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Marek Blasik

Department of Mathematics Applications and Methods for Artificial Intelligence, Silesian University of
Technology, Kaszubska 23, 44-100 Gliwice, Poland; marek.blasik@polsl.pl

Abstract: This paper presents a numerical method for solving a two-dimensional subdiffusion
equation with a Caputo fractional derivative. The problem considered assumes symmetry in
both the equation’s solution domain and the boundary conditions, allowing for a reduction of
the two-dimensional equation to a one-dimensional one. The proposed method is an extension of the
fractional Crank-Nicolson method, based on the discretization of the equivalent integral-differential
equation. To validate the method, the obtained results were compared with a solution obtained
through Laplace transform. The analytical solution in the image of the Laplace transform was inverted
using the Gaver-Wynn-Rho algorithm implemented in the specialized mathematical computing
environment, Wolfram Mathematica. The results clearly show the mutual convergence of the solutions
obtained by the two methods.

Keywords: fractional derivatives and integrals; integro-differential equations; numerical methods;
anomalous diffusion

1. Introduction

Diffusion is a process of spontaneous movement of particles due to collisions with other particles.
These collisions can occur between diffusing particles as well as particles of the medium in which
diffusion occurs. The fundamental characteristic of this type of movement is that the mean square
displacement of the particle (the square of its dispersion), depends non-linearly on time [1,2]

<x2(t)> ~Dyt*, 0<a<2, 1)

as opposed to the linear dependence (« = 1) that characterizes Brownian motion. In the first case,
when the exponent of the power is less than one, it is called subdiffusion, whereas when the diffusion
exponent is greater than one, it is called superdiffusion. The second case concerns the so-called Lévy
flights which have been observed experimentally [3-5]. Subdiffusion is most commonly observed in
media such as gels and porous media, where particle movement is extremely difficult [6,7].

The thermal conductivity, which involves the flow of heat through solid substances like metal, is
a twin process to diffusion. It is a process where thermal energy is transferred through conduction
by the transfer of particle vibrations. The particles in a solid state are close to each other and are held
together by intermolecular forces. When one particle gains energy;, it transfers it to the neighboring
particle through vibration transfer. Mathematical models incorporating fractional-order derivatives are
excellent tools for describing thermal conduction in porous materials, such as porous aluminum [8].

Within the framework of subdiffusion or thermal conductivity processes modeled by subdiffusion
or the fractional thermal conductivity equation, a subclass of so-called fractional Stefan problems can
be distinguished. They are designed to describe the evolution of the boundary between two phases of
a material undergoing a phase transition. Examples include the drug release from slab matrices [9,10].
Numerous papers presenting analytical and numerical results have been devoted to this phenomenon
[11-17].

In the papers [18,19], Povstenko et al. consider the two dimensional time-fractional heat
conduction equations. In the solution, they use Laplace and Fourier integral transforms, which
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allow the reduction of higher-degree differential equations to lower-degree equations, which greatly
improved the obtaining of the solution. In addition, the paper [19] uses the Gaver-Stehfest algorithm
to invert the Laplace transform. A similar approach to those presented in the aforementioned papers
is used in this article, based, moreover, on the results presented in the monograph [20], with the
difference that the Gaver-Wynn-Rho algorithm [21-23] was used to determine the original solution
from the Laplace transform image.

Numerous numerical methods have been proposed for solving equations of anomalous diffusion.
Ciesielski introduced numerical schemes for various cases in his doctoral dissertation [24], including
equations with fractional-order time and spatial derivatives. The discussed cases were limited to
one-dimensional problems. Papers [25,26] considered one-dimensional subdiffusion equations with
a fractional spatial Riemann-Liouville derivative and provided corresponding numerical schemes.
Bhrawy et al. [27] presented a numerical method for a subdiffusion equation with a Caputo
time derivative. Btasik [28-30] extended the classical Crank-Nicolson method to one-dimensional
subdiffusion equations with a Caputo time derivative, considering a variable diffusion coefficient
and nonlinear source term. Other variants of the Crank-Nicloson method for the subdiffusion
equation are included in the papers [31-33]. Noteworthy are also the articles [34-38], in which
the authors have developed numerical methods characterized by high accuracy. Numerical results for
the two-dimensional subdiffusion equation were presented in papers [39,40], while a more general case
involving a source term was discussed in [41,42]. Other numerical approaches related to subdiffusion
concern inverse problems [43] and use a non-standard definition of the Caputo derivative [44].

