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Abstract: Plasmonics is the study of resonant oscillations of free electrons in metals caused by
incident electromagnetic radiation. Surface plasmons can focus and steer light on the subwavelength
scale. Apart from metals, plasmonic phenomena can be observed in soft matter systems such as
electrolytes where resonant charge oscillations can be induced for ions in solution. Due to their larger
mass, they are plasmon-active in a lower frequency regime and on a larger wavelength scale. Spatial
confinement allows increasingly strong charge interactions and gives rise to nonlocality or spatial
dispersion effects. These effects manifest as additional longitudinal propagation modes and are
known to cause plasmonic broadening and resonance shifts in metal nanostructures. We derive and
discuss the nonlocal optical response of ionic plasmons using a hydrodynamic, two-fluid model in a
planar homogeneous three-layer system with electrolyte-dielectric interfaces. Studying such systems
enables us to identify and understand plasmonic phenomena in biological and chemical systems.

Keywords: nanophotonics; spatial dispersion; nonlocality; theory and simulation

1. Introduction

Free electrons in the conduction band of metals can be resonantly excited by incident light to
form collective oscillations. If confined to a nanostructure in a dielectric environment, they form
surface plasmons (SPs) manifesting along the conducting interface. At planar interfaces, surface
plasmon polaritons (SPPs) are formed which propagate along the metal-dielectric interface with a
higher parallel momentum compared to light in vacuum, while they decay exponentially away from
the interface, as depicted in Figure 1(a). Consequently, they benefit from a long lifetime and enable the
concentration of electromagnetic fields within dimensions approximately equal to or smaller than their
wavelength [1]. This opens numerous possibilities for nanoscale applications including light generation
and concentration through confinement effects [2,3], enhancement of nonlinear phenomena [4-8],
optical data storage [9,10], improved solar cells [11-13] and photocatalysis [14], sensing down to the
molecular level [15,16], surface-enhanced Raman spectroscopy [17,18], structure-induced colors [19,20],
and much more.

Experimental observations show that short-ranged electron-electron interactions change the
spectral profile of plasmons [21], which is contrary to the size-independence predicted by classical
electrodynamics in the local response approximation (LRA). At length scales where the mean free path
of valence electrons is similar to the particle diameter, quantum effects emerge leading to additional
loss channels. Noble metal nanostructures [22-25], metallic dimers [23,26-29], and nanostructures
with sub-nanometer gaps [30] exhibit significant blueshifts and quenching of their classically predicted
near-field intensity.

To describe such effects, the hydrodynamic Drude model (HDM) is commonly integrated into
standard computational nanophotonics methods. Spatial dispersion in metals has been described
with Finite Element Method (FEM) [31], the analytical Wentzel-Kramers-Brillouin (WKB) method [31],
time-dependent local density approximation (TDLDA) [27], Fourier Modal Method (FMM) [32], and
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Transformation Optics (TO) [25]. To account for convection and electron diffusion, the HDM can be
expanded into the generalized nonlocal optical response (GNOR) model [25,33-35].
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Figure 1. (a) Surface plasmon polariton (SPP) propagation at and its evanescent decay perpendicular
to a dielectric-electrolyte interface. (b) In the local response approximation (LRA), a three-layer-system
with dielectric constants €, €1 and €, shows the common multiple reflections for a single transversal
mode. (c) With nonlocal optical response (NOR), multiple reflections of several modes of transversal
and longitudinal character occur inside the electrolyte layer. Indices have been simplified.

Typically, plasmonics refers to the resonant excitation of the electron plasma. However, ionic
charge carriers in soft matter such as membranes, biopolymers, liquid crystals, and complex
fluids [36,37], also exhibit plasmonic behavior. These materials have a heterogeneous structure with
sizes ranging from nanoscale to a few micrometers. Ions are much heavier than electrons, their
concentration is much lower and their velocity depends on local temperature as we will detail out
below. Consequently, different design principles and adapted analytical theories of plasmonics are
needed to conceive soft matter systems that leverage plasmonic light-matter interactions. Ionic
plasmon-polaritons have been investigated for spherical electrolytes, embedded e.g. in an insulating
membrane, and chains thereof. Such models provide an alternative description of saltatory conduction
observed in nerve cells [38]. In addition, loss mechanisms beyond classical electrodynamics such
as size-dependent plasmon damping, ohmic-type energy dissipation, and radiative losses were
discussed [39,40]. Nonlocal effects in soft plasmonics were investigated in spherical electrolyte
systems using a two-fluid hydrodynamic model [40]. Such a two-fluid model was furthermore
used to investigate nonlocal interaction in electron-hole pairs of semiconductors [41,42]. A generalized
multi-fluid model has recently been developed [43].

