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Abstract: In a uniformly smooth and p-uniformly convexBanach space, let the pair of variational inequality
and fixed point problems (VIFPPs) consist of two variational inequality problems (VIPs) involving two
uniformly continuous and pseudomonotone mappings and two fixed point problems implicating two
uniformly continuous and Bregman relatively asymptotically nonexpansive mappings. This article designs
two parallel subgradient-like extragradient algorithms with inertial effect for solving this pair of VIFPPs,
where each algorithm consists of two parts which are of symmetric structure mutually. With the help of
suitable registrations, it is proven that the sequences generated by the suggested algorithms converge weakly
and strongly to a solution of this pair of VIFPPs, respectively. Lastly, an illustrative instance is furnished to
verify the implementability and applicability of the suggested approaches.
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1. Introduction

Let @ # C C H and P be the metric projection from H onto C with C being convex and closed in a real
Hilbert space H. Suppose that the (-,-) and || - || are the inner product and induced norm in H, respectively.
Given a nonlinear operator S : C — C. We denote by Fix(S) the fixed-point set of S. Also, the R, — and —
are used to stand for the real-number set, the weak convergence and the strong convergence, respectively. A
self-mapping S on C is known as being of asymptotical nonexpansivity if 3 (nonnegative real sequence) {6, }
s.t.

0y +D|lo—ul|| > ||S"v — S"u|| Vo,ueC, n>1, (1.1)

with 8, — 0. In particular, in case 6, = 0 Vn > 1, S reduces to a nonexpansive mapping. Let A: H — Hbea
mapping. Recall that so-called variational inequality problem (VIP) is to find v € C such that

(Av,x —v) >0 VxeC, (1.2)

Here VI(C, A) denotes the set of solutions of the VIP. In 1976, under weaker assumptions, Korpelevich [24]
put forward the extragradient rule for approximating an element of VI(C, A), i.e., for any starting to € C, {t, }
is the sequence generated by

sy = Pc(ty, — €Aty),

thy1 = Pc(ty —€Asy) Vn >0,
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with e € (0, 1). If VI(C, A) # @, then {t,} converges weakly to an element in VI(C, A). To the best of our
understanding, the Korpelevich extragradient rule is one of the most effective approaches for solving the VIP
till now. The literature on the VIP is vast and the Korpelevich extragradient rule has acquired the extensive
attention paid by numerous scholars, who ameliorated it in various ways; see e.g., [1-6, 8-9, 13-16, 19, 21-23,
25-28, 31, 34].
Recently, Thong and Hieu [21] first put forth the inertial subgradient extragradient rule, i.e., for any

starting to, t1 € H, {t,} is the sequence generated by

Yn =tn + ‘Xn(tn - tnfl)/

sn = Pc(yn — LAyn),

Chn={veH: (yn— LAy, —sp,v—su) <0},

twy1 = Pc,(yn —LAsy) Vn>1,
with constant ¢ € (0, }). Under suitable assumptions, they proved the weak convergence of {t,} to an
element of VI(C, A). Subsequently, Thong and Hieu [15] introduced two inertial subgradient extragradient
algorithms with linear-search process for solving the VIP with Lipschitz continuous monotone mapping A
and the fixed-point problem (FPP) of a quasi-nonexpansive mapping S with demiclosedness property in H.

Algorithm 1.1 (see [15, Algorithm 1]). Initialization: Given v > 0, I € (0,1), u € (0,1). Choose any
initial ¢y, #; € H.

Iterations: Compute ¢, below:

Step 1. Puts, = t, + a,(t, — t,—1) and calculate y, = Pc(sp — €4 Asy), wherein ¢, is picked as the largest
Ce{y, vl 912, ..} st l)|Asy — Ayl < ullsn — yal|-

Step 2. Calculate u, = P, (sp — £nAyn), where C, := {u € H: (s — £y Asy — yn, 1 — yp) < 0},

Step 3. Calculate t, .1 = (1 — Bn)Sn + BnSn. When's,, = u, = t, 1, one has s, € Fix(T) N VI(C, A). Put
n :=n+ 1 and return to Step 1.

Algorithm 1.2 (see [15, Algorithm 2]). Initialization: Given v > 0, I € (0,1), u € (0,1). Choose any
initial ¢y, #; € H.

Iterative steps: Compute t,,,1 below:

Step 1. Putt s, = t, + an(ty — t,—1) and calculate y, = Pc(sy, — €nAsy), wherein ¢, is picked as the
largest ¢ € {7, 71, yI?,..} s.t. £||Asy — Ay | < ptllsn — yull-

Step 2. Calculate u, = Pc, (sy — £y Ayn), where C, :={u € H: (s, — £y Asy — Yn, u — yn) < 0}.

Step 3. Calculate t,, 11 = (1 — Bn)ty + BuSun. When's, = u, = t, = t, 11, one has t, € Fix(T) N VI(C, A).
Put n := n 41 and return to Step 1.

With the help of suitable assumptions, it was proved in [15] that the sequences generated by the
suggested algorithms converge weakly to a point in VI(C, A) N Fix(S). In addition, combining the subgradient
extragradient method and the Halpern's iteration rule, Kraikaew and Saejung [22] proposed the Halpern
subgradient extragradient rule for solving the VIP, and showed that the sequence generated by the proposed
rule converges strongly to a point in VI(C, A). Recently, Reich et al. [27] put forward two gradient-projection
algorithms for solving the VIP for uniformly continuous pseudomonotone mapping. In particular, they used
a novel Armijo-type line search to acquire a hyperplane which strictly separates the current iterate from
the solutions of the VIP under consideration. They proved that the sequences generated by two algorithms
converge weakly and strongly to a point in VI(C, A), respectively.

On the other hand, let @ # C C E where C is convex and closed in a uniformly smooth and p-uniformly
convex Banach space E for p,q > 1 satisfying % + % = 1. Let ]g be the duality mapping of E, and let E*

be the dual of E with the duality JL.. Suppose that the norm and the duality pairing between E and E* are
denoted by || - || and (-, -), respectively. Let f,(u) = [[u|[P/p Vu € E, Dy, be the Bregman distance with respect
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to (w.r.t) fp and I'lc be Bregman'’s projection w.r.t. f, from E onto C, and presume that {a,}, {8} C (0,1)
s.t. Yo gty = 00, limy oty = 0and 0 < liminf, e By < limsup, . By < 1. Assume that A : E — E* is
uniformly continuous and pseudomonotone operator and S is Bregman relatively nonexpansive self-mapping
on C. Very recently, inspired by the research works in [27], Eskandani et al. [31] proposed the hybrid projection
approach with linesearch process for approximating a point in VI(C, A) N Fix(S).

Algorithm 1.3 (see [31]). Initialization: Given! € (0,1), v >0, A € (0, %) and choose u, t; € C randomly.

Iterations: Compute t,,,1 (1 > 1) below:

Step 1. Calculate y, = Il (J}. (JEity — AAty)) and 7x(ty) := ty — yn. If rA(t2) = 0 and St, = t,, then stop;
t, € m=VI(C, A) NFix(S). If this case does not occur, then,

Step 2. Calculate s, = t, — €75 (ty), with both €, := Ikn and k, being the smallest k > 0 s.t. (At, —
Aty = Fry(t)), ra(tn)) < %Dfp(tnr]/n)-

Step 3. Calculate u, = JL. (BaJbtn + (1 — Bu)JE(STc, tn)) and ty 1 = T (Jh (anJbu + (1 — &) JEun)),
with Gy :={y € C: 0 > hu(y)} and hu(y) = (Asn,y — tn) + F Dy, (tn, Yn).

Again put n := n + 1 and return to Step 1.

With the help of suitable conditions, it was proven in [31] that {t,} converges strongly to ITau.

This article designs two parallel subgradient-like extragradient algorithms with inertial effect for resolving
a pair of variational inequality and fixed point problems (VIFPPs) in uniformly smooth and p-uniformly
convex Banach space E. Here two variational inequality problems (VIPs) involve two uniformly continuous
pseudomonotone operators and two fixed point problems implicate two uniformly continuous Bregman
relatively asymptotically nonexpansive mappings. Moreover, each algorithm consists of two parts which are
of symmetric structure mutually. With the help of appropriate registrations, it is proven that the sequences
generated by the suggested algorithms converge weakly and strongly to a solution of this pair of VIFPPs,
respectively. Lastly, an illustrative instance is furnished to check the implementability and applicability of the
proposed approaches.

The structure of the article is described as follows: Section 2 releases certain terminologies and preliminary
results for later applications. Section 3 is focused on discussing the convergence of the suggested algorithms.
In Section 4, the major outcomes are utilized to deal with the CFPP and VIPs in an illustrative instance. Our
results improve and develop the revelent ones obtained previously in [15, 27, 31].

2. Preliminaries

Let (E,| - ||) be a real Banach space, whose dual is denoted by E*. We use the y, — yand y, — y
to represent the strong and weak convergence of {y,} to y € E, respectively. Moreover, the set of weak
cluster points of {y,} is denoted by wy(ys), i.e., ww(yn) = {y" € E : yu, — y' forsome {yu, } C {yu}}.
LetU={y€E:|ly|=1}and 1 < g <2 < p with % + % = 1. A Banach space E is referred to as being
strictly convex if for each y, x € U with y # x, one has ||y + x||/2 < 1. E is referred to as being uniformly
convex if Vg € (0,2], 36 > 0s.t. Vy,x € U with |[y — x|| > ¢, one has ||y + x||/2 < 1 — 6. It is known that a
uniformly convex Banach space is reflexive and strictly convex. The modulus of convexity of E is the function
0:10,2] — [0,1] defined by 6(¢) = inf{1 — ||y + x||/2 : y,x € U with ||y — x|| > ¢}. Itis also known that E is
uniformly convex if and only if 6(g) > 0 V¢ € (0,2]. Moreover, E is referred to as being p-uniformly convex if
de>0s.t. 5(g) > cgP for0 < ¢ < 2.

