like system, and analyzing the system’s response to external perturbations or feedback
control strategies. Additionally, studying the synchronization behavior of multiple Chen circuit-like
systems and investigating their applications in chaotic synchronization and secure communications
could be fruitful avenues for future investigations.
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