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Abstract: The reason for excessive multidecade deflections is still unclear after 70 years of the cantilever method 

that has been applied in building large-span segmental concrete bridges. The failure of the Koror-Babeldaob 

bridge gives the author a clue that the reason might be the boundary condition. The asymmetric properties of 

the bearing and prestress tendon draw the author’s attention. To understand the process of stress 

redistribution, the virtual stiffness method which is derived from the principle of minimum potential energy 

was created, and the phenomenon the author suggested named Material Inelasticity and Prestress Loss 

Coupling Effect is discovered. The unexplainable excessive deflection and prestress loss are found in the new 

load model. The calculation of excessive deflection is discussed. The new model fits the experience well. The 

optimization design methods and construction key points are proposed. 

Keywords: beamvirtual stiffness method; Material Inelasticity and Prestress Loss Coupling Effect; 

excessive deflection; Palau bridge; stress redistribution; moment redistribution; boundary 

condition; cantilever beam; segmental concrete  

 

1. Introduction 

In the 1950s, the Worms Bridge with a span of 114.2m was built by the balanced cantilever 

method in Germany. Since then the concrete box girder was widely used in long-span bridges [1]. 

The deflection histories of more than 60 bridges are collected by Bazant [2] which shows the 

phenomenon of excessive long-time deflection is common. The failure of the Koror-Babeldaob (KB) 

Bridge attracted so many scholars to dig for the truth after the detailed technical data was released in 

2008 [3]. Burgoyne and Scantlebury tried to exhaust the likely cause such as geometry, remediation, 

analysis, potential damage, and so on; yet no satisfactory explanation was discovered [4]. The time-

dependent factor (creep and shrinkage) was the most suspicious reason, researchers focus their 

attention on this field [5–7]. In recent years the focus of the research has shifted to calculation methods 

[8–11]. 

The KB Bridge with a span of 240.79m was first opened to traffic in April 1977; the repair work 

was completed in July 1996; the bridge collapsed in the afternoon on 26 September 1996 [12]. Before 

the reparation, the deflection of the bridge had reached 1.54m at the span center. Two firms (JICA 

from Japan and ABAM from the US) were hired to investigate the unexplainable excessive deflection. 

Both firms came to the conclusion that the bridge was structurally safe, which made the repair work 

of turning the cantilever structure into a continuous structure a very suspicious reason for the failure. 

Therefore, the process of stress redistribution which is also a time-dependent factor has never been 

discussed.  

This study aims to enhance the understanding of the process of stress redistribution due to the 

change of geometric boundary conditions. The virtual stiffness method is created to visualize and 

analyze the process. A new theory which I called Material Inelasticity and Prestress Loss Coupling 

Effect is presented and discussed. 
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2. Question of Stress Redistribution 

The deflection and boundary condition of system transformation is shown in Figure 1(a) and 

Figure 2(a). In the load-balancing method, the moment caused by gravity （𝑀ீଵ） is roughly equal 

to the moment caused by prestress （𝑀௉ଵ）, but the direction is opposite. The positive bending 

moment indicates that the upper edge is in tensile stress. 𝑀ீଵ + 𝑀௉ଵ ≈ 0          (1) 

 

Figure 1. Cantilever beam. 

The dashed line in Figure 2(b) represents the redistribution moment（𝑀ோீ）acting on the gravity 

effect, the moment caused by gravity（𝑀ீଶ） after the alteration may be calculated from 𝑀ீଶ = 𝑀ீଵ + 𝑀ோீ          (2) 

 

Figure 2. Continuous beam. 

There is no external force involved during the process of the moment redistribution, then the 

redistribution moment （𝑀ோ௉）acting on the prestress effect may be taken as 𝑀ோ௉ = −𝑀ோீ          (3) 
The moment caused by prestress（𝑀௉ଶ） after the alteration is shown that 𝑀௉ଶ = 𝑀௉ଵ + 𝑀ோ௉          (4) 
It is shown in Figure 2(c) that 𝑀ோ௉  is positive which means the prestress effect after the 

alteration caused the tensile stress on the upper edge around the mid-span. The conclusion is wrong, 

but it is hard to find the problem in force analysis. 
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The essence of moment redistribution is the stain energy variation; the methodology needs to be 

related to the principle of minimum potential energy. 

3. Virtual Stiffness Method 

The cantilever beam model with an excessive vertical bearing was shown in Figure 1. The 

boundary condition change from Figure 3. (a)to (c) can be replaced equivalently by Figure 3. (b) which 

is supported by a spring. The stiffness of the spring varied from 0 to ∞.  

 

Figure 3. Moment redistribution of the cantilever beam. 

