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Abstract: In this paper, a short survey of the existed results concerning the Jacobian Conjecture is first given.
Then the 3-fold linear type polynomial map will be analyzed in detail. The expansion of the Jacobian condition
is deduced to obtain its equivalent algebraic equations, and the Jacobian condition will be analyzed to derive
two coordinate transformations that can maintain the invariance of the Jacobian condition. Finally, it is proved
by mathematical induction method that one general chain expression presented in this paper is just the inverse
polynomial map of 3-fold linear type polynomial map for alln > 2, i.e. LJC(n,[3]) holds such that the Jacobian

Conjecture holds.
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1. Introduction

The last forty years the interest in the study of polynomial automorphisms is growing rapidly.
The main motivation behind this interest is the existence of several very appealing open problems
such as the Jacobian Conjecture [1, 2, 3].

The aim of this paper is to give a purely algebraic method to prove that the Jacobian Conjecture
holds foralln>2.

This paper is divided into five parts. In the first part, a short survey of the existed results
concerning the Jacobian Conjecture is given. In the second part, the 3-fold linear type polynomial
map will be analyzed in detail. Then we deduce the expansion of the Jacobian condition for 3-fold
linear type polynomial map to obtain its equivalent algebraic equations, and analyze the Jacobian
condition to derive two coordinate transformations that can maintain the invariance of the Jacobian
condition. In the fourth part, we can prove by mathematical induction method that one general chain
expression presented in this paper is just the inverse polynomial map of 3-fold linear type polynomial
map for all n > 2. Finally, we can obtain several further results such as one result about the injectivity
problem of the polynomial map.

2. The Jacobian Conjecture: a short survey
Let K be an algebraically closed field of characteristic zero and F = (F,F,,--,F,): K" — K" be a
polynomial map, i.e. a map of the form

(X, x,) B (B (O, X500, 6,), B (0, X500, %, ), (0, Xy, 0, X))

hFi € K[x]=K[x,,x,,-*,x,]

where eac .
Furthermore, for xe K", put F'(x) = det(JF (x)) = |JF (x)

oF,
JF = (KJ | 1)

, where

is the Jacobian matrix [2].

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Put

deg(F) = max deg(F)) ?)

where deg(F) means the total degree of F .

Now the famous Jacobian Conjecture can be shown below [2].
CONJECTURE 2.1. (Jacobian Conjecture (JC(n)) ) Let F : K" — K" be a polynomial map such that

F'(x)#0forallxe K" (or equivalently det(JF) € K, which is defined as Jacobian condition), then F

is invertible (i.e. F has an inverse which is also a polynomial map).

The Jacobian Conjecture is equivalent to the injectivity for F from the following beautiful result
due to Bialynicki-Birula and Rosenlicht [2, 4].

THEOREM 2.2. Let K be an algebraically closed field of characteristic zero and F:K" — K"be
a polynomial map. If F is injective, then F is surjective and its inverse is a polynomial map, i.e. F is a
polynomial automorphism.

So the Jacobian Conjecture is equivalent to: if F'(x) =0 for all xe K", then F is injective or

equivalently F(a) # F(b) foralla#b, a,be K". Therefore, one proof that F is injective for all n>2is

sufficient to prove that the Jacobian Conjecture holds.
From linear algebra we know that the Jacobian Conjecture is true if deg(F) =1. So the next case

isdeg(F) =2. It was only in 1980 that Stuart Wang proved that in this case the Jacobian Conjecture is
true [2, 5]:

THEOREM 2.3. If deg(F) < 2, then the Jacobian Conjecture is true.

DEFINITION 2.4. We say that a polynomial map F = (F,F,,--,F,): K" — K"is of homogeneous
type if it has the form F, = x, + h, with ;, homogeneous of the same degreed >2[6].

DEFINITION 2.5. We say that a polynomial map F = (F,,F,,---,F,): K" — K"is of d-fold linear
type (denoted as L' type), ford > 2, if there are linear forms L,,L,,---, L, € K[x,,x,,---,x,] such that F
has the form F, = x, + h, with h, = L (which is defined as d-fold linear polynomial) [6].

