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Abstract: Coronavirus disease 2019 (COVID-19) is a high contagious respiratory infectious disease

that has affected millions of people worldwide. Initially, basic public health measures were

implemented to control specially the spread of such virus. However, vaccination has emerged

as a highly effective strategy in combating COVID-19 and reducing its transmission. Several effective

and safe vaccines have been approved to prevent the inadvertent spread of the disease. In this study, a

modeling approach is used to analyze the impact of these vaccines on the dynamics of COVID-19. By

applying a higher-order numerical method, the model is solved based on reported cases in Pakistan.

A spectral method is employed for the numerical solution, and the model is simulated to assess

the effects of vaccination. The Next-generation method is used to calculate the threshold quantity,

known as R0, which indicates the potential for disease transmission. The study also includes a

detailed stability analysis, examining the invariance properties of the model solution and discussing

equilibrium points and their stability in disease-free and endemic states. Furthermore, the study

presents graphical representations of the influence of special parameters on the dynamics of the

pandemic.

Keywords: COVID-19 mathematical model; vaccination; stochastic asymptotic stability;

Legendre-Gauss-Lobatto points; spectral method

1. Introduction

The coronavirus infection is a highly contagious viral disease that has effect and spread to

almost every country in the world. It is caused by a virus called Severe Acute Respiratory Syndrome

coronavirus 2 (SARS-CoV-2) and that was firstly identified in December 2019. In March 2020, the

World Health Organization (WHO) declared COVID-19 a pandemic due to its rapid spread and impact

on millions of people worldwide [1]. After certain time period COVID-19 has affected more people

than previous outbreaks of MERS and SARS. The initial outbreak of COVID-19 cases was detected in

Wuhan, China. Many individuals infected with proposed virus may not show any symptoms or only

experience mild symptoms. However, those with symptoms typically experience a muscle or joint

pain, dry cough, fever and in many active cases, specially shortness of breath which was more painful

stage for effected people. COVID-19 poses a significant risk to individuals with pre-existing health

conditions such as diabetes, kidney disease, cardiovascular and obesity disease. Most of the people

with chronic respiratory diseases are especially vulnerable to severe complications and death from

COVID-19. The primary mode of transmission is through direct contact with attenuated objects or

surfaces, as well as consumption of respiratory aerosol from infected individuals, whether they show

symptoms or not [2].

The COVID-19 pandemic continuously to show mannerism a significant threat to people

worldwide, particularly due to the increasing incidence of infection in certain countries. Consequently,
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it has become crucial to detect, assess, and understand the exempt feedback to SARS-CoV-2 disease.

While diseases like Polio can be controlled by regular vaccination to the children below a certain 5

years of age and most of medicines and antibiotics can help to manage the outbreaks of infection,

some infectious diseases such as TB, Cholera, and Malaria still cause fatalities globally [3]. However,

recently some effective and safe vaccines have been developed by many countries still rely on non

pharmaceutical mediation like social distancing, lock downs, and face masks to contest the infection.

Nonetheless, vaccination remains an effective and simple strategy in controlling infectious diseases,

as demonstrated by the successful eradication of smallpox through vaccination [4]. Consequently,

scientists worldwide are agreeing in development of effective COVID-19 vaccines, recognizing their

potential to safe countless lives as a new tool in the battle against the virus [4].

In order to gain a deeper comprehension of how epidemic illnesses work and suggest more

effective approaches to prevent their spread, mathematical models can be highly valuable. These

models serve as helpful tools for predicting the patterns and progression of diseases, allowing us to

implement strategies that can reduce the rate of infection and mortality. Recent advancements have

introduced new mathematical models specifically designed to forecast disease dynamics and flatten

the curves of infection and death [5,6]. Moreover, numerous compartmental mathematical models

have been developed to explore the influence and significance of vaccination in combating various

infectious diseases, as detailed in a range of studies [7–10].

Based on the existing literature, the focus of this study is to develop a new stochastic model that

can analyzed the dynamics of COVID-19, taking into account the impact of vaccination. The proposed

model incorporates a stochastic term to enhance its accuracy. The first objective of current research

is to examine the transmission patterns of COVID-19, specifically in relation to Non-Pharmaceutical

Interventions (NPIs) and the vaccination process. To establish the parameters of the model, actual

pandemic cases in Pakistan are used for estimation. The study also presents the basic reproduction

number and equilibrium points, along with conducting various fundamental analysis. The research

findings from this study can be valuable for government authorities and public health agencies in

formulating effective strategies to minimize the spread of future outbreaks.

This research paper is organized into different sections to provide a comprehensive analysis of

the stochastic COVID-19 vaccination model. In Section 2, we present the mathematical modeling of

this model, which involves describing the various factors and variables that influence the spread of the

virus and the effectiveness of vaccinations. To further enhance our understanding, Section 3 reviews

the application of Legendre polynomials and the spectral method in this context, as these mathematical

tools have proven valuable in analyzing complex systems. In Section 4, we briefly discuss the basic

reproduction number, an important metric in epidemiology, and conduct a stability analysis to assess

the robustness of our model. In Section 5, we delve into the numerical results obtained from our

simulations and discuss their implications for COVID-19 vaccination strategies. Finally, we conclude

our research paper by summarizing our findings and highlighting the key takeaways in the last section.

