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Abstract: Recent studies have indicated that terahertz time-domain spectroscopy (THz-TDS) can
stably and efficiently acquire output spectra using an affordable and compact multimode laser
diode (MMLD) with delayed optical feedback as the light source. This research focused on a
numerical analysis of the optimal conditions for employing an MMLD with delayed optical
feedback (chaotic oscillating laser diode) in THz-TDS, utilizing multimode rate equations. The
findings revealed that the intermittent chaotic output generated by the MMLD, characterized by
concurrent picosecond pulse oscillations lasting several tens of picoseconds, proves to be highly
effective for THz-TDS. By appropriately setting the amounts of injection current and optical
feedback, and the delay time of optical feedback, intermittent chaotic oscillation can be attained
within a considerably broad parameter range. Moreover, both the MMLD output spectrum and the
THz-TDS output spectrum exhibit a consistently stable shape at the microsecond scale,
demonstrating the attractor properties inherent in an MMLD with delayed optical feedback.

Keywords: terahertz time-domain spectroscopy; multimode laser diode; delayed optical feedback;
laser chaos; intermittent chaos; picosecond optical pulse generation; concurrent pulse oscillation;
multimode rate equations

1. Introduction

In recent years, the field of terahertz technology has witnessed remarkable progress in both
fundamental and practical investigations [1,2]. Among the crucial techniques in this field, terahertz
time-domain spectroscopy (THz-TDS) stands out as an invaluable method [3,4]. It enables precise
measurement of complex permittivity at room temperature, and its roots can be traced back to the
pioneering Auston switch [5]. Consequently, numerous researchers are actively engaged in exploring
this technology [6—14]. However, a major challenge associated with THz-TDS is the requirement of a
large and expensive mode-locked femtosecond laser as the light source. To address this issue, one
solution that has already been reported is the utilization of a multimode laser diode, known as
MMLD, which offers promising advantages [15-19]. Another proposed solution involves the use of
a chaotically oscillating laser diode called COLD to achieve more stable and efficient THz-TDS
outputs [20-22]. However, the underlying reasons behind the effectiveness of COLD remain unclear.
The objective of this paper is to numerically determine the optimal conditions for utilizing an MMLD
with delayed optical feedback to achieve stable and efficient THz-TDS outputs. This investigation is
conducted by employing the multimode laser diode rate equations, aiming to provide valuable
insights into enhancing the performance of THz-TDS systems.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202307.1700.v1
http://creativecommons.org/licenses/by/4.0/

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 25 July 2023 doi:10.20944/preprints202307.1700.v1

2. Methods

2.1. Rate Equations for a Multimode Laser Diode with Delayed Optical Feedback

We initiate the simulation process by modeling a multimode laser diode (MMLD) with delayed
optical feedback, employing the rate equations specific to MMLDs. This comprehensive model
incorporates the inclusion of Langevin noise and accounts for the band filling effect, as described in
previous works [23-26].
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where Ew, En(t—1t), Sm, and gm are the complex optical electric field, the complex delayed optical
feedback field, photon density, and the modal gain for the mth-mode, respectively. The delayed
optical feedback term is added to the last term on the right-hand side of Equation (1) and recombines
with the MMLD cavity using a coupling coefficient, fe. This formulation is based on the Lang-
Kobayashi equation for single-mode oscillation [27]. Since the MMLD output releases approximately
90% of the optical energy from the cavity to the outside during the round-trip time, up to 81% of the
optical energy is fed back into the MMLD cavity through the delayed optical feedback. As a result,
the maximum value of f: is 0.9 (= V0.81). To simplify the interaction between the complex delayed
optical feedback fields and the complex optical electric fields in the LD cavity, we assumed a coupling
phase between them of zero, and therefore fc was treated as a real number. This choice reflects the
positioning of the external mirror at an integer multiple of the optical path length of the LD cavity. N
is the carrier density. Rspn and T1 are the carrier density dependent-spontaneous emission coefficient
and -carrier lifetime, respectively. &sw and &n are the zero-mean and unit-variance Gaussian
distributions, respectively, whose amplitudes are varied every At. as step functions [25,26]. The
differential gain coefficient, Gon, the carrier density at transparency, No, and the intrinsic gain
saturation coefficient, enm, for the mth-mode are represented by polynomial equations of mode
number m [24-26]. The condition m = 0 stands for the central mode, which is set to 375 THz (800 nm)
by taking into account wavelength matching with a GaAs photoconductive antenna. A negative
mode number indicates that the oscillation frequency for the mode of interest is lower than the central
frequency, while a positive mode number indicates that it is higher. The m-value was varied over a
range of —30 to +30, allowing for the simulation of multimode oscillation involving a total of 61 modes.
The notation and values for the other parameters are listed in Table 1.
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Table 1. Notation and values for parameters [26].

