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Abstract: We report a theoretical derivation of the Cabibbo-Kobayashi-Maskawa (CKM) matrix
parameters and the accompanying mixing angles. These results are arrived at from the exceptional
Jordan algebra applied to quark states, and from expressing flavor eigenstates (i.e. left-chiral states)
as superposition of mass eigenstates (i.e. the right-chiral states) weighted by square-root of mass.
Flavor mixing for quarks is mediated by the square-root mass eigenstates, and the mass ratios used
have been derived in earlier work from a left-right symmetric extension of the standard model. This
permits a construction of the CKM matrix from first principles. There exist only four normed division
algebras, they can be listed as follows - the real numbers R, the complex numbers C, the quaternions
H and the octonions Q. The first three algebras are fairly well known; however, octonions as algebra
are less studied. Recent research has pointed towards the importance of octonions in the study of
high energy physics. Clifford algebras and the standard model are being studied closely. The main
advantage of this approach is that the spinor representations of the fundamental fermions can be
constructed easily here as the left ideals of the algebra. Also the action of various Spin Groups on
these representations too can be studied easily. In this work, we build on some recent advances in the
field and try to determine the CKM angles from an algebraic framework. We obtain the mixing angle
values as 61 = 11.093°, 613 = 0.172°, 6,3 = 4.054°. In comparison, the corresponding experimentally
measured values for these angles are 13.04° & 0.05%,0.201° £ 0.011°,2.38° & 0.06°. The agreement of
theory with experiment is likely to improve when running of quark masses is taken into account.

Keywords: quark mixing; CKM matrix; exceptional Jordan algebra; octonions; clifford algebras; mass
ratios

1. Introduction

There has been occasional interest in the last few decades as to the significance of octonions
for understanding the standard model of particle physics [1]. Research on this topic has picked up
significant pace in the last seven years or so, since the publication of Furey’s Ph. D. thesis [2], and
also the discovery by Todorov and Dubois-Violette [3] that the exceptional groups Gy, Fs, E¢ contain
symmetries of the standard model as maximal sub-groups. This has given rise to the hope that
octonions could play a significant rule in the unification of electroweak and strong interaction, and in
turn their unification with gravitation. Octonionic chains can be used to generate a Clifford algebra,
and spinors made as minimal left ideals of Clifford algebras possess symmetries observed in the
standard model [2,4].

We have proposed a left-right symmetric extension of the standard model, based on complex
split bioctonions, which incorporates gravitation [5]. This is consistent with unification based on
an Eg x Eg symmetry, and the breaking of this symmetry reveals the standard model [6,7]. Chiral
fermions arise after symmetry breaking; left-handed fermions are eigenstates of electric charge and
right-handed fermions are eigenstates of the newly introduced U(1) quantum number - square root of
mass. By expressing charge eigenstates as superpositions of square-root mass eigenstates one is able to
theoretically derive the observed mass ratios of quarks and charged leptons [8-12].

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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In the present paper we extend these methods to provide a theoretical derivation of the CKM
matrix parameters for quark mixing, and the accompanying mixing angles. Also, we show that
the complex Clifford algebra CI(9) is the algebra of unification. Further, we conclude from our
investigations that our universe possesses a second 4D spacetime with its own distinct light-cone
structure. Distances in this space-time are invariably microscopic and only quantum systems can
access this second space-time.

This paper is organised as follows. Sections 2, 3, 4 review a few basics of group representations,
Clifford algebras, and the octonions. Sections 5 and 6 briefly recall earlier work on particle
representations made from the octonions, and our own work on derivation of mass ratios from
the exceptional Jordan algebra. Section 7 is the heart of the paper; the space of minimal ideals is
constructed and the role of SU(2); and SU(2)g symmetry elucidated. The triality property of the
spinor and vector reps of SO(8) is used to motivate the methodology for theoretical derivation of the
CKM matrix parameters. The calculation of these matrix parameters and mixing angles is then carried
out in Section 8. Conclusions are in Section 9.

2. A few basics

To engage in the study of the Clifford Algebras, mass ratios and their application to the Standard
Model itself, we first need a basic introduction to some mathematical concepts. A basic review has
been done in the following subsequent sections about some of the required concepts.

2.1. Algebra
An Algebra (A, +, . , F) over a Field F is defined to be a vector space over the field, equipped with
a bi-linear operation that follows the following properties:-

miAxA— A 1)

(a,b) — ab ababe A 2)

* (xa).(Bb) =ap(ab) «a,pcF;abecA
e (a+b).c=(a.c)+(b.c) abceA.
¢ ((a.b).c) = (a.(b.c)

An Ideal I is defined as a subspace of A which survives multiplication by any element of A. A left
ideal is defined as:-
a€lVbe A = (ba)el 3)

2.2. Group Representations

e If there is a homomorphism from a group G to a group of operators U(G) on a vector space V,
then U(G) forms a representation of group G on V.
¢ The dimension of the representation is the same as the dimension of the vector space.

geG-Lug) @)

U(g)e; = D(g)le i,j=1,2——dim(V) (5)

Here, the D are the matrix representation of G on the vector space V. As a representation is a
homomorphism it must preserve the group operation, so we have:-

U(g1)U(g2) = U(g1-82) (6)

D(g1)D(g2) = D(81-82) (7)
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If for a representation U(G) of G on V, there exists a subspace V; in V such that :-
Ug)lx) eVr vx eV )

then such a subspace is called an invariant subspace of V with respect to the group representation
U(G). The trivial invariant subspaces of V are V itself, and the space of null vectors. A subspace which
does not have any non-trivial invariant subspace is called minimal or proper. The representation U (G)
on V is called irreducible if there is no non-trivial invariant subspace in V; otherwise the representation
is reducible [13].

2.3. The Standard Model

The gauge group of the Standard Model is given below, also the forces and their respective carriers
are presented in the Table 1.
Gsm = SU(3)c x SU(2)L x U(1)y ©)

¢ A representation of the gauge group G acts on a finite-dimensional Hilbert space V.
e Particles then live in the irreducible invariant subspace of V as their basis vectors.