The article was structured as follows. The second section presented the basic definitions and
properties of the following: fractional order differential calculus, integral transforms, and numerical
methods. These concepts were utilized throughout the rest of the article. In the subsequent section,
the problem to be solved was formulated as a two-dimensional sub-diffusion equation, along with
uniqueness conditions. Two different methods were employed to solve this problem, each discussed
in its respective sub-section. The fourth section showcased the numerical results obtained from the
calculations. Finally, the article concluded with a section summarizing the findings and providing
additional insights.

2. Preliminaries

Let us begin our consideration by introducing two fractional order operators: the left-sided
Riemann-Liouville integral and the left-sided Caputo derivative together with the composition rule of
the two mentioned operators [45].

Definition 1. The left-sided Riemann-Liouville integral of order a, denoted as Iy, is given by the following
formula for Re(a) € (0,1]:

t d
18‘+f(t) = r(la) /0 (tf_(T-()>1ia' ()

where T is the Euler gamma function.

Definition 2. Let Re(a) € (0,1]. The left-sided Caputo derivative of order  is given by the formula:

Dj, f(t) = E‘f<f”’ 0 Rela) < 3)
Re(a) = 1.

Property 1 (Lemma 2.22 in [45]). Let function f € C'(0,T). Then, the composition rule for the left-sided
Riemann-Liouville integral and the left-sided Caputo derivative is given as follows:

I3.°DE. f(t) = f(t) — £(0),  Re(a) € (0,1]. )
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The definition of the Laplace integral transform [46], combined with the following property [47],
will play an important role in determining the semi-analytical solution of the problem considered in
the next section.

Definition 3. Let f(t) be a real function of the variable t € R. Then the Laplace transform of the function f(t)
is the function f(s) of the complex variable defined by formula

20} = fs) = [ e o ©
where Re(s) > 0.
Property 2. Let the function f(t) be the original, and let Z{f(t)} = f(s), then the following formula holds
2{DY, f(1)} =*f(s) = f(0),  Re(w) € (0,1]. G
Bessel functions of the first and second kind [45,48] present two further definitions.
Definition 4. Let z € C\ {R_,0} and v € C, then the Bessel function of the first kind denoted by [,(z) is

given by the following series:
=S (_1)1(2/2)21+v

=) 7
Ju(z) l;; IT(v+1+1) @
Definition 5. Let v € C\ Z, then the Bessel function of the second kind denoted by Y, (z) is given by the
following formula:
z)cosvm — [y (z
YV(Z) — IV( ) . ] 1/( ) (8)
sinvr

In the case of integer order m € Z, function is defined in terms of the limit of

Y (z) = lim Y, (z). )

v—m

The numerical scheme proposed in the next section uses a mesh of nodes defined as follows:
Definition 6. Let IT = {(r,t) : r € [%, 1} ;t € [0,1]} be a continuous region of solutions for the partial
differential equation. Then the set TT = {(r;, tj) ell:r, = % +iAr,i€ {0,1,..,.m},Ar = ﬁ;tj = jAt,j €
{0,1,...,n}; At = 1} we call the rectangular regular mesh described by the set of nodes.

In the further part of the paper, the real order of the left-sided Caputo derivative, and the left-sided
Riemann-Liouville integral is considered.