Notation Parameter Value Unit
m Mode number =30 ~ +30
Tp Photon lifetime 2.0 Ps
Trt Round-trip time of the LD cavity 7.1 Ps
Ttb Delay time of the optical feedback fields 1 Ns
G Nonradiative recombination rate 2.0x108 s
C Radiative recombination coefficient 2.0 x 1016 m?3 s
Cs Auger recombination coefficient 0 mo s
fe Coupling coefficient of the optical feedback fields 0~0.6
a Linewidth enhancement factor 3.0
B Spontaneous emission factor 1.0 x10°
&s Gain compression factor 0.05 %10 m?3
of Longitudinal mode spacing 0.139 THz
Ate Coherence time of amplified spontaneous emission 7.1 Ps
e Elementary electric charge 1.60 x 10-1° C
L Laser cavity length 300 Mm
Vv Laser cavity volume 180 um3
Tir Refractive index of the active layer 3.6
) Dielectric constant for vacuum 8.85 x 1012 F/m
h Planck’s constant 6.63 x 1034 Js
Sfn Oscillation frequency of the mth-mode 375 +0.139m THz
I Bias current 7 % Iimo mA
r Pumping rate 1.5~25
Itro Threshold current for the central mode 24 mA

The temporal evolutions of variables Ew(t) and N(tf) were numerically evaluated at regular
intervals of 0.03 ps using the fourth-order Runge-Kutta method, considering the specified parameter
values.

2.2. Simulation Model for THz Time-Domain Spectroscopy

Figure 1 illustrates a typical numerical model of a THz-TDS system. The system comprises an
MMLD with delayed optical feedback, serving as the input light source. The input light is divided
equally into pump light and probe light using a half mirror. The pump light is focused on a gap
between metallic electrodes of a photoconductive antenna, generating photo-carriers, n(t), described
by the equation:
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Here, ¢m represents an arbitrary phase for the mth-mode. The photo-carriers induce a transient
current, J(#), when a bias voltage is applied to the gap. Consequently, electromagnetic waves are
emitted into free space, with their amplitude being proportional to the time derivative of the transient
current, dJ(t)/dt. In cases where the antenna exhibits wideband characteristics due to the ultrafast
relaxation time of the photo-carriers, the THz wave, EtH(t), can be represented as

aj(t) « dn(t)
dt dt
The frequency of the electromagnetic waves is in the range from sub-THz to a few THz,
corresponding to the optical beats of the MMLD output.
The THz waves are collimated using an off-axis parabolic mirror and subsequently pass through
a sample. Another off-axis parabolic mirror is employed to focus the transmitted THz waves onto a

8)
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second photoconductive antenna, similar to the first one. The second antenna is also irradiated by the
probe light to generate photo-carriers, n(t), within its gap. The photo-carriers flow outside the
photoconductive antenna as a transient current, which is proportional to the potential difference
across the gap determined by the electric field of the irradiated THz waves. By varying the delay time,
7, for the probe light, a cross-correlation trace, CC(t), between the THz- and the photo-carrier-
waveforms can be obtained. CC(7) can be represented by

dn(t)
dt

cCc(r) = n(t —7)dt. 9)

The THz-TDS output of the no sample case, CC(w), is obtained by Fourier-transforming CC(t)
as

CC(w) = f CC(Dexp(—iwt) dt = iw|fi(w)|?, (10)
which is proportional to the power spectrum of the photo-carriers [26].