Table 1. Forces and force carriers

Force Gauge Boson Symbol
Electromagnetism Photon 0%
Weak Force Wand Zbosons WT,W—,Z
Strong Force Gluons g

3. Clifford Algebras

A Clifford algebra CI(p, q) over R is defined to be an associative algebra, generated by n elements
e;. These n generators exhibit the properties:

{61’, e]-}: eej + eje; = 2171']' (10)

=1 ¢=-1 (11)
Here i runs from 1 to p, j runs from 1 to q. The multiplication also called the Clifford product can be
realised in terms of dot product and wedge product of vectors. An example is:-

Xy =xXy-+xAy (12)
The signature becomes irrelevant when we form the algebra over C as the field. For a vector v (a linear
combination of generators) we have :-

1 —0

2 _ _ Y
[[]]

v =—||v]] = v~ (13)

3.1. Pin and Spin Groups

There is a natural automorphism in the Clifford Algebra, for all vectors in the Clifford Algebra,
given by:-

v — 0= —0 (14)
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Let us denote this automorphism as «. It partitions the algebra into two parts, firstly we have the part
that is the product of even number of vectors, given as:

CIe*"(n) = {a(x) =x;Vx € Cl(n)} (15)
The other part contains odd number of vectors as product.
Clo% () = {zx(x) =—x;Vx € Cl(n)} (16)

For a non-null vector u#, we can define an inverse given by:-

Yu eV c Clv) (17)
Jultecrr(vV):ut= —ﬁ (18)

Here CI*(V) is the group of elements that have inverses. The definition of inverse of vector can be
extended to the inverse of the product of the vectors. Thus, we can define two groups as done below
[14,15]:-

Pin = {a € CI"(V) :a = ujuy — — —uy,u; € V, |u;] = 1} (19)

Spin = Pin N CI****(n) = {a €Cl(n) :a=uy —uy;u; € V,uj| = 1} (20)

The action of both these groups on V can be defined by the Twisted Adjoint Action:-

Adyx = a(a)xa ™t €V VxeV. (21)

(a(a)va 1) =0 YoeV (22)

Asboth these group preserve the magnitude of the vectors, they are orthogonal and special orthogonal
transformations.

Pin — O(n) (23)

Spin — SO(n) (24)

3.2. Representations of Clifford Algebras

The real and complex Clifford algebras have matrix representations. Here however, we will focus
on representations of complex Clifford Algebras. The representations of the even subalgebra can be
similarly obtained by the identity [16,17]:-

Cl"(n) =Cl(n—1) ;n>1 (25)

The matrix representations are given below, here M,(C) represents a p x p matrix with complex
entries.

Cl(n) 2 My(C) p= 27 ;n = even (26)

Cl(n) = My(C) ® My(C) p=2"7 ;n=odd 27)

Again notice that for the odd case, the total representation gets reduced to two irreducible
representations. Especially look at the case of n = 3,7 mod 8. The irreducible subspace on which
matrices act is represented by P. These M, (F) act on n-dimensional irreducible space. The choice of
volume element can split the algebra into two parts [17,18], total space also gets partitioned into two
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irreducible subspaces. For dimensions 3 and 7, there are two choices of the irreducible spaces, Positive
pinor space (P;) and Negative Pinor Space (P_).

Cl(n) = CI" (n) @ ClI™ (n) = Endc(Py) @ Endc(P-) (28)

P=P,®P_ (29)

Now look at the case for the complexified Dirac Algebra C ® CI(1,3), it is equivalent to complex
Clifford Algebra CI(4). We need to study the usual spinors, so we look at the matrix representations of
Clevem (4). We know that CI°?" (4) = CI(3). For those cases, where the even subalgebra gets partitioned
into two, we similarly get Positive Spinor Space (S) and Negative Spinor Space (S5_).

I (4) = CI(3) = M(C) @ My(C) (30)

S=5,®S_=5.65r (31)

These are the matrix representations of the spin groups that act on the spinor space. The total spinor
space is the vector sum of the positive and negative spinor spaces. Both spaces are 2 dimensional and
indeed these spaces are interpreted as the Left Handed Weyl Spinor and Right Handed Weyl Spinor.
Keeping this information in mind, we will construct two irreducible subspaces in higher dimensions,
brief outline is discussed below. For the CI(8) algebra we look at its even subalgebra.

Cl1een(8) = CI(7) = Mg(C) & Mg(C) (32)

As n =7, the representation space can be decomposed into two irreducible subspaces. This fact can be
used later to include spin and other things in the analysis.

4. Octonions

A generic complex octonion can be represented as :

7
Co0=Y Aen (33)
n=0
Here A, are complex coefficients and e, are octonionic units, with properties ¢ = 1 and ¢? =

—1. So eg = 1 and rest are the imaginary octonionic units. In general octonionic multiplication is
non-associative; an example is given:

es(es(eg +iep)) = —1+iey (34)

((3364) (66 + iez) =—1—1iey (35)

To tackle this problem of the octonions, we need to define an order of multiplication on a product of
octonions. It leads to chain of octonions, made from maps.

e1(e2(es(es)))) — ereze3eq (36)

e f=—(ga——p 37

We will work with octonionic chains only. Octonionic multiplication is represented by the Fano Plane
given below. An example multiplication is given by:-

e7e1 = e3 and ey = —e3 (38)

eiej +eje; =0 (39)
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The octonionic chains form a representation of the Clifford Algebras and hence we are interested in
their study. They form a representation of CI(6) [2].

The generators of the Clifford Algebra can be constructed from the octonionic imaginary units as
shown in Furey’s work [2]. The Fano plane in Figure 1, lists down the method to multiply octonionic
units.

Cl6)~Ce 0 (40)

—
The 64 dim CI(6) algebra is fully generated by the set : { zel,zez, ies, iey, ies, ieg } These are the

generators of the Clifford Algebra and act as the underlying vector space structure.

Sleresesesesf = &7 f (41)

Figure 1. The Fano Plane [16]

5. Minimal Left Ideals

The generators of CI(6) can be used to make elements of maximally totally isotropic space (MTIS).
An element of maximally totally isotropic space has a quadratic norm equal to zero [19]. This space for
Maximally Isotropic Subspace follows the algebraic structure given below:-

{qiq;}f = qi(a;if) +a;(aif) =0 (42)
{al.a]}f=alGlf) +alGalf) =0 (43)
{9:.97}f = 6ijf (44)

The a' represents Hermitian conjugation. It is basically the complex conjugation a* and octonionic
conjugation 4 done simultaneously. The elements of the MTIS can be constructed from the generators
of CI(6). One choice is given below [2,5]. The six generators give rise to six elements with a quadratic
norm equal to zero. There can be other equivalent choices also [19].

1 . 1 .

= 5(—85 +iey) qi = 5(65 +iey) (45)
1 . L1,

q2 = Q(—Es +ier) gy = 5(33 +ieq) (46)
1 , .1

g3 = 5(_66 +iep) g3 = 5 = (eg + ien) 47)

We construct quantities out of these isotropic vectors, the Nilpotent given as [2]:-

q=mq29s 9" =q3q3q] (48)
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=0 (4 =0 (49)
We also have the Idempotent given as:-
p=ar" =47 (50)
P=p  (P)=7 (51)

We act on idempotent by the g and g' operators and get various algebraic states and the minimal left
ideals. These states are later classified according to the transformations they undergo [2,20].