3. Mathematical formulation and solution of the problem

Consider a two-dimensional subdiffusion equation in a region with axial symmetry. Let us also
assume an axisymmetric system of boundary and initial conditions. The equation under consideration
has the form:

?U(x,y,t)  *U(x,y,t 1
CD8‘+,tU(x,y,t):Da( g;y ) | é;y )), ;<FH<L t>0, (10)

supplemented by boundary conditions on the edges of the circular ring;:

U(x,y,t) =U,, x*+y>=1, t>0, (11)


https://doi.org/10.20944/preprints202307.2132.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 August 2023 doi:10.20944/preprints202307.2132.v1

40f14
2 > 1
Ulvy ) =0, ¥ +y =, >0, (12)
and initial condition ,
U(x,y,0)=0, ;< Xyt <, (13)

where the generalized diffusion coefficient D, is constant.

In the axisymmetric region in which we derive the solution of the differential equation, it is
convenient to introduce the polar coordinates given by: x = rcos¢, y = rsin¢, for which the
differential Equation (10) with boundary and initial conditions takes the form of:

U(r, ¢, t)  10°U(r,¢,t)  1U(r,p,t)
Db U 41) = D ( arz(P ta 8¢2¢ 3 8r¢ > '

1 (14)
5 <r<l 0<¢<2m >0,
uiet)=Uu, 0<¢<2m, t>0, (15)
1
U<2,<P,t)—0, 0<¢<2m, t>0, (16)
1
U(r,¢,0) =0, EST’SL 0<¢<2m. (17)

The assumptions made about symmetry allow us to reduce the dimension of the problem under
consideration. Let us note that for a fixed radius r and arbitrary angle ¢, the diffusion flux in the
direction normal to the edge takes the constant values. Thus, the function U does not depend on ¢,
and the second differential term on the right hand side of Equation (14) is equal to zero. As a result,
the two-dimensional equation is immediately reduced to the one-dimensional one:

D, U(r,t) = Dy (azl;g, b 13%:’”) , % <r<1, t>0, (18)
U@t =U, >0, (19)

u <;t> 0, t>0, (20)

U(r0)=0, s<r<l 1)

It should be mentioned that in addition to symmetry, there are other ways to reduce the dimensions of
differential problems, such as scaling [49,50], and integral transforms [46], which will be shown in the
next section.

3.1. A numerical approach

In the paper [28], a generalized Crank-Nicolson method was proposed for the one-dimensional
subdiffusion equation. The obtained results were further extended to the more general case, to the
equation with a source term [29]. In both cases, obtained results confirmed the accuracy of the proposed
methods. Therefore, an analogous approach will be applied to the problem defined by equations
(18)-(21).

For some technical reasons, the numerical approximation of the left-sided Caputo derivative is
much simpler compared to the approximation of the left-sided Riemann-Liouville integral. Therefore,
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we apply Property 1 to the Equation (18), which yields an integro-differential equation in the following
form:

t 2 r
u(r,t)zu(r,0)+rl();)/o (t_l U 4

T)l—tx or2 22)
n Dy /t 1 all(r,‘r)d
rI'(a) Jo (t—1)1=%  or B

The solution U of the initial boundary value problem considered in the paper fulfills the assumptions
of Property 1, and its existence and the uniqueness was proven in the more general case in the paper
[51]. Further consideration will be conducted with reference to the mesh of nodes given in Definition 6.
For each node of the grid, we determine the discrete form of the integral kernel in the integrals on the
right-hand side of Equation (22). For this purpose, we approximate the solution U by a linear function
between two consecutive nodes with respect to the variable ¢:

tiva t—t;

_ t—
U(r,t) = U(r,t;) g
] ]

ti—tin

for i’]' S t S i’]'+1,j = O,...,n —1.
Subsequently, we discretize the first- and second-order derivatives of the right-hand side of the
integro-differential equation (22) using differential quotients approximating the first

(au(r, t)) _ Ui — Ui, +o((An)?), (24)
ij

or 2Ar

and second derivative

*U(r,t)\ U1, —2Uij+ Ui 2
( or2 )l] - (Ar)2 +O((Ar)7), (25)

with respect to the spatial variable 7.
Using transformations analogous to those in the paper [29], we obtain the discrete form of
integro-differential equation (22) as follows:

Uiaj = 2Uiy + Uiy | Du g, Uity = Uiy

~a "
(Ar)? i i J 2Ar

k
Ui,k = Ui/() + D, Z Wik
j=0

(26)

where the weights corresponding to the integral kernel of the left-sided Riemann-Liouville integrals
are of the form:

(a+1—k)Kk*+ (k—1)**1,  j=0
) & —]+1>“+1 2(k — )+
Yk T T2 ta) ) (k—j—1)%t, 0<j<k @7)
1, j=k

We transform Equation (26) in such a way that the unknown values of the U function in the k-th time
layer are on its left side. Finally, we obtain an implicit numerical scheme, which in node (% +iAr, kAt)
takes the form:

D, (2r; — Ar)wk,k 2Dy wy i D, (2r; + Ar)wk,k
- Ui — Uiy1 =

u_ 1
zr,-(m)z i 1'k+( a2 2 (b2

Dlxw]k 2r; — Ar 2r; + Ar
0 + Z < 121’1' uifl,] zuz] + 12 r; ui+1,j)

(28)
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Applying the above relationship to each of the m — 2 nodes of the k-th time layer, we obtain a system
of linear equations with m — 2 unknown values of the U-function, which can be written in matrix form:

AU, = B, (29)
where matrix A is defined by
1+25 - @ngad 0 0 e 0 0
2rp—Ar)d 2ry+Ar)d
,% 1425 ,(’ZT’) 0 o 0 0
0 e I T T R == L 0 0
A= i i ) (2r—Ar)s . (@ +An i .
0 0 0 ol 45 Lpdne 0 0
i ) i ' Z,,,,.—AJ ) 2m,'+Ao‘
0 0 0 e B B CE T
2ry_1-8r)5
0 0 0 o, 0 e e R B
Dyw X
where ¢ := (Zr)kék. The elements of vector B are defined by
by + (2712—"1Ar)§ uO,k
by
b3
B= b,
bm—Z
where

bi = ul‘,() +

k‘i Dawji (2r; — Ar
0 (A}’)z 21’1'

2r; + Ar
Ui1;—2U;; + 14Ui+1,j> .
j

2r;

3.2. A semi-analytical approach

The application of the Laplace transform and Property 2 to subdiffusion Equation (18) removes the
time variable, thus reducing the considered equation to the form of an ordinary differential equation,
which is solved in terms of the space variable . As a consequence of this treatment, we get the
equation:

. o2U(r, 19U(r, 1
s”‘ll(r,s):D,X( ags)+; é:s)), S<r<1, (30)

supplemented with boundary conditions
U,s) = %, (31)

u (;5) =0. (32)

We can write the boundary value problem (30)-(32) as follows, using the notation for ordinary
differential equations:

o' () + 0 () - gia(r) —0 (33)
aa) = 2, (34)
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(1
u (2) =0. (35)

The differential equation (33) is the so-called Bessel differential equation, whose general solution is
well known in the form of Bessel functions of the first and second kind [48]:

/2 /2
U(r) = a1 o <%> + Yo (-%) (36)

Applying the boundary conditions (34) and (35) to Equation (36), we obtain a system of equations:

c1)o a>+C2Y0< IS/i):%
c1)o \/\Z) + Yo < \/i/i) :so (37)

Solving the system of equations (37), we obtain a constant c; in the form of:

s (-452) N
o) (£ b (FE o ()

and a constant ¢, in the form of:

1 =

/2
oo (zsf )
o /2 n/2 x/2 o /2 :
s (o (552) Yo (=575, ) = o (37) Yo (=47
Obtaining the original U(r, t) by analytical transformations is problematic, therefore this task will be
realized in the next section using the Gaver-Wynn-Rho algorithm [21-23].

o= (39)

4. Numerical examples

The numerical results presented in the following section assume the following values for
the parameters of the initial boundary value problem (18)-(21): U, = 1, D, = 1, t € [0,1],
a € {0.25,0.5,0.75,1}. Numerical simulations were performed for seventeen mesh variants, which
adopted: (Ar, At) € {50r 00/ 200" 4(1)0} X {%, 00 200" 4(1T0} U { (ﬁf ﬁ) }

The figures shown below illustrate the results of numerical calculations, which assumed the
following values of grid steps: Ar = ﬁ and At = 41W' This choice provides a compromise between
good readability of the graphs and accuracy of the presented results.