Off-axis parabolic mirrors
& ~

Sample |—»

— Lenses —_—

v & Photoconductive 2
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delayed optical feedback
I D Input light /Hﬁ’ mirror Delay line

Figure 1. Configuration of a THz-TDS system using an MMLD with delayed optical feedback.
3. Results and Discussion

3.1. Classification of LD Oscillation State by the Coupling Coefficient of Optical Feedback

Figure 2 shows simulated results of temporal waveforms for 1 us of the MMLD outputs (al-d1),
along with the corresponding power spectra (a2-d2) and THz-TDS outputs (a3—d3) for different
values of fe: 0 (al-a3), 0.1 (b1-b3), 0.4 (c1-c3), and 0.6 (d1-d3) when the pumping rate r and the delay
time of the optical feedback 1w are set to 1.5 and 1 ns, respectively. When f. is set to 0 (no optical
feedback), the MMLD exhibits steady-state oscillation (al), albeit with a relatively significant amount
of noise resulting from the Langevin noise. The side-mode suppression ratio attains 26.4 dB (a2),
indicating that the MMLD operates in single-mode oscillation at the —1st mode. As a result, the
generation of optical beats between the multimode is effectively suppressed, leading to a low THz-
TDS output (a3). When f- is set to 0.1, the temporal waveform exhibits chaotic behavior (b1), and the
spectrum demonstrates multimode oscillation, primarily operating in four modes ranging from the
—4th to the —1st mode (b2). This behavior arises from the periodic optical feedback, which acts as a
seed light for each mode, preventing the concentration of gain in a particular mode. The presence of
optical feedback disrupts the MMLD's ability to settle into steady-state oscillation, resulting in a
continuous transient state. Consequently, the THz-TDS output spectrum (b3) shows an increase in
the 139, 278, and 417 GHz spectral components, corresponding to one, two, and three times the
longitudinal mode spacing of the MMLD, respectively. Subsequently, when f. is raised to 0.4, the
temporal waveform exhibits intermittent chaotic oscillation, characterized by intense peaks at specific
time points: 6, 116, 134, 189, 284, 420, 508, 579, 648, 736, 875, and 959 ns (cl). Concurrently, the
multimode spectrum of the MMLD output broadens asymmetrically (c2), leading to a corresponding
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broadening of the THz-TDS output spectrum to approximately 2 THz (c3). Moreover, the widening
of each linewidth observed in both the LD output spectrum (c2) and the corresponding THz-TDS
output spectrum (c3) indicates that the intermittent chaotic oscillation is accompanied by the presence
of short optical pulses. However, when f. is further increased to 0.6, the MMLD returns to steady-
state oscillation (d1) with two (-5th and —6th) modes (d2). The resulting THz-TDS output spectrum
displays only a 139 GHz spectral component (d3). This result can be attributed to the delicate
equilibrium between optical feedback and optical gain, with the presence of relatively strong optical
feedback leading to the phenomenon of optical injection locking in the MMLD. By performing area
integration on the spectra presented in Figures 2(a2)—(d2), we observed a moderate increase in the
MMLD output by a factor of 1.06 (fe=0.1), 1.46 (f.=0.4), and 1.91 (fc = 0.6) compared to the case without
optical feedback (a2). This increase is attributed to the presence of optical feedback. In contrast, upon
analyzing the corresponding THz-TDS outputs from the area integration of the spectra in Figures
2(a3)—(d3), a significant surge was estimated. The THz-TDS outputs experienced an increase by a
factor of 22 (f.=0.1), 676 (f=0.4), and 466 (f.=0.6) due to the effect of optical feedback. These findings
demonstrate that an appropriate amount of optical feedback is necessary to achieve broadband and
high-intensity THz-TDS output using an MMLD with delayed optical feedback.
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Figure 2. Temporal waveforms of the MMLD outputs (al—-d1), along with the corresponding power
spectra (a2—d2) and THz-TDS outputs (a3—-d3) for different values of f:: 0 (al-a3), 0.1 (b1-b3), 0.4
(c1-c3), and 0.6 (d1-d3). The parameters r and v are set to 1.5 and 1ns, respectively.