5.1. Symmetry Transformations

We first look at the transformations of such kind that Maximally isotropic Space is closed. Operator
transforms of type :-
e PkSKk| e Px8k ¢ € R (52)

(8, Y biai] = Y cia; s Y blal] =Y cjaf (53)
! J l ]
We can make Hermitian operators by the following procedures:-
q=c1q1+ 2+ c3qs and g = g1 +chq2 + 303 (54)

Charge Operator has a U(1) symmetry: Q = % Y. 91g;, and SU(3) generators :

A= —qiq1 —qiq2 Ao =igsqy —iqiq2 (55)
As =g —qlq Ay = —qlq3 — gim (56)
As = —iqlqs +igiq Ao = —q3q2 — 9343 (57)
, . 1
A7 =iqiqa —iqiqs As = —%(qiql + 9302 — 29343) (58)

A general Hermitian operator can be written as :

8
Y H=rQ+r ) A; (59)
H i=1
We see that the idempotent remains unaffected by these operations:

B Hggte 2 = (14i) H+ ——)gq'(1—i)y_H——)=4qq" =p (60)

Hence it is identified as a neutrino. The down isospin family can be obtained via complex conjugation
of all the particles. Operators for that family also get complex conjugated and then are used to identify
the particles.

5.2. Particle Representations

We have the symmetry groups SU(3) and U(1) of the Standard Model; we now look at the action
of these groups on the elements of the Minimal Left Ideals and see how they transform. Depending
upon their transformations and eigenvalues we label them accordingly [2], as shown in Table 2. We
look at their charges obtained by the action of the Q operator and also observe the action of SU(3)
generators to classify them.

do0i:10.20944/preprints202307.1475.v1
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Table 2. (a)Up-Isospin particles ; (b)Down-Isospin Particles .

Q A p* Particle | —Q* —A* jd Particle
0 1 p v 0 1 P’ 7
% 3 ap d; 7% 3 ar d;
3 3 aiqp Uj -3 3 q:9;P 1
1 1 qiglqlp e -1 1 qgqp’ e

The d; and u; have indices running from 1 to 3, representing the three coloured up and anti-down
quarks. The Left Ideal present above gives another Left Ideal after the complex conjugation. This time
it gives isospin down family. Observe that transition from one family to other can be done by the
complex conjugation. Now the creation operator and the annihilation operator reverse their roles, we
also get a new idempotent.

Hence we have a representation of one generation of standard model particles under the unbroken
symmetry SU(3)c x U(1)em [2].

6. Split Bioctonions and Mass Ratios
Split Bioctonions are simply two copies of octonions in the same algebra. They can be constructed
from the generators in the CI(7) algebra [5]
Cl(7) = Cl(6) @ Cl(6) (61)

Observe that the spinor representations of CI°?" (8) again give us the positive and negative spinor

space.
ClIev"(8) = CI(7) = Mg(C) & Mg(C) (62)

6.1. Construction

The seven generators of C1(7) given as : {e1,e,e3,¢e4, 65,65, €7} can be arranged in the manner
given below; keeping in mind the non- associativity of the octonions we will use the octonionic chains

[5]:-
w = &1e2e3e405¢407 (63)

eg = £1€2€384€566 (64)
(1,e1,e2,e3,e4,65,€6,€8) B w(l, —ey, —es, —e3, —e4, —e5, —€6, —€3) (65)
w? =1 (66)

This eg acts as an octonionic unit and w as a pseudoscalar that commutes with every octonionic unit,
and hence with every element of the CI(7) algebra. It is the analog of the split complex number which
squares to one but is neither one not minus one. To generate the system with opposite parity look at
an example given below:-

916284856667 = —é1€2€3€38485€7€6€6 = —é3€1€2€3€4€5€6€7 = —eé3W — —wes (67)

A CI(6) algebra can be used to construct a left sided ideal. It is similar to an irreducible space; action
(left multiplication) of various elements of algebra on the elements in ideal keeps the space of Ideal
closed, similar to the working of irreducible space. The two sets of Octonions can now be used to
construct ideals that represent states of opposite chirality, similar to positive and negative spinor states.
By the complex conjugation of the two chiral families we can also construct the antiparticle sates.
We can do so by defining the idempotents and nilpotents as earlier and do our analysis. But notice
this time for the second copy of the octonions the generators have a negative sign. This helps us to
introduce the chirality into the problem. From the first copy of the octonions we get the Left Handed
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Neutrino family and its right handed anti-particle’s family. Similarly from the second copy we can
get Right Handed Neutrino family and its left handed anti-particle’s family [5].

6.2. Mass Ratios

We construct all three families from a single real octonionic family by a set of transformations.
Both cases for Dirac and Majorana Neutrino have been analysed [9]. The solution of Dirac Equation
in (9,1) spacetime, is connected with the eigenvalue problem of the Hermitian octonionic matrices
as explained in [21,22]. The eigenvalues thus calculated give us square root mass ratios of various
fundamental fermions.

6.2.1. Hermitian Octonionic Matrices

The quarks have different representations for different colours. Octonions are difficult to
work with, quaternions are much easier to deal with. To make the problem simpler we take the
representations of neutrino and electron and choose the colour state of quarks accordingly; such that
only one quaternionic copy is used for one family of the fermions. Now this complex quaternionic
representation is mapped to real octonionic representation by a mapping given below [9]:-

C®H —R®O0 (68)
(ag +iay) + (ax +iaz)eq + (ayq + ias)es + (ag + iaz)e; (69)
l (70)

ag + aje1 + asey + azes + areq + ages + ayeg + agey (71)

Once we have the real representation for one family, we do an internal rotation about some axis and
get real octonionic representation for all the three families. We can use these representations to fill the
entries in 3 X 3 Octonionic Hermitian Matrices. The uniqueness of the axis used for transformation
and similar matters are already discussed earlier[9]. It is observed that the ratios of the square root
mass of the positron, the up quark and the down quarkis 1: 2 : 3. Motivated by this information we
can define a new quantity as the Gravi charge. The ratio of Gravi Charges will then be:-

01 (72)
The Gravi- charges can be negative also. These Gravi - Charges are then used on the diagonals of these

octonionic Hermitian matrices. These 3 x 3 Octonionic Hermitian Matrices are referred as Exceptional
Jordan Matrices and they form the exceptiomal Jordan Algebra, with a specified Jordan product [23].

AoB = %(AB +BA) (73)

We fill the entries in the matrices accordingly with the diagonals filled with the Gravi-charge.

0 Vi V, IV
X,=1|V: 0 V, Xe=|Ve } V. (74)
Vi, Vu 0 Vi Ve %
7 1V Vs
Xe=|Vi 3 W, Xg=1|V; 1 Vg (75)
Ve Vi 2 Vi Vi o1
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These matrices satisfy the characteristic equation given as [23] :-
A3 — (trA)A% +0(A)A — (detA)l =0 (76)

The definition and explanation for each quantity are presented in appendix A. The exact nature of
these matrices in the context of Standard Model is still not completely understood. However some
results do suggest that the OP? space is crucial for our understanding of the spinors, and these spaces
are closely related to these Hermitian Matrices [24]. These matrices with real octonionic entries can be
further decomposed as given [21]:

3
A=Y APy, (77)

i

1
Py, OP)\ =0= (P)L P/\ + PA Py, ) (78)
= AoP), = AP, (79)

It gives us an eigenmatrix equation. These eigenvalues are used to calculate the square root masses of
various fundamental fermions [9], as shown in the Figure 2 below.