2. Stochastic COVID-19 vaccine model

In this section, we focus on modeling a stochastic COVID-19 vaccination model to investigate the

impact of certain non-pharmaceutical interventions (NPIs), specifically social distancing in combination

with vaccination. Although the COVID-19 vaccine is currently in an experimental phase and only

available to a limited extent, it plays a crucial role in controlling the pandemic alongside other

pharmaceutical mediation. To construct mathematical model, we divide the total population into

distinct classes: susceptible individuals (S(t)), vaccinated individuals (V(t)), exposed individuals (E(t)),

asymptomatic infected individuals (IA(t)), the symptomatic infected individuals (I(t)) and recovered

from infection is denoted by (R(t)). Where, total population (N(t)) is the sum of all above classes.

The proposed model for the stochastic COVID-19 vaccine can be represented as a set of stochastic

differential equations, which are nonlinear in nature. Mathematically, this model describes the

relationship between various factors involved in the vaccine’s effectiveness and its impact on the
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spread of the disease. By using these equations, we can better understand and predict how the

vaccine will interact with the virus and the human immune system, providing valuable insights into

its potential efficacy.
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dS
dt = Λ + ψV − β(I+βA IA)S

N − (µ + ω1)S,
dE
dt = β(I+βA IA)S

N − (µ + κ)E,
dI
dt = κ(1 − r)E − (µ + µ1 + φ1)I,
dIA
dt = rκE − (µ + φ2)IA,

dV
dt = ω1S − (ψ + µ)V,
dR
dt = φ1 I + φ2 IA − µR.

(1)

with positive initial values λi; i = 1, 2, ..., 6, respectively for each class.

In the considered system described by Eqs. 1, the parameter Λ represents the assumed birth rate,

whereas µ denotes the natural death rate within each class of the model. The rate at which susceptible

individuals receive vaccinations is represented by ω1, and those who have been vaccinated become

susceptible again at a rate of ψ. Latent individuals become infected at a rate of κ(1 − r), where the

remaining individuals (proportion r) join the group of asymptomatic infection. Where parameter

µ1 shows the COVID-19 convinced mortality rate, while φ1 and φ2 indicate the rate at which both

symptomatically and asymptomatically infected individuals recover. The transmission of the disease is

characterized by β, and the transmissibility coefficient of asymptomatic individuals is denoted by βA.

It is expected that all the parameters have positive values.

In present research work, we implement the spectral method for the numerical solution of

COVID-19 system. This method were initially applied for differential and integral system [11–13].

Moreover, for numerical solutions of different diseases models the proposed method are applied by

authors [14–17].

Since infectious diseases are subject to randomness in terms of the nature of transmission, the

deterministic COVID-19 model given in Eqs. 1 is perturbed by white noise to obtain a stochastic model

given in form:
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dS
dt = Λ + ψV − β(I+βA IA)S

N − (µ + ω1)S + φSdB(t),
dE
dt = β(I+βA IA)S

N − (µ + κ)E + φEdB(t),
dI
dt = κ(1 − r)E − (µ + µ1 + φ1)I + φIdB(t),
dIA
dt = rκE − (µ + φ2)IA + φIAdB(t),

dV
dt = ω1S − (ψ + µ)V + φVdB(t),
dR
dt = φ1 I + φ2 IA − µR + φRdB(t).

(2)

In this study, we are focusing on the spectral method for obtaining the solution to a stochastic COVID-19

model described by Eqs. 2. In this model, B(t) represents Brownian motion, which is a random process

that exhibits erratic behavior over time. The parameter φ is referred the intensity of Brownian motion,

which determines the degree of randomness or volatility in the system. By developing an approximate

solution to this stochastic model, we aim to better understand and predict the dynamics of COVID-19.

3. Spectral Method

Before apply spectral method, to provide an preview of Legendre polynomials given in [18]. The

nth order Legendre polynomials denoted by Pn(τa). Where the function u(τa) is approximated by:

u(τa) =
n

∑
i=0

uiPi(τa) (3)
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ui indicates Legendre coefficients, τai, i = 0, ..., n are collocation nodes and Pn(τa) denotes nth-order.

Where the Legendre polynomials are:

Pi(τa) =
1

2i

[ i
2 ]

∑
a=0

(−1)a(i
a)(

2(i−a)
i )τi−2a,

(

i = 0, 1, ..., n
)

, τa ∈
[

− 1, 1
]

. (4)

i

2
=

{

i
2 , i Even,
i−1

2 , i Odd.

Spectral method procedure we considered the Legendre-Gauss-Lobatto points {tj}N
j=0.

