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Abstract: Quantum entanglement is a fascinating topic with both theoretical and technological
impacts. Yet, even in the simplest scenarios, there are still various open questions involving pure state
and mixed state entanglement. Here we present the simplest entangled mixed states. We consider
both qubits (quantum bits) and qudits (quantum digits). We first provide our simplest yet most
important result for rank-2 bi-partite states, and we then generalize our results to go beyond rank-2
and to go beyond bi-partite states.

Keywords: entanglement; quantum information; multipartite quantum systems

1. Introduction

Quantum entanglement is a fascinating topic, both as a fundamental concept in physics [1-3], as
well as in quantum information, communication, cryptography and computing [4-7]. In particular,
entangled mixed states are still providing many challenges with both theoretical [4,8-14] and
technological [15] impacts.

Here we present the simplest entangled mixed states. We consider both qubits (quantum bits)
and qudits (quantum digits), and we clarify the challenge already in the introduction. We provide a
fascinating result for rank-2 bi-partite states, in Section 2: The simplest entangled mixed state is simply
any mixture of a single bipartite pure entangled state and a single bipartite pure product state. We
provide extensions beyond rank-2, in the next two sections. Finally in Section 5 we generalize our main
result from the bipartite to the multi-partite case. Some conclusions and open questions are mentioned
in the Discussion.

1.1. A few simple examples/challenges

To clarify the problem, we present here a challenge:
_ |01) + |10)

N

Let two subsystems be of any dimension (quantum digits — qudits), and let |[¥)

and consider the following mixed states:

p = pl00)(00] + (1 = p)[¥T)(¥"], M
p = plO1)(01] + (1= p)[FT) (¥, 2
p = P0|00){00] + pr[11) (11| + po [ T) (¥, ®)
P = P0|00)(00] + p1[01)(01| + pa[ ¥ ) (¥, )
and lastly
P = Po[22)(22] + p1[23) (23] + pa ¥ ) (¥ . ®)

Is it easy to see if each is entangled or not, for probabilities p, 1 — p and p; not equal zero?
The answer is that one of the above states, and just one, is not entangled, with some choices of its
parameters.

In this paper we will solve for these states and various generalizations.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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1.2. Near the completely mixed state

First some known examples. If p# and p? are the completely mixed state then p#* ® p? is also the
completely mixed state and for p close enough to 1, the state pp? ® p8 + (1 — p)p; will be in a ball
of separable states [16] around the completely mixed state for any state p;, mixed or pure. A similar
result was found even earlier [17] for n-qubits.

1.3. Werner state and a simple rank-4 separability-entanglement boundary

Another well known example, of two qubits and rank-4 mixed states, is the Werner states; consider
the following states [18] of two qubits — an equal mixture of the four Bell states (i.e., a state identical
to the completely mixed state of two qubits), plus some extra amount of one of them, e.g., WLG, an
extra amount of the singlet state [¥_). A Werner state can also be written as

1-A
ow = AP+ A ) (o) (@4 @) ] ©
where |‘I’i) = |01>i210> and |CI>i) = |00>\:2|11>, and 1/4 < A < 1; it is then a rank 4 state. For

A = 1 the formula gives the pure singlet state, and for A = 1/4 the state is the completely mixed
state. The interesting range, as Werner found, is 1/4 < A < 1/2, because at this range it is a state
that might seem entangled but is separable. Exactly at A = 1/2, the separability is easily proven by
writing the state as an equal mixture of the singlet state with each of the other Bell states, and noticing
that [ ) (Y4 |+ [¥Y-)(¥-| = |01)(01] + |10) (10|, and similarly with the other two Bell states when
calculating in the x direction and y direction. Namely the state is shown to be separable with N = 6
product terms:

ow = (1/6) [[¥4) (¥4 | +[F-) (¥ |] +(1/6) [|@=) (@] + [¥-) (F-|| + (1/6) || @} (@ |+ [¥-) (Y]] .
(7)

1.4. Void state and a simple rank-3 counter example

A more complicated rank-3 mixed state example relies on the Werner states, in some sense, and
on the notion of void states: Extending the Werner states definition to A < 1/4 is also of interest; in
particular, for A = 0 it is a rank 3 state, which is an example of a state named a “void state” [13,19], in
which a diagonalized density matrix has exactly one zero term on its diagonal.