Mass ratios: Square root of the mass of a charged fermion with respect to the down quark

Down quark Strange quark Bottom quark

(1+./3/8)3

(1-378)°

Up quark Charm quark Top quark
2 %4- 3/8 4 %+ J3/8
” PEE 0 G-v)
Positron Muon Tau lepton
1/3 1 1+,/3/8 1/3+J§T (1+»f37—8) x(1/3+\/§7§)

1
x ey
3 1-,/3/8 |1/3 J3/8| 3 (1—,/3/8) x|1/3-,/3/8|

Figure 2. The square root of mass of fermions with respect to the down quark.[9]
6.2.2. Inclusion Of Gravity

The mass ratios of the up-quark , down-quark, and positron motivated us to extend the gauge
group to SU(3)¢rap X SU(2)g X Ug(1). This U(1) symmetry is similar to the usual U(1), with
Gravi-Charge as the quantity analogous to the electric charge. We can group the particles with
up-isospin together as done earlier and proceed as given below:-

u:d= (80)

QJl*—‘
UJII\)
—_

We have the following families that are expected to observe the SU(2)g symmetry:-

)

Notice the swapping of the down quark and electron. This structure can be extended to all three
generations. Now we are working in the CI(7) algebra, it has two copies of the CI(6) algebra; one
copy can be used to construct the octonionic representations of the gravitationally inactive particles
that transform according to the normal standard model gauge group. The second copy of the CI(6)
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can be used to construct a new minimal left ideal for this new extension to the gauge group, which
will then have the following octonionic representation for the various gravitationally active particles.
The minimal left ideal and the right handed nilpotents, and the Idempotent for these spinors that are
gravitationally active are then given below:-

—w ) —w .

= T(—ES +iey) q) = 7(35 + iey) (82)
- . + —w .

q2 = T(—es +iey) g = 7(63 +ieq) (83)
- . + —w .

g3 = T(_% +iep) g3 = 7(66 +iep) (84)

IR =M0q3  qx = 95939} (85)

PR = 4RIk (86)

This helps us to generate the following particle eigenstates :-

ieg +1

Ve R = 5 (87)
Vg = (U(_%_le‘l) (88)
V= w(—eg-,27—181) (89)
Vyig = Gl k) - ie) (90)

ey +ie

Vig = =5 (91)

e1 +ie

Vip = =5 92)

ey + ie

Vs = % (93)

vy = Ut (94)

7. Space Of Minimal Left Ideals

The complete space related to minimal left ideals is not used in the CI(6) algebra. We intend to
use it fully. We already have information about the square root mass ratios. We know that p = gq" is
idempotent, and ¢ are the ladder operators. By using this we can construct a left ideal and by the
right multiplication on this space of left ideal we can span the whole space of the Algebra [20,25].

7.1. Patterns in The Standard Model

To study the standard model the first thing to do is to introduce vector spaces (or the Hilbert
space) which are later made into an algebra. The underlying complex vector space (V, ) establishes a
natural isomorphism between vector space dual and its conjugate. & here is the inner product on the
vector space. We, therefore have the following relations [20]:-

yvlaeytay (95)
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The Table 3 represents the vector space required to explain the appropriate symmetries [20].
The space xem represents one vector that corresponds to a charge of § and the space x. represents
a 3-dimensional complex vector space that have three basis vectors given as {r,g,b}. For the
electromagnetic space the charges add up for the tensor product of such spaces, they appear as
numbers in the exponential associated with the U(1) symmetry . By the above relations we then
have information about the dual space or the conjugate space. We have the space ¥,,, which has the
charge equal to 3; and the dual colour space which now has the vectors as {7,g,b}. We can use
our knowledge of how particles transform under various symmetry transformations and define the
internal elctro-colour space for various particles as done in Table 4. This will later help us to develop
isomorphisms between exterior algebra related to the internal space and the elements of the CI(6)
algebra.

Table 3. Internal Space for various Symmetry.

Force/Charge Internal space  Dimension = Symmetry
Electromagnetism Xem 1 u@)
Strong Xc 3 SU(@3)
Weak Hypercharge Xy 1 U()
Weak- Electromagnetism Xew 2 UQ)

Table 4. Internal Space of Particles

Particle Internal Space

e Xom
Xez’mXc
XemXc
C
C
XemXe
Xem Xe
Xt

o=l |al=

x
-+

For the colour space of fermions, we can use the exterior powers of the ). to represent different
fermions. The colour space x. and its dual (or conjugate) ), have the basis as given below:-

Xe = {r,g b} X.={r.3,b} (96)
For the exterior algebra of the vectors of the colour space and its dual, we have the following relation:-
A Fxe = NT (97)

With this knowledge we have the following isomorphisms:-

A, =C (98)

Alge = xo (99)

Nxe=x.: {rhg—=b , ghb—7 , rAb—3} (100)
Ax.=C: rAgAb (101)

The representations of particles in exterior algebra is given in Table 5. For the simplification of the
notation define :-
X = Xem @ Xc (102)
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Note that the Hilbert space is equipped with 1 = h,;, ® h., and the space is 3 dimensional.

Table 5. Particles as the representations of the Exterior Algebra.[20]

Particles  Vectors in Exterior Space

o
|
>
(o8
>

A%y

[=3 ESW RS R NN B
>
(e |
=

o
+
>
(o8
>

We choose a basis of the isotropic vectors for the newly defined space x as {q1,42,93}, and its
dual basis for the space ¥ as {q}, 43,43 }. So the total Hilbert space can be seen as x* & x and other
particles are the elements of the exterior algebra defined by this space. These vectors are the Grassmann
numbers, they indeed define a basis for the exterior powers of the x (wedging kind of replaced by the
Clifford product).

7.2. Algebra for the Standard Model

We construct an algebra over the space x' @ x and generate a basis of null vectors [20]. The
two chiral spaces are the maximally isotropic subspaces for the inner product. So from our previous
knowledge and definitions in the earlier section, we have the following:-

x={qmaaeat x'={d 4} (103)
{al.qf}=0 {9i,9;}=0 {gi.q7 }= 6 (104)
9= q19245 q" = q5q3q] (105)

p=aqq" r'=q'q (106)

Here p and p’ are the idempotents; g and g' are the nilpotents as defined earlier. We can now define an
orthonormal basis using these null vectors, by the following construction:-

X' o x={everes,,8,85) (107)
ej = q;+q (108)

& =i(qf —q;) (109)

e = ejeze3 € = €16263 (110)
=2 =1 (111)

e¢ = —¢ée (112)

Observe that we could have chosen —¢; as the orthonormal vector instead of ¢;, this will change the
definition of null vectors in terms of the orthonormal vectors. Here however we choose the above
given definitions.