For this, taking integral on Eq. 2 from [0, t].
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S(t) = S(0) +
∫ t

0

(

Λ + ψV(s)− β(I(s)+βAE(s))S(s)
N − (µ + ω1)S(s)

)

ds +
∫ t

0 φS(s)dB(s),

E(t) = E(0) +
∫ t

0

( β(I(s)+βA IA(s))S(s)
N − (κ + µ)E(s)

)

ds +
∫ t

0 φE(s)dB(s),

I(t) = I(0) +
∫ t

0

(

(1 − r)κE(s)− (µ + µ1 + φ1)I(s)
)

ds +
∫ t

0 φI(s)dB(s),

IA(t) = IA(0) +
∫ t

0

(

rκE(s)− (µ + φ2)IA(s)
)

ds +
∫ t

0 φIA(s)dB(s),

V(t) = V(0) +
∫ t

0

(

ω1S(s)− (ψ + µ)V(s)
)

ds +
∫ t

0 φV(s)dB(s),

R(t) = R(0) +
∫ t

0

(

φ1 I(s) + φ2 IA(s)− µR(s)
)

ds +
∫ t

0 φR(s)dB(s).

(5)

where S(0), E(0), I(0), IA(0), V(0), R(0) are initial conditions on the functions of each class respectively.

To convert the present interval to [−1, 1] interval, we transform s like: s = t
2 (1 + ̟), then Eqs. 5

becomes:

S(t) = S(0) +
1

2
t
∫ 1

−1

(

Λ + ψV
( t(1 + ̟)

2

)

− β
(

I
( t(1+̟)

2

)

+ βAE
( t(1+̟)

2

))

S
( t(1+̟)

2

)

N

− (µ + ω1)S
( t(1 + ̟)

2

)

)

d̟ +
1

2
t
∫ 1

−1
φS

(

t(1 + ̟)

2

)

dB(̟),

E(t) = E(0) +
1

2
t
∫ 1

−1

(

β
(

I
( t(1+̟)

2

)

+ βA IA

( t(1+̟)
2

))

S
( t(1+̟)

2

)

N
− (κ + µ)E

( t(1 + ̟)

2

)

)

d̟

+
1

2
t
∫ 1

−1
φE

(

t(1 + ̟)

2

)

dB(̟),

I(t) = I(0) +
1

2
t
∫ 1

−1

(

(1 − r)κE
( t(1 + ̟)

2

)

− (µ + µ1 + φ1)I
( t(1 + ̟)

2

)

)

d̟

+
1

2
t
∫ 1

−1
φI

(

t(1 + ̟)

2

)

dB(̟),

IA(t) = IA(0) +
1

2
t
∫ 1

−1

(

rκE
( t(1 + ̟)

2

)

− (µ + φ2)IA

( t(1 + ̟)

2

)

)

d̟

+
1

2
t
∫ 1

−1
φIA

(

t(1 + ̟)

2

)

dB(̟),

V(t) = V(0) +
1

2
t
∫ 1

−1

(

ω1S
( t(1 + ̟)

2

)

− (ψ + µ)V
( t(1 + ̟)

2

)

)

d̟

+
1

2
t
∫ 1

−1
φV

(

t(1 + ̟)

2

)

dB(̟),

R(t) = R(0) +
1

2
t
∫ 1

−1

(

φ1 I
( t(1 + ̟)

2

)

+ φ2 IA

( t(1 + ̟)

2

)

− µR
( t(1 + ̟)

2

)

)

d̟

+
1

2
t
∫ 1

−1
φR

(

t(1 + ̟)

2

)

dB(̟). (6)

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 21 July 2023                   doi:10.20944/preprints202307.1476.v1

https://doi.org/10.20944/preprints202307.1476.v1


5 of 16

where the semi discretized spectral system Eqs. 6 are:

S(t) = S(0) +
1

2
t

N

∑
k=0

(

Λ + ψV
( t(1 + ̟)

2

)

− β
(

I
( t(1+̟)

2

)

+ βAE
( t(1+̟)

2

))

S
( t(1+̟)

2

)

N

− (µ + ω1)S
( t(1 + ̟)

2

)

)

ωk +
1

2
t

N

∑
k=0

φS

(

t(1 + ̟)

2

)

ω∗
k ,

E(t) = E(0) +
1

2
t

N

∑
k=0

(

β
(

I
( t(1+̟)

2

)

+ βA IA

( t(1+̟)
2

))

S
( t(1+̟)

2

)

N
− (κ + µ)E

( t(1 + ̟)

2

)

)

ωk

+
1

2
t

N

∑
k=0

φE

(

t(1 + ̟)

2

)

ω∗
k ,

I(t) = I(0) +
1

2
t

N

∑
k=0

(

(1 − r)κE
( t(1 + ̟)

2

)

− (µ + µ1 + φ1)I
( t(1 + ̟)

2

)

)

ωk

+
1

2
t

N

∑
k=0

φI

(

t(1 + ̟)

2

)

ω∗
k ,

IA(t) = IA(0) +
1

2
t

N

∑
k=0

(

rκE
( t(1 + ̟)

2

)

− (µ + φ2)IA

( t(1 + ̟)

2

)

)

ωk

+
1

2
t

N

∑
k=0

φIA

(

t(1 + ̟)

2

)

ω∗
k ,

V(t) = V(0) +
1

2
t

N

∑
k=0

(

ω1S
( t(1 + ̟)

2

)

− (ψ + µ)V
( t(1 + ̟)

2

)

)

ωk

+
1

2
t

N

∑
k=0

φV

(

t(1 + ̟)

2

)

ω∗
k ,

R(t) = R(0) +
1

2
t

N

∑
k=0

(

φ1 I
( t(1 + ̟)

2

)

+ φ2 IA

( t(1 + ̟)

2

)

− µR
( t(1 + ̟)

2

)

)

ωk

+
1

2
t

N

∑
k=0

φR

(

t(1 + ̟)

2

)

ω∗
k . (7)

where the weight function refer [12,13], for Eq. 1 is given by

ωk =
2

[L
′
1+N(sk)]2(1 − s2

k)
, where 0 ≤ k ≤ N.