In this article, we study the plasmonic properties of ions in solution in analogy to electrons in
metals at planar homogeneous dielectric-electrolyte interfaces in systems depicted in Figs. 1(b) and 1(c),
developing an analytic nonlocal two-fluid model that includes short-ranged non-classical interactions
between the charge carriers resulting in spatial dispersion effects. Our study can provide insights
into the underlying physics of ionic phenomena in biological and chemical systems, including energy
transfer in nerve cells [44], and soft plasmons in photocatalysis.

2. Methodology

2.1. Classical soft plasmonics — General characteristics of ionic systems

Similarly to how electrons behave in metals, negative (-) ions in a fluid are displaced toward
positive (+) ions and vice versa due to material polarization, leading to bulk plasma oscillations for
each type of ion with frequency w),
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which depends on their respective charge Q-+, mass m+, and concentration n+ [40]. Both positive
and negative ions carry equal but opposite charge parities Q1 = —Q_ in our chosen materials. More
generally, total charge balance is demanded, i.e. [n+ Q4| = |n—Q_|. Throughout this work, we set the
ion concentration to n4+ = 1mol/m3N,, with the Avagadro constant N4.

The ions are scattered throughout the entire electrolyte system and move in principle freely within
the solution. The movement of ions within the electrolyte is influenced by their relatively large mass.
Their mass is approximately 10* times greater than the mass of an electron, see Table 1. Ions exhibit a

velocity determined by their sensitivity to thermal fluctuations, their thermal velocity vy,, = 4/ %’%T,

with values below 10° m/s at T = 298.16 K. Notably, ions of greater mass such as K™ and Cl~ are
slower than lighter ions like OH~ and H3O™. In contrast, free electrons in metals travel at a much
higher speed, characterized by their Fermi velocity v = %, which is typically three to four orders
of magnitude larger, e.g. for gold (and similarily for silver) vp, = 1.4 x 10 m/s [40]. Figure 2(a)
shows that the values of ionic wy, fall within the range of a few hundred GHz with heavier ions
exhibiting decreasing w), values. Therefore, the plasmonic optical response of ionic systems occurs
predominantly in the far-infrared.
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Figure 2. (a) Bulk plasmon frequency w, of OH", H;07, Na't, KT, and CI™ ions in solution varying
with their respective ion mass ratios 7/m, with ion concentration n4+ = 1mol/m*N 4, where N, is the
Avogadro constant. (b) Dielectric permittivity of Au in a simple Drude model varying with frequency
using parameters wp,, = 2.18 x 10!° Hz, 7,4, = 1.72 x 10 Hz, ¢, = 9 [45]. (c) Dielectric ionic
permittivity of H,O, NaCl, and KCl ions in solution varying with frequency with parameters as in
Table 1 and background permittivity e, = 1.77.

Table 1. Characteristic material parameters of ionic systems [40].

Ion Mass m. Velocity vy, (m/s) Frequency wp, (10" Hz) Damping v (10" Hz)

(me)
OH~ 31005 663.63 2.49 2.46
H;0" 34670 627.57 2.35 2.20
Na'™ 41907 570.82 2.14 3.19
K+ 64628 459.65 1.72 2.68
Cl~ 71270 437.71 1.64 3.07

When considering the contribution of both negative and positive ions to the optical response of
an electrolyte, the dielectric Drude permittivity of ions can be employed as
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Negative and positive ions operate with distinct plasmon bulk w;,, and damping frequencies 7+
calculated from their viscosities, refer to Table 1 [40]. Figure 2(b) illustrates the characteristics of
the dielectric function for Au in a Drude model enabling comparability with the behavior of ions in
solution, Figure 2(c). Apart from operating in a distinct frequency range, ionic plasmons exhibit a
typical plasmonic behavior similar to that of Au, that allows identifying the resonance condition at a
planar interface —ep = Re{ef_ }. It should be noted that the dielectric permittivity €, is significantly
lower for ions than that of noble metals such as Au (e}, 4, ~ 10) as it is determined by the solution in
which the electrolytes move. Instead of a liquid, lipid matter with slightly higher €, ~ 2 could be used.
Neglecting damping, the resonance frequency wspp at a planar metal interface is obtained from

w
wspp = , 3)
2¢ b
which in the case of ions becomes
2 2
w2 4w
P pP-
wspp,, = \| —5—— 4)