7.3. Ideals and Representations

CI (7) = CI(6) = Mg(C) (113)
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We know that the CI(7) spinors have representations as the elements of the CI(6) algebra. We construct
left ideals in the CI(6) algebra and now left multiply various elements of the CI(6) algebra with the
elements of the left ideal; as the space is closed, the resulting space is invariant. It gives us the matrix
representations of the elements of CI(6). Following the earlier framework [2], we will act with the
creation operators on the Idempotents to create the particles and thus get the representation of particles
in the algebra. A basis of the minimal left ideal or the action of all creation operators on one idempotent
can be written as [20]:-

{p,absp, 4411, 9020, Grp. 41 P, G50, 450} (114)

On the simplification of the above given basis in terms of the g;’s we have:-

{99, 19", —a2q", —a3q", 4", a23q", 93197, 9129" } (115)

We left act on this algebraic basis using various creation and annihilation operators. It will give us the
representations of the algebra as the endomorphisms on the underlying vector space. For the Algebraic
ideal A, we have:-

p:A— p(A) (116)
p(A):be A— p(A)b) € A (117)
p(A) = Endc(A e CP) (118)
Using the above information we have :-
[ aq" ] 0]
—nq' 0
—a21; —nad)
p— + p—
97| 0, | T (119)
q 79
a23q" qq"
ga1q" 0
| q12q" ] L 0]
So the action of g1 can be reprsented as :-
0o ] [o o o000 0 0]][gqq]
0 0 0 00O0O0O0 Of/|-qq
—q1929" 0 0 0000 O0 —1||—gqt
+ +
—q1939 0O 0 00 O0OO0OT1 O —q3q
— 12
719" 0 -1 00000 O q° (120)
qq9" 1 0 0000 0 0]]guq
0 0 0 00O0O0O0 Of]gmnq
0 | [0 0 00000 0] /[g12q"]

Matrix reprsentation of the g} and other null vectors is therefore given below:-

0 00 0 0 0 0 o
0 00 —ic 0 0 -0 0
- 2| gt 3 121
"=\ i, 00 o 270 —of 0 0 (121)
0O 00 0 o 0 0 0
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0 0 0 —o_

0 0 [ 0

+ +

= 122
73 0 —o. 0 0 (122)

o_ 0 0 0

o1 foo] . 1ol _ Joo

With the matrix definitions of the null vectors we have matrix representations for other defined
elements as given below, the nilpotents, idempotents and the orthonormal vectors respectively.

0 000 00 of 0
0 000 00 0 0
.I.
_ _ 124
T e 0 0 0 1o o 0o o (124)
0 000 00 0 o
o 00 0 [0 0 0 O]
0 000 , oo o o
P=10 00 0 P=10 0 of 0 (125)
0 000 00 0 o0
The orthonormal vectors are given below :-
0 0 i 0 0 0 0 1
0 0 0 —in 0 0 -1, 0
_ _ 126
T i, 0 0 0 2710 -1, 0 0 (126)
0 i 0 0 1, 0 0 0
0 0 0 i 0 0 o 0
0 0 im 0 o0 0 o
— = 127
‘s 0 —icy 0 0 =00 0 0 0 (127)
iy, 0 0 0 0 o 0 0
0 0 0 -—io 0 0 0 —in
o 0 im0 o lo 0 im0
2710 —icy 0 0 “Zlo —im 0 0 (128)
i0'3 0 0 0 iO’l 0 0 0

To compute the inner product between various orthonormal vectors use the matrix multiplication :-
Lo 1
a.b = E(ab + ba) (129)

7.3.1. SU(2) Symmetry

We will first partition this 8-dimensional space into a vector sum of two irreducible spaces
of dimension 4. Then these 4 dimensional spaces have to be further decomposed into irreducible
subspaces, defined to be of different chirality. To proceed, we need to define new matrix operators; for
the weak isospin % and — %, we use an isospin operator (it decomposes the space into two irreducible

representations).
0 14 ~ .10 14
= = 130

et =1i llo‘* 0 ] (131)
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The % operator partitions the C® space into two C* spaces. We have the chirality operator given
below :-

(132)

This operator can be used to define projectors on left and right chiral subspaces of two irreducible
representations. Minus sign of the chirality operator represents the left chiral subspace. We need to
mix the left chiral subspace of the particles for a given SU,(2) doublet. We can define a new basis of
null vectors for the excited weak iso-spin states as given below [20]:-

01, 0 0 00 -1, 0
00 0 0 00 0 0
_ _ 133
=10 0 0 -1, Y= 0 0 -1, (133)
00 0 0 00 0 0
oo 0 0 0
0 -0 0 0
_ 134
=10 0 —o. 0 (134)
o 0 0 o
{wi,w;}=0 {w:r,w;r}: 0 {wi,w}r}: dij (135)

We have the matrix representations of the various elements; we can make the following identifications:-

p p
whp qsp
Zfiii o@m
wuzfop — q‘[_12p (136)
wsip 431P
whwlp qip
whwlp qap
| wlwiwip| | alp |

w], represents the creation of left chiral subspace for an up-isospin particle from the idempotent,
similarly w:; represents a creation of left chiral subspace for a down-isospin particle. w}wz represents a
creation of right chiral subspace of a down-isospin particle [20]. Observe the following decomposition,
due to isospin projectors and later projections due to the chirality operator. W; represents j
dimensional complex space.

Wes = Wi @ Wes (137)

Wes = Wia g @ Wia | @ Wi | & Wa g (138)

= {pwip} @ {wip,wiwlp} ® {wip, wiwlp} ® {wjwip, wiww)p} (139)
= {p.akp} @ {dhip, 9120} © (g3 p. 4ip} © {ahp. 45p} (140)

We now define SU(2) symmetry generators, these will only mix the left chiral space for both fermions.

00 0 0 00 0 0
110 0 1, 0 —ilo 0o -1, 0
T == T, = 141
=210 1, 0 o 272101, 0 0 (141)
00 0 0 00 0 0

do0i:10.20944/preprints202307.1475.v1
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0 0 0 0
110 -1, 0 O
T3 = = 142
57210 0 1, 0 (142)
0 0 0 O
[T, Tyj] = i€ Ti (143)

Observe that no mixing takes place for the right chiral space.

7.3.2. Complete Space of Ideals

The complete basis of the Algebra CI(6) in terms of the minimal left ideal can be written as given
below, the initial basis is expanded via the right multiplication on that ideal.