DEFINITION 2.6. We say that a polynomial map F = (F,,F,,--+,F,): K" — K"is of general d-fold
linear type (denoted as GL' type), ford > 2, if F has the form F, = x, + h, that h is the linear combination
of several d-fold linear polynomials or equivalently % is the sum of several d-fold linear polynomials

(which is defined as general d-fold linear polynomial).
DEFINITION 2.7. We say that a polynomial map F =(F,,F,,---,F,): K" - K" is of symmetric

type if it is of special type and the Jacobian matrix JF is a symmetric matrix [6].
DEFINITION 2.8. We say that a polynomial map F =(F,,F,,---,F,): K" - K" is of symmetric

homogeneous type if it is both of symmetric type and of homogeneous type [6].
CON]JECTURE 2.9. (JC(n,[d]) ) Let F = x+h(x) be a polynomial map of homogeneous type

having degree d with F'(x) =1for all x € K", then F is invertible [6].

CONJECTURE 2.10. ( LJC(n,[d])) Let F = x+ h(x) be a polynomial map of d-fold linear type
having degree d with F'(x) =1for all x € K", then F is invertible [6].

CONJECTURE 2.11. ( SJC(n,[d]) ) Let F=x+h(x) be a polynomial map of symmetric
homogeneous type having degree d with F'(x) =1for all x € K", then F is invertible [6].

The following reduction, now standard knowledge, is proved in [3, 6]:

THEOREM 2.12. (Cubic Reduction) For any fixed integerd >3, we have

JC(n) < JC(n,[d]) foralln>2 3)

In particular, proving the Jacobian Conjecture is reduced to proving JC(n,[3]) for alln>2. An

even stronger reduction was proved by L. M. Druzkowski in [6, 7]:
THEOREM 2.13. (Cubic Linear Reduction) For any fixed integer d >3, we have

JC(n) < LIC(n,[d]) forall n>2 4)
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In particular, proving the Jacobian Conjecture is then reduced to proving LJ/C(n,[3]) for alln>2.

In a recent breakthrough, M. de Bondt and A. van den Essen proved the following intriguing
reduction [6, 8]:
THEOREM 2.14. (Symmetric Reduction) For any fixed integer d >3, we have

JC(n) < SIC(n,[d]) foralln>2 (5)

In particular, proving the Jacobian Conjecture is reduced to proving SJC(n,[3]) for alln > 2.
In this paper, LJC(n,[3]) for all n > 2 will be used to prove the Jacobian Conjecture by means of
mathematical induction method for the rank of the Jacobian matrix Ja(x) .

3. The 3-fold linear type polynomial map

The 3-fold linear type (i.e. L’ type) polynomial map is rewritten as follows.

f=Fx)=(x +(Za1jx_/)3,x2 +(Za2jxj)3,---,xn +(Zanjxj)3) (6)

h:= h(-x) = ((zaljxj)sv(zazjxj)sv'"7(zanjxj)3) (7)
Let A be the system matrix of L type polynomial map:
A=(a;)e K™ 8)

THEOREM 3.1. In the n-dimensional case where F = x + h with h homogeneous, we have these
equivalences [2]:

det(JF) =1« Jhis nilpotent < (Jh)"* =0, (Jh) 0, 0<i <7 -1 9)

where r, is the nilpotent index of the nilpotent matrix Jh (which is the maximum order of all Jordan

submatrices in the Jordan canonical form of the nilpotent matrix Ji, and may depend on the specific
details of the matrix Jh ).
THEOREM 3.2. In the n-dimensional case where F = x + h with h homogeneous, r, is the nilpotent

index of the nilpotent matrix Ji , then
(Jh) =0, i1, (10)

THEOREM 3.3. Let r:=rank(Jh) be the rank of the nilpotent matrix Ji for all n>2 where

F = x+ hwith h homogeneous, then
(Jh) =0, i>r+1 (11)

It is obvious thatr, <r+1.
In particular, it is worth noted that the parameter , may depend on the specific details of the

matrix Jh , but the parameter r is only related to the overall property of the matrix Jh and not its
details. In the following algebraic proof, LJC(n,[3]) for all n>2 will be proved by mathematical

induction method for the parameter r.
The L' or GL' type polynomial map F(x)=x+h(x) for all n>2 satisfies the following

mathematical conditions:

H :=Jh/3, r =rank(H) (12)
h=H x=(Jh)x/3 (13)

f=F(x)=x+h (14)

d0i:10.20944/preprints202307.1834.v2
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det(JF) =det(/ +3H) =1, for allx e K" < H is nilpotent < (H)r+1 =0 (15)

where r is the rank of the nilpotent matrix H (such that Ji ). There mustber <n-1.