2€b

Finally, the dispersion relation of p-polarized SPPs that propagate at the interface separating two
media as depicted in Figure 1(b) is given by

_w | eper(w)
kspp = Veatelw): 5)

In Figure 3, we compare the analytical dispersion curve with the calculated energy flux in reflection of
a Au-water interface, Figure 3(a), with ionized H,O confined in neutral water to a slab of thickness
d = 2.5 mm in Figure 3(b). The left side of the light line, the black line defined by w = ckey, represents
propagating waves, while the right side corresponds to the excitation of bound SPPs. This excitation
occurs for k> ko [1]. Due to realistic damping in the system, propagating modes occur above the
resonance frequency and bound modes show a finite width. While we observe the typical strong
dispersion in Au due to the abundance of free electrons, the same signature is present in electrolytes
with low concentration.
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Figure 3. Analytical dispersion kgpp (red curves) and reflected energy flux for (a) a Au-water interface
and (b) ionized H,O in a slab of thickness d = 2.5 mm. The position of wspp (blue curves) and the light
line (black curves) are marked for reference. Tabulated data was used for Au [45].
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2.2. Nonlocal interactions in dielectric-electrolyte multilayered systems

Nonlocal phenomena occur when charge carriers interact over short length scales, typically
promoted by strong spatial confinement [46]. This section focuses on nonlocal effects arising from
ion-ion interactions driven by Coulombic forces in planar homogeneous multilayers. In order to study
such systems, we apply the HDM to a two-fluid system [40]. In this framework, it was shown for
ionic spheres that spatial dispersion yields less pronounced blueshifts of their plasmon resonances
compared to metals [40].

The ion-ion interaction is described by the linearized Navier-Stokes equation

(eowy, E— B3 Vps) ©6)

. 1
)+ = W+ iyt

for an incident light field E. The charges are treated separately in the usual wave equation as external

current j+ and charge densities p+ arising from each charge carrier type. The nonlocal strength

B+ = \/gvth . quantifies the interaction caused by internal pressure of the charge carriers. The
Helmbholtz equation for a nonlocal ionic system becomes

1
VZE+ ke E= o V(-p—+114p1), @)
0
202
where 17+ = é - % leading to a system of a total of three coupled equations.

An important manifestation of spatial dispersion is the emergence of longitudinal waves in
addition to the usual transversal modes obtained by the Navier-Stokes equation as pressure waves
of charge carriers. The classical transversal and additional longitudinal waves are superimposed
in the nonlocal medium. The nonlocal wave vectors associated with the propagation of individual
longitudinal ionic modes in a medium are

1 w(w+iy+)
2 _
q+ = IBZi € eJ_i/ (8)

2

where €, , = €, — is the individual permittivity of each type of ion which is not to be

Y
w(w+iys)
confused with the total ionic permittivity of the electrolyte given by ef, see Equation (2).

The coupled nonlocal wave equations of each type of ion can be combined in to a single differential
equation, symmetric with respect to the indicated signs, that results in a nonlocal wave equation of

fourth order
2 22 (o2, 2 2, 2 Wy, Wp_
0=pB-BL (V- +q2 ) (V- +qy)p- — —5—p— )
b

This gives rise to a fourth-power equation whose symmetric complex-valued roots describe the
oscillations of positive and negative ions in an electrolyte system. Assuming a planar system and
propagation in z-direction, the component of the wave vector of interest is g, while the parallel
component E” remains unchanged throughout the structure.

Figure 4(a) shows the resulting total nonlocal wave vector g, as a function of the parallel wave
vector k| necessary to excite the longitudinal modes at planar interfaces. For the chosen frequency
w = 3 x 10" Hz, the values are in the range of 0.1 —2 nm~. Interestingly, a similar length scale is
found for Au surfaces as depicted in Figure 4(b). The wave vector in propagation direction is connected
to the penetration depth of the SPP waves that evanescently decay in the z-direction. The penetration
or skin depth of nonlocal modes is given by 6 = W, which is of the order of 1 to 5 nm as depicted
in Figure 4(c) for the ions.
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Figure 4. (a) Real and imaginary part of the nonlocal wave vector g, of ions in solution varying with
the parallel wave vector k” for frequency w = 3 x 10! Hz. (b) Same for Au at frequency w = 10'° Hz.
(c) Nonlocal skin depth 6 = W of ions in solution.