L is the Lagrange polynomials.

Also the weight function for Eq. 2 is given by

ω∗
k =

√
ωk × randn(1, N), 0 ≤ k ≤ N.

Now the spectral solution of each S, E, I, IA, V and R by using the above Eq. 5

S =
N

∑
n=0

SnPn(t), E =
N

∑
n=0

EnPn(t), I =
N

∑
n=0

InPn(t), IA =
N

∑
n=0

(IA)nPn(t),

V =
N

∑
n=0

VnPn(t), R =
N

∑
n=0

RnPn(t). (8)

Legendre coefficients of each of functions S(t), E(t), I(t), IA(t), V(t) and R(t) are in the form:

Sn, En, In, (IA)n, Vn, Rn, respectively. Now using the solution Eqs. 9 becomes:
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N

∑
n=0

SnPn(t) =
N

∑
n=0

SnPn(0) +
1

2
t

N

∑
k=0

(

Λ + ψ
N

∑
n=0

VnPn(ζk)

− β
(

∑
N
n=0 InPn(ζk) + βA ∑

N
n=0(IA)nPn(ζk)

)

∑
N
n=0 SnPn(ζk)

N

− (µ + ω1)
N

∑
n=0

SnPn(ζk)

)

ωk +
1

2
t

N

∑
k=0

φ
N

∑
n=0

SnPn(ζk)ω
∗
k ,

N

∑
n=0

EnPn(t) =
1

2
t

N

∑
k=0

(

β
(

∑
N
n=0 InPn(ζk) + βA ∑

N
n=0(IA)nPn(ζk)

)

∑
N
n=0 SnPn(ζk)

N

− (κ + µ)
N

∑
n=0

EnPn(ζk)

)

ωk +
1

2
t

N

∑
k=0

φ
N

∑
n=0

EnPn(ζk)ω
∗
k +

N

∑
n=0

EnPn(0),

N

∑
n=0

InPn(t) =
N

∑
n=0

InPn(0) +
1

2
t

N

∑
k=0

(

(1 − r)κ
N

∑
n=0

EnPn(ζk)

− (µ + µ1 + φ1)
N

∑
n=0

InPn(ζk)

)

ωk +
1

2
t

N

∑
k=0

φ
N

∑
n=0

InPn(ζk)ω
∗
k ,

N

∑
n=0

(IA)nPn(t) =
N

∑
n=0

(IA)nPn(0) +
1

2
t

N

∑
k=0

(

rκ
N

∑
n=0

EnPn(ζk)− (µ + φ2)
N

∑
n=0

(IA)nPn(ζk)

)

ωk

+
1

2
t

N

∑
k=0

φ
N

∑
n=0

(IA)nPn(ζk)ω
∗
k ,

N

∑
n=0

VnPn(t) =
N

∑
n=0

VnPn(0) +
1

2
t

N

∑
k=0

(

ω1

N

∑
n=0

SnPn(ζk)− (ψ + µ)
N

∑
n=0

VnPn(ζk)

)

ωk

+
1

2
t

N

∑
k=0

φ
N

∑
n=0

VnPn(ζk)ω
∗
k ,

N

∑
n=0

RnPn(t) =
N

∑
n=0

RnPn(0) +
1

2
t

N

∑
k=0

(

φ1

N

∑
n=0

InPn(ζk) + φ2

N

∑
n=0

(IA)nPn(ζk)

− µ
N

∑
n=0

RnPn(ζk)

)

ωk +
1

2
t

N

∑
k=0

φ
N

∑
n=0

RnPn(ζk)ω
∗
k . (9)

We take ζk =
( t(1+̟)

2

)

. The proposed system Eqs. 9 gives of 6N + 6 of unknowns in which 6N

nonlinear equations. Using initial conditions say:

∑
N
n=0 SnPn(0) = λ1, ∑

N
n=0 EnPn(0) = λ2, ∑

N
n=0 InPn(0) = λ3.

∑
N
n=0(IA)nPn(0) = λ4, ∑

N
n=0 VnPn(0) = λ5, ∑

N
n=0 RnPn(0) = λ6. (10)

Eqs. 10 and Eqs. 9 of a system of (6N + 6) equations. Therefore, the solving the above two systems

gives the solution of corresponding all unknowns. In last using the unknown values in Eqs. 8, and get

a solution to the model given in Eqs. 2.

4. Stability Analysis

Stability analysis is a crucial tool for investigating the behavior of a dynamical system. In this

particular section, we delve into the examination of the stability of equilibrium solution. These

equilibrium solutions are associated with both deterministic and stochastic systems, which are

represented by equations labeled as Eqs. 1 and Eqs. 2 respectively. By studying the stability of
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these solutions, we gain insights into how the system’s dynamics unfold over time, accounting for

both deterministic and random influences.