The nonnegative function pg(+) on [0,0) is called the modulus of smoothness of E if pg(g) := sup{(||ly +
cx|| +ly —gx|[)/2—=1:y,x € U} ¥Vg € [0,00). E is said to be uniformly smooth if lim._,0 pe(g)/¢ = 0,
and g-uniformly smooth if 3C; > 0s.t. pp(g) < Cy67 Vg > 0. Recall that E is of p-uniform convexity iff
E* is of g-uniform smoothness; see e.g., [32] for more details. Putting B(0,7) = {y € E : ||y|| < r} for each
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r > 0, we say that f : E — R is uniformly convex on bounded sets (see [31]) if p,(g) > 0 Vr,g > 0, where
pr(g) : [0,00) — [0, 0] is specified below
or() = inf{[ef(y) + (1—e)f(x) — fley+ (1 —)x)] /e(1—e) :
€€ (0,1) and y,x € B(0,r) with |[y —x|| =¢} V¢ >0.

The p; is known as the gauge function of f with uniform convexity. It is clear that the gauge p, is nondecreasing.

Let f : E — R be a convex function. If the limit lim__,,+ Hutex)=f¥) exists for each x € E, then f
is referred to as being Gateaux differentiable at y. In this case, the gradient Vf(y) of f at y is of linearity,
and is formulated as (Vf(y), x) := lim _,o+ M Vx € E. The f is referred to as being of Gateaux

differentiablility if it is of Gateaux differentiablility at any y € E. In case lim _,+ w is achieved
uniformly for any x € U, we say that f is of Fréchet differentiablility at y. Besides, f is referred to as being
of uniform Fréchet differentiablility on a subset K C E if lim _,o+ M is achieved uniformly for
(y,x) € K x U. When the norm of E is of Gateaux differentiablility, E is said to be of smoothness.

Let % + % =1for p,q > 1. The ]E : E — E* is specified below

JE(y) = {9 € E*: (p,y) = |yl|’ and [|@| = |y’ '} Vy€E.

It is known that E is of smoothness iff | Ep is of single value from E into E*. Also, E is of reflexivity iff | Ep is
of surjectivity, and E is strictly convex iff ]Z is of one-to-one property. So it follows that, when the smooth
Banach space E is of both strict convexity and reflexivity, | E is the bijection and in this case, ]Z* = (] g) ~1. Also,
recall that E is of uniform smoothness iff the function f,(y) = [|y||”/p is of uniform Fréchet differentiablility
on bounded sets iff ] is of uniform continuity on bounded sets. Moreover, E is of uniform convexity iff the
function f, is of uniform convexity (see [32]).

Let the function f : E — R be of both Gateaux differentiablility and convexity. Bregman’s distance w.r.t.
f is specified below

D¢(t,s) := f(t) — f(s) = (Vf(s),t —s) Vts€E.

It is worth mentioning that the D¢ (-, -) is not a metric in the common sense of the terminology. Evidently,
D¢(t,t) = 0 but D¢(t,s) = 0 can not lead to t = s. Generally, Dy is not of symmetry and fulfill no triangle
inequality. However, Dy fulfills the three point equequality

D¢(t,s) + Dg(s,u) = De(t,u) = (Vf(s) = Vf(u),t—s).

See [20] for many details.
It is remarkable that the ]} on the smooth E is Gateaux’s derivative of fp- Thus, Bregman’s distance w.r.t.
fp is specified below
Dy, (y,x) = |yllP/p = IxIP/p — (Jh(x),y — %)
=llyll?/p +IIxIIP /9 = (JE(x), y)
= (lxlI” = llylI") /g = UE(x) = JE (W), y)-

In the p-uniformly convex and smooth Banach space E for 2 < p < oo, there holds the following relationship
between the metric and Bregman distance:

tlly —x|IP < D, (y,%) < (JE(y) = JE(x),y — x), (2.1)
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where T > 0 is some fixed number (see [12]). Via (2.1) it can be easily seen that for each {y,} C E of
boundedness, the relation is valid:

Yn =y < Dy, (yny) convergesto0 asn — oo.

Let @ # C C E with C being convex and closed in a strictly convex, smooth and reflexive Banach space E.
Bregman’s projection is formulated as minimizers of Bregman'’s distance. Bregman’s projection of y € E onto
C w.rt. fp indicates a unique point Ilcy € Cs.t. Dy, (Ilcy,y) = minyec Dy, (x,). In the case of Hilbert space,
Bregman’s projection w.r.t. f, reduces to the metric projection. Using [30, Theorem 2.1] and [18, Corollary 4.4],
in a uniformly convex Banach space, the characterization of Bregman'’s projection is formulated by:

{JF(y) = JE(Hcy), x —Tlcy) <0 Vx eC. (2.2)

Meantime, (2.2) is equivalent to the descent property
Dy, (x,I1cy) + Dy, (Ilcy,y) < Dy, (x,y) Vx€C. (2.3)

When p = 2, J} reduces to the normalized duality mapping and is written as J. The ¢ : E2 — R is formulated
below
¢(t,5) = [It1* = 2(Js, 1) + [sl|* Vs € E,

and Il¢(t) = argmin,_-¢(s,t) Vt € E.
In terms of [31], the function Vy : E x E* — [0, 00) associated with f, is specified below

Ve, y") = llyl?/p = vy + ly*l1'/q9 V(y.y") € EXE". (24)

So, Vi, (y,y*) = Dy, (v, JL.(y*)) Y(y,y*) € E x E*. Moreover, by the subdifferential inequality, we obtain

Ve, (o y") + (5 T ) —y) < Vi (wy" +x%) Wy €eE vt x" € E (2.5)
In addition, pr is convex in the second variable. Hence one has

n

Dfp(ZJZ*(Z; ¢ilE(y)) < ZinDf,,(Z/yj) vz € E, {y;}io1 C E {¢j}j1 € [0,1] Wichin =1 (2.6)
j= j= j=

Lemma 2.1 ([30]). Let E be a uniformly convex Banach space and {s, }, {t,} be two sequences in E such
that the first one is bounded. If lim;, o Dfp (tn,sn) = 0, then limy e ||tn — su|| = 0.

Assume that S is a self-mapping on C. Let the Fix(S) indicate the set of fixed points of S, that is,
Fix(S) = {y € C:y = Sy}. A point y* € C is referred to as an asymptotic fixed point of S if I{y,} C Cs.t.
yu — y"and (I — S)y, — 0. Let the Fix(S) denote the asymptotic fixed point set of S. The terminology of
asymptotic fixed points was invented in [11]. A self-mapping S on C is known as being the one of Bregman'’s
relatively asymptotical nonexpansivity w.r.t. f, if Fix(S) = Fix(S) # @, and 3{6,} C [0,0) with both
0, — 0 (n — o) and

(0n +1)Dy, (v, x) > Dy, (y,S"x) Vy € Fix(S),x€C, n>1.

doi:10.20944/preprints202307.2083.v1
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In particular, if 6, = 0 Vi > 1, then S reduces to the one of Bregman’s relatively nonexpansivity w.r.t. f,, that
is, Fix(S) = Fix(S) # @ and Dy, (y,5x) < Dy, (y,x) ¥y € Fix(S), x € C. In addition, a mapping A : C — E* is
known as being

(i) monotone on C if (Av — Ay,v —y) > 0Vov,y € C;

(ii) pseudo-monotone if (Ay,v —y) > 0= (Av,v —y) > 0Vo,y € C;

(iii)¢-Lipschitz continuous or ¢-Lipschitzian if 3¢ > 0s.t. ||At — Ay|| < {||t — y||Vt,y € C;

(iv) of weakly sequential continuity if V{t,} C C,the relation holds: t, — t = At, — At.

Lemma 2.2 ([31]). Let r > 0 be a constant and suppose that f : E — R is a uniformly convex function on
any bounded subset of a Banach space E. Then

n

n

O ate) < ) anf(te) — wnjor (It — 1),
k=1 k=1

Vi,j€1{1,2,..,n}, {t}}_4 € B(0,7) and {a;}}_; C (0,1) for Y}, ax = 1, with p, being the gauge of f with

uniform convexity.

Proof. It is easy to show the conclusion.

Lemma 2.3 ([28]). Let E; be a Banach space for i = 1,2 and suppose that A : E; — Ej is of uniform
continuity on any bounded subset of E; and D C E; is of boundedness. Then A(D) C E; is of boundedness.

Lemma 2.4 ([10]). Assume @ # C C E with C being convex and closed, and let A : C — E* be of both
pseudomonotonicity and continuity. Given y* € C. Then (Ay",y —y") >0Vy € C & (Ay,y—y") >0Vy €
C.

Lemma 2.5. Suppose that E is a smooth and p-uniformly convex Banach space for p > 2, where | E is of
weakly sequential continuity. Assume {s,} C Eand @ # m C E. If wy(sx) C m,and {Dy, (z,5,)} converges
for each z € m. Then one has the weak convergence of {s, } to an element of m.