3. Results and Discussion

3.1. Nonlocal optical coefficients for finite multilayers

In this section, we derive the optical coefficients at planar dielectric-electrolyte interfaces with
either transversal or longitudinal incident modes as illustrated in Figure 1(c). The usual boundary
conditions, i.e. the continuity of the parallel field components of the electric and magnetic fields, are
applied next to an additional boundary condition (ABC) emerging from the hydrodynamic model for
each type of ion. In a hard-wall boundary approach, it is given by # - j, = 0, where 7 is the surface
normal, and determines the amplitude of longitudinal waves. Due to the overall micrometer size of
ionic systems and larger mass of individual ions than compared to electrons, further surface effects are
negligible [40,47,48].

The system is, thus, described by a total of three possible modes, the transversal p and longitudinal
g+ excitations, through their wave vectors in z-direction k;, = ,/(%)%T — kﬁ and g, given by the
roots of the fourth-power equation (9) discussed above.

In general, several distinct cases are possible. Within the dielectric, only the transversal mode
(p) can be excited. At a dielectric-electrolyte interface, i.e. light incident from the dielectric side and
propagation in +z-direction, the light transmitted into the electrolyte medium excites a transversal
and both longitudinal modes g+ according to their respective transmission coefficients. On the other
hand, in reflection only the transversal mode (p) remains. For an electrolyte-dielectric interface, any of
the three modes may be incident on the interface and likewise reflected back into the electrolyte, but
again, in transmission only the transversal mode will be excited.

Let us consider as an examplary case light incident from the dielectric side, characterized by
permititvity €. It is partially reflected back into the dielectric medium as rp;, and the remainder is
transmitted into the electrolyte medium of permittivity e; = ef and divided into three modes, namely
the transversal mode #¢1,,, and the longitudinal modes t1,+. Solving the three boundary conditions
mentioned above leads to the nonlocal Fresnel coefficients for a two-fluid system

(14 8lyp )€ hzy — (1+ Gsogt)€okz, 21%%60
To1p = p =
P (U gl p)ethe + (L4 8ao)eoks, 0 (14 glyp)ethey + (14 guopr)€oks,

where g, and g7 ¢ Stem from the nonlocal properties with

Kk F F
|1 < Iy 1 )
+ , 10
gSOft kZ1 |LI+| |q,‘ ( )
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Finally, the ABC connects the longitudinal modes with the transversal mode via

torg. = Fi.to1p- (12)

In the (local) limit kH — 0, the common Fresnel coefficients of the LRA can be retrieved, i.e. for planar
systems all coefficients become local at normal incidence as at least some parallel momentum is needed
to excite the longitudinal modes. Further details, e.g. on the additional nonlocal function F;, can be
found in the Appendix.

For a three-layered system, e.g. an electrolyte layer of finite width d in neutral solution as depicted
in Figure 1(c), a high complexity of involved modes emerges due to the multiple reflection events as
each interaction with an interface creates three further excitations.

Let us consider the total transmission coefficient T. The part of the incident light that transmits
into the electrolyte medium splits into three modes with amplitudes to1;, to14+, and tg1;—. When
reaching the second interface, these modes can transmit into the second dielectric medium with
amplitude #15, or be reflected back as r13, 11244, and r1z; . A second index is necessary to indicate
both, the original mode and the type of mode that was excited by it as the respective optical coefficients
differ from each other. Further internal reflections occur and all triple possibilities with the respective
double index are [(r10p)p, (r105+)p, (r100-)p), [(*10p) g+ (r104+)g+, (r104-)g+1, and [(r10p)g—, (1044 )g—
(r104—)q—1- For transmission, all contributions exiting the second interface towards the outer medium
are summed up. Depending on the nature of the wave incident to the interface, the related coefficients
are [(t12p)p, (t12p)g+, and (t12p)4-]. The described optical paths are the typical multiple reflections
observed in a Fabry-Pérot setup, however, each interaction with an interface creates three modes inside
the nonlocal electrolyte. This allows writing the total reflection and transmission coefficients in the
known manner. All related electric fields are superimposed and contribute to the total transmission
coefficient T

(D7 (1) 7

=T,

(13)

where (I)7 and (III) 1 are the transmission contributions from the three excitations
(Mt = t01p€ikzld + torg+ €= + to1g_et=f, ()1 = (t12p)p + (f1294 )g+ + (t129- )g—-

They describe the initial transmission step into the electrolyte layer and the final transmission step into
the outer dielectric layer, respectively. The term (II)7 describes the multiple internal reflections. Here,
all possible modes are excited and this contribution becomes rather involved. The analytic expression
can be found in the Appendix.