The curve of an assumed stiffness function is shown in Figure 4, where the independent variable 

is time. The stiffness is named 𝑘௜  and the variable is named 𝑡௜ , since the function of stiffness is 

imaginary. 

 

Figure 4. The curve of virtual stiffness. 

Here are some basic characteristics of the bearing：  

(1) The bearing can only provide passive force. 

(2) The bearing cannot impose an action that the structure cannot resist (e.g., the compression on 

the rope). 

Why does the function 𝑘௜(𝑡௜) equal the change of the boundary condition? At the beginning 

when 𝑘௜ is 0, the beam has no restriction at the ending and the beam deflects freely; when 𝑘௜ reaches 

to ∞, there is no displacement at the point of spring. The process of the stiffness change does not 

have to be a smooth concave function, the curve in Figure 4 is just an assumed function. During the 

whole process, the spring supplies the passive force rather than the active force which fits the basic 

characteristics of the bearing. 
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Based on the Euler-Bernoulli theorem, the deformation which is caused by shear force can be 

neglected on the slender rod. Eq.(5) can calculate the cantilever beam’s strain energy. 𝑉(𝑥) = ׬ ଵଶ ∙ 𝑀(𝑥) ∙ ெ(௫)ாூ 𝑑𝑥௅         (5) 

The direction of the passive force is always opposite to the direction of the displacement of the 

spring which means the spring cannot increase the strain energy of the cantilever beam.  

The dotted triangle in Figure 1(b) represents the moment that is caused by the bearing force. As 

the imaginary stiffness gets bigger the passive force of the spring and dotted triangle gets bigger. 

Finally, the strain energy reaches the minimum. 

If 𝑀(𝑥) equals 1(no unit), the dimension of 𝑉 in Eq.(5) is the same as the displacement; if 
ெ(௫)ாூ   

equals 1 (no unit), the dimension of 𝑉 is the same as the moment. Those are the basic ideas of the 

virtual force and displacement methods. If the spring and the beam Figure 3(b) are considered a 

conservative system of energy. While the energy of the system(𝐸௦௬௦) is constant, 𝑡௜  is variant for 𝑘௜(𝑡௜), then 𝑀(𝑥) can be calculated by 𝑡௜ . 𝐸௜  refers to the spring deformation energy, When the 

boundary condition changes to a rotational spring, the 𝑅௜ in Figure 3(b) is replaced by 𝑀௜. 𝐸௦௬௦ = ׬ ଵଶ ∙ 𝑀(𝑥) ∙ ெ(௫)ாூ 𝑑𝑥௅ + 𝐸௜(𝑘௜)    (6) ׬ ଵଶ ∙ 𝑀(𝑥) ∙ ெ(௫)ாூ 𝑑𝑥௅ = 𝐸௦௬௦ − 𝐸௜(𝑘௜)   (7) 

Eq. (7) is the expression of the virtual stiffness method, the strain energy is calculated by the 

stiffness of the bearing which is the function of time. 

4. The System Transformation of Continuous Concrete Beam 

4.1. The initial energy 

Boundary conditions of the continuous concrete beam are shown in Figure 5. From the 

viewpoint of the energy, the strain energy is transformed from the work of gravity and prestress 

tendon. The effect of energy is not related to the process. The initial state of the system’s strain 

energy(𝑉௜௡௜) consists of strain energy caused by gravity(𝑉 ) and strain energy caused by the tendon 

(𝑉௉). 𝑉௜௡௜ = 𝑉 + 𝑉௉         (8) 

 

Figure 5. Traditional Boundary Condition of Continuous Beam during Construction. 

According to the principle of minimum potential energy, after the redistribution of the moment, 

the energy of the system reaches the minimum. 

  

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 31 July 2023                   doi:10.20944/preprints202307.2101.v1

https://doi.org/10.20944/preprints202307.2101.v1


 5 

 

4.2. The Calculations on the moment redistribution 

In the real model, the cross-sections of the cantilever beam varied, and the moment of inertia in 

Eq. (5) is not constant. The integral in Eq. (5) can be solved by adding up the strain energy of small 

segments in numerical analysis. The rule of the internal force variation is our main concern, so the 

precondition of a uniform beam is proposed. 

4.2.1. The gravity part 

The moment(𝑀௜) caused by the imaginary stiffness of the rotational bearing is shown in Figure 

6(b). The strain energy is reduced to the minimum which means the first derivative of 𝑉  of 𝑀௜ 
equals 0. 𝑉(𝑥) = ׬ ଵଶ ∙ (ଵଶ 𝑞𝑥ଶ − 𝑀௜) ∙ భమ௤௫మିெ೔ாூ 𝑑𝑥௟଴        (9) 𝑉 = ( ଵସ଴ 𝑞ଶ𝑙ହ − ଵ଺ 𝑞𝑙ଷ𝑀௜ + ଵଶ 𝑀௜ଶ) 𝐸𝐼⁄        (10) 

ௗ௏ௗெ೔ = 0       (11) 𝑀௜ = ଵ଺ 𝑞𝑙ଶ       (12) 

 

Figure 6. Moment redistribution of the middle span. 