Proof. First, one has ||z — s|[P < Dy, (z,s,) Vz € mby (2.1). Thus we obtain that {s, } is of boundedness.
Since E is reflexive, we get wy(sy) # @. Also, one claims that {s,} converges weakly to an element of
m. Indeed, let 5,8 € wy(sy) with 5 # 5. Then, 3{s;,, } C {sy} and I{s;, } C {sn} s.t. sy, = §and s;;, —
4. Since ]Ep is weakly sequentially continuous, we obtain both ]g(snk) — ]55 and ]g(smk) — ]gé. Note
that Dy, (5,8) + Dy, ($,su) = Dy, (S,5n) — (Jhs — JEsn, 5 — 8). So, utilizing the convergence of the sequences
{Dfp (5,54)} and {Dfp (8,51)}, we conclude that

—(Jfs—JP5,5—3§) = ;}Ei‘o[_<]£§ — JPsn,, 5 —8)]
= i}gxgo[Dfp (5,8) + Dy, (8,5n) — Dy, (5,5n)]

= lim [—(JE8 — Jgsm, § = 8)] = —(Jg§ = J3,5—8) =0,

which hence yields (J;5 — J£$,5 — §) = 0. From (2.1) we get 0 < 7[5 — 8[|V < Dy, (5,) < (Jp5 — J£5,5—§) = 0.
This arrives at a contradiction. Thereupon, this means that {s, } converges weakly to an element of m.

The lemma below was put forth in R” by [29]. It is easy to verify that the proof of the lemma in Banach
spaces is actually the same as in R™.

Lemma 2.6. Assume @ # C C E with C being convex and closed. Suppose that K := {y € C : h(y) < 0}
where /i : E — R is defined on E. If K # @ and h is Lipschitz continuous on C with modulus 6 > 0, then
fdist(x, K) > max{h(x),0} Vx € C, where dist(x, K) stands for the distance of x to K.

Lemma 2.7 ([17]). Let {T, } be a sequence of real numbers that does not decrease at infinity in the sense
that, 3{T,, } C {Iy} s.t. Ty, < T, 41 for all k. Assume that {¢(n)},>n, is defined as ¢(n) = max{k < n :
Ty < Ti1}, with integer ng > 1 satisfying {k < ng : Iy < I'y;1} # @. Then the following hold:


https://doi.org/10.20944/preprints202307.2083.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 August 2023 doi:10.20944/preprints202307.2083.v1

7 of 26

(1) ¢(ng) < @(ng+1) <--- and @(n) — oo;

(ﬁ) I"(P(n) < rq,(n)+1 and l"n < r¢(n)+1 Vn > no.

Lemma 2.8 ([7]). Let {0}, } be a sequence in [0, o) satisfying 0,11 < (1 — pn)0u + pncn ¥n > 1, with
{pn} and {c,} being real sequences satisfying the conditions: (i) {y»} C [0,1] and Y’ ; #n = oo; and (ii)
limsup, ¢y <0or Y 7 |pncy| < co. Then o, — 0asn — oo,

Lemma 2.9 ([33]). Let {a,},{bs} and {6, } be sequences of nonnegative real numbers satisfying the
inequality a,41 < (1+6p)an +b, Vn > 1. 1£ Y7 1 6, < o0oand Y, by < oo, then limy, s a,, eXists.

3. Main Results

In this section, let @ # C C E with C being convex and closed in uniformly smooth and p-uniformly
convex Banach space E for p > 2. We are now in a position to present and analyze our iterative algorithms for
approximating a common solution of a pair of VIFPPs, where each algorithm consists of two parts which are
of symmetric structure mutually. Assume always that the following conditions hold:

(C1) 54, S, : C — C are the mappings of both uniform continuity and Bregman’s relatively asymptotical
nonexpansivity with sequences {6, }°° ; and {6, }°_,, respectively.

(C2) Fori=1,2, A; : E — E* is of both uniform continuity and pseudomonotonicity on C, s.t. || A;y'|| <
liminf,e0 [|Aiyn|l Y{yx} C C withy, — y .

(C3)m = N2, VI(C, A;) NFix(S;) # @.

Algorithm 3.1. Initialization: Given x,x; € C arbitrarily and lete > 0, p; > 0, A; € (0, %), li €
(0,1) for i = 1,2. Choose {a,},{Br} C (0,1) and {¢,} C (0,00) s.t. 0 < liminfy 0 an(1 —ay), 0 <
liminf, e Bn(1 — Bn) and Y5 1 €y < oo. Moreover, assume ) > ; 6, < oo, and given the iterates x,,_1 and

X, (n > 1), choose ¢, s.t. 0 < ¢, < &,, where
o { min{e, Ly boifx, £ x,q,
€En =

H]ZS’lixn—]g(s?xn""xn—xn—l)H
€ otherwise.
Iterations: Compute x,,.1 below:
Step 1. Put g, = ]Z*((l — en)]}gsg’xn + en]}’;(S’fxn + xy — x,_1)) and calculate s, = ]Z*(,Bn]gxn +(1-
ﬁn)jggn), Yn = HC(]Z* (]Epsn — MAi1sy)), ex,(sn) := sy —yn and t, = s, — Tyey, (sn), with 7, := l’f" and k;,
being the smallest k > 0 s.t.

%Df,, (Sn,yn) > (Arsy — A1(su — llfeAl (sn)),8n = Yn)- (3.1)
Step 2. Calculate w, = Il¢, (s,), with C, := {y € C : h,(y) < 0} and

Tn
hn(y) = <A1tm1/ - Sn> + EDfp(sn/yn)- (3.2)

Step 3. Calculate 7, = HC(IZ*(]an — M Acwy)), ex,(wn) := wy — §y and t, = wy — Tyep, (wy), with
%, == 1)} and j,, being the smallest j > 0 s.t.

%Dfp (Wn, Tn) = (Agwn — Ax(wy — Ben, (wn)), wn — ). (3.3)
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Step 4. Calculate v, = J}. (an]Jfwy + (1 — ay)JF(Siwy)) and x,41 = ¢, no, (wn), with Q := {y € C:
(14 02)Dy, (v, wn) > Dy, (y,vn)}, Cu := {y € C : hu(y) < 0} and

Ijln (y) — <A21Tn/y - u)n> + ZTTn2DfV (u)n,y-n). (34)

Again set n := n + 1 and go to Step 1.

The following lemmas are used in the proofs of our main results in the sequel.
Lemma 3.1. Suppose that {x,} is the sequence constructed in Algorithm 3.1. Then the following

hold: /\%Dfp (8n,yn) < (A1sy, ey, (sn)) and )%szp (wn, Tn) < (Agwy, e, (wn)).
Proof. Note that the former inequality is analogous to the latter. So it suffices to show that the latter holds.
Indeed, using the definition of 7, and properties of I1c, one has

0= <]£w” — A Aywy — ]gy_n/]/ - y'n> Yy € C.
Setting y = wy, in the last inequality, from (2.1) we get
Mg (Agn, wn — Fn) > (JEwn — JETn, Wn — n) > D, (W, Tn),

which completes the proof.

Lemma 3.2. Linesearch rules (3.1), (3.3) of Armijo-type and sequence {x,} constructed in Algorithm 3.1
are well defined.

Proof. Observe that the rule (3.1) is analogous to the one (3.3). So it suffices to show that the latter
is valid. Using the uniform continuity of A, on C, from I, € (0,1) one gets lim; o (Awn — Az(wy —
Lex,(wn)), e, (wy)) = 0. In the case of ey, (wy,) = 0, it is explicit that j, = 0. In the case of ey, (w,) # 0, we
obtain that 3j, > 0s.t. (3.3) holds.

It is not hard to check that Q, and C, are convex and closed for all n. Let us show that Q, N C,, D m.
Choose a z € marbitrarily. Since S, is Bregman's relatively asymptotically nonexpansive mapping, by Lemma
2.2 one gets

Dy, (z,0n) < auDy, (z,wn) + (1 — an) Dy, (z, S5wn) — an(1 — an)py, JEwy, — JESHw,||
< anDy, (z,wn) + (1 — an) (14 04) Dy, (z,wn) — an(1 — an)py 1JEwn — JEShwnl

< (1+64)Dy, (z,wn) — an(1 - ®n)oj, | TEwn — JESSwy||

< (1+64)Dy, (z,wn),

which hence leads to z € Q,,. Meanwhile, from Lemma 2.4, we get (Ayt,, f, —z) > 0. Thus,

hn(Z) = <A2Z"’Z_w">+2%Dfp(wn,]7n) _
~ (Azbuwn = E) = ( Ak B = 2) + 5, Dy, (@, 1) (35)
< 5 (s ens () + 585D 0 ).

So it follows from (3.3) that
H2

7Dfp (wnzyn) > <A2wn — Asty, €, (wn)>
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By Lemma 3.1 we have

(35 = 5)Ds, (@n,n) < (Axtom e, (wn)) — 52Dy, (wn, ) < (a1, (w0)),

which together with (3.5), attains

_ %, 1 i
hu(z) < —*(*2 — 12)Dy, (wn, Jn) < 0.

Therefore, m C C, N Qy. As a result, the sequence {x, } is well defined.

Lemma 3.3. Suppose that {y, } and {7, } are the sequences generated by Algorithm 3.1. If lim; e ||Sn —
Yall = 0 and limy—ye0 ||wy — || = 0, then wy(s,) C VI(C, A1) and wy(wy) C VI(C, Az).