In fact, the homogeneous type polynomial map with the degree three (i.e.d =3) also satisfies
the conditions (12) ~ (15).

DEFINITION 3.4. The general chain expression ¢[ f, h,i]is defined as follows.

{(p[f,h,O] =f 6)
olf hi+1]= f —h(plf,hil), i 20
or

olf hil= f —h(f —h(f —h(f))) a7)

i copies for h

where i is defined as the index of the general chain expression ¢[f,h,i] . In particular,

olf,h,01=¢[f,0,0]=f.
The following results are now standard knowledge [9].
THEOREM 3.5. Let f = F(x) = x+ h(x) be a polynomial map of homogeneous type having degree

d with F'(x) =1for allxe K",

(i) ifh=0,r=0,thenG(f):=x=f =¢[f,h0]is the inverse polynomial map of F(x);

(i) if (Jn)* =0, thenr, =2, and x=G(f)=f —h(f)=¢lf,h1]is the inverse polynomial map of
F(x).
Therefore, the following proposition holds.
PROPOSITION 3.6. Let f = F(x) = x+ h(x) be a polynomial map of L’ or GL type with F'(x)=1

forallxe K",
(i) ifh=0,r=0,thenx=G(f)=0¢[f,h0]= fis the inverse polynomial map of F(x);
(i) ifr=1, thenr, =2,(Jh)’ =0, and x=G(f) =@l f,h1]1= f —h(f)is the inverse polynomial map
of F(x) .
For I’ or GL type map with F'(x) = 1for all x e K", if r > 2, is F(x) invertible? If F(x) is invertible,
what is its inverse polynomial map? Through the later proof in this paper, we can be sure that the
general chain expression ¢[ f, h, ] is just its inverse polynomial map.

PROPOSITION 3.7. Let f = F(x) = x+ h(x) be a polynomial map of L or GL type with F'(x)=1

forallxe K", if x = G(f) = ¢l f,h,r]is its inverse polynomial map, then
x:G(f):¢[f9hsl]:¢[f,h,r], er (18)

where the formula (18) is called an extension of the index r.
Letr,; (< r) be the minimum index that satisfies x = G(f) = ¢[ f, h,i], then

sz(f)qu[f7h’ll] =¢[f7h’l2] =¢[f’h’rmin]’ il >i2 2 rmin (19)

The formula (19) is also an extension of the index r, ;. Whether r_ is related to the nilpotent index
1, of the nilpotent matrix H (such that Jh ) is still unknown.

It is worth noted that I’ type polynomial map is a special case of GL type polynomial map, the
following result is easily obtained.

THEOREM 38. For all #22  hel' Jh=3H  uukH)y=N<n-1; h€GL  Jhi=3H
rank(H) =N ," and h satisfy the conditions (12) ~ (15) at the same time, if f = F(x)is invertible and
its inverse polynomial map isx = C_}(f) = (p[f, h,N ], then f = F(x) must be invertible and its inverse

polynomial map is x = G(f)=¢[f,h,N].
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There is one important issue to be dealt with before further analysis can be advanced: is the
reverse for Theorem 3.8 true? Since the general chain expression ¢[ f, ,r]is only related to f ,# and

r, and not to the details of 1, this is really true. It will be proved below.

LEMMA 3.9 Let f = F(x) = x+h(x) be a polynomial map of L’ or GL’ type with F'(x)=1for all
xeK",Jh=3H ,r=rank(H), if f = F(x)is invertible and its inverse polynomial map is x=G(f),
then

F(G(f)=id,,G(F(x))=id, = JF(x)JG(f)=1 (20)

JFWIG(f) =1 & JG(f) = (I +3H @) = Y (3HW) , (HW) =0.j2r+1 (21)

i=0

LEMMA 3.10. Let f = F(x) = x+ h(x) be a polynomial map of L orGI type with F'(x) =1 for all
xeK",Jh=3H ,r =rank(H), if there exists a polynomial map G(f) € K"[ f] with zero constant term

which satisfies the following condition, then G(f)is unique under the Jacobian condition.
JG(f) =2 (-3H(x)) (22)
i=0

Proof. Let's assume that there exists another polynomial map G(f) € K"[ ] with zero constant

term which also satisfies the condition (22), and G( f) # G(f)under the Jacobian condition.