The COVID-19 model described by Eqs. 1 can have up to two equilibrium solutions. The first one,

called the infection-free equilibrium E0, represents a steady state solution where there is no disease in

the population. The second equilibrium solution is known as the endemic equilibrium, which occurs

when the disease persists within the population.

4.1. Basic reproductive number (R0) by Next-generation matrices method

The system of Eqs. 2 provide the simple vaccination model that describes the coronavirus disease.

Now the infectious subsystem of Eqs. 2 gives that,



























dE
dt = βS(I+βA IA)

N − (µ + κ)E,
dI
dt = (1 − r)κE − (µ + µ1 + φ1)I,
dIA
dt = rκE − (µ + φ2)IA,

dV
dt = ω1S − (ψ + µ)V,

(11)

So the jacobian matrix of the Eqs. 11 is computed as

J(E, I, IA, V) =











−κ − µ βS ββAS 0

(1 − r)κ −(µ − µ1 − φ1 0 0

rκ 0 −µ − φ2 0

0 0 0 −ψ − µ











(12)

As seen below, the Jacobi matrix is split into two matrices

Γ =











0 βS ββAS 0

0 0 0 0

0 0 0 0

0 0 0 0











∆ =











−κ − µ 0 0 0

(1 − r)κ −(µ − µ1 − φ1 0 0

rκ 0 −(µ + φ2) 0

0 0 0 −ψ − µ











And the transition matrix inversion is

∆−1 =

















−1
(κ+µ)

0 0 0
(−1+r)κ

(

(κ+µ)(µ+µ1+φ1)
)

−1
(µ+µ1+φ1)

0 0

−rκ
(

(κ+µ)(µ+φ2)
) 0 −1

(µ+φ2)
0

0 0 0 −1
(ψ+µ)

















By analyzing the following classes instances, the basic reproductive equation (R0) may be

constructed. Now the NGM with large domain is denoted by DL is given by:

DL = −Γ∆−1 =











−βS(−1+r)κ
(κ+µ)(µ+µ1+φ1)

+ ββASrκ
(κ+µ)(µ+φ2)

βS
(µ+µ1+φ1)

ββAS
µ+φ2

0

0 0 0 0

0 0 0 0

0 0 0 0










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In light of this, the basic reproduction formula for a matrix with a large domain is

R0 = trace(DL) =
−βS(−1 + r)κ

(κ + µ)(µ + µ1 + φ1)
+

ββASrκ

(κ + µ)(µ + φ2)
(13)

Following equation gives the reproduction number for the system given by Eqs. 1

R0 =
Λβ(1 − r)κ

(µ + ω1)(κ + µ)(µ + µ1 + φ1)
+

ΛββArκ

(µ + ω1)(κ + µ)(µ + φ2)
. (14)

Theorem 4.1. If R0 ≤ 1, then disease-free equilibrium E0 is a stable solution for a system described by equations

Eqs. 1 on the entire region D, which means that disease will not be spread and the population will remain healthy.

On the other hand, if R0 > 1, then the endemic equilibrium solution E∗
1 (with values S∗, E∗, I∗, I∗A, V∗, and

R∗) of the system described by equations Eqs. 1 is asymptotically stable on the region D. This implies that the

disease will persist in the population.

S∗ =
(κ + µ)(µ + µ1 + φ1)(µ + φ2)N

β
(

(1 − r)κ(µ + φ2)− βArκ(µ + µ1 + φ1)
) ,

E∗ =
(µ + µ1 + φ1)

2

(

κ(1 − r)(µ + µ1 + φ1 − 1)
) ,

I∗ =
(µ + µ1 + φ1)

(µ + µ1 + φ1 − 1)
,

I∗A =
rκ(µ + µ1 + φ1)

2

(

κ(1 − r)(µ + φ2)(µ + µ1 + φ1 − 1)
) ,

V∗ =
ω1(µ + µ1 + φ1)N(κ + µ)(µ + φ2)

β
(

(1 − r)κ(µ + φ2)− βArκ(µ + µ1 + φ1)
)

(µ + ψ)
,

R∗ =
(µ + µ1 + φ1)

(

(

(−1 + r)κµ + φ2

(

(−1 + r)κ − rκ
))

φ1 − φ2rκ(µ + µ1)

)

(

(−1 + r)κ(µ + µ1 + φ1 − 1)(µ + φ2)µ
) (15)

Proof. The endemic equilibrium E∗
1 of system given by Eq. 1, has stationary system is given by:

Λ + ψV∗ − β(I∗ + βA I∗A)S
∗

N
− (µ + ω1)S

∗ = 0,

β(I∗ + βA I∗A)S
∗

N
− (µ + κ)E∗ = 0,

κ(1 − r)E∗ − (µ + µ1 + φ1)I∗ = 0,

rκE∗ − (µ + φ2)I∗A = 0,

ω1S∗ − (ψ + µ)V∗ = 0,

φ1 I∗ + φ2 I∗A − µR∗ = 0. (16)

To solve system in Eq. 16. We will discuss two major cases:

a. infected classes I and IA equal to zero
b. I and IA greater than zero.
(a): If I = 0 = IA: then from the last equation of Eqs. 16, we get R∗ = 0, where from equation

number four of Eqs. 16, we get E∗ = 0, and using equation first, we get S∗ = Λ/(µ + ω1).