3.2. Characteristics of Intermittent Chaotic Oscillations

Next, we will conduct a detailed numerical investigation of the intermittent chaotic oscillation
under the condition of fc = 0.4. Figure 3(a) depicts the temporal waveform of the carrier density when
feis set to 0.4, revealing significant accumulations of carrier density at specific time points: 0, 109, 130,
179, 276, 414, 502, 576, 644, 728, 866, and 956 ns. It is worth noting that the intense peak intensities
observed in the MMLD output in Figure 2(c1) occur between 3 to 10 ns after the carrier density
accumulation timings, indicating that the MMLD operates similar to a Q-switched laser [28] under
the given optical feedback condition. Figures 3(b) and 3(c) illustrate the temporal variations of the
MMLD output energy (b) and the THz-TDS output energy (c), respectively, integrated every 1 ns.
The distinct energy drops observed in Figure 3(b) precisely correspond to the significant carrier
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density accumulations shown in Figure 3(a). These rapid energy drops in Figure 3(b) can be observed
when the temporal waveform depicted in Figure 2(cl) is measured with a slightly slower optical
detector, commonly referred to as "low-frequency fluctuation (LFF)" in the field of laser chaos [29].
In contrast, the distinct energy increases observed in Figure 3(c) align precisely with the strong peak
intensities of the MMLD output in Figure 2(cl).
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Figure 3. (a) Temporal waveform of the carrier density when f. is set to 0.4. Temporal variations of (b)
MMLD output energy and (c) THz-TDS output energy integrated every 1 ns.

In Figure 4(a), a magnified view of a section from Figure 3(c) is presented. The points (b), (c),
and (d) within the figure correspond to the THz-TDS output energies during specific time periods:
(b) 644645 ns, (c) 648-649 ns, and (d) 690-691 ns, respectively. Figures 4(b), 4(c), and 4(d) display
the corresponding temporal waveforms of the MMLD output for the respective time periods. During
the time periods (b) and (c), characterized by the occurrence of the LFF phenomenon, optical pulses
with durations in the range of several tens of picoseconds are generated. Conversely, during many
other time periods, chaotic oscillations with low peak intensities are observed, as depicted in Figure
4(d). Notably, the THz-TDS output energy is maximized when the shortest pulse, approximately 30
ps in duration, is generated (Figure 4(c)). Therefore, the efficient generation of optical short pulses is
crucial for achieving effective THz-TDS utilizing the MMLD with delayed optical feedback. This is
because the generation of THz waves relies on the time derivative of the temporal waveform of
photo-carriers, as described in Equation (8).
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Figure 4. (a) A magnified view of a section from Figure 3(c). Temporal waveforms of the MMLD
outputs during the time periods of (b) 644-645 ns, (c) 648—649 ns, and (d) 690-691 ns, respectively.

In Figure 5(a), the power spectrum of the MMLD output in Figure 4(b) is presented. Despite the

short 1 ns time period, many oscillation mode components are generated simultaneously. The
corresponding temporal waveforms of eight modes (—2nd to 5th) are displayed in Figure 5(b),
revealing the nearly simultaneous oscillation of approximately 50 ps optical pulses with different
pulse peaks. Thus, the optical modulation of the MMLD by the optical feedback results in the
generation and concurrent oscillation of picosecond optical pulses, thereby enhancing the occurrence
of optical beats in THz-TDS.
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Figure 5. (a) Power spectrum of the MMLD output corresponding to the temporal waveform in Figure
4(b). (b) Temporal waveforms of the MMLD output for respective (—2nd to +5th) modes.