JG(f) =3 (3H () (23)
i=0
AG =G(f)-G(f)#0, under the Jacobian condition (24)
J(AG) = JG(f)-JG(f)=0 (25)
A(AG)) .
szo i,j=12,---,n (26)

We note that the constant terms of the polynomials G(f)and G(f)are zero, so

AG, =0 i=12,n 27)

AG =0 (28)

The formula (28) is contradictory to the formula (24).
Therefore, the map G(f) is unique under the Jacobian condition. m

Combining Lemma 3.9 and Lemma 3.10, the following conclusion can be obtained.
LEMMA 3.11. Let f = F(x) = x+ h(x) be a polynomial map of L’ or GL’ type with F'(x) =1 for all

xeK",Jh=3H ,r =rank(H), if there exists a polynomial map G(f) € K"[ f] with zero constant term
which satisfies the condition (22), then G(f) is unique under the Jacobian condition and the following

formula (29) holds, i.e. f = F(x) is invertible and its inverse map is x = G(f) .

F(G(f)=id;, G(F(x))=id, < JF(x)JG(f)=1 (29)

THEOREM 3.12. For all 722, hel' Jh=3H  ,op(Hy=N<n—1; heGL  Jh=3H
rank(H) =N ," and h satisfy the conditions (12) ~ (15) at the same time, if f = F(x)is invertible and
its inverse polynomial map is x=G(f)=¢[f,h, N], then f = F(x) must also be invertible and its
inverse polynomial map is x = G(f) = ¢[ f,h,N].


https://doi.org/10.20944/preprints202307.1834.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 1 August 2023 d0i:10.20944/preprints202307.1834.v2

6

Proof. It is noted that the polynomial map x = G(f) = ¢[ f,h, N]is the inverse polynomial map of
f =F(x) and satisfies the conditions (12) ~ (15). From the formula (18), there are the following

derivations.
x=G(f)=olf,hN+1]=f—h(plf,h,N]) = f —h(G(f)) (30)
JG(f)=1-J(G(f))=1-Jh(x)JG(f)=1-3H(x)JG(f) (31)
(I+3H(x))JG(f)=1 (32)

Then the formula (22) will be derived from (32).
On the other hand, the formula (22) can also be considered to be derived by substituting the
conditions (12) ~ (15) into the expression JG(f) = J (¢l f,h, N]), although its derivation process is very

complex and tedious.
Since the general chain expression ¢[ f, h,r] is only related to f , h and r, and not to the details of

h, for alln>2,h eGL,Jh =3H , rank(H)= N , h also satisfies the conditions (12) ~ (15), then the
following formula (33) will also be derived by substituting the conditions (12) ~ (15) into the
expression JG(f) = J (g f,h,N]).

JG(H) =3 (3H W) (33)
i=0

From Lemma 3.11, then 5(]7) is unique under the Jacobian condition, ]7: F(x) must also be
invertible and its inverse polynomial map is x = G(f) = ¢ f,h,N]. m
THEOREM 3.13. For all 722 , hel’ Jh=3H  ,uuk(H)y=N<n-1; he€GL  Jhi=3H

rank(H)=N ," and I satisfy the conditions (12) ~ (15) at the same time, then f = F(x) is invertible and
its inverse polynomial map isx = G(f) = @[ f,h, N]if and only if f = F(x)is invertible and its inverse
polynomial map is x = 5(]7) = go[]?, h,N].

After the above important issue has been solved satisfactorily, the following algebraic proof in
this paper only needs to be done for I type polynomial map.

4. The Jacobian condition and coordinate transformations

First, we deduce the expansion of the Jacobian condition for  type (or GL type) polynomial map
to obtain its equivalent algebraic equations, and then analyze the Jacobian condition to derive two
coordinate transformations that can maintain the invariance of the Jacobian condition.