Similarly from the fifth equation we get V = 0. Therefore, we get the disease free equilibrium

E∗
1 = (Λ/(µ + ω1), 0, 0, 0, 0, 0, ), having a case R0 < 1.

(b): If I∗ > 0 and I∗A > 0, for the lake of calculation using Maple-13 software to found the proposed

endemic equilibrium E∗
1 . In this case should be R0 > 1.
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Lemma 4.2. Total region say D is positive invariance set for the proposed model given in Eqs. 1.

Proof. For N(t) = S + E + I + IA + V + R, then using model Eqs. 1, we get:

d

dt
N(t) = Λ − (µ + ω1)N(t)− µ1 I − ψV. (17)

d

dt
N(t) ≤ Λ − (µ + ω1)N(t). (18)

Therefore, Eq. 18 takes the form:

N(t) ≤ Λ

(µ + ω1)
+ N(0)e−(µ+ω1)t ≤ Λ

(µ + ω1)
.

Hence in the total region D the system Eq. 1 is positively invariant.

The following lemma are proved by using method refer [19],.

Lemma 4.3. The solution of system Eqs. 1 (S(t), E(t), I(t), IA(t), V(t), R(t)) has above properties for each

initial condition
(

S(0), E(0), I(0), IA(0), V(0), R(0)
)

∈ R
6:

lim
t→∞

1

t

∫ t

0
φS(u)dW(u) = 0,

and similarly for each class.

Definition 4.4. Individuals that are infected in population I and IA are termed extinctive for model Eqs. 2 if

and only if limt→∞ I(t) = 0 = limt→∞ IA(t) = 0.

Theorem 4.5. Since, max

{(

β(µ+ω1)
Λ

+ ββA(µ+ω1)
Λ

)

,

(

β2

2(κ+µ)(µ+µ1+φ1)
+

β2β2
A

2(κ+µ)(µ+φ2)

)}

< φ2 or
(

β(µ+ω1)
Λ

+ ββA(µ+ω1)
Λ

)

> φ2 with R̄0 < 1, then both the infected classes I and IA of Eq. 2 are exponentially

tends to zero. Conversely, if R̄0 > 1, the each class of the model Eqs. 2 are present, where

R̄0 = R0 −
(

(

φΛ(1 − r)κ
)2

(µ + ω1)2
+

(

φΛrκ
)2

(µ + ω1)2

)

Proof. Suppose the solution of the proposed vaccination model Eq. (2) in the form of
{

S, E, I, IA, V, R
}

along with initial conditions
{

S(0), E(0), I(0), IA(0), V(0), R(0)
}

. Also assume that IN = I + IA, then

by using Itô formula we get:

d ln IN(t) =

(

βS(1 − r)κ

N
− (κ + µ)(µ + µ1 + φ1)−

φ2S2

2

)

dt + φSdW(t)

+

(

ββASrκ

N
− (κ + µ)(µ + φ2)−

φ2S2

2

)

dt + φSdW(t). (19)

Apply integral from 0 to t, we have

ln IN(t) = ln IN(0) +
∫ t

0

(

βS(1 − r)κ

N
− (κ + µ)(µ + µ1 + φ1)−

φ2S2

2

)

dt +
∫ t

0
φSdW(t)

+
∫ t

0

(

ββASrκ

N
− (κ + µ)(µ + φ2)−

φ2S2

2

)

dt +
∫ t

0
φSdW(t). (20)
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here we discuss the two cases, if φ2
>

(

β(µ+ω1)
Λ

+ ββA(µ+ω1)
Λ

)

, then

ln IN(t) ≤ ln IN(0) +

(

β2(1 − r)κ

φ2
− (κ + µ)(µ + µ1 + φ1)

)

t +
∫ t

0
φSdW(t)

+

(

β2β2
Arκ

φ2
− (κ + µ)(µ + φ2)

)

t +
∫ t

0
φSdW(t) (21)

Divide Eq. (21) by t > 0, then

ln IN(t)

t
≤ ln IN(0)

t
+

(

β2(1 − r)κ

φ2
− (κ + µ)(µ + µ1 + φ1)

)

+
1

t

∫ t

0
φSdW(t)

+

(

β2β2
Arκ

φ2
− (κ + µ)(µ + φ2)

)

+
1

t

∫ t

0
φSdW(t) (22)

By taking limt→∞ and using Lemma 4.3, then Eq. (22) converted to

lim
t→∞

ln IN(t)

t
≤ −

(

(κ + µ)(µ + µ1 + φ1)−
β2(1 − r)κ

φ2

)

−
(

(κ + µ)(µ + φ2)−
β2β2

Arκ

φ2

)

< 0.

Which shows, limt→∞ IN(t) = 0.