Using a similar logic as in the Werner-state example, the void variant of the Werner state with
A = 0, namely

po = (1/3) [[¥4) (¥4 | + @)@ | + [0 ) (@], ®)

is separable: each of the three Bell states can be equaly mixed with another of them,

0o = (1/6) [ 1) (¥4 + [@-Y(D—|| + (1/6) [|@) (@] + [¥4) (¥ || + (1/6) | | @) (@ | + | ) (@] .

©)

Since this state also equal (1/3)[¥)(¥+4| + [(1 /3)]00)(00| + |11)(11 |} , this provides the

promised counter example — the state is separable with N = 6 product terms, solving the challenge

presented in the introduction. In the rest of the paper we will clarify why all other examples provided
in the challenge are mixed entangled states.

doi:10.20944/preprints202308.0529.v1
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2. The bi-partite rank 2 case
In this section we present our main result — the simplest entangled mixed state. To the best of

our knowledge, our result here was never mentioned or noticed or proven.

Theorem 1. Given a product state |@{l @5) and a pure entangled state |¥') of a 2 partite A, B system, the state

P =pleg 96) (@5 961+ (1= p)[¥)(¥| (10)
is entangled for all p such that 0 < p < 1 (the case p = 0 is trivial).

Proof. If p were separable then p could be written as

p—ZmM% Yof ol (11)

with p; > 0, ) ; p; = 1 for some product states. We now show stepwise that eq. (10) and (11) cannot
both hold without leading to a contradiction.

First, let |®;) denote the state |(pzA q)?) for1 <i < N as well as for i = 0 so that equating (10) and (11)
gives, withp >0,1—-p>0,p; >0

pI®o)(Po| + (1 = p)[F) (Y] =p = Zm@ (12)

From Lemma Al it follows that
Span{|®), |¥)} = Span{|®;) |1 <i< N} (13)

Let H = Span{|®y), [¥) }; dim # = 2 since |®y) is separable and |¥) is not. The span of the states
{|®;) | 0 <i < N} (this time including i = 0) being equal to 7, the set {|®¢) } can thus be completed
to a basis of H using one of the states |®;) with 1 < i < N, which can be assumed without loss of
generality to be with i = 1, so as to get

H = Span{|®y), |1) } (14)

Notice |®Pp), |P1) is only an algebraic basis of H. Those two states span H but are unlikely orthogonal;
we will thus need to rely on properties of linear independent sets in Vector spaces

From |®0) = |¢g9g), |P1) = [@f'er), [¥) € Span{|pg'¢f), l¢i'¢7)} and [¥) entangled, it
follows that {|¢3'), |@f!) } and {|@f), |¢%) } are linearly independent sets Indeed let [¥) = ao|¢f @F) +
11| oF); if it held that |@f!) = c|@g') it would follow that [¥) = |¢g') ® (ao|@B) + aic|¢F)) and [¥)
would not be entangled. The same argument prevents {|¢pg), |¢¥) } from being linearly dependent. It
then follows that the states

196 98), 198 92), |97t 08), |91 9F) (15)

are linearly independent.
If a linear combination of |®y) and |®1) is a product state, it must take the form

(a1096") +anl91)) @ (a20l9f) + ax lof)) (16)

However, since the states in (15) are linearly independent, for (16) to be in the span of |®p) and |P;), it
is required that a19ap7 = 0 and aj1ax9 = 0. If ajpag # 0 then ayg # 0 and ayp # 0 and thus a1 = 0 and

doi:10.20944/preprints202308.0529.v1
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a11 = 0 so that (16) is equal to a19a9|Dp); else aj1a21 # 0 and then (16) is equal to a11a,1|P1). That
means that all the product states |®;) are multiples of either |Dg) or |®;). It then follows that