DEFINITION 4.1. For B:=(B;) € K™ [x], 1<i <i,<---<i,<n, Bli,i,, i ]is defined as a k-

order principal submatrix of the matrix B , which is the k-order submatrix of the matrix B composed
of the elements that are located at the intersections of rowsi,,i,, :-,i, and columns i,i,, i, inB .

|B[il,i2,--~,ik]| or det(B[i,i,,":*,i;]) is a k-order principal minor of the matrix B . In particular,
Bli,, iy, ++,i,1=B[1,2,---,n]=B.
LEMMA 4.2. For B:=(B;) € K""[x], let
1,,=1=diag[1,1,---,1]

J=Dx(n=) O(n—l)xl JRx =k O(n—k)xk
I = , 1 = ,0<k<n
n,n—1 le(n—l) 01x1 n,n—k ka(n—k) kak

Then there are the following formulas.

1,,+B|=|BI1,2,-,n] =|B|
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I,,+B|=|B[2,3,,n]+|B|

I,,,+B|=[Bin-Lnl+ Y |Blin—Lnl+ Y |Bli.in-1n]|

1<, <n-2 1<i, <i, <n-2

tot Y |Bliiyeesiypon—Linl

1<) <iy <-++<iy_,<n-2

where Blish»i, 5,n—=1Ln]=B_

I,,,+B|=[Blnll+ Y |Bli.nl+ > |Bli.in]

1<i;<n-1 1<i; <iy <n-1

Fot 2 [Bliied o]

1<y <ip <-++<i, <n-1

where Blisbs i, ,n]=B

Proof. (1)If n=1,then I ,+B=B, , the conclusion holds.

I,,+B| = |B| = |BIl]

(ii)If "=2, then
|1, +B|=|B|=|BI1,2]]

1+B, B,
B21 B22

B, B
|1, +B|= B: BZ = |B[2]|+|BI1. 21| = |B[2]| +|B|

0 B,

‘1 B,

The conclusions also hold.
(iil) Let's assume that the conclusions are true if n=N , then while n=N+1, there are the

following derivations.

|0+ B|=|B| =[BIL2,+, NN +1]

+B|=|ly,+B[2,3,+,N,N +1]|+[B[1,2,+,N,N +1]
=|B[2,3,--,N.N +1]|+|B|

1

N+1,1

[Fvo +B|=|Ty v+ BIL2,, N =L N+ 1]+, + BIL2,+ N, N +1]
|BIN +1]+ > |Bli, N+1]|+ Y. |Bli,.i,, N+1]|

1<i <N-1 1< <iy <N -1

B +-e+ Z |B[i1’i2""’iN—1’N+l]|

1<) <iy <-++<iy_ SN-1

|BIN,N+1]|+ > |Bli, N.N+1]+ > |Bli.i,,N,N+1]|

1<i <N-1 1< <i, <N -1

tob > |Bliphyy iy, NN+

1<i) <iy <-++<iy_ <N-1

=|BIN+1]|+ > |Bli,, N+1]|+ D |Blij.i,, N+1]|

1<i, <N 1<i, <i, <N

toet Y |Blinhiy N+

1<i) <iy <--<iy <N

Therefore, these conclusions are also true. O
LEMMA 4.3. For B =(B;) € K""[x], then
|I+B|= 1+1;n|B[i1 ] +1g;gn|B[i' iy ]|t B <i;<i Sn|B[il,,~2,...,z’n]| (34)

Bli,iy,-++,i,]1=B

where
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8
Proof. (1)If n=1, then |I+B| :|1+B“| =1+8B, = 1+|B[1]| = 1+|B , the formula (34) holds.
(ii)If =2, then
|I+B|: 1+Bll BIZ _ 1 B12 Bll BlZ
B, 1+B,| [0 1+B,| |B,, 1+B,

= {1+|B[2]|} +{|BI1]| +| BIL 21|} = 1+|B[1]| + |B[2]| +| BIL 2]
=1+|B[1]|+|B[2]|+|B]
The formula (34) also holds.
(iii) Let's assume that the formula (34) holds if n=N , then while n=N+1, there are the
following derivations.
|1+ 8] :|1 +B|+|1N,N +B[1,2,---,N]|

N+I,N

|BIN +1]|+ Y. |Bliy, N+1]|+ > |Bli,,i,,N +1]|

1<i, <N 1<, <i, <N

tot Y |Bliphyesiy N+

1<i) <iy <+--<iy <N

+{1+ DBL+ Y |Blini ]+ D |B[il,i2,---,iN]|}

1<ij <N I<i;<i, <N 1<iy <iy <-+-<iy <N
=1+ Y [Bli]l+ D |Bli.i]+-+ > | Bl iy iy, ]|
1<i <N +1 16 <iy <N+1 1<, <iy <+ +<iy, SN+
where Bl ival=B
Therefore, the formula (34) also holds. O