P paxs pas1 P12 a1 P P2 pa
TP 0P GuPdst  dnPii2  4nP4sn GuPdr GpPd2  93Pd3
Ghp 4hPas Thpds Gnpdn qhpdan Ghpm dnPa2 Thpds
Tor  Ghpas  gLpast  Ghpie ghpas GhLpn dhLpa dhpds (144)
TonP  G3nP923  TonPis GmPT2 GPdsn TuPq 93nP92 G5 Pas

qp 9ipas 4ipam Gipqiz 4ipasm Gpm 9P 4)p9s
qGp Ghpds Ghpdst Gpdiz Gapdan aPq 4apd2 4apas
L aip alpans dipam gipaz alpasm @hpan alp@2 ahpas g

Now we can identify 4-dimensional spaces using the Classifier spaces, Isospin spaces and Spinor chiral
spaces with various particles [25]. We use the elements from row 1, and row 5 to assign the electric
charge to the two 4-dimensional column spinors present in a column by calculating the total electric
charge from the product of the creation and the annihilation operators. We identify these basis with
the following particle spaces, remember that these are now complex numbers on which Mg(C) can act
from the left. ~ B _
b _ F b =3
VR, UR, Up u‘}g{1 ey, dr, dp, di,
N Y g
VR, U, Uk, Uy, €L, dp, dp, d,
b § 5 g T =8
vy, up up uy er, dgy dg, dg,

. B _ _
Vi, Up, Up, U, ¢€Rr, dRz dRz Ry (145)
roog8  gb T o b T
er, dL1 dL1 dL1 VR, Hp, Hp, g
S gb o oF b o8
er, dp, dj, dj, Vg, Up, g, g,

T 8 b 7
er, dg, dy, dg, VL, Uy g

roo48 gb m oF b 8
er, dg, dyp, dp, Vi, up, up, Uy

4 Charge

7.3.3. Left Action on the Space of Ideals

Now we have arranged our total complex ideal space in such a manner that left multiplication
will only cause transformation within an ideal. We have already shown our SU(2) generators and
their intended action on an ideal (a C® column, basically). It is important to notice that CI(6) =
Cl(4) ® CI(2), now CI(4) represents the Dirac Algebra and CI(2) represents the spin algebra. Essential
transformations will basically be Lorentzian in nature and SU(2) transformations. Thus if we want
to include spin in our analysis, we can do so by looking at the algebra CI(4) ® CI(2) ® CI(2) =
Cl(4) pirac ® C(2) 1so—spin @ Cl1(2)spin and the left action of various elements of CI(8) algebra on the

ideals of the CI(8).
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7.3.4. Right Action on the Space of Ideals

Looking at the total space of ideals, we see that a right multiplication by Mg(C) will permute the
columns. It can basically change the colour space of various quarks. So here, essential transformations
for us will be SU(3) transformations. The matrices that can do so will form one-to-one correspondence
with Gell-Mann’s SU (3) matrices [25].

7.4. CI(7) Algebra

We have :-
Cl(7) =Cx0@w(Cx0) =Cl(6)DCI6) (146)

With the above information, we proceed for the extended gauge group SU(3)g¢ran X SU(2)g x Ug(1).
With this we can define a new internal space, as done earlier for all the particles. It is done in Table 6.

Table 6. New Symmetry Group

Force/Charge Internal space  Dimension Symmetry
Gravi-Electromagnetism Xgem 1 U(1)
Gravi-Strong Xgrav 3 SU(3)
Gravi-Weak Hypercharge Xg 1 U(1)
Gravi Weak- Electromagnetism Xg—ew 2 U(Q2)

As done earlier, we will again define a space x as done below:-
X = Xgem ® Xgrao (147)

The space xgem assigns —% units of the Gravi-Charge to the particles. We again have three null
basis vectors for this tensor product space. Every basis represents a Gravi Charge of % and each
three anti-colour related to SU(3)grs. Gravi-Charge is additive in nature and it will add up for a
product of the null basis vectors. For )y space we denote the basis as : {q:f}i:u,g each basis vector has
Gravi-Charge equal to % and one gravi anti-colour. We then have the total space as x @ x, with their
basis vectors as given below:-

X = {ﬂ,q;q;} X = {91, 92,93} (148)

With this notation, we can proceed further and classify particles according to the representations of the
exterior algebra. It has been done in Table 7 and Table 8.

Table 7. Internal Space due to extended Symmetry Group

Particle  Internal Space
Xgrem
Xéem Xgrav

XgemXgrav
C

C
X gelrnXgrav

—2
XgemXgrav
-3
Xgem

ale | Y=Y =l a
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Table 8. Particles in Exterior Algebra

Particle  Vectors in Exterior Space
A3y

e | Y=Y =]~
>
(==
>
1%
(@]

Now for the other copy of the CI(6) we can use the complex conjugated vector space and similarly,
p’ as the idempotent. The new basis will then be:-

{ v, asp’ 9510 q12p’ asn v’ a1p’, q2p’, 930’ } (149)

{q*q, 919, 959,959, —9, 9529, 9139, qiw} (150)

Similarly, we can define the complete space of ideals as defined earlier.

FooooPa,  Pals Pan Pan Pel Pl P

qap’  anP'ay,  anP'dls  9sPan 9nPdy 9P qnp'ay qsp'as

P gap'Tn  anp'9s  4mPan P9 dmp'q  9mp'ay  anp'd;

qur’ quP'eh  qup'ds  qup'eh qup'dln qep'd qer'd gl (151)
gz1p’  qam P’ﬂ}rz 4321 P"ﬂa q321 P"fzﬁ 4321 P”ﬁm q321 ;7'511r q321 P'lﬁ 4321 P’q§

np mpa,  mp'Ts o mpP'ey ;P mp'as qp'el

R 0P, 2PTs 2P0 @Pey epr'd epr'ds qp'dd
L sPah, sP'als sP'an BP9 sP'dl P 6r'a s

As done earlier, we can get a matrix representation of the elements of CI(6) by the left action of various
elements on the left ideal. We have a method to compute the U(1) charges using the classifier space.
We have employed this method to assign electric charges to 4 dimensional column vectors and hence
classify the various subspaces of the complete space of ideals as particles. We use the same method
and classify particles according to the Gravi- Charges.

7.4.1. Right Adjoint Action

The right action have a similar working. Mg(C) acting from right can permute the columns and
hence can cause colour changes for coloured particles. We have similar matrices for such transformation
as we defined earlier for SU(3). Here too, we can do the same for SU(3) 40, the gravi-colour symmetry.

7.4.2. Left Adjoint Action

For the left action of the elements of the algebra, the space of ideals is closed. This gives us the
matrix representations of the algebraic elements. But now we want our spinors such that they are
SU(2)g active, it means that their right chiral space mixes due to SU(2)g. We can define a new basis
of gravi weak isospin null vectors and similarly a set of SU(2) generators.

0 -1, 0 0 0O 0 00
0 0 0 0 O 0 00
@y = @, = 152
““1o 0 0 1, “iT1_1, 0 0 0 (152)
0 0 0 0 0 -1, 0 0
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oo 0 0 0
_ 0 —o. 0 0
_ 153
o 0 0 -0, 0 (153)
o 0 0 o
{wi,@]’}z {wf,w;f} 0 {wi,w}}: 51‘]' (154)
BN
q23p wip'
gs1p wi 'y Wir
/ —t—t,/
Top | (@@ WiL (155)
g321p wy'p Wop,
qmp' witw,"p! Waor
02p whwlp'
ap" | _w;erw:;p’

Interpret these new null vectors as follows: @}, as the creation operator of left chiral subspace of the
gravi weak up isospin particle, @, as the creation operator to generate the left chiral subspace of the
gravi weak down isospin particle. Similarly, w}wj, generates the right chiral subspace for gravi weak
down isospin particle. With these definitions for null basis we can define an orthonormal basis too, as
defined earlier.