N
p =Y pil®:i) (P = pp| Do) (Po| + py|P1) (P (17)
i=1
with two product states, p;, > 0, pj > 0.
We are thus left with

p|@o) (o] + (1 — p)['¥) (¥] = po|Po) (Dol + p1|P1) (D] (18)
with |¥) = ag|®Pg) + a1|P,) for some ag, a1 so that
[¥) (| = |ao|*|@o) (Po| + aomr| Do) (D1 | + Toa1 [P1) (Po| + |a1]*|P1) (P4 |

However, by Lemma A4, the operators |®g)(Pg|, |Dg)(P1|, |P1)(Py| and |P1)(Pq| are linearly
independent; for the left hand side of (18) to be equal to its right hand side, the coefficients of
| Do) (P1] and |P1) (Pp| must consequently be 0, implying that apa; = 0 and thus either ag or a5 is 0, so
that [¥) must then be a product state, giving the desired contradiction. [J

3. Beyond rank 2 mixed states — the two-qubit case

One might conjecture that a simple extension from Theorem 1, i.e., extending from rank 2 states
into rank 3 states (or higher ranks), is possible, and think that:

“Mixing two (or more) pure product states with a single entangled pure state yields a mixed entangled
state.”

However, the void-state example in the introduction already provided a counter example. The
following two propositions provide interesting generalizations of the above trivial counter example,
via two steps, for both rank-3 states and rank-4 states.

3.1. Extending the basic rank 3 void-state counter example

Proposition 1. The state

p = pol00)(00] + p1[11) (11| + p2 [ ¥ ) (¥ 7| (19)
is entangled if and only if
p2>2-\/pop1 (20)

Proof. The Peres-Horodecki [20,21] criterion states that, in a 2 x 2 system, a state is separable iff its
partial transpose is positive semi-definite. The partial transpose of [¥ ) (¥ *| = [|01) (01| + [01) (10| +
110 (01| + [10)(10[] /2 is

2 1101) (01 + |00} (1] + [11)00] + [10) {10]]

that of |00) (00| is |00) (00| and that of [11)(11] is |11)(11]. It follows that the partial transpose of p in
matrix form (with rows and columns in the order 00, 11, 01, 10) is

o 20 0
2 p0 0
oo%o
o o o P

doi:10.20944/preprints202308.0529.v1
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That matrix is block diagonal and it is positive semi definite if and only if the block

po  p2/2
p2/2
has no negative eigenvalue. Those are solution of the characteristic equation

(A=po)(A—p1) = (p2/2)*> =0 ie.

A2 = (po+ p1)A+ pop1 — (p2/2)> =0
The roots are

(po+ p1) £/ (po + p1)* — 4(pop1 — (p2/2)%)

2
and they are non negative iff

(po+p1)> > (po + p1)* — 4(pop1 — (p2/2)%)

i.e. pop1 > (p2/2)? so that p is separable iff pop; > (p2/2)? or equivaletly p is entangled iff (p,/2)? >
pop1- U

The void state example in the introduction is a special case of this one, with pg = p1 = p» = 1/3,
hence (1/6)? < 1/9 proving separability.

3.2. A more general case - beyond void states

Proposition 2. The state

11

o =2 Y pilih) (il + p'T¥T) (T
i=0j=0

is entangled if and only if

P >2-\/poopna

(21)
Proof. The partial transpose of p;;|if) (ij| is p;;|ij) (ij|. The partial transpose of p'[¥*) (¥ is
/

N

[101)(01] 4 [00) (11] + [11) (00| 4 |10) (10|

In matrix form, the partial transpose of p with rows and columns in the 00, 11, 01 and 10 order is

) , )
po B0 0
p/

5 Pu 0 0
!
0 o0 p01+% 0
!
(0 0 0 p10+%_

That matrix is block diagonal and it is positive semi definite if and only if the block

poo p'/2
p'/2 pn
has no negative eigenvalue. Those are solution of the characteristic equation

(A —poo)(A—p11) — (p'/2)®> = 0ie.