THEOREM 4.4. Let f = F(x) = x + h(x) be a polynomial map of L’ or GL type with F'(x) =1 for all
xeK",Jh=3H ,r=rank(H), then

1=|JF|=1+ > 3'|HL ]+ D) 3 |HLi|++ Y, 3" |Hlii i,

1<ij<n 1<i <iy <n 1<iy <iy <---<i, <n
2. |HLi][=0
1<ij<n
> |Hli.5]=0

1<i,<i<n (35)

> |Hliviy.i, )| =|H| =0

1<iy <ip <-+-<i,, <n

When the matrix H has one column (such as column n ) with all zero entries, (35) will be reduced
to one (n—1) dimensional case, and at the same time, the invertibility problem of the » dimensional
polynomial map is equivalent to the invertibility problem of the (n—1) dimensional polynomial map.
This property can be developed into one kind of coordinate transformation to reduce the dimension
and the rank of the matrix H for L’ type map, while the L’ type map will be transformed into one GL’
type map and the invariance of the Jacobian condition can be maintained.

The formula (35) are first equivalent algebraic equations of the Jacobian condition for ' or GL’
type map. It is worth noted that the last equation in (35) means r = rank(H) < n—1, such that (35) can
be further simplified as follows.

> AL =0

I<ij<n

> |Hli.iy]|=0
1<i, <iy<n (36)

> |Hlipiyi]

1<i, <iy <<, <n
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DEFINITION 4.5. For all x € K", the degreev of x" x> ---x." is defined as

=Y 37)
i=1

Then (36) can be further decomposed into a series of equations about polynomials’ coefficients
of I or GL type map in the following.

a(o,,0,,--,0,)=0, v=2q,1<g<r (38)

where a(0,,0,,--,0,) is the coefficient of the term x; x3* ---x" on the left-hand side of the equations
as shown in (36).

The formula (38) are second equivalent algebraic equations of the Jacobian condition for L’ or
GL type polynomial map.

In the following, we only analyze the Jacobian condition for L’ type polynomial map to derive
two coordinate transformations that can maintain the invariance of the Jacobian condition.

LEMMA 4.6. For a nilpotent matrix H € K""[x], its similar matrix PHP'is also nilpotent.

LEMMA 4.7. Let f = F(x) = x+ h(x) be one L type polynomial map with F'(x) =1for all xe K",

Jh=3H ,r=rank(H), its system matrix A satisfies the following formula.
rank(A) =rank(H)=r<n-1 (39)

For simplicity of analysis, we want to place the r mutually linearly independent columns of the
matrix A in the front » columns of this matrix, which can be achieved by exchanging the subscripts of
the variables (such as f and x ) with multiple elementary matrix transformations.

DEFINITION 4.8. The elementary transformation matrix D(i; j) is defined as the matrix obtained

by exchanging row i and row j of the identity matrix I . And the matrix D(i; j) satisfies

det(D(is j)) = |DG; j)| =1 (40)

(D(s; j))™ = D(s j) (41)

It is supposed that the front r columns of the matrix A are mutually linearly independent after a
series of elementary transformation matrices (whose product is denoted as D ) have been used for a
series of row and column exchange transformations of the matrix A in turn. This is one kind of
coordinate transformation for I type polynomial map, which is equivalent to applying a series of
row exchange transformations to f and x at the same time and a similar transformation to the

nilpotent matrix H , as shown below.