Proof. Note that the former inclusion is analogous to the latter. So it suffices to show that the latter is
valid. Indeed, taking a z € wy,(wy,) arbitrarily, we know that I{wy, } C {wy}, s.t. wy, — ¥y, — 0and wy,, — z.
So, we have ,, — z. Noticing the convexity and closedness of C, according to 7,, — zand {#,} C C, one
gets z € C. In what follows, ones consider two aspects. If Ayz = 0, then z € VI(C, Az) (due to (Ayz,x —z) >0
forall x € C). If Ayz # 0, by the condition on Ay, one gets 0 < [|Asz|| < liminfy_,, [|Aowy, ||. So, we might
assume that || Aywy, || # 0 Vk > 1. From (2.2), we get

<Igwﬂk - A2142’6017]( - ]Epynk/]/ - gnk> S 0 V]/ S CI

and hence

1
E(]gwnk - ]ggnkr]/ - ynk> + <A2w”k'y”k - w"k> < <A2wﬂkr]/ - wﬂk> Vy eC. (3'6)

Since A; is uniformly continuous, using Lemma 2.3 we deduce that { Aywy,, } is of boundedness. Observe that
{7, } is also of boundedness. So, using the uniform continuity of J} on any bounded subset of E, from (3.6)
we have

ligg}f(Azwnk,y —wy,) >0 VyeC. (3.7)

To prove that z lies in VI(C, Az ), one picks {x;} in (0,1) s.t. kx | 0. For any k, we choose the smallest
my > 0s.t. for all j > my,
(Agwn, y — wn;) + K > 0. (3.8)

Because {«;} is decreasing, we get the increasing property of {my}. For the sake of simplicity, {Aowy,, }
is still written as {Aywy, }. It is known that Ayw,, # 0 for all k (due to {Aywy, } C {Aswy, }). Then,

putting gm, = %, one gets <A2wmk,jg*g’mk> = 1Vk > 1. Indeed, it is evident that (Azwmk,lg*gmk> =
“AZwmkH -1
(Agwyy, (—L—)171L Asw, ) = (—L—-)17 1| Aywy, |7 = 1 Vk > 1. So, by (3.8) one has (Aywy,, y +
l| Azt || 171 (| Agwm || 1~

Kk JLe@m, — Wm,) > 0Vk > 1. Again from the pseudomonotonicity of A, one has
(Ao (y + K1 Gy ), Y + Kic Gy, — W) >0 Wy € C. (3.9)
Let us show that limy_,, % ]Z* 3m, = 0. Indeed, noticing x; | 0 and {w;,, } C {wy, }, we obtain that

Kk limsup,_, %k _
||A2wmk|| ~ liminf;_, ||A2wnk||

0 < limsup ||k} G, || = limsup
k—oc0 k—o0
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Hence one gets «; ]Z-* 3m, — 0 as k — oo. Thus, taking the limit as k — oo in (3.9), from (C3) one has
(Azy,y —z) > O0forall y € C. In terms of Lemma 2.4 we conclude that z lies in VI(C, A;).

Lemma 3.4. Suppose that {y,} and {7, } are the sequences generated by Algorithm 3.1. Then the
following hold:

(i) limp—eo Tn Dy, (5, ¥n) =0 = limyeo Dy, (Sn,yn) =0;

(i) limy 00 Tu Dy, (wn, Jn) = 0 = limp—eo Dy, (wn, 7n) = 0.

Proof. Note that the claim (i) is analogous to the one (ii). So it suffices to show that the second is valid. To
verify the second, we discuss two cases. In case liminf, . T; > 0, one may presume that 37 > 0 satisfying
T, > T > 0 for all n, which immediately leads to

WDy, (wn, Jn). (3.10)

Q-

_ 1 _ _
Dfp(wn/yn) = ?nTanp(wn/yn) <

This together with lim,, ;e T D o (wn, ) = 0, arrives at limy, o D f (wn, ) = 0.
In case lim inf, 0 Ty = 0, we assume that limsup,, o, Dy, (wn, #n) = 4 > 0. This ensures that 3{m;} C
{n} satisfying
lim 7, =0 and lim Dy (W, Jm;) = 4 > 0.
joo jeo TP I
We define En\] = %ijy"mj +(1- %ij)wmj Vj > 1. Noticing lim; Tm].Dfp(wmj,y‘mj) = 0, From (2.1) we get
lim; e Tin,||Wm; — Jm;||P = 0 and hence

_p—1
) ,\ . tmp _
im ||, — W[V = lim —5— - Ty, [wm, — G, || = 0. (3.11)
j—oo j—roo 12

Because A; is uniformly continuous on bounded subsets of C, we obtain

lim [| Agwy; — Agfy || = 0. (3.12)
]—00
From the step size rule (3.3) and the definition of t/m\j, it follows that

T _ 2 _
(A, — Aafuy Wi, — T)) > %Dfp ) (3.13)

Now, taking the limit as j — oo, from (3.12) we have lim;_,,, D fp(wm].,y"mj) = 0. This, however, yields a
contradiction. As a result, D £ (Wn, ¥n) — 0asn — oo.

In what follows, we show the first main result.

Theorem 3.1. Suppose that E is uniformly smooth and p-uniformly convex, where | E is of weakly
sequential continuity. If under Algorithm 3.1, STHxn —Sfxy, — Oand S;‘Hwn — Sfw, — 0,thenx, — z €
B & sup,5 x| < 0.

Proof. Note that that the necessity is valid. So we need to only show the statement of sufficiency. Presume
sup,q |[xn]| < co. Choose a z € marbitrarily. Clearly, x,,_1 # x, < JEStxy # Jo(SPxy — Xy—1 + Xy ). Using
the definition of €,, we get en||]EpSi’xn — ]E(S?xn +xy — x,-1)|| £ £, Vn > 1. From (2.1), (2.6) and the three
point identity of Dy, we get
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Dy,(z,8n) < (1 —€x)Dy,(z,Sxn) + €4Dp, (2, S + Xn — xp—1)
= Dy, (z,S1xn) + €u[Dp, (2, STxn + xu — x4—1) — Dy, (2, S{xn)]
= Dy, (z,S7xn) + €n[Dy, (S7 xn,S Xpn + Xp — Xp—1)
(]ES”xn ]E(S"xn + Xy — Xp—1),2 — S{xn)]
<(1+ 9n)Df (z,x1) +en(]p5” ]E(S{an + Xy —Xp—1),2+ X1 — X — STxy)
< (1 0)Dy, (2 5) + el 1185 — JE(SY % + %0 — 1) 2+ 301 — 30 — S}
<1+ Gn)Dfp (z,xn) + €uM,
where sup, -, ||z 4+ x,—1 — x4 — S{xu|| < M for some M > 0. By Lemma 2.2 we get

Dy, (z,5n) = Vf, (2, Bulpxn + (1= Bu) J18n)
< Li2llP = BB, 2) — (1= Bu) g ) + B2 a1
+ B e 19— Bu(1 — B TR — TEgnll
= SlzlIP = BulJExn,2) — (1 = Bu) (JEgn, 2) + %"llxnll”
0B e 1~ B (1~ gy B — Tl
= 5anp (z,xn) + (1 - ﬁn)Dfp (z,8n) — Bn(1— ﬁn)PZ”]Exn - Ié’gnll
< BuDy, (z,xn) + (1 = Bu)[(1 + 04) Dy, (2, xn) + £uM] — u(1 — Bu)pp I TExn — Tegnl
< (1+64)Dy, (2, xn) + €M — Bu(1 = Bu)pj || Jpxn — JEGn -
Noticing w, = Il¢, sy, by (2.1) and (2.3) we get
Dfp(z,wn) < Dfp(z,sn) Dfp(wn,sn)
= Dfp(zrsn) Df (I, 8n, 1)
< Dy, (z,5n) — T|[I1c,sn — snll?
< Dy, (z,5n)
(z/5n) —

p
= Dfp Z,Sn

z,57) — T||Pc,5n — sul|?
T[dist(Cy, 51)]P.
Because x,41 = Ils g, Wn, by (2.1) and (2.3) we have
Dy, (z,xn41) < Dy, (z,wn) — Dy, (e, 0, Wn, Wn)
< Dfp(z,wn) Dfp(chwn,wn)
< Dfp(z,wn) T||chwn — wy||P
< Dy, (z,wn) — ||Pe,wn — wnl|”
= Dy, (z,wn) — T[dist(Cy, wy)]P.

Combining these inequalities and (3.13), leads to

Dfp (z,xp41) < Dfp (z,wy) — Dfp(HCanwn,wn)
< Dy, (z,5n) — Dy, (wn, $n) — Dg, (Xn41,wn)
< Dy, (z,sn) — t[dist(Cy,sn)]P — T[dist(Cp, wn)]? (3.14)
< (1+46x)Dg,(z,xn) + €nM — Bn(1 — By lTExn — TEgnll
— t[dist(Cy, sn)]P — t[dist(Cp, wy)]?,

which hence leads to
Dy, (z,xn+1) < (1+04) Dy, (2, xn) + £u M.
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Since Y37 ¢ {n < o0 and }7;° 4 6, < oo, by Lemma 2.9 we deduce that limy e Dy, (z, x) exists. In addition, by

the boundedness of {x, }, we conclude that {g.}, {su}, {vn}, {wn}, {yn}, {Fn}, {tu}, {Ea}, {S]xn} and {Shw) }
are also bounded. From (3.14) we obtain

Dfp (Wn,sn) + Dfp (Xpt1,wn) < Df,; (z5n) — Dfp (2, %n41)
<1+ Gn)Dfp(Z/ Xn) + LaM — Bn(1— ,Bn)PZH]an - ]1?871” - Dfp(zz Xn+1),

which immediately yields

Dy, (wn,sn) + Dy, (Xn11,wn) + Bu(1 — Bu)oj | TExn — Thgnll
<(1+ Gn)Dfp(z,xn) - Dfp(z,anrl) + 0, M.

Since limy, ;00 £y = 0, limy 00 0, = 0, liminf,, 0 B (1 — Br) > 0 and limy, 00 D £ (z, x) exists, it follows that
limy—seo Dfp (Wn,sn) = 0, limy_ye0 Dfp(xn+1,wn) = 0, and lim; 0 0}, ||]an - ]EgnH = 0, which hence yields
limy—eo ||]£xn - ]ggnH = 0. From s, = ]Z-* (‘angxn +(1- ,Bn)]ggn), it is readily known that lim, ||]£sn -
]Ean = 0. Noticing g, = ]g* ((1- en)]gsg‘xn + enIE(S?xn + Xy — x,_1)), we obtain from lim,,_,s ¢, = 0 and
the definition of €, that

17E8n — JESTxull = enllJE(S¥xn + xu — n—1) — JESTXul| < by — 0 (n — o0).