A% = (poo + p11)A + poop11 — (p'/2)* =0
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The roots are

(poo + p11) £ v/ (poo + p11)% — 4(poop11 — (p'/2)?)
2

and they are non negative iff

(poo + p11)* = (poo + p11)* — 4(poop11 — (p'/2)?)

i.e. poop11 > (p'/2)? so that, since pisina 2 x 2 dimensional system, p is separable iff poop11 > (p’/2)?
or equivaletly p is entangled iff (p’/2)? > poop11-
O

Corollary 1. p in the preceding proposition is entangled as soon as the coefficient of |00) (00| or [11) (11| is 0
and p’ > 0.

4. The bi-partite case, higher ranks

While we just saw that it is not trivial to find simple mixed entangled state in a bi-partite system
when the rank of the mixed state is 3 or 4, here we show a way to find simple mixed entangled states
for states of any rank larger than 2. For simplicity we focus on extending the rank of subsystem B only.

4.1. A bipartite case — with any rank on subsystem B

We focus here on extending the previous theorem such that, while subsystem A is still of rank 2,
there is no limit on the rank of subsystem B.

Theorem 2. Given a product state | ) (p?| @ B with pB a mixed state (of rank K > 1) on the B system and
a pure entangled state |¥) of a bipartite A, B system, the state

p=rle") (ot @p" + (1 - p)[¥)(¥] (22)
is entangled for all p such that 0 < p < 1 (the case p = 0 is trivial).

Proof. Let pf = YK | Akl@P) (9P| be an eigen-decomposition of p® with A, > 0 and the |¢P)
normalized and orthogonal. The state p can then be written

K

pZkZPMI(PA<P1’3><¢A¢;’?I+(1—P>I‘i’><‘1’| (23)
=1

where the states |1 ¢P) are pairwise orthogonal and consequently linearly independent. Also |¥)
cannot be in their span else it would take the form |p*) ® (X al qo}3 )) and thus be separable. It follows
that

dimSpan{|¢?e?),...,|¢" k), [¥)} = K+1. (24)

We now assume that p is separable, for proving it cannot be. If p was separable then p could be
written as

pilwlpP) (wiyP| (25)

ks

p:

1

Il
-

with p; > 0, }; p; = 1 for some product states. Note that these product states are not expected to be
orthogonal. We now show that if both eq. (23) and (25) hold with |¥) being entangled we reach a
contradiction.

Since p is assumed to be both equal to (23) and (25), Lemma A1 gives

doi:10.20944/preprints202308.0529.v1
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Span{|p*?),.... 9% ¢P), [¥)} = Span{|y/yf) | 1 <i < N} (26)

Let H be that common span; dim H# = K + 1; H is also the span of the set

{lo“ef) 1 <j<Kju{lyfyf) |1<i<N}

where the set on the left side is composed of K linearly independent vectors in H; those K vectors can
be completed to a basis of H using one of the |1,L11A 1/)15 ) which we may assume, WLG, to be with i = 1 so
that

{lpty?) lo%e]) |1 <j < K} (27)

is a basis of H. We now proceed in two different ways to reach the contradiction:
On the one hand, if the B system is traced out, all remaining pure states are in the span of
{192), [9{!) }. It thus follows that forall 1 <i < N,

9) = ailo?) + bilpt)
for some a;,b; € C so that
[wi'97) = ailo”y?) + bilyr¢?) (28)
On the other hand, |1/)§41/JZB) € H and is thus in the span of (27), i.e. it must hold that
i) = aile™n?) + bilwi'yr) (29)

for some a/, b/ € C and |?) € Span(|¢F), ..., |¢%)}.
The equality of (28) and (29) means that
|9") @ aily?) + |yf') @ bilyf) =
%) @ ailn?) + [wl') @ bilyr)
Since |¢#) and |{!) are linearly independent, by Lemma A2, for the equality to hold, it must hold that
a;|¢B) = al|y?) but more importantly that b;|y?) = b/|¢P). Since both [¢?) and |¢?) are normalized

states, this implies that they are equal (up to a phase factor) and, since i was chosen arbitrarily that
implies