Df = Dx+ DHx = Dx+(DHD ") Dx (42)
f=0f
x:=Dx (43)
H = DHD"'
F(X)=f=x+Hx (44)
1=|JF|=|1+3H]|=|1+3DHD™| =|1 +3H|=|JF| (45)

Therefore, the matrix H is the similar matrix of H such that it is nilpotent. The polynomial map
f=F(x)=X+Hxis also of I’ type, and the invariance of the Jacobian condition will be maintained

after the coordinate transformation (as shown in (43)) has exchanged the subscripts of the variables.
It is no problem to suppose that the front » columns of the matrix A have been mutually linearly
independent so that this will not be mentioned in the latter part of this paper.
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In order to apply the mathematical induction method to proof the inverse map of L’ type
polynomial map, we also need another coordinate transformation to reduce the dimension (from n
tor(<n)) and the rank (from rto7(< r)) of the matrix H for L’ type map, while the I’ type map will

be transformed into one GL' type polynomial map and the invariance of the Jacobian condition will
also be maintained after the coordinate transformation (as shown in the description of (35)).
DEFINITION 4.9. For the system matrix A for L’ type map with r = rank(A) = rank(H) , whose

front r columns have been mutually linearly independent, then we define

A::[AIT,AZT,W,A:]T
A:z[f_ll,ZQ,---,Zn]

Zj:zﬂﬁg,., j=r+Lr+2,---.n (46)
in1
Ax=2 A+ 3 Bx) (47)
i1 j=rtl

The L type map will be performed with the following coordinate transformation to reduce the
rank of the matrix H fromrtor(<r-1).

fc,. =(x, + Bix), i=12,r
j;rl it 48)

X, =x, j=r+Lr+2,---.n

The formula (48) is rewritten in matrix form as follows.
%=[%,%, %1 =Dx, det(D)=1, De K" (49)

So there are the following derivations.

%:=Dx (50)

r K‘i)?i = r Zi(xi + i ﬁ/ixj)zigixi + Zn: (Zr‘,ﬁﬁxi)xj =Zr‘,zixi + i ijj = Zixi
i=1 i=1 =l i=1

Jj=r+l j=r+l i=l1 Jj=r+l i=1
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F®)=f=3+H®3 (51)
1=|JF|=|1+36|=|1+3DHD"| = |1 +3H]| =|JF] (52)
Tl 8,k T (53)

=l o BT (54)

In (50), since the last (n — r) columns in the matrix H (%) are all zero columns, the frontr columns

will be constructed as a single matrix H ).

H() :ﬁ(diag[( lx)z(Azx)z( A 2)2])[A,A2,-~-,A,] (55)
ﬁ(f);=1—}(£)2=ﬁ(})}=5(diag[( A3)(A) nff)z])[ Ay ATE(56)

f=3+H®2=2+H@X=32+hEX) (57)

Then, the front r rows in the matrix ﬁ()_c) can be constructed as a new matrix i (x).
(58)

It is obvious that the polynomial map f = X +A(¥) in the r dimensional case is of G type.

DEFINITION 4.10. For the r dimensional GL' type polynomial map f = X + /(X) as shown in (58),
HX)=Jh(X)/3, T :=rank(H(X)), FX)=f =X+h(X) =X+ H(X)X.

The conclusions that det(JF (X)) = 1and H (¥) is nilpotent can be easily deduced from (35) and (46)
~ (58). This means that det(JF(x)) =1and matrix H(xX) is nilpotent for the r dimensional GL' type
polynomial map f =X+h (x) as shown in (58) if and only if det(JF (x)) = 1and matrix H (x) is nilpotent
for the n dimensional L type polynomial map f = x + h(x) .

THEOREM 4.11. For the r dimensional GL’ type polynomial map ]7 =X +h(¥) as shown in (58),
det(JF (X)) =1, H(¥) is nilpotent, and 7 = rank(H (X)) < r—1.

5. The inverse polynomial map of the 3-fold linear type polynomial map

Now, we can prove by mathematical induction method that the general chain expression
@l f,h,r]is just the inverse polynomial map of the I’ or GL’ type polynomial map f = x+h(x) with
F'(x)=1forallxe K".

It is obvious that LJC(n,[3]) holds for all n > 2 and r = 0,1 from Proposition 3.6, we just need to
prove that if LJ/C(n,[3]) holds when r < N, then LJ/C(n,[3]) also holds whenr =N +1(<n-1).