Hence, using (2.1) and uniform continuity of | Z-* on bounded subsets of E*, we conclude that lim, ;e ||gn —
Sixn|| = 0and

i — = i — = i — n = i — =
Jim [|wy = sul| = lm x40 — wpll = Hm [lx, = Sfxu|| = lim [s; — x| = 0. (3.15)

Since {x,} is of boundedness and E is of reflexivity, we obtain that wy(x,) is nonempty. Next, let us
show thatm O wy(x,). Choose a z in wy (x,,) arbitrarily. It is known that 3{x;, } C {x,} satisfying x,,, — z.
By (3.15) one gets wy,, — z. Since { A1t} is of boundedness, one knows that 3L; > 0 satisfying || A;£,| < L.
So it follows that for all u, v € C,,

[ (1) = (0)] = [(Artn, u = 0)| < [|Astull[[u =0l < Lafju =],
which implies that /1, (y) is L1-Lipschitz continuous on C,. Using Lemma 2.6, we get
dist(Cp, 1) > Lihn(sn) = Dy (s ) (3.16)
1 1h1
Since x,,41 lies in Qy, by (3.14) one has

Dy, (Xn+1,0n) < (14 04)[Dy, (z,wn) — Dy, (2, Xn11)]

(1+ ‘?n)[Dfp (z,sn) — Dy, (2, xn+1)]
(1+60)[(1+04)Dy, (z,xn) — Dy, (2, Xp41) + £uM].

VANVANRVAN

Since limy,—se0 0 = 0, lim; 00 0, = 0, limy;—y00 £, = 0 and limy—ye0 Dfp (z, x,) exists, we have Dfp (Xp11,0n) — 0
and thus x,11 — v, — 0. By (3.15) we get

lim [|wy — vg| = 0. (3.17)
n—,oo
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Furthermore, by Lemma 2.2, we have

Dy, (z,vn) = Vy, (2, anJbwy + (1 — ay) JESHw,)
< yllzll? — an(JEwn, z) — (1 — an) (JES5wn, 2) + % || Ewul|?
+ 0 | 72580, | — an (1 = oy | T — JESHwn
= sllzllP — an(Jpwn, 2) — (1= an) (JES5wn, 2) + - [|wa |
+ ) 82w, | — (1= )} [T e0m — J2S30n]
= ayDy (z,wn) + (1 — an) Dy, (2, Sjwn) — an(1 — an)p || Thwn — JESHwy||
< (1+604)Dy, (z,wn) — (1 — )0} | TEwn — JES3wn |-

Therefore,
an(1 —ucn)pZH]Epwn ]}?S”wnH < (1+0y)
< Dfp(z,wn) Dy, (z,vn) + Dy, (wn, vn) +
= <I]§vn - ]Ewn,z - wn> + Qanp(Z wn)

n) — Dfp(z,vn)

Dy, (z,w
0xDy, (z,wn)

Taking the limit in the last inequality as n — o, and using uniform continuity of J} on bounded subsets of
E, (3.17) and liminf, e ay (1 — ay) > 0, we get lim, .o 0} ||]£w,1 ]pS”wn || = 0 and hence lim;; oo ||]£wn —
Ji g Shwy|| = 0. Since ]Z-* is uniformly continuous on any bounded subset of E*, we deduce that

nh_r)lgo [l — S5wy|| = 0. (3.18)

Now let us show z € N2_; VI(C, A;). Since { AyF, } is of boundedness, it follows that 3L, > 0 satisfying
|| A2Es || < Lp. Thus we obtain that for all u, v € Cy,

(1) = hn(0)] = [(A2kn, u — 0)| < || Agkull[|u — 0|l < Loflu — o],

which guarantees that 1, (y) is Ly-Lipschitz continuous on C,. By Lemma 2.6, we get

. A 1 T
dist(Cy, wy) > L—h n(wy) = 2/\2L2 Dy, (wn, Fn)- (3.19)
Combining (3.14), (3.16) and (3.19), we have

(1464)Ds,(z,xn) — Dy, (2, Xp41) + €uM
> Dy, (z,5n) — Dy, (2, Xn41) (3.20)

Tn

> Tl Dy, (sn,yn) P + Tlaxi; Dy, (wn, ) P

Thus,
nll_I}I;lo Tanp (Sn,yn) = nh_r}r(}o Tanp(wn,yn) =0.

According to Lemma 3.4, we have

nh_I}olo lyn —snll = nlgro‘o 70 — wn|l = 0.

doi:10.20944/preprints202307.2083.v1
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In addition, from (3.15) and x,, — z we infer thats,, — z and w,, — z. By Lemma 3.3 we obtain that
z € wy(sy) C VI(C, A1) and z € wy(wy,) C VI(C, Ay). Consequently,

2
z € [ VI(C A)).
i=1

Next we claim that z € ?_; Fix(S;). Indeed, by (3.15) we immediately get
%1 = x|l < llxnga — wall + llwn = sull + llsn = xull = 0 (1 = o). (3.21)

We first claim that limy, s [|X; — S124|| = 0 and limy,—ye0 ||y — Sowy || = 0. Actually, using (3.15), (3.18) and
uniform continuity of S; on C for i = 1,2, we obtain that Syx;, — S’f“xn — 0and S,w, — Sg*lwn — 0. Thus,
from S’f“xn — Si'x, — 0and SgHwn — SJwy, — 0 (due to the assumptions) we deduce that

and
lwn — Sown || < ||wn — S§w|| + [|S5w, — S"HwnH + HS”Hwn —Sowy|| -0 (n— o).

These together with x,,, — z and wy,, — z, ensure thatz € N>, Fix($;) = N7, Fix(S;). Therefore, z € m. This
means that wy (x,) C B As a result, by Lemma 2.5 one gets the desired conclusion.

In what follows, we prove the second main outcome for finding a solution of a pair of VIFPPs for two
operators of both uniform continuity and pseudomonotonicity, and two mappings of both uniform continuity
and Bregman’s relatively asymptotical nonexpansivity in E.

Algorithm 3.2. Initialization: Given xo,x; € C arbitrarily and lete > 0, u, > 0, I, € (0,1) and
A€ (0, i) for:1=1,2. Choose {an }, {Bn}, {7} C (0,1)and {¢,} C (0,00) s.t. limy 00 =0, Y71 &y = 00,
limy, oty = 0, limy, 0o 9"429" = 0,0 < liminfyye B (1 — By) and 0 < liminf, e ¥s(1 — 7). Moreover,
given the iterates x,,_1 and x,, (n > 1), choose €, s.t. 0 < €, < €,, where sup, -, %, < o0 and

. Ly .
min{e if x,,_ X
a = { ! H]ZS?M—]g(%xn—xn—l"‘xn)H} n-1 7& i

€ otherwise.
Iterations: Compute x,,;1 below:

Step 1. Put g, = ]Z*(( en)]pS"xn + enIE(S?xn + x4 — x,_1)), and calculate s, = ]g* ('yn]}’;xn +(1-
'yn)]ggn), Yn = HC(]Z* (]Esn — A Aisn)), ex, (Sn) := sy — yn and t, = s, — Tyey, (sn), where 7, 1= lll(” and k;, is
the smallest k > 0 s.t.

%Dfp (s, Yn) > (Arsn — A1(sn — Xex, (5n)), 50 — Yn)-

Step 2. Calculate wy, = Il¢, (s,), with C, := {y € C : h,(y) < 0} and

ha(y) = (At y = su) + 235Dy, (Sn,Yn).-

Step 3. Calculate 7, = HC(]Z*(]Ewn — A Acwy)), ep, (wy) := wy — Jn and E, = wy — Tyey, (wy), where
Ty 1= lé" and j, is the smallest j > 0 s.t.

%Dfp (W, Jn) > (Agwy — Ag(wy — Bher, (wn)), Wy — )

Step 4. Set z, = Il¢ (w,), and calculate v, = Jf. (ﬁn]Ezn (1 — Bu)JF(Shzy)) and x,q1 =
e (JE (anJfu + (1 — ay) JEvn), where Cy := {y € C: hn( ) <0} and

hn (y) = (Aakn, y — wu) + 5 2,\2 (wn/ Un)-

Again put n := n + 1 and return to Step 1.
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Theorem 3.2. Suppose that the conditions (C1)-(C3) hold. If under Algorithm 3.2, STHxn —Sixy — 0
and Si*t'z, — Siz, — 0, then x, — Tlau < sup,,~q 1% < co.