9P ) (WP | = [9f) (97| 1<i<N

From this result along with 25, the mixed state is not a complicated separable state but a product state
p=1pi [p) (2] @ [¢F) (pB|. But now, if we trace-out the A system, we get a state of rank 1 for
subsystem B. On the other hand, if we trace out the A subsystem in (23) we get a state of rank at least
2 which gives the desired contradiction. [

We conclude that the state discussed in Theorem 2, see eq.22, is entangled.

4.2. A bipartite case — with any rank — a question for thought

Observing the cases presented in the introduction, we can design similar examples not yet solved
by the methods we presented here. E.g., this case, for subsystems of arbitrary dimension

p = po|22) (22| + p133) (33| + p2[¥ ) (¥ (30)

(and its extensions) is left as an open problem for future research.

doi:10.20944/preprints202308.0529.v1
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5. The multi-partite rank 2 case

The basic result can be extended to an 7 partite system with a proof that follows the same lines.

Theorem 3. Given a product state |go§1 (pé‘ 2. (p64”> and a pure entangled state |¥) of a n partite system
(A1, Ay, ..., Ay), the state

o= plog e)” - 90" 00" 995" |+ (1= p)E)(Y] (1)
is entangled for all p such that 0 < p < 1 (the case p = 0 is trivial).

Proof. If p were separable then it could be written as YN, p;|®;)(®;| with p; > 0, |®;) =

|q) A2 . (pA”> so that, again, and for the same reasons
N
pl®o) (Do + (1= p)[¥)(¥| =p = ) pil®;) (P (32)
i=1
H = Span{|®y), [¥)} =Span{|®;) |1 <i < N}, (33)
and we can still assume
H = Span{|®y), |P1)}, (34)

with [@g) = |¢5 2., ¢fn) and ) = |12, ¢f). Some of the sets {|g00 |q)l )} for
1 < j < n must be lmearly independent else |®() and |®1) would be linearly dependent. We may
assume that this holds for 1 < j < k and |q)fj ) = |gog1 'y for j > k (constants can always be moved from
one system to another). The states

Ay A . . ,
|(P11 q)lz A 2 gy ij€{0,1},1<j<k (35)

are then linearly 1ndependent We first show that k > 1. Otherwise |¥) would be in the span of
|g0641(p642...(p§ ) and |<p11 AZ. .go(‘)q”) and would be equal to (a0|(pg‘1> —|—a1|<pf1>) ® |(p642 ...(pé‘") for
some ag, 41 € C and thus be a product state contrary to the hypothesis.

Now, if a linear combination of |®() and |®1) is a product state, it must take the form

(@10l9h) +an|91) @ ... @ (axol90*) + aa @) @ @5 .. @l (36)

with k > 1. The states in (35) being linearly independent, for (36) to be in the span of |®y) and |®1),
the products ay;, az;, . . . ag;, must be 0 when the i; for 1 < j < k are not all equal. Also a10a20 - - - dko #0
or ayiay; - - - ag; # 0 else eq. (36) is equal to 0. If

aloazo...ﬂko#o kZZ

then a0 aj - - - axp 7 0 where the hat represents removing that given term from the product; since
(a19...a5.. -ﬂko)ﬂzl (obtained by replacing a;y by a;1) must be 0, it follows thata;; = 0for1 <i <k.
That means that (36) is equal to

a1 - - - axo| Po)

If a1a01 . .. ag; # O then (36) must be equal to ap7 ... ag |Pq). It then follows that all the states |®;) are
multiples of either |®g) or |®q) so that the right-hand side of eq. 32 can be rewritten as

p = pol®Po) (Dol + pi|P1) (P4

which is nothing but eq. (17). The rest of the proof is identical to what follows eq. (17) at the end of the
proof of Theorem 1. O
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6. Discussion