Figures 1, 3, 5 and 7 show the solutions of the subdiffusion Equation (18) depending on the radius
r at four different time instants. They clearly demonstrate the nature of the modeled phenomenon. For
very early time instants just after the initiation of the process t < 1, the solution obtained for « = 0.25
reaches the largest values. The disproportion between the solution for « = 0.25 and & = 1 decreases
with the increase of time, and this results directly from the relation (1). Figure 7 shows that for t =1,
the solution obtained for « = 1 takes the largest values.

Figures 2, 4, 6 and 8, present the axial symmetry of the obtained solutions in the Cartesian
coordinate system. The values of the variable ¢ were determined as follows: ¢ = %, =1,2,...,72.
The x, y coordinates were determined using the relationship x = r cos ¢, y = rsin ¢.


https://doi.org/10.20944/preprints202307.2132.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 August 2023 doi:10.20944/preprints202307.2132.v1

8 of 14

T T T T T T T

1.0+ o
081 et T e

—~ -'. e .

g oo’ o

o 06f . . e

o. -'. o .

= 041 .o Lot o b
02+ ...° .....0' ..- . ]
0.0F #8320000908888335332300000s00egoseces®s ]

0.5 0.6 0.7 0.8 0.9 1.0
r

Figure 1. Plot of U(r,1/400) determined numerically for Ar = 1/100, At = 1/400.

y

U(x,y,0.0025) |

o

1.0+ .'!.._
0.8F EROOME
S 06f RSO 1
5 odp et _
0.2F .:::°' .__-" o ]
gttt e
!:-" ..‘...o
0.0k e83esccesegescceces \ . L

0.5 0.6 0.7 0.8 0.9 1.0
r

Figure 3. Plot of U(r,1/100) determined numerically for Ar = 1/100, At = 1/400.
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Figure 6. Plot of function U(x,y,1/20).
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Figure 8. Plot of function U(x,y,1).

In order to validate the numerical method proposed in subsection 3.1, the results obtained with
it were compared with those received by the inverse Laplace transform of the image (36) using the
Gaver-Wynn-Rho algorithm implemented in Wolfram Mathematica. The comparison was made at
twenty points (r,t) € {0.6,0.7,0.8,0.9} x {0.2,0.4,0.6,0.8, 1}, which are common to all tested mesh
variants. Tables 1-4 collect the average absolute difference between the solution obtained by the
proposed numerical method U(r, t) and that obtained by the inverse Laplace transform Ugwg (7, t).
The analysis of all the tables leads to the observation that as the steps of the grid Ar and At are reduced,
then U(r, t) converges to Ugwr (7, t) for all tested values of the order a.

Table 1. The value of (JU(r,t) — Ugwr(7, t)|) for & = 1.

Ar

A 50 10 2w 1w
L 23944 2538ed 258led 2592e-4
b 2162e-5 1.897e5  1863e-5 1855e-5
Sy 14045 729e-6  5843e-6 549le-6
1

1.18%e-5 4.56e-6 2.733e-6 2.278e-6

N
!
(=]
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Table 2. The value of (|U(r,t) — Ugwr (7, t)]) for & = 0.75.

Ar

1 1 1 1
At 50 100 200 400
& 1.943e-4 1.873e-4 1.855e-4 1.85le-4
w5 1026e-4  9.565e-5 9.39e-5  9.346e-5
55 56095 49le-5 4.734e-5 4.69le-5
mo  3273e-5 2574e5  2.399e-5  2.355e-5

Table 3. The value of (|U(r,t) — Ugwr(7,t)|) for & = 0.5.