The second case, when φ2
<

(

β(µ+ω1)
Λ

+ ββA(µ+ω1)
Λ

)

, and using Eq. (20) we get

ln IN(t) ≤ ln IN(0) +

(

βΛ(1 − r)κ

µ + ω1
−

(

φΛ(1 − r)κ
)2

(µ + ω1)2
− (κ + µ)(µ + µ1 + φ1)

)

t

+

(

ββAΛrκ

µ + ω1
−

(

φΛrκ
)2

(µ + ω1)2
− (κ + µ)(µ + φ2)

)

t + 2
∫ t

0
φSdW(t) (23)

Dividing Eqs. (23) by t where t > 0 we obtain

1

t
ln IN(t) ≤

1

t
ln IN(0) + (κ + µ)(µ + µ1 + φ1)

(

βΛ(1 − r)κ

(µ + ω1)(µ + µ1 + φ1)(κ + µ)

−
(

φΛ(1 − r)κ
)2

(κ + µ)(µ + ω1)2(µ + µ1 + φ1)
− 1

)

+ (κ + µ)(µ + φ2)

(

ββAΛrκ

(µ + ω1)(κ + µ)(µ + φ2)
−

(

φΛrκ
)2

(µ + ω1)2(κ + µ)(µ + φ2)
− 1

)

+
2

t

∫ t

0
φSdW(t) (24)

Again by taking limt→∞ and use Lemma 4.3, Eq. (24) becomes

lim
t→∞

ln IN(t)

t
≤ (κ + µ)(µ + µ1 + φ1)(µ + φ2)(R̄0 − 1).

When R̄0 < 1, then

lim
t→∞

1

t
ln IN(t) < 0.

Which shows that limt→∞ IN(t) = 0.
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5. Numerical Results

Current section focuses on presenting some numerical problems and their corresponding graphical

results. The numerical results are captured and explained for both deterministic system Eqs. 1 and the

stochastic system Eqs. 2. To find these numerical results, the spectral collocation method is employed.

The obtained results are then visualized in Figures 1–8. The computations for this study are performed

on a personal computer using Maple and Matlab software. To simplify the calculations, each initial

value is assumed to be equal to 1.

Figure 1 Following parameter values are assumed for deterministic system Eqs. 1 as Λ = 6, β =

1, βA = 1, µ = 1, µ1 = 0.9, φ1 = 0.4958, φ2 = 0.6110, κ = 3.871, r = 0.8, ω1 = 0.001, ψ = 0.0233. The

computations gives reproduction number becomes R0 < 1, by using given parameter values. By using

theorem 4.1, we see the model Eqs. 1 has stable infectious free equilibrium E0(6, 0, 0, 0, 0, 0) where S(t)

is in the form Λ/µ = 6.

Figure 2 If we change β = 2, βA = 0.7 and ω1 = 0.1 and remaining the same as in Figure 1. Then

we got R0 > 1 and using theorem 4.1 the model Eqs. 1 has stable endemic equilibrium and all the

compartments are then zero as given in Figure 2.

Figure 3 When we chosen parameter values Λ = 6, β = 1, βA = 1, µ = 1, µ1 = 0.9, φ1 =

0.4958, φ2 = 0.6110, κ = 3.871, r = 0.8, ω1 = 0.001, ψ = 0.0233, φ = 0.7 for stochastic system Eqs. 2. The

above simulation shows that φ2
> max

{(

β(µ+ω1)
Λ

+ ββA(µ+ω1)
Λ

)

,

(

β2

2(κ+µ)(µ+µ1+φ1)
+

β2β2
A

2(κ+µ)(µ+φ2)

)}

and R̄0 < 1 along with theorem 4.5 the infected classes of model Eqs. 2 becomes zero.

Figure 4 Choose β = 2, βA = 0.7 and ω1 = 0.1 and remaining the same parameter

values of Figure 3, then the stochastic model Eqs. 2, satisfy φ2
< max

{(

β(µ+ω1)
Λ

+

ββA(µ+ω1)
Λ

)

,

(

β2

2(κ+µ)(µ+µ1+φ1)
+

β2β2
A

2(κ+µ)(µ+φ2)

)}

, with R̄0 > 1, using theorem 4.5, shows that each

class are presents of Eqs. 2, this can be performed in Figure 4.

Figure 5 Present figure show the comparison of the solutions Eqs. 1 and Eqs. 2 for each classes,

where using parameter values Λ = 6, β = 1, βA = 1, µ = 1, µ1 = 0.9, φ1 = 0.4958, φ2 = 0.6110, κ =

3.871, r = 0.8, ω1 = 0.001, ψ = 0.0233, φ = 0.7. The simple computation shows that for model

Eqs. 1 R0 < 1, where for stochastic model Eqs. 2 max

{(

β(µ+ω1)
Λ

+ ββA(µ+ω1)
Λ

)

,

(

β2

2(κ+µ)(µ+µ1+φ1)
+

β2β2
A

2(κ+µ)(µ+φ2)

)}

< φ2 with R̄0 < 1. Using the theorems 4.1 and 4.5, we see both the systems satisfy the

disease free equilibriums.

Figure 6 Comparison of both models given in Eqs. 1 and Eqs. 2 for each classes, using following

values of parameter β = 2, βA = 0.7 and ω1 = 0.1 and remaining the same parameter values

as in Figure 5. Using such parameter values the Eqs. 1 R0 > 1, also for stochastic model Eqs.