The total reflection coefficient R can be derived in a similar manner and can be cast into the
standard form for a three-layer system

(Dr(M)g(IM)g

R=rop + ="y,

(14)
where the coefficient describing the inner multiple reflections, (II)7, is unchanged. The term (II)g
describes the reflection at the second interface and can be found in the Appendix. (I)g and (III)g
contain the initial transmission into the electrolyte layer and the final transmission back into the front
layer. They are given by

‘kZ i Z 1 z j—
(Dr = torpe™? + torge = +tor,_e=?,  (ID)r = (tr0p)p + (t10p)g+ + (tiop)g—-
It is notable that from analyzing the optical paths of all modes both the total transmission and reflection
for the case of nonlocal interaction between ions can be cast into the familiar form known from classical
electrodynamics. While the contributions are given by summations of transversal and longitudinal


https://doi.org/10.20944/preprints202308.0423.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 4 August 2023 doi:10.20944/preprints202308.0423.v1

8of 13

solutions, this analysis allows systematically increasing the complexity to multi-fluid systems with
more distinct constituents.

3.2. Evaluating three-layer systems

In an experimental setup, reflection and transmission are measured in terms of energy flux
retrieved from the time-averaged real part of the Poynting vector S = E x H*. The flux of light incident
in the dielectric is (Sp) = %SO%Re{kO} |Eo|?, and changes for reflected light to (S,) = %SO%Re{k,} |E/|?,
and results for transmitted light in (S;) = leg %Re{kt} |E;|2, where k, = k. From this, we calculate
the reflected and transmitted energy flux

|<Sr>‘ _ |R|2 Re{k"} Tflux _ |<Sl‘>| _ |T|2 Re{kt}

Rptwr = 1isg)] = R Refio}’ Re{ko} 15

I
the flux can be greater than 1 in the evanescent regime at high parallel momenta, however, the flux of
the associated evanescent waves does not carry energy.

The wave vectors in the dielectric media are kg = ,/(%)%ep — kﬁ and k; = ,/(%)2e; — k3. Note that

We compare spectra of the fluxes for a nonlocal system in a water-electrolyte-water configuration
with its local case in Figure 5 using the material parameters given in Table 1 for the different ionic
systems. Firstly, we consider in Figure 5(a) a nonlocal electrolyte layer with thickness d = 1 mm at a
fixed parallel momentum. We observe a considerable amount of plasmonic resonance broadening for
the Ty, in the upper and Ry, in the lower panel as compared to the sharp resonances in the local
case in Figure 5(b), in particular for the resonant reflection. The broadening is stronger for lighter ions.
This is due to the nonlocal strength parameter  being larger for faster ions, which is the case for the
lighter ions, since the thermal velocity is inversely proportional to their mass.
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Figure 5. Transmission (upper panel) and reflection spectra (lower panel) of ions in solution in the (a)
nonlocal and (b) local case for an electrolyte layer of thickness 4 = 1 mm and with parallel momentum
k| =2500m~".

The flux can become larger than 1 in the evanescent regime where kg < k. The transition
into this regime occurs past the resonance frequency and explains the increase observed in T. The
associated modes are evanescent and do not carry information at this large parallel momentum. For
reasonably low parallel momentum, the measurable transmission converges to the local result. Hence,
the measured transmission will reach close to 100% in this regime which can still be assessed from
1 — Ryjyx- The absorption reaching zero can additionally be seen in Figure 2(c).