Figures 6(a) and 6(b) present the power spectra of the MMLD outputs in Figures 4(c) and 4(d),
respectively. Despite both spectra exhibiting symmetric shapes of multimode oscillation due to the
influence of optical feedback, there is a notable distinction in the spectral width depending on the
presence or absence of high-peak picosecond optical pulses during each time period. The spectral
width of the power spectrum in Figure 6(b) is comparable to that in Figure 2(b2) calculated under the
condition of fe = 0.1. In contrast, the spectrum in Figure 6(a) is approximately three times wider than
that in Figure 6(b). Furthermore, the spectral peak in Figure 6(a) is shifted toward shorter
wavelengths by approximately 1 nm in comparison to that in Figure 6(b). This shift reflects the band-
filling effect resulting from the abrupt accumulations of carrier density just prior to the generation of
picosecond optical pulses, as seen in Figure 3(a). In Figure 4(b), the temporal waveform exhibits a
mixture of picosecond pulses and chaotic oscillations with relatively low intensities, with both
elements present in almost equal proportions. As a result, the corresponding power spectrum shown
in Figure 5(a) clearly resembles the composite shape of the power spectra in Figures 6(a) and 6(b),
with significant asymmetry in its spectral profile. The power spectrum averaged over 1 ps in Figure
2(c2) also exhibits a similar asymmetric shape, which is evidence that the MMLD output exhibits
intermittent chaotic oscillations.
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Figure 6. (a, b) Power spectra calculated using the temporal waveforms in Figures 4(c) and 4(d),
respectively. (c) Experimentally observed power spectrum of the output from the MMLD with
delayed optical feedback [22].

Figure 6(c) presents an experimental result of the output spectrum of the MMLD (Sharp, DL-
7140-213X, 780 nm) with delayed optical feedback, which was utilized as an efficient light source for
generating and detecting THz waves in reference [22]. In the experiment, the injection current of the
MMLD was set to 80 mA against the threshold current of 40 mA (r=2.0), and an external cavity length
of approximately 30 cm (7s = 2 ns) was used. The observed asymmetric spectral shape depicted in
Figure 6(c) is consistent with the calculation shown in Figure 2(c2), indicating that the MMLD with
delayed optical feedback used in the experiment exhibited intermittent chaotic oscillations including
picosecond optical pulse generation. In that sense, the COLD (chaotic oscillating laser diode) used in
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the THz-TDS experiment can be specifically called ICOLD (intermittent chaotic oscillating laser
diode).

3.3. Time Convergence of Output Spectral Shapes

Figure 7(a) shows the temporal variation of the intensity difference, Dip(t), between adjacent
MMLD output spectra averaged every 1 ns using the rate equations mentioned above. This intensity
difference is calculated using the following equation:

808 nm

1,. 2 1, 2
Dip(ty) = Z |E|Et1(/1)| _E|Et0(/1)|

A=792 nm

2
’

(11)

where % |E+o ()L)|2 and i |E (D) |2 represent the spectral intensity of the power spectra of the MMLD

outputs averaged within the time points to and t1, respectively. The time difference between to and #
was set to 1 ns, and this calculation continued until #1 reached 1 ps. The intensity difference
demonstrates a convergence trend, approximately reaching a reciprocal of time. Figures 7(b), 7(c), and
7(d) depict power spectra of the MMLD outputs averaged over 10 ns, 100 ns, and 500 ns, respectively.
Taking into account the convergence of the intensity difference displayed in Figure 7(a), the power
spectrum shape in Figure 7(d) (averaged over 500 ns) closely resembles that of Figure 2(c2) (averaged
over 1000 ns). Hence, despite the chaotic changes in the temporal waveform of the MMLD output with
delayed optical feedback from moment to moment, the averaged power spectrum consistently
converges to a constant shape, reflecting the attractor characteristics of the MMLD system with delayed
optical feedback. These findings are consistent with the previously reported experimental result that
the averaged power spectrum was stably observed with a constant shape [22]. The results presented in
Figure 7 demonstrate that the power spectrum of the MMLD with delayed optical feedback stabilizes
to a constant shape through a time average on the order of microseconds.
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Figure 7. (a) Temporal variation of the intensity difference between adjacent averaged MMLD output
spectra. Examples of the MMLD output spectra averaged over (b) 10 ns, (c) 100 ns, and (d) 500 ns,
respectively.