Ar 1 1 1 1

At 50 100 200 100
& 1.71e-4  1.647e-4 1.632e-4 1.628e-4
o 898e-5 8.352e-5 8.195e-5 8.156e-5
i 491e-5 42825 4.125e-5 4.085e-5
w5 2874e-5 2246e-5 2.08%-5 2.049e-5

Table 4. The value of (|U(r,t) — Ugwr (7, t)]) for & = 0.25.

Ar 1 1 1 1

At 50 100 200 400
=z 9345¢-5 8.755¢-5 8.607e-5 8.57e-5
s 5052e-5 4.46le-5 4.313e-5 4.276e-5
s 2917e-5 2.326e-5 2.178e-5 2.141e-5
. 1.852¢-5 1261e-5 1.113e-5 1.076e-5

4.1. Convergence analysis

The order of convergence of the proposed numerical scheme was estimated using EOC
(experimental order of the convergence) and calculated as follows [35]:

11
<|u%§00/1600 _ U%‘t,Ar > ALY
— = log, (At/zm/z)’
|1 Te00" Tow0 _ UAt/Z,Ar/zl AUAL 2,
6 Iy

(40)

where by UiAjt'Ar denoted the numerical solution of the considered equation at nodal points common

to all considered meshes (1 + &, 5]—0) for i = 0..25, j = 0..50, with time step At € {%, oo/ zlm} and
1

spatial step Ar € {51—0, o0 755 } By US}"%' 160 the reference numerical solution obtained under the fine
mesh is denoted. We use the formula (40) only when the closed analytical solution is not available.
The calculation results shown in Tables 5 and 6 indicate that the order of convergence of the proposed
method is approximately equal to one. We can come to similar conclusions by comparing the elements
on the main diagonal in Tables 1-4.
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Table 5. Convergence order of the proposed numerical scheme for a € {1,0.75}.

a=1 x=0.75
nom At Ar  AUMAT EOC  AUAAT EOC
50 25 & 4 472le3 - 27593 -
1 1
100 50 g 1o 178le3 1406  650%-4 2.084
200 100 o5 oy 74l6e-4 1264 2.857e-4  1.188
400 200 g5 g@p  293%-4 13353 123led 1215

Table 6. Convergence order of the proposed numerical scheme for a € {0.5,0.25}.

x=0.5 a =025
nom At Ar  AUMAT EOC  AUAAT EOC
50 25 & & 1153 - 2836e4 -
100 50 g 15 1788e-4 2684 7.505e-5 1918
200 100 5 g L117e4 0679  4.03e5 0.897
400 200 g5 gy 4913e-5 1186 17155 1233

5. Conclusions

The method proposed in the article is a generalization of the fractional Crank-Nicolson method
to a two-dimensional subdiffusion equation in the polar coordinate system, taking into account the
assumed symmetry of the area and boundary conditions. To validate the method, the obtained results
were compared with those received using the semi-analytical approach, where the analytical solution
in the Laplace transform domain was numerically inverted. It was observed that the method based
on the discretization of the integro-differential equation generates solutions that converge to those
obtained by the Gaver-Wynn-Rho algorithm. As the time and space steps are decreased, the average
absolute difference between the solutions decreases.

Furthermore, it was found that the semi-analytical approach is more effective in determining the
solution at specific points within the area, despite the relatively longer time to obtaining a solution at a
single point. On the other hand, the generalized Crank-Nicolson method allows for the determination
of the solution at all nodal points within the area significantly faster, but with lower accuracy. In
the tests, it took approximately 10 seconds to obtain solutions for 10201 nodal points, while the
Gaver-Wynn-Rho algorithm generated solutions for 20 points in about 3 seconds.

In a subsequent stage of testing, the plan is to further investigate the convergence analysis of the
proposed scheme and reduce the computational cost.
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