Proof. It is explicit that the necessity of Theorem 3.2 holds. Hence we need to only prove the statement of
sufficiency. Assume that sup,,- ||x,|| < co. In what follows, we divide our proof into four claims.
Claim 1. One shows that
(1 —an)(1+0n)7n(1— 'Yn)PZ ||]an - ]Zgn |
< anDy, (@, 1) + (6 +1)(0n + 1) Dy, (i, xu) — Dy, (@, Xp41) + (0n + 1) €M,
for some M > 0. In fact, put #i = Ilqu. Noticing w, = Ilc s, and z, = e, wn, we obtain from (2.1) and (2.3)
that
Dfp(ﬁ, w,) < Dfp(ﬁ,sn) - Dfp (wWn, sn)
< Dy, (1, sn) — [dist(Cn, sn)],
and
Dy,(#,zn) < Dy, (d,wn) — Dy, (zn, W)

< Dy, (,wy) — [dist(Cp, wn)]?.
By the similar reasonings to those in the proof of the above theorem, we obtain
Dy, (1,8n) < Dy, (1, S1xn) + €n||]pS” — JR(Stxn + xn — x4-1) |
X |+ xp—1 — xn — S¥xnl| < (14 6n) Dy, (i1, xn) + £uM
where sup,, - ||+ x,—1 — x, — S| < M for some M > 0. This ensures that {g, } is bounded.
Using (2.6) and the last two inequalities, from {7, } C (0,1) and {B,} C (0,1) we obtain
Dy, (i1, xp11) < anDy, (i1, u) + (1 — an) Dy, (11, )
< Dy, (@,u) + (1 — an) (1 +64) Dy, (1, 20)
< anDy, (1, u) + (1 — an) (1 + 0n)[1uDy, (1, xn) + (1 — yn) Dy, (i, §n)
— (1l — %)PZH]Ex_n - ]EgnIH
< anDy, (@,u) + (14 0,)[(1 + 6,) Dy, (1, xn) + £ M]

— (1= an) (14 60) 7 (1 — 7)o} | TEXn — i8I,
which immediately arrives at the desired claim. In addition, it is easily known that {s,}, {v.},

{wn}, {yn} {n} {20}, {tn}, {:} and {S}z, } are of boundedness.
Claim 2. One shows that
(00 +1)[Dy, (wn,sn) + Dy, (zn, wn)]
< "‘n<]5pu - ]Eﬁ, On—1) — Dfp(ﬁr Xp41) + (971 + 1)Dfp(ﬁ/ Sn)-
Indeed, set b = sup,,~1 {[[xa[|P~%, llgullP~%, l|zal[P~1, IS5 zn||P~'}. By Lemma 2.2 we get
Dy, (4, 51) = Vi, (8, yu]pxn + (1 = 1u) J£8n)
< Slall? = yuTgxn, @) — (1= vu) (TEgn, ) + L[| Tpxull?
0 11— (1 — ) s — Tl
=la ||” = Yl Jpn, ) = (1= yu) (JEgn, 1) + 2|l xul|P
+ S gall? = 11 = 1) 1 Exn — Tl (322
= 'Yan (@, 2n) + (1 =)Dy, (1, 8n) = (1 = )0y lTE%n — JEgnll
< YuDf, (1, xn) + (1 — n) [(1 + 04) Dy, (2, xn) + €nM]
— (11— n)PbH]Exn - ]EgnH
(140, )Df,,( n) + €M — 'Yn(l_'Yn)PbH]Ex" ]Egnll,
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and
Dy, (1, 0n) = V5, (8, BuJEzn + (1 = Bu) JE S5 2n)
< pnDy, (zn) + (1 - .Bn)Df,,(ﬁf S5zn) — Pn(1— ,Bn)PZ”]ZZn - ]ZSEZZHH
< BuDy, (#,zn) + (1 = Bu) (1 + 0) Dy, (1, 20) — Pu(1 — Bu)oyllEzn — JESEznl| (3.23)
< (1+64)Dy, (1, z0) — Bu(1 - Bu)Py |1 Ezn — JES3zul|
< +9_n)Dfp(ﬁ/wn) - ﬁn(l - ,Bn)PZHJEZn - ]ESanH~

Set ¢, = ]Z* (vcnjgu +(1- vcn)]ifvn). From (2.5), we have

Dy (1, xp 1) < Vy, (8, anJfu + (1 — an)Jfon)

< Vi, (8, anJpu + (1= an) Jpon — an(Jpu — JE)) + an (Jpu — Jpit, G — 1)

< (1 —ay)Dy, (8,00) + an(Jpu — J{, {n — 1) (3.24)
< (1+62) Dy, (i, wn) — Bu(1 = Bu) oy |1 JE2n — TS5zl + an(Jpu — JEid, G — i)

< (1+404)Dy, (1, wp) + wn(Jpu — Jpi, Cn — ).

Furthermore, from (3.23) one has

Dfp(ﬁfvn) < ( +qn>Dfp(ﬁan) —Bn(1— .Bn)PZ”]EZn ]pSanH
< (1404)[Dy, (#,wn) — Dy, (2, wn)] = Bu(1 = Bu)oylTEzn — JESS 2]
< (1+64)[Dy, (1, wn) — Dy, (zn, wn)].

This together with (3.24), arrives at

Dy, (#, xn11) < (1= an) Dy, (4, 04) + an(Jpu — Jpit, Cn — 1)
< (1 + (Zn)[Dfp (12, wn) - Dfp (an wn)] +ay <I]’57” - ]Zﬁ, Cn — 12>
< (1+64)[Dy,(#,5n) — Dy, (wn, sn) — Dy, (zn, wn)] + an(Jpu — JEd, Oy — 1),

which immediately yields

(1 +én)[Dfp(wn/5n) +Df,,(zn/wn)] ) (3.25)
< an(Jpu — Jpi, Gn — ) = Dy, (i, xn11) + (14 0) D, (1, 50).
Claim 3. One shows that

(8 +1)(1 — ) {T (52 Dy, (5, yn))? + Tlis D, (wn, )1 }
< anDy, (@, u) — Dy, (i, Xy 41) + (00 + 1) (0 + 1) Dy, (1, x0) + (85 + 1)€u M.

Indeed, by the analogous reasonings to those of (3.20), one gets

Dy, (#,zn) < Dy, (8, wy) — T[zfﬁDfp(wn,yn)]”

. - _ 3.26
< Dy (1,50) — Tl Dy, (5 )} — Tl Dy, (0, 7). (326)
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Applying (3.26), (3.23) and (3.22), we have

Dfp(ﬁrxn+1) < Dfp(ﬁfjg* (%IE” +(1- ‘Xn)]EpUn))

< anDy, (1, u) + (1 — an)[(0n + 1) Dy, (i, 2n) — Bu(1 — Bun)p} 20 — S5 zn|l]

< zanfp_(ﬁ,u) + (L= an)(0n + 1){Dy, (#,5n) — Tz Dy, (50, yn)]P
=T[5 Dy, (wn, 7n)]P }

< oanfp_(ﬁ,u) + (On +1)Dy, (1,50) — (1 — an) (8n + D){T[ 507 Dy, (Sn, yn)]?
+ T2, Dy, (wn, 7n)1P}

< anDg, (0,u) + (0 +1)[(0n + 1) Dy, (8, x) + £u M — (1 — )pp 1 TExn — Tegnll]
= (1= an)(On + V{532 Dy, (50, yn)I? + Tlzilr; D, (wn, §)1P}

< aanp (ﬁ,u) + (671 + 1)[(071 + 1>Dfp (ﬁ, xn) + EnM]
— (1= an) (00 + 1){T[2)E7”L1Dfp(5n/yn)]p + T[z,\TﬁDfp (wn, Jn)]P }-

(3.27)

Claim 4. One shows that lim,_,« ||x; — @|| = 0. Indeed, since E is reflexive and {x, } is bounded, one has
wy(xy) # @. Choose a z in wy (x,) arbitrarily. It is known that 3{x,, } C {x,} satisfying x, — z. One writes
Iy = Dy, (11, x) for all n. In what follows, let us prove {I';} — 0 (n — o) in the two possible aspects below.

Aspect 1. Assume that Jng > 1s.t. {I'y}};,,, is non-increasing. It is known that I’y — d < +oc0 and hence
I'y —T,41 — 0. From (3.25) and (3.22) we get

(0n +1)[Dy, (wn,sn) + Dy, (zn, wn)]

< "‘n<]£u - ]Epﬁr Cn — 1) — Dy, (, Xy 41) + (0 + 1)Dy, (11, 5n)

< (O +D)[(On +1)Dy, (8, %n) + €aM — Yu (L = )y 1T xn — Jgn]
— Dy, (@, xy41) + an(Jhu — JER, T — 1),

which hence yields

(0n +1)[Dy, (wn, sn) + Dy, (zn, wn) + vn(1 — )y 1T Exn — Jp8nll]
< (0 +1)(8n + 1)Dy, (2, %) — Dy, (8, %511) + (6 + 1) uM + a0y (JEu — JE, Gn — i)
= (00 + 1) (0 + )Ty — Tpy1 + (8 + 1) 0uM + ay(JPu — P01,y — 10).

Since ¢, — 0, 8, — 0, 6, — 0, ay — 0, liminf,_eo ¥4 (1 — ) > 0, T, — d and {{,} is of boundedness,

one obtains limy,_seo Dfp (W, sn) = 0, limy_e0 Dfp (zn,wy) = 0, and limy,_e0 p,’;||]£xn - ]ZgnH = 0, which
hence yields lim,, ;e ||]£xn — ]ggnH = 0. From u, = ]Z-*(’yn]gxn +(1- 'yn)]ggn), it is easily known that
limy—seo ||]£sn - ]anH = 0. Noticing g, = ]Z*((l — en)]é]%xn + GHIE(S’fxn + Xy, — x,_1)), we infer from

lim;, s £ = 0 and the definition of ¢, that
1JE&n — TESTxn]l = €nllJE(STon + %0 — Xp1) = JESTxul| < by = 0 (1 — o).

Hence, using (2.1) and uniform continuity of | Z-* on any bounded subset of E*, we conclude that limy, o ||gn —
Sixy|| = 0and

lim ||w, — syl = lim ||z, — wy| = lim [|x, — S{x,|| = lim |[|s;, — x,|| = 0. (3.28)
n—oo n—o0 n—o0 n—o0
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Furthermore, from (3.24) and (3.22) we have

By the similar reasonings, we deduce that lim;, e H]Ezn -] g S4zu|| = 0, which hence leads to limy e ||] gvn —
]gan =0 (duetov, = ]Z* (,Bn]é]zn +(1- ﬂn)]gsgzn)). Using uniform continuity of ]Z* on bounded subsets
of E*, we get
lim ||z, — S5z, = lim ||v, —z,|| = 0. (3.29)
n—oo n—oo

This together with (3.28) implies that
lon = xull < llon = zull + 20 = wall + llwn = sull + llsn = xnl| >0 (1 — o0).