I =w+ @) (156)
uf = i(w] — @) (157)

We have the following set of orthonormal vectors:-
{uurudruo/u/u/u,d/u,o} (158)

We now check the action of the SU(2) operator constructed from the %; and 7. Define the new SU(2)
generators as the following:-

0 00 1, 0 00 1,
— 1]/0 00 0 — =il 0 00 0
T, == Ty = — 159
7210 00 o0 27210 00 0 (159)
1, 0 0 0 1, 0 0 O
1, 00 0
110 0 0 o0
Ty = - 160
57210 00 o0 (160)
000 —1,
ieijka (161)

Look carefully; it does not mix the left chiral components of the spinors from the two irreducible
representations of different chirality. Hence it gives us the gravitationally active right chiral spinors.
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7.4.3. Particle Identification

Now we can proceed further and identify the various particles in the new complete space of
ideals.

VR, Uk, Mg, g di, e e e
roob 8 G 5 gb
VR, Up, Up, Uk, di, e, €, ¢

v, up, up up dr, €r; €, g,

VL, urLz uliz uiz dRZ é%Z E%Z Eg& (162)
d, e e b vr R ﬁ%l a%l

d, e, e e vr, Uk, ﬁ%z ﬁ%z

de 6721 eil 6%1 VL, ﬁﬂ ﬁZl ﬁil

_dRZ 6%2 6%2 6%2 VL2 ﬁ;[:2 ﬁZiz ﬂiz- Mass

This has been done using the classifier space, weak force generators and SU(3) operations. This will
give us the following gravi-weak isospin doublets SU(2)y as given below.

First generation
v
( d) (163)
R

1%
( b”) (164)
R
Vr
< s ) (165)
R

The basic reason to look into the CI(8) algebra is to use the Triality mapping. Triality mapping
is, generally a very interesting object to study. Some authors have pointed towards its importance in
studying three generations [2,16].

Second Generation

Third Generation

7.5. Triality and CI(8) Algebra

CIeven(8) 22 CI(7) = Mg (C) @ Ms(C) (166)

As explained earlier, Mg(C) & Ms(C) acts on a spinor space Sg @ Sg. Both S and Sg are
8-dimensional complex spinor spaces. The eight generators of the CI(8) algebra give us the vector
representation denoted by V3. These can be considered as the basis vectors of the underlying vector
space. Triality denoted by tg is defined as the following mapping [16]:-

tg: Sg x Sg x Vg — C (167)

So it basically takes three complex vector spaces and gives us a number as an output. Now focus on
the space of the ideals for the CI(8) algebra. We have earlier seen that even subalgebra of CI(8) is same
as CI(7) and we know that CI(7) = CI(6) & CI(6), so the subspace - the even subalgebra of CI(8) is
the same as the direct sum of the left ideal space of the two copies of CI(6).
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7.5.1. Space of Ideals in CI(8)

We require an 8-dimensional null basis to get the complete maximally totally isotropic subspace
of the null vectors. To the 6-dimensional vector space of x @ x* add a two-dimensional space S, for the
two spin vectors. Our final underlying space will then be x @ x* @ S. To describe this new space, we
also add {q4, qi} to the pre-existing set of null vectors. Now any element in ideal will be a product
from these 8 vectors, then we have [25]:-

CI(8) = CI(4) ® CI(2) ® CI(2) = CI(4) pirac ® CH(2) 1s0—spin @ CL(2)spin (168)
{91,92, 93, 94,91, 93, 95,94} (169)

9= 01929394 q" = qiq5934] (170)

p=aqq" p'=4q'q (171)

Here g and q' are the nilpotents, the p and p’ are the idempotents. We use p as the idempotent; from
our previous information we know the importance of CI?***(8), so we can write the CI°**"(8) ideal
subspace as [25]:-

Eveny Odd Even, 0
Cl(8) = Odd  Evenyp — CI7(8) = [ 0 Evenzl (172)
The Even; part of the complete space of the ideal of CI(8) is given below:-
P p432 Pq13 pg21 Pq4321 Pqa1 P42 P443
TP 4%PI2 GuPT3 GnPd2l GnPlsn GpPda Gppde GxPdss
G ghpax ahpas ghpan Ghpden Ghpam Ghpde 9hpas
‘ﬂzp ‘7{2%7‘132 ‘ﬁzpfhs 0]{2%”]21 0]{2P¢74321 ‘ﬁzP%l lﬁthMz lﬂzplm (173)
‘1{23477 ‘1{23477‘732 ’1{2347”713 4123419‘721 LII234P‘74321 LII234P‘741 07123479‘742 ’1{23477‘143
Fap Gapax qLpas qLpan Ghpden qlapdn Glapde 4Lpas
TP P32 GuPA3 GuPOn GaPhe GhaPdar  GaPaz GaaPass
| 93P GaPdn GLPT TP GPda1 GuPda 44Ple G5Pss |
The Even; part of the complete space of the ideal of CI(8) is given below:-
[ ‘YZP‘M ’11?717432 ‘71?‘7413 ‘11P‘1421 ‘71P¢7321 ‘711"71 ’71?’72 EIZP% |
‘153417’14 ‘153419‘1432 ‘1;3417‘1413 ‘1;341711421 ‘153417’1321 ‘1534?’5]1 ‘1534P‘72 q§34P‘73
GhaPds GhaPdas 44Pans  GhaPda1 GhaPdsn GhaPdi GhaP92 G5aPas
‘7{2427174 ‘71{2417‘7432 51{2417‘1413 ‘1{24?717421 ‘7{241717321 ’7124?"71 ‘7{2417‘72 ‘71{24P¢73 (174)
‘7{2317‘74 ‘1{23!"1432 ‘1{2317‘7413 ‘7{231‘74421 ‘7{23’74321 4{23?”11 ‘1{2317‘72 51123P‘13
gipas  qipas2  4ipqus  qipdan Gipgsm 4ipq 4ipa2 4ipas
Tpds G3pqe  qapqus  Gapqan Gspdan G341 qapda 9ip4s
L ‘7;%”74 4§Pq432 qu%w ‘1}:%”1421 q;P‘?BZl ‘igpfh q;,rplh EI;P% i

We know that there is a volume element in CI(7) algebra that can partition the algebra into two parts.
Here the CI¢""(8) gets partitioned into two parts depending upon whether the element is self-dual or
not. So by this, we can assign different spins to both the even parts. Let us assign spin up to Evern; and
spin down to Even; part of the CI“**(8). By our previous arguments, we know that a correspondence
can be established between each even part of the CI(8) algebra and two copies of CI(6), so we can
identify a given subspace of even subalgebra by particles from one generation with two different
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definite spins. Let us make some identifications; for example, for the SU(2), active particles we can
identify the Eveny part as :-

S S S« e N A LU (N

VRl uRl uRl uRl eLl Ly El Ll
Tt bt gt ot it Bt
Vg, Ug, Ug, Ug, €p, dr, d}z sz

SRS N TS S S
Ve, My My Mo fRry

T Y R R A

Al = |V, M, M, M, R, AR, AR, IR, (175)
IR EEEE
el, d, A Ay T, W, T T
elzl dgl dj‘;Tl d?l VL H?LTl Hﬂ M%I
S A S S o

L°R, %R, %R, YR, VI, M1, ML, M, Charge

Similarly, the Even, part can be identified by the second generation SU(2), particle eigenstates. We
replace the particles with the corresponding second generation particles.