2 max

{(

β(µ+ω1)
Λ

+ ββA(µ+ω1)
Λ

)

,

(

β2

2(κ+µ)(µ+µ1+φ1)
+

β2β2
A

2(κ+µ)(µ+φ2)

)}

> φ2 with R̄0 > 1. Using the

theorems 4.1 and 4.5, we see both the systems satisfy endemic equilibriums.

Figure 7 Above same parameter values as given in Figure 5 to compare both the deterministic

and stochastic solutions.

Figure 8 The same parameter values as given in Figure 6 to compare both the deterministic and

stochastic solutions.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 21 July 2023                   doi:10.20944/preprints202307.1476.v1

https://doi.org/10.20944/preprints202307.1476.v1


12 of 16

Time (days)

0 10 20 30 40 50 60 70 80 90 100

N(t)

0

1

2

3

4

5

6

S(t)

E(t)

I(t)

I
A

(t)

V(t)

R(t)

Figure 1. Deterministic COVID-19 system (1) using Λ = 6, β = 1, βA = 1, µ = 1, µ1 = 0.9, φ1 =

0.4958, φ2 = 0.6110, κ = 3.871, r = 0.8, ω1 = 0.001, ψ = 0.0233 that is R0 < 1.

Time (days)
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Figure 2. Deterministic system (1), with Λ = 6, β = 2, βA = 1.5, µ = 1, µ1 = 0.9, φ1 = 0.4958, φ2 =

0.6110, κ = 3.871, r = 0.8, ω1 = 0.1, ψ = 0.0233 that is R0 > 1.
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Figure 3. Stochastic system Eqs. 2, with Λ = 6, β = 1, βA = 1, µ = 1, µ1 = 0.9, φ1 = 0.4958, φ2 =

0.6110, κ = 3.871, r = 0.8, ω1 = 0.001, ψ = 0.0233, φ = 0.7 where R̄0 < 1.
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Figure 4. Stochastic system Eqs. 2, with Λ = 6, β = 2, βA = 1.5, µ = 1, µ1 = 0.9, φ1 = 0.4958, φ2 =

0.6110, κ = 3.871, r = 0.8, ω1 = 0.1, ψ = 0.0233, φ = 0.7 where R̄0 > 1.
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Figure 5. Comparison of both the solutions given in Eqs. (1) and Eqs. (2) of each class, for the parameter

values Λ = 6, β = 1, βA = 1, µ = 1, µ1 = 0.9, φ1 = 0.4958, φ2 = 0.6110, κ = 3.871, r = 0.8, ω1 =

0.001, ψ = 0.0233, φ = 0.7 where R̄0 < 1 and R0 < 1.
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Figure 6. Comparison of both the solutions given in Eqs. (1) and Eqs. (2) of each class, for the parameter

values Λ = 6, β = 2, βA = 1.5, µ = 1, µ1 = 0.9, φ1 = 0.4958, φ2 = 0.6110, κ = 3.871, r = 0.8, ω1 =

0.1, ψ = 0.0233, φ = 0.7 where R̄0 > 1 and R0 > 1.
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Figure 7. Comparison of model Eqs. 1 and model Eqs. 2 solutions taking Λ = 6, β = 1, βA = 1, µ =

1, µ1 = 0.9, φ1 = 0.4958, φ2 = 0.6110, κ = 3.871, r = 0.8, ω1 = 0.001, ψ = 0.0233, φ = 0.7 where R̄0 < 1

and R0 < 1.
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Figure 8. Comparison of model Eqs. 1 and model Eqs. 2 solutions taking Λ = 6, β = 2, βA = 1.5, µ =

1, µ1 = 0.9, φ1 = 0.4958, φ2 = 0.6110, κ = 3.871, r = 0.8, ω1 = 0.1, ψ = 0.0233, φ = 0.7 where R̄0 > 1

and R0 > 1.

6. Conclusions

The use of mathematical modeling combined with numerical analysis using spectral techniques

has been shown to be a highly effective approach for gaining deeper insights into the transmission

dynamics of diseases. This research introduces a new epidemic model that is analyzed rigorously

mathematically to investigate the transmission dynamics of the COVID-19 pandemic, taking into

account the impact of vaccination. The crucial measure of disease spread, known basic reproduction

number, is found using the next-generation method. Stability of the disease-free equilibrium is proven

to be asymptotically stable when the basic reproduction number becomes (R0 < 1). On the other

hand, the stable endemic equilibrium is established when R0 is greater than 1. To incorporate the

effects of vaccination, a vaccination strategy is incorporated into the model. After conducting a various

analysis, the proposed models are solved numerically using a highly efficient spectral approach called

the high order spectral scheme, which utilizes Legendre collocation nodes. Finally, with the estimated

parameter values, the model is simulated to assess the impact of non-pharmaceutical mediation and

the effectiveness of vaccination on the transmission dynamics and also to control of the proposed

pandemic. In conclusion, the results indicate that by increasing the low transmission rate through

preventive calculated like social distancing and following strict SOPs, along with achieving herd

immunity through a highly effective vaccine, the pandemic can be effectively curtailed.
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