It is clear that
lim ||z, — x,|| = 0. (3.30)
n—oo

Let us show that z € N?_; Fix(S;). Indeed, since {, = J}. (anJFu + (1 — ay)JE0y), it can be readily seen
that
nh_{{}o [Gn — xul = 0. (3.31)

In addition, using (2.3), (3.22) and (3.23), we have

Dy, (i, xu11) < Dy, (4, JE. (anJpu + (1 = an)JEon) = Dy, (Xn11,Cn)

< aanp (ﬁ/ u) + (?n + 1)Dfp (12/ wn) - Dfp (anrlr gn)

< “an,,(ﬁ/u) + (?n + l)Df,, (1, 5n) — Df,, (Xn11,Cn)

S anDfp(uA,u) + (en + 1)[(971 + 1)Dfp(ﬁ,xn) + gnM] - Dfp(xn_l'_l,gn),

which hence yields

Dy (xns1,8n) < anDp (,10) + (1+8,) (1 +0,) Dy, (1, x0) — Dy (1, X s1) + (1 + 80 £u M
= anDy, (@, u) = Tpi1 + (61 +1)(0n +1)Ty + (61 + 1) £u M.

So it follows that D, (xy+1,{n) — 0 and hence || x,+1 — {u[| — 0. Thus, from (3.31) we get
10 = xpsa [l < M1xn = Cull + 10 = Xpgall = 0 (1= o0). (3.32)

We now claim that lim, ;e ||X, — S1x,]| = 0 and lim, e ||wy — Sowy || = 0. Indeed, using (3.28), (3.29) and
uniform continuity of S; on C for i = 1,2, we obtain that Syx, — S{”“lxn — 0 and Sz, — S’;HZn — 0. Thus,
from S?Jrlx,1 — Stxy, — 0and SSHZW — S5z — 0 (due to the assumptions) we deduce that

[l = Stxull < 2w = STaull + 1S3 — ST | + 15720 — S12a[] = 0 (1 — o)

and
20— Sazall < llzn — S3zall + 1S3z — S5 2]l + 185 20 — Spzall 50 (1 = ).

These together with x,,, — z and z,, — z (due to (3.30)), ensure that z € N~ lfi\x(Si) = N2, Fix(S;).
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In what follows, we show that z € ﬁ%zl VI(C, A;). From (3.27), we have

(0 +1)(1 — an){t[53% D, (50, yn)]P + T[ZAsz Dy, (wn, 7u)]P }
< aanp(ﬁ,u) — Dfp<ﬁ/xn+1) + (911 + 1)(9 + l)Dfp(u xn) (6 + 1)£nM
= anDyg, (@, u) = Tpi1 + (61 +1)(0n + 1)y + (61 + 1) £u M.

So it follows that lim;; 0 ﬁDfp (Sn,¥n) = limy 00 JﬁDfp (wn, ¥n) = 0, and hence

111’1’1 Tan (Sn,yn) — 111’1‘1 Tan (Wn,yn) — 0 (3.33)

n—oo

By Lemma 3.4, we obtain
Jim [yn —sull = Jim. |90 — wul = 0. (3.34)

Applying (3.34) and Lemma 3.3, one gets z € ﬂjz-zl VI(C, A;j). Thus one has wy(x,) C N7y VI(C, A)).
Consequently, m O wy(x,). Finally, let us prove limsup,, H00(],’§u —J Zﬁ, {n — 1) < 0. One can pick {xn/.} -

{xn} s.t.

limsup (JEu — Jhil, x, — 1) = lim (JEu — Jhil, x,, — 10).
n—00 jeo !

Because E is reflexive and {x, } is bounded, we might assume xp; — z. Using (2.2) and z € mwe infer that

=

limsup(JEu — Jhil, x, — 1) = lim (]Eu — JP, xy, — ) = (Jhu — Jeit,z — 1) <0, (3.35)
=

n—o0

which along with (3.31), arrives at

limsup(JEu — Jhil, g — @) < 0.

n—oo

From (3.24) and (3.22), we get

Dy, (1, xp41) < (1= an)(1+6,) Dy, (1, wy) + oy (JEu — Jhit, G — 1)
< (1 —an)(140,4)Dy, (%, sn) + an(Jpu = Jpi, En — 1)
< (1= an)Dy, (2, 51) + 0,Dy, (1, 5) + an (Jpu — JE, G — i)
< (1T—an)[(1+6n )Dfp(u Xn) + €| JESTxn — JE(ST 20 + X0 — x4 -1)|
X |8+ X0 1 = xu = STxull] + 02Dy, (2, 50) + an (JEu — Jp2, gn 0) (3.36)
(1- ”‘n)Dfp(ﬁ/ xn) + en”]}’gjsilxn — JE(ST 200 + X0 — x|
X |+ xy 1 — X — Sxul| + 6uDy, (1, x3) + 0Dy, (2, 50) + an(Jpu — Jpit, T — 1)
= (1 —ay)Dy, (1, xn) + g { & ||]£S”xn — JE (S0 4 xn — x-1) |
X [+ X1 = xn = S{anl| + Dy, (i, %4) + 2Dy, (8,50) + (Jpu — Jpit, G — ) }.

Using uniform continuity of | E on any bounded subset of E, from (3.32) and the boundedness of {x,} we get

Tim [[TEST 2 = Jp (ST + xn = X)) 118+ X1 = 0 = S{u]| = 0.
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Noticing sup,,~; 5 < 0, lim,—e G”G” = 0 and limsup, _, ., (Ju — JE#, {u — 1) < 0, we deduce that

limsup{;—’;H]ZS{an — JE(SPatn + xn — xp—1)|| |16 + X1 — X0 — S|
n—co B
+8Dy (8, x0) + 2Dy (8, 50) + (Jfu — JPit, G — )} < 0.

Thanks to {a,} C (0,1) with }37° ; &, = oo, utilizing Lemma 2.8 to (3.36) one gets Dy, (i, x,) — 0 and hence
lx, — ]| — 0.

Aspect 2. Assume that 3{T,, } C {I;} satisfying 'y, < T, 41 for all k, with A being the natural-number
set. Let ¢ : N' — N be formulated below

p(n) :=max{j <n:T; <Tjq}.

Using Lemma 2.7, one has
max{l"q,(n),l"n} S rq,(n)+1. (337)

From (3.25) and (3.22) it follows that

(1+6 (n))[Dfp(wco(n) s (n))+Dfp( 9(n) Wo(n))
10 il iyl
( 9()}) Fon) M(n) ¢<n>+l+<1+9¢<n>)%(n>M
< £ — Jet, gq) — i1).
Noticing gy(n) = J (1= epu)JEST " xg) + € TSI xg) + Xpia) = Xpi-1)) and sy =

Ti. ('yq,(n)jgxq)(n) +(1- ’Yqo(n))]}g&p (n))), we obtam that limy 0 [|§g(n) — S;”(")x@(n) || =0and

m (|wy ) = Sem)ll = Hm [z — Ween | = Hm [[x4, —Sip(") o I = Hm [[s,0) — Xp(n)[| = 0. (3.38)

n—o0 n—o0 n—o0 n—o0

Also, from (3.24) and (3.22) we have

(1= () By (1 = Byin) )0 I EZg(m) — ]ESEP(")_an(n) [
< (14 8y (14 %(nﬂ%(n) =g+ (L)) () M+ g (T = TER Coi) — ).

Noticing v,y = = JL( Bon m) T (1= Bom) g P S(P(”)z (n)) and using the similar reasonings to those in Case
1, we get
1 (|2 = 55" 2| = lim [[0g) — 2o ]| = 0.

This together with (3.38) implies that

nlgT.}o ”v(p(n) - xq)(n)” = nlg{}o Hzgo(n) — Xo(n) | =0. (3.39)
Noticing { () = Ji. (ocq,(n)fgu +(1- )]E (n)), by (3.39) one gets

nlg{}o ”x(p(n) - g(p(n) | =0. (3.40)
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Applying the same reasonings as in Case 1, one has that limy, e [|X(4) — Xp(n)41/l =0,
1 [Sg00) = Yty | = 1 120907 — Tyl =0, (3.41)
and
limsup(Jpu — JEA, {p(ny — ) < 0. (3.42)
n—oo
Using (3.36), we get
Dy, (@, xp(m)+1)
< (1= () Dy, (1, Xy () + @ {5 22 ITES ) = TE(ST™ ) + Xy = Xy 1) (3.43)
A n A é n A :
X ||M+X p(n)—1 — Xg(n) — 54’(”) Xp(n) || + ‘*’n Dfp(u’ (P(”)) + “ZEninp(u’S‘P("))
+ (JEu = JER, Sy — 1)},
which together with (3.37), hence yields
e (1) ()
n n n
< “z((n; ||]£Sip xq)(n) ]E( (p(n) + xq)(n) - x )H Hu +x p(n)—1— xq)(n) - Sf xq)(n) ”
0uin n N
+ G Dy (8, () + 2 Dy, (50 + (T fEu, o) — )
As a result, from (3.42) we deduce that
nlglolc I“(P( ) 0. (3.44)
From (3.42), (3.43) and (3.44), one concludes that
F(P(")+1 —0 (7’1 — OO) (3.45)

Again using (3.37), one gets I';, — 0. Therefore, x, — 71 — 0. This completes the proof.

Remark 3.1. It can be easily seen from the proof of Theorem 3.2 that if the assumption that lim, ‘% =0,
is used in place of the one that lim;, . ¢, = 0 and sup,,>q Z—’; < o0, then Theorem 3.2 is still valid.