{v,v} — {vu, vy} (176)
{e.e} — {uu} 177)
{u,d} — {c,s} (178)
{u,d} — {c,5} (179)

However, this family will have opposite sign of spin, let us denote the second generation SU(2);, active
family with down spin as Bt. Similarly, third generation family with up spin can be represented as C'.
So the total SU(2); active vector spaces (C® x C?) with different spins available to us can be listed
below as following:-

{AT, A%, BT, BY,CT,C¥} (180)

Now observe the following:-
Cl(9) =Cl(7)®CI(2) = (CxO0Odw(Cx0))xCl(2) =CIl(8)®CI(8) (181)

Now we can use one copy of CI(8) to construct the representations for left active SU(2), particles. The
other copy of CI(8) can be used to construct the right active SU(2)y particles. Both copies will give us
the spin up and spin down particles. For SU(2)y active particles we can use the complexified space of
ideals and use the p’ as idempotent. We do the similar procedure, now again the CI**"*(8) algebra will
get partitioned into two subalgebras denoting different spins. An example of particle identification of
different gravi-charges and SU(2)y active first generation is present below:-
P T U PR B N 1
le uRl uRl uRl d%l
i) YL B | N N N
g, Ug, Ug, Ug, d 4
Vp, Wp, M, M,

Ro R, Ry R (182)

-dRz Ry Ry PRy VI, Ui, M, M s
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Similarly, the second family will be represented by Q and the third family by R, both present as
spin up and spin down. The three mass families with different spins that transform according to
SU(3)g¢rav x SU(2)g x U(1)g can be represented as:-

{P',P*,Q", Q" R, RV} (183)
7.5.2. Triality Operator

The action of the triality operator on CI(8) representations [16,20,26] can be seen as:-

Trial : {Vs,S4,Sg }— {Sq,Ss, Vs } (184)

, A0 ct o
Trial : (0 B¢> = <0 A¢> (185)

where { A, B, C} represents the usual SU(2) active generations. Now look at the CI(9) algebra. It gives
us the spin up and spin down for both flavour as well as mass eigenstates; one that transforms according
to SU(2)r and the other transforms according to SU(2)g. If {P, Q, R} are the three generations that
transform according to SU(2)g, then total space for us is:-

Al g At Pt @ Pt
B'eB' |@ | QTe QF (186)
Clect RT @ R}

O =1® Trial (187)

Now if we operate the operator O on our total space, we can group various mass and flavour families
in a given CI(9) algebra by permuting the rows. This gives us a theoretical framework to construct the
CKM matrix.

8. CKM Matrix Parameters

Let us focus our attention on one generation that transforms according to SU(3)grap X SU(2)r %
U(1)g. Here we have eight mass eigenstates or the particles in one generation, considering the
two particles that transform according to SU(3) grav- Here we develop some isomorphisms to make
further progress. As we already had octonionic representations of various particles, and quaternionic
representations of particles from one generation; it was natural to proceed with them. However, those
methods did not yield any significant progress, which forced us to adopt the method given below.

8.1. Gravi-Charge Operator

We can develop an isomorphism from the space of representations (space of ideals) of one
generation of mass eigenstates to a 8-dimensional complex vector space. For some definite spin,
suppressing the spin, we can write the above argument of isomorphism for all the particles for three
generations as given below:-

{P,QR} — C®aC¥aC® (188)

We can now act on this space of C® & C® @ C8 with an operator G- the Gravi - Charge Operator, to
assign the gravi charges to various particles.

G= Mg(C) Sv) MS(C) S5 MB(C) (189)
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o)
iy

Ms(C) = (190)

o O O O

oo oo
co o o
co®% oo
o oo o

This matrix Mg(C) will be used three times for three mass families. So the Gravi-charge operator only
has diagonal entries. It acts on linear column vectors that are SU(2)g mass eigenstates and assign
them a gravi charge.

8.2. Mass and Gravi-Charge

Now before moving further, we make some assumptions:-

® Mass is a derived quantity. Gravi-charge is more fundamental.

¢ The mass operator will be constructed from the Gravi-charge Operator, and the gravi-charge
eigenvectors are weighed accordingly by the value of the square root of the mass of respective
particles to make them massive eigenvectors.

8.3. Left Handed Quarks

We now look only at a part of the operator G and its action on down, charm and strange quarks,
and similarly, the action on up, charm and top quarks. The operator G can be reduced to a small matrix
representation as given below:-

0
G= 0 (191)
8

o O 0q
o0 O

It acts on SU(2)r active mass eigenstates and gives the gravi-charges.
{u,c,t}y € C® (192)

{d,s, b} € C3 (193)

Observe that C3 vector space is needed for both families of quarks.

3|t b}

{c s}

1
{u, d}

Figure 3. Basis vectors of reduced vector space C2 act as SU(2) active quarks. The space is used for
SU(2)L active quarks.
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We will use this later, when one axis will represent one quark from the up isospin family and one
from the down isospin family. This is done to observe the transformation between quark states. The
right handed up quarks (eigenstates of the gravi charge operators) are given by:-

1 0
UgR = 0 CgR = 1 tg,R =10 (194)
0 1

We can define massive quark vectors as :-

/my 0 0
Uy R = 0 CmR = | /M tmR = 0 (195)
0 0 \/ Mt

Now in nature, we see a left handed quark, an SU(2); active left handed quark vector is present. We
propose that it is a linear combination of massive quark vectors. So a normalised left handed vector
can be represented by :

1 VT
/

= x\/m
q 2 2 ¢
\/mu—i-txmc—i-ﬁmt N

e (196)

By varying « and B, we can change the contribution of various massive vectors to the given SU(2)p
active left handed quark vector. The same can be done for the down-quark family. However, it should
be kept in mind that only the integer linear combination of massive quark vectors can be done.

8.4. CKM Matrix
Now observe these two left handed vectors:-
1 VT

= a/m 197
\/mu + txzmc + ﬁzmt ﬁ\/mii ( )

‘4

1 v
ay/ms (198)
Vmg + a2mg + b2my, b/

eh =

We try a set of values « = B = a = b = 1. With this choice, for ¢; the probability of it being in a top
quark gravi eigenstate is 99.33%. Similarly for e, the probability of it being in bottom quark gravi
eigenstate will then be equal to 97.7%. So let us identify e; and ey; as left handed