We presented various cases in which is is easy to theoretically build an entangled mixed state.
Our results shed some light also on the opposite question which is still open in many cases — given a
mixed state, is it entangled or separable? Our result can also be found useful in analysis of experiments
and technologies where it is potentially important to know what level of noise and interaction can still
leave a state somewhat entangled.
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Abbreviations

Abbreviations
The following abbreviation is used in this manuscript:
WLG  Without loss of generality

Appendix A

Appendix A.1. Lemmas

Lemma A1. Ifin some Hilbert space

n m
Y pil @) (D] = ) qi1¥;) (Y] pi >0,9; >0 (A1)
i=1 =1
then
Span{|®;) |1 <i<n} =Span{[¥;) |1<j<m}. (A2)

Proof. Let A be the span of the states |®;) and 7’ be that of the ['¥}). For all |¢) € H it holds that
(¢|®;) (Pi|p) = 0for 1 < i < n which implies by eq. (A1) that

0—24; oY) (¥)l9) = Zq] (|¥))]
j=1

and, since q; > 0 this implies (¢p[¥;) =0for1 <j<mie. |p) € H'+ which implies that H+ C H'+
and thus #' C H. By symmetry H C H'sothat H =H'. O

Lemma A2. Let |@f) and |@i') be linearly independent normalized states of subsystem A, and consider two
subsystems A and B.

If
190) @ [g) + o) @ [¢7) = l9f) @ [¢e’) + |91 @ |iP) (A3)

then |8) = |p(P) and |pB) = [piB)

Proof. Let us write, WLG, |(p6‘) as |0), and, with nonzero coefficient b (note that a can be zero or
nonzero), |¢f!) = a|0) + b|1), such that |0) and |1) normalized and orthogonal, and |a|? + |b|? = 1.
Eq.(A3) can then be rewritten as

0) @ [9§) + [al0) +b]1)| ® [¥) = [0) @ [9fF) + |al0) +b]1)| @ 7
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and, grouping terms
0y @ [I9§) +alyf)| +11) @ blyf) = [0) @ [l¢tP) +alw'D)] + 1) @ blyiP) .

It follows from lemma A3 that b|pF) = b|yiB), and therefore [¢P) = |¢[B) since b # 0. It also
follows from lemma A3 that [¢f) + a|pP) = [¢f) + a|ypB); Using |[¢F) = |¢;B) it now follows that

[w5) +alp?) = [e°) + alpf), hence [9f) = |yf). D

Lemma A3. Let there be two subsystems with |0) and |1) the computation basis for the first (the left) subsystem.
For clarity and consistency we call the right subsystem B.

IF [0} [po) + [1)[1) = [0} [9g) + [1) 1) then [o) = [g) and [1) = [¢}).

Proof. Let |j) be an orthonormal basis of a subsystem B, and let [p?) = ) ul-]-|jB> and |1,L7’ZB> =Y a§j|jB>,
for i = {0,1}. Then the equality can be rewritten

Y- aarl0) + Y arj11j) = Lalyl0f) + Y by [17)
] ] ] ]

which, due to orthonormaility, implies ag; = a(’)]. foralljie. |¢pf) = |y’ g ) also ajj = ”llj for all j i.e.
B
¥7) =1y7). O

Lemma A4. If (|®;)),<;, are linearly independent states of some Hilbert space H of dimension N, then the

operators (|®;)(P;]), <ij<, @re linearly independent.

Proof. If Y;;a;;|®;)(®;| = 0 then ¥ a;|®;) (;¥) = ¥, (zj a,-]-<q>]-\‘1f>) |®;) = 0 forall |¥) € H and
linear independence of the |®;) implies that the coefficient of |®;) is 0 for all i and |¥) i.e.

Y (P ¥) = 0 = (¥[)_7;®;)
j i
so that, for all i, }-; @;;|®;) = 0; linear independence of the |®;) implies a;; = 0 = g;; forall i,j. [
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