We already know from Proposition 3.6 that if =0 and r=1, the general chain expression
ol f,h,r]is the inverse map of the L’ or GL' type polynomial map f = x +h(x) with F'(x) =1for all
x e K". Let's assume that the expression ¢[ f,h,r]is the inverse map of the L’ or GL' type polynomial
map f =x+h(x) with F'(x)=1for all xe K"if r< N, then when r=N+1, there is the following
derivation process for the L’ type polynomial map f = x+h(x) with F'(x) =1for all xe K".
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By means of the coordinate transformation as shown in (46) ~ (58), the n dimensional L type
polynomial map f = x+h(x) will be transformed into one r dimensional G type polynomial map

]7 =X+h (¥) as shown in (58). Since H (¥) is nilpotent such that 7 = rank(H (X)) < r—1= N (as shown in
the description of (35)), the expression ¢[ f,h,7]is the inverse map of the GL type polynomial map

f=xX+h(X).
G(f)=x=¢lf,h,7], T<r—-1=N
%,=f —h, @ =f ~h@lf.hFD), j=N+2N+3,n 59
X =f—h(X) =f-h@fhFD, i=1,2 N+l
% = f,~h,®) = f, = h(pLf B F]D), j=N+2,N+3, 0
t=f-h@®@) = f-higplf.h,7]) (61)
D'%=D"f-D'hx) =D"f-D"'h(glf,h,F]) (62)
{ﬁ()—c) = D@ = D' (ol F, B, 7]) )
= f-hE) = f-hplf.h.7])

h(x) =D"hx)=D"H®x=D"H®i= diag[(/ilfcf ,(Azfc)z o (A5) AL A e, AT
= diagl(A5) (A,3) - (A5) 142 (64)
=diag[(Ax)",(A,x) -, (A,x) 1Ax = h(x)

h(X) = h(x) (65)
From the formula (65), the following formula as shown in (66) can be obtained naturally.

{ﬁ(fp[f, h,01) = h(f)=h(f)

U . - - 66
hplf .l k+1]) = h(f =h(pLf,h.kD) = h(f = h(@Lf,h,k])), k=0 (©9)

The following results will be obtained by substituting (66) from left to right into the general chain
expression as shown in (63).

x=f—h(plf, 0, 7)) = f —h(f —=h(@Lf, h,F=1D) = f —h(f = h(@[f, h, 7 ~1]))
= f—h(f —=h(f = h(@Lf,h, 7 =2]))

=f-heolf h7D=0lf,h7+1], F+1<r=N+1

(67)

G(f)=x=olf,h7+]1], T+1<r=N+1 (68)
If 7 +1< r, then the index of the general chain expression ¢[ f, h,7 +1] will be extended from 7 +1
to r by means of (19), while the invariance of the inverse map will be maintained.
x=G(f)=olf.hr+1]=0lf,hr], T+1<r=N+1 (69)
Therefore, when r = N +1, the general chain expression ¢[ f, ,r] is just the inverse map of the r

type (such that GL' type, which is easily obtained from Theorem 3.13) polynomial map f = x+ h(x)

with F'(x) =1for all x e K". We have several main conclusions in the following.
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THEOREM 5.1. Let f = F(x) = x+h(x) be a polynomial map of L’ or GL type with F'(x) =1 for all
x € K", then the general chain expression ¢[ f, i, 7] is just its inverse polynomial map for all »>2and
0<r<n-1.

THEOREM 5.2. LJC(n,[3]) holds foralln>2.

THEOREM 5.3. JC(n)holds for alln>2.

6. Several further results

It is worth noted that Theorem 5.1 holds not only for the case of the L’ or GL type polynomial
map, but also for the case of the polynomial maps of L’ type (such that GL' type) or homogeneous
type with the degree d > 2. As the same derivations as above, we can obtain several further results as
follows.

THEOREM 6.1. Let f = F(x) = x+h(x) be a polynomial map of L' or GL' type with the degree
d>2,F'(x)=1for all x e K", then the general chain expression ¢[ f, i, r] is its inverse polynomial map
foralln>2and0<r<n-1.

THEOREM 6.2. Let f = F(x) = x+h(x) be a polynomial map of homogeneous type with the
degree d 22, F'(x)=1for all xe K", then the general chain expression ¢[f,h,r] is its inverse
polynomial map foralln>2and0<r<n-1.

Since JC(n) holds for all n>2, there is another result about the injectivity problem of the
polynomial map F(x) as shown below.

THEOREM 6.3. Let K be an algebraically closed field of characteristic zero and F:K" — K"be
a polynomial map. if F'(x) #0 for all xe K", then F is injective (i.e. F(a)= F(b) for alla#b,

a,b € K"). On the other hand, if F(a) = F(b) for somea #b, a,be K", then F'(x)=0 for somexe K"
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