We compare spectra of the fluxes for a nonlocal system in a water-electrolyte-water configuration
with its local case in Figure 6 varying the thickness of the electrolyte layer. The highest T is observed for
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the lowest thickness and vice-versa for reflection which can be expected for the only slightly absorbing
material. The reflection peaks become broader for lower layer thickness where the nonlocal strength
increases. The resonance position is stable, any induced blue shift as observed in solid metal nonlocal
systems [21,23,24,26,31,34] is not resolved in this frequency regime. In metal systems, such a shift
results in a few tens of nanometers for highly nonlocal systems. In ionic systems, where the resonance
wavelength is several orders of magnitude larger, such a shift does not have an impact given the
broadening of the peaks with increased nonlocal interaction. As before, the transmitted flux becomes
larger than 1 in the evanescent regime past the resonance frequency, but reduces to the local result
when decreasing the parallel momentum.
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Figure 6. Transmission (upper panel) and reflection spectra (lower panel) of ionized NaCl in solution in
the (a) nonlocal and (b) local case for varying layer thickness d = 1 mm and with parallel momentum
k| =2500m~!.

4. Conclusions

We studied the nonlocal plasmonic response of planar electrolyte-dielectric interfaces in
comparison to the local response approximation of classical electrodynamics. We believe that there is a
need to create an understanding of plasmonics beyond electrons in solid matter. Ions are resonant in
the far-infrared and are typically confined to mesoscopic length scales in the range of a few hundred
microns, e.g. in biological systems. Their analytical plasmonic dispersion curve exhibits weak SPPs
due to typically low charge carrier concentration. These fundamental properties arise due to their
large mass ~ 10*m, resulting in low thermal velocities vy,, which determines the interaction strengths
of nonlocal charge carrier interaction. Overall, their plasmonic behavior is comparable to electrons
in metals. However, they offer a wider range of tunability by choice of material allowing to adjust
material mass, charge and concentration.

In addition to studying classical plasmonic properties of ions in a planar electrolyte layer, we use
the hydrodynamic, two-fluid model to assess spatial dispersion effects in ionic systems. A coupled
dynamics of the negative and positive ions is obtained from the analytical expressions of charge
densities. In a three-layered system with dielectric-electrolyte interfaces, the complexity is increased
by the additional longitudinal modes associated with nonlocal wave numbers g+. This manifests as
resonance broadening of the energy flux. The wave amplitudes of these modes were obtained from
the additional boundary condition at the electrolyte-dielectric interfaces. In the k; — 0 limit of the
nonlocal analytical expressions, we retrieve the original expressions for the local response.

We conclude from these results that a notable difference in the optical coefficients arises in
ionic fluids confined to a planar slab when ion-ion interaction is considered. Our analysis allows
increasing systematically the complexity further to a three-layered multi-fluid ionic system, where the
contributions stem from more than two ionic constituents. Exploiting the plasmonic properties of ions
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can open up new avenues in their description and, thus, understanding of their behaviour. We believe
that extending plasmonics towards soft matter can bridge soft and hard matter regimes with potential
applications in biology and chemistry.
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Appendix A. Nonlocal function F;,

The function Fj, connects the optical coefficients of the longitudinal with the transversal modes
Equation (12) and is found after applying the respective boundary conditions and solving the resulting
system of linear equations. Its analytic expression is

W eolgo|(1+ By) [~k
R, =2 e () (A1)
igzx(1—a) k
where k., &, and B’ are given by
2 252
2 Wy, 0 1 k"B
ke =B — — - ——F A2
+=p3 kzef _ (kﬁ + q%) € w(w i Z’)/-T—) (A2)
O 1 A 1o R\ 1 kR (A3)
e~ R P \e  ww+ive) )\ ww+ir)
2 242
= - |- A4
& Ki(kZef—(kﬁ—f—q%)) (eb w(w ~+iyg) (Ad)

Appendix B. Nonlocal transmission and reflection coefficients

The terms that contribute to (II) 7 to the total transmission coefficient T, eq. (13), are

(W7 = {(r10p)p + (r10+)p + (rloq—)P}eikzld{(rlzp)rieikzld + (r12q+>q+€iqzd + (1’12q—)q76i‘72d}
+{(r10p)q+ + (r10g+)q+ + (r10g=) g+ JE T { (11295 ) pe™19 + (11294 )4 €"0 + (r129+)g—€ =}

+H{(r10p)g— + (r10g4)g— + (r10g=)g— e { (r12g-) pe™1? + (rriag—) g€ + (r129—) g€},

In the total reflection coefficient R, eq. (14), the following terms contribute to (II)g.

(g = {(r12p)p + (r12g1)p + (1129 )p ™17 + {(r12p) g+ + (P12 )g+ + (r12g— ) g+ '
+{(7‘12p)q* + (712q+)qf + (7’12q—)q* }equd'
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