The imaginary resistance force(𝑅௜) of the bearing from Figure 3(b) can be deduced as follows: 𝑉(𝑥) = ׬ ଵଶ ∙ (ଵଶ 𝑞𝑥ଶ − 𝑅௜𝑥) ∙ భమ௤௫మିோ೔௫ாூ 𝑑𝑥௟଴        (13) 𝑉 = ( ଵସ଴ 𝑞ଶ𝑙ହ − ଵ଼ 𝑞𝑙ସ𝑅௜ + ଵ଺ 𝑙ଷ𝑅௜ଶ) 𝐸𝐼⁄        (14) 

ௗ௏ௗோ೔ = 0       (15) 𝑅௜ = ଷ଼ 𝑞𝑙        (16) 

After the imaginary moment( 𝑀௜ ) and imaginary resistance force( 𝑅௜ ) are calculated, the 

unbalanced moment of the fixed ending in Figure 6 and Figure 3 can be calculated by the moment 

distribution method or virtual displacement method, which is not shown in this paper. 

The stress redistribution caused by moment redistribution can be calculated by plane section 

assumption. 
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4.2.2. The prestress tendon part 

The stress redistribution of prestress tendon cannot be calculated the same as the stress 

redistribution of gravity. Because the upper part of the fiber is compressed under the load of prestress 

tendon. The passive bearing cannot elongate the upper part of the fibber. The boundary condition is 

simulated by a series of springs (Figure 7) rather than a rotational bearing during the process of 

system transformation. The curve of the imaginary stiffness of the springs is applied and shown in 

Figure 8. 

 

Figure 7. Boundary condition of middle span in virtual stiffness method. 

 

Figure 8. Imaginary stiffness curve of bearing at mid-span. 

The strain caused by prestress tendon is shown in Figure 9(a); the strain caused by bearing is 

shown in Figure 9(b). Total strain(Figure 9(c)) is combined by (a) and (b). The magnitude along the 

depth of the beam does not have to be linear. The inelastic deformation accumulates under cycled 

load since the sum of inelastic strain is positive in each iteration time (𝛥௧). 

 

Figure 9. The strain caused by prestressing tendon and bearing. 
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The stress-strain property during the cycled reaction force derived from the imaginary stiffness 

of the bearing is shown in Figure 8. The whole depth of the beam has inelastic strain(𝛥ఌ)which means 

inelastic deformation of the beam. The prestress force of the tendon tends to decrease as the shortage 

of beam in the longitudinal direction. The time in virtual stiffness is imaginary, then the cycle load 

can be imposed instantaneously. But the inelastic deformation requires time. The inelastic property 

can be comprehended by creep theory in which the deformation is due to the viscous flow and slip 

of the gel. The inelastic strain(𝛥ఌ) in Figure 10 is the additional deformation of boundary conditions, 

with the viscous flow and the slip of the gel it occurs like long-term action. 

The inelastic deformation and prestress loss coupled with each other which I called Material 

Inelasticity and Prestress Loss Coupling Effect. The coupling effect might be the key to long-term 

excessive deflections in segmental concrete bridges. 

 

Figure 10. Accumulation of inelastic strain caused by the boundary condition. 

4.3. Final state of the energy 

After the inelastic deformation of the beam and the prestress loss in the tendon, the moment 

caused by prestress disappeared in the middle span. As the coupling effect proceeds the moment of 

the continuous beam lies somewhere between Figure 11 (a) and (b). 

 

Figure 11. The moment redistribution in the continuous beam. 

5. The Coupling Effect in Cantilever Beam 

In the cantilever beam, there is still a coupling effect caused by the live load. The service load 

can be simulated by pulsating load at the span center shown in Figure 12. The lower part of the beam 

has elastic strain due to the living load. The stress-strain property is shown in Figure 13. The 

accumulation of the inelastic strain during live load can be found as 𝛥ఌ. 
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Figure 12. Live load model in the cantilever beam. 

 

Figure 13. Accumulation of inelastic strain caused by live load. 

6. Calculation of Excessive Deflection 

A macroscopic view of the relationship between longitudinal length reduction and vertical 

deflection is presented in Figure 14. The deflection curve along the longitudinal direction is hard to 

simulate but a simple model of assumed radius (𝑅) could explain the principle. 

 

Figure 14. Deflection geometry. 

Material Inelasticity and Prestress Loss Coupling Effect is the inherent nature of material and 

geometry. 𝛥஼ means the shortage of the beam and 𝛥஽ means the elongation of the beam. 𝛥஽ = ோ௖௢௦ఏವ − 𝑅    (17) 

𝛥஽ = ׬ 𝜀௜௡௘ோ଴ 𝑑𝑥    (18) 

𝜀௔௩௚ = ׬ ఌ೔೙೐ೃబ ௗ௫ோ     (19) 
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𝐷ௗ௘௙ = 𝑅 ∙ 𝑡𝑎𝑛𝜃஽    (20) 
The average inelastic strain (𝜀௔௩௚) is calculated from Eq.(19) where 𝜀௜௡௘ is the inelastic strain in 

each section of the beam. The function 𝐷ௗ௘௙(𝑅, 𝜀௔௩௚) is plotted in Figure 15, where 𝑅 equals 50m, 

and 𝜀௔௩௚ equals 500 𝜇𝜀, the excessive deflection could reach 1.58m. The excessive deflection and the 

shear resistance of the beam may interact with each other which is the deterioration effect [13]. Which 

will lead to extra cracking. 

 

Figure 15. Calculation results of the excessive deflection. 

7. Discussion and Suggestions on Design and Construction 

7.1. Design 

As shown in Eq. (6), The process of stress redistribution is the process of energy transmission. It 

is also a process of energy dissipation due to the discovery of Material Inelasticity and Prestress Loss 

Coupling Effect. It requires vibration and deformation to let the energy flow. The bottom prestress 

tendon (after the closure of the continuous beam) should be stretched in stages according to the 

process of moment redistribution, otherwise, the compression stress would exceed more than 

expected in the bottom plate. 

In the steel bridge, there is an active force to make the beam smooth before the closure. That is 

also called the unstressed state method [14]. The stress redistribution is completed during the 

implementation of the active force. And there is no Material Inelasticity and Prestress Loss Coupling 

Effect. Sometimes the middle of the span is substituted by a steel box girder. 

The stiffness of the middle span resists the deflection, and the creep effect will decrease when 

the thickness of the web increase. The diameter of the railway continuous beam is far bigger than 

highway bridges. The design of the railway bridge is according to stiffness, not strength, and the deck 

of the railway bridge is narrow. The span of the continuous concrete railway bridge is usually smaller 

which means the assumed radius in Figure 14 must be smaller. The deflection problem is trivial in 

railway bridges.  

Never try to change the structure system when the cantilever bridge is reinforced. Material 

Inelasticity and Prestress Loss Coupling Effect will weak the bridge. It can also be understood by 

Figure 16. In the cantilever bridge, the flow of the force is mainly through the top plate where the 

prestress tendon lies. After the transformation, the flow of the force finds a shot cut through the web 

and bottom plate, but the web is not designed to overcome such an amount of excessive flow. The 

web width of the KB Bridge is only 356mm along the whole middle span. 
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Figure 16. Flow of the force. 

The side span of the beam can move freely when Material Inelasticity and Prestress Loss 

Coupling Effect occurs. And the redistribution moment caused by prestress tendon in Figure 11(b) is 

relatively small. The excessive deflection hardly appears on the side span. 

Since excessive deflection is an innate property in this study, excessive camber is suggested. the 

shortage(𝛥஼) of the beam in Figure 14 does not deteriorate the structure. But the excessive camber 

will change the geometry of the structure, for the rigid-frame bridge, the excessive camber that works 

like an arc bridge may cause inelastic strain on the piers which means the piers will bend under 

thrust. The method of excessive camber should be very careful, large amounts of excessive camber 

could jeopardize the piers. 

The prestress tendon along the full length can be stretched over and over as external prestress, 

As the elastic modulus of the concrete does not decline, the external prestress will work in a certain 

amount. 

7.2. Construction 

Minimizing the inelastic property of concrete is the technical route of construction. 

(1) Guarantee sufficient vibration of concrete [15]. The void in concrete during the pouring process 

should cause the inelasticity of the concrete. 

(2) Curing age before applying prestress should meet the design requirement.  

(3) Water cement ratio and the selection of cement varieties should incline to reduce the inelastic 

performance of concrete 

8. Conclusions 

The new theory explained the prestress loss and concrete inelastic model both. It worked well 

with the phenomenon: the steel bridge, the railway concrete bridge, and the Side span rarely have an 

excessive deflection. It gives the suggestion such as (1) Excessive camber with caution; (2) Stretching 

the bottom prestress in stages not at once; (3) Prestress tendon along the full length is useful; (4) Do 

not change the cantilever structure into the continuous structure during the reparation; (5) To 

increase the web thickness and stiffness of the middle span is an effective way to resist excessive 

deflection; (6) To reduce the inelastic performance of the concrete during construction.  
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