Under Algorithm 3.1, setting Ay = 0 one obtains the algorithm below for approximating a point in
m = VI(C, A1) N (N Fix(S)).-

Algorithm 3.3. Initialization: Given x(, x; € C arbitrarily and lete > 0, u; >0, A1 € (0, %), Iy € (0,1).
Choose {an},{Brn} C (0,1) and {¢,} C (0,00) s.t. liminf,_ye0 (1 — &) > 0, liminf, 0 B (1 — Bu) > 0 and
Y1 ¢y < oo. Moreover, assume ) - ; 6, < oo, and given the iterates x,_; and x, (n > 1), choose €, s.t.
0 <e¢, <€, where

. 0y .
min{e if x X,
& = { {e |UZS{‘xnf]Ep(SYxn+xn7x,,,1)H} nF Xn-1,

€ otherwise.
Iterations: Compute x,,;1 below:

doi:10.20944/preprints202307.2083.v1
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Step 1. Put g, = ]Z*((l - en)]ES?xn + en],’;(Si‘xn + Xy — X,_1)), and calculate s, = ]g*(ﬁn]i-’xn +(1-
ﬁn)]ggn), Yn = Hc(]g* (]Epsn — AMAisy)), ex, (sn) = sy —yn and t, = s, — Tyey, (sp), with 7, := l’f" and k,
being the smallest k > 0 s.t.

%Dfp(snryn) > (Arsy — A1(sn — I§ex, (sn)), 50 — Yn)-
Step 2. Calculate wy, = Ilc, (s,), with C, := {y € C : h,(y) < 0} and
T
h"(]/) = <Altn/y - S"> + ﬁDfp(Sn/]/n)-

Step 3. Calculate v, = JL (anJEwn + (1 — an)Jh(S§wy)) and x,41 = Tg, (wy), with Q, := {y € C :
Dy, (y,on) < (6 +1)Dg, (y, wn) }.

Again put n := n + 1 and return to Step 1.

Corollary 3.1. Let the terms (C1)-(C2) with A, = 0, be valid, and assume m = VI(C, A7) N
(ﬂlzzl Fix(S;)) # @. If under Algorithm 3.3, ST*lxn —Sixy, — 0 and SZHwn — Shw, — 0, then
Xy =z EMES sup, - |[xn| < co.

Next, put S, = I the identity mapping of E. Then we get m = Fix(S1) N (N2, VI(C, 4;)). In this case,
Algorithm 3.2 can be rewritten as the iterative scheme below for settling a pair of VIPs and the FPP of S;. By
Theorem 3.2 one derives the strong convergence outcome below.

Corollary 3.2. Suppose that the condition (C2) holds, and letm = (N2, VI(C, A;)) N Fix(S1) # @. For
initial xy, x1 € C, choose €, s.t. 0 < ¢, < €, where

. ‘, .
min{e if x Xy—
€1 = { ! IUZS{‘XrIE(Si‘Xan*xn—1)H} n 7 X1,

€ otherwise.
Suppose that {x, } is the sequence constructed by

8&n = ]72*((1 - 6;1)]55@671 + enjg(sifxn + X — xnfl))/
Sp = ]qu* (')’n]}an + (1 - 'Yn)];lgjgn),

Yn =T (JE (JEsn — M A1sn)),

ty = (1 - Tn)sn + TulYn,

wy = Il¢,sn,

n = He(Jg Jgwn — A2Aswn)),

= (1 - Tn)wn + Tuiin,

Zn = Hc-nwn,

np1 = He(Jh (anffu+ (1 — an)Jfza) Vn 21,

where T, := l]f”, Ty = l;" and ky, j, are the smallest nonnegative integers k and j satisfying, respectively,

<A15n - Al(sn - ll{(sn - yn))l Sn — ]/n> < %Dfp (Snryn)/

<A2wn - AZ(wn - lé(wn - yn))r Wy — gn> < %Dfp (wn,?n),

and the sets C,;, C,,, are constructed below
(i) Cn :={y € C: hu(y) < 0} and hu(y) = (A1tn,y —sn) + 53-Dr, (Sn, Yn);


https://doi.org/10.20944/preprints202307.2083.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 2 August 2023 doi:10.20944/preprints202307.2083.v1

23 of 26

(ii) Cy := {y € C: hu(y) <0} and iu(y) = (Asku, y — W) + 535 Dy, (W, Fn)-
Then, x, — Ilau < sup,~ ||xn|| < oo provided ST“xn — Sixy — 0.

4. Implementability and Applicability

In this section, we provide an illustrative example to demonstrate the applicability and implementability
of our suggested approaches. Fori = 1,2, we take € = %, pi=landl; = A; = % First, we present an instance
involving the mappings A, A, : E — E* of both uniform continuity and pseudomonotonicity, and the
mappings S1, S, : C — C of both uniform continuity and Bregman'’s relatively asymptotical nonexpansivity
satisfying m # @. Put C = [-2,2]| and E = H = R with the inner product and induced norm being written
as (a,b) =aband || - || = | - |, respectively. The starting xo, x; are randomly chosen in C. Fori = 1,2, let
A;: H — Hbe defined as A1y := m 1+\y| and Apy := y +siny for all y € H. Next, let us prove that
A; is the mapping of both Lipschitz continuity and pseudomonotonicity. In fact, for each v, w € H one has

_ 1 1
||A12) - A1w|| - ‘1+Hsmv\ 1+[o]| l+\|smw|\ + 1+HwH |

1 1. U
< |ttt |+ sl Tsman)

< |lv —w| + || sinv —sinw|| < 2||v—w|.

Thus, A; is of Lipschitz continuity. Also, one shows that A; is of pseudomonotonicity. For any v, w € H, itis
easily known that

(Ajv,w —v) =

= (Ajw,w — v)

(m—ﬁ)(W—U) >0
= (m—%‘wl)(w—v) > 0.
It is easy to see that Aj is of both Lipschitz continuity and monotonicity. Indeed, we deduce that ||Ayv —
Aoyl < [ —y]| + || sino —siny| < 2o - y| and
(420~ Axy,0 —y) = fo ~y|? + (sino —siny,0 —y) > [0~ y| ~ [0 y| =0,

Now, let 51 : C — Cand S; : C — C be defined as S1y = Syy := Sy = 5 siny. It is clear that Fix(S;) =
Fix(S) = {0} fori =1,2.

Also, S : C — C is the mapping of Bregman'’s relatively asymptotical nonexpansivity with 8, = (%)”, and
V{0, } C Cwe get|S" 10, — S"0,|| — 0. In fact, note that

4 4
18" — S™al|? < (g)ZIIS'HU— s lwl? < < (3

< ()"l —w|* < (1+6) o —w]?,

4 4 4
15" on — S"eull < (g)’HlIS2 —Sanll = ( )" 1|| sin(Sen) — g sinen| <2(z)" =0 (n = o),

and
lim 7971 = lim 7(4/5)71 =
n—e01/2(n+1) no01/2(n+1)

Consequently,
2

m= (| VI(C, 4;)) NFix(S;) = {0} # @.
i=1

+2_\/; > 1, we obtain

In addition, putting B, = 2( PICES))]

n—+2

Mim Bn(1 = fn) = lim, 2(n+1)(1 -

nt2 . 1, 1. 1
I
amrn)) 207207320
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In this case, the conditions (C1)-(C3) are satisfied.

n+2

Example 4.1. Let £, = 5 zand ay = By = 2(n+1)

1
(n+1)
choose €, s.t. 0 < ¢, < €,, where

Vn > 1. Given the iterates x,, 1 and x,, (n > 1),

. 0y .
min{e, m} if X # x,_1,
€ otherwise.
Algorithm 3.1 is rewritten as follows:

€y =

gn = S"xp + €n(Xn — Xy-1),

Sn = 2(2:121)’5" + 2y §ns
Yn = PC(Sn - %Alsn)/
ty = (1 — Tn)sn + TulYn,
wy = Pc,sn,
In = PC(wn - %Azwn)/
b= (1 - Tn>wn + Tuln,

n n

_ n +2
Un = 30410 Wit g(pyy Wns

Qu={y e C:lloa—yl* <1+ (E)")w: —yl*},
Xpn+1 = Pc‘annwn/

with the sets C,, C,, and the step-sizes 1, T, being picked as in Algorithm 3.1. By Theorem 3.1, one obtain
Xy, — 0 €m= (N7, VI(C, A;)) NFix(S)).

Example 4.2. Let ¢, = m, Uy = m and B, = vn = 2(’:1121) Vn > 1. Given the iterates x,,_1 and

xy (n > 1), choose €, s.t. 0 < €, < €,, where

. én .
min{e, T boifx, £ x,q,
€ otherwise.
Algorithm 3.2 is rewritten as follows:

€y =

§n = S"Xn + €n(Xn — Xp_1),
_ +2

Un = 5tarny¥n T 20Ty §n

Yn = Pc(sn — 3A15n),

Sn = (1 - Tn)sn + TulYn,

wy = Pc,Sn,

Yn = PC(w" - %AZWn)/

th = (1 - fn)wn + Tuln,

Zy = Pcnw”,

— n n n+2
On = 501y S En t angn) Fn

Ynil = PC(2%ZE)Z’” + 2(n1+1)“) Vn =1,

with the sets C,,, C,, and the step-sizes T, T, being picked as in Algorithm 3.2. By Theorem 3.2, we deduce that
Xy, — 0 €m= (N2, VI(C, 4;)) NFix(S).

5. Conclusions

This article designs iterative algorithms for resolving a pair of VIFPPs in uniformly smooth and
p-uniformly convex Banach spaces. With the help of parallel subgradient-like extragradient methods with
both inertial effect and linesearch process, we fabricate two algorithms for approximating a common solution
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of the two pseudomonotone VIPs and the CFPP of two mappings of Bregman’s relatively asymptotical
nonexpansivity. We are focused on discussing the weak and strong convergence of the proposed algorithms
by using standard terms and novel manoeuvres. Besides, an illustrative example is furnished to bear up the
applicability and implementability of our proposed approaches. Finally, it is worth mentioning that part of
our future research is aimed at achieving the weak and strong convergence results for the modifications of our
proposed approaches with Nesterov double inertial extrapolation steps (see [34]) and adaptive stepsizes.
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