Figure 8(a) shows the temporal variation of the intensity difference, Druz(t), between adjacent
THz-TDS output spectra averaged every 1 ns. This intensity difference is calculated using the
following equation:

3000 GHz

Dry,(ty) = Z

2
1, - 1, -
—CCa(P] - = [CCaln| (12)
= In 0
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where %E‘fw (f )| and %E‘fﬂ (f )| represent the spectral intensity of the power spectra of the THz-

TDS outputs averaged within the time points to and t1, respectively. Similar to Figure 7, the time
difference between to and t1 was set to 1 ns, and this calculation continued until # reached 1 ps.
Additionally, Figures 8(b), 8(c), and 8(d) present the power spectra of the THz-TDS outputs, averaged
over 10 ns, 100 ns, and 500 ns, respectively. The observed fluctuations in Figure 8(a) can be attributed
to the time derivative of the chaotic temporal waveform of the photo-carriers during THz wave
generation described in Equation (8). Despite the presence of fluctuations, which introduce a certain
amount of delay, they still adhere to the overall convergence trend observed in the MMLD output
spectrum illustrated in Figure 7.

w
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Figure 8. (a) Temporal variation of the intensity difference between adjacent averaged THz-TDS
output spectra. Examples of the THz-TDS output spectra averaged over (b) 10 ns, (c) 100 ns, and (d)
500 ns, respectively.

3.4. Expansion of Intermittent Chaotic Oscillation Region

Figure 9(a) illustrates the temporal waveform peaks as a function of f for the time period of
900-1000 ns, with r = 1.5 and 7% = 1 ns (the same conditions as in Figure 2). Notably, significant peak
fluctuations with intensities exceeding 100 (arb. unit), indicative of intermittent chaos, are observed
only when f. is set to 0.27, 0.32, and 0.40. These values correspond to situations where even slight
variations in f. cause a sharp decrease in the THz-TDS output. However, previous experiments
reported that the THz-TDS output exhibited only minor fluctuations in response to slight variations
in fe [22]. To reconcile these calculation results with the experimental results, the controllable
parameter values (pumping rate r and delay time of the optical feedback 1) were systematically
varied, and the corresponding bifurcation diagrams were plotted in Figures 9(b1), 9(b2), 9(c1), and
9(c2). Specifically, Figures 9(bl) and 9(b2) demonstrate that under higher r values, the region of
intermittent chaos expands towards the higher f. side. This expansion is attributed to the increase in
the relaxation oscillation frequency of the MMLD resulting from an increase in r, which in turn
increases the likelihood of intermittent chaotic oscillation. Figure 9(c1) demonstrates that when s is
set to a short time (0.5 ns), the region of intermittent chaos completely disappears. This phenomenon
can be attributed to the high frequency of the optical modulation caused by the optical feedback (1/7®
~ 2 GHz), which approaches the relaxation oscillation frequency of the MMLD driven at r =1.5 (~ 4
GHz). In contrast, in Figure 9(c2), where s is set to 2 ns, the frequency of the optical modulation (1/t®
~ 0.5 GHz) becomes significantly lower than the relaxation oscillation frequency, resulting in an
expansion of the intermittent chaos region. Thus, increasing the injection current or delay time
expands the intermittent chaotic area of the MMLD with delayed optical feedback.
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Figure 9. Peak plots as a function of fc when (r, ) is set to (a) (1.5, 1 ns), (b1) (2.0, 1 ns), (b2) (2.5, 1 ns),
(c1) (1.5, 0.5 ns), and (c2) (1.5, 2 ns), respectively.

4. Conclusions

In THz-TDS, we employed a miniature MMLD with delayed optical feedback as the light source.
Through numerical analysis using the multimode rate equations, we determined the optimal
conditions for the MMLD with delayed optical feedback to achieve highly sensitive and wide-band
THz-TDS output. Remarkably, we discovered that the most favorable MMLD output for THz-TDS
involves intermittent chaotic oscillation, encompassing concurrent picosecond pulse oscillations. The
generation of intermittent chaotic oscillation can be confirmed by observing its characteristic
asymmetric spectral shape. Furthermore, under the parameters of the MMLD with delayed optical
feedback, we showed that the averaged power spectrum converges to a constant shape within the
microsecond range. Correspondingly, the shape of the THz-TDS output spectrum also exhibits
similar convergence. Notably, by significantly increasing both the controllable pumping rate and the
delay time of the optical feedback, we found an expansion of the parameter space in which
intermittent chaotic oscillation occurs. These findings hold significant importance for the application
of THz-TDS utilizing a compact and cost-effective MMLD with delayed optical feedback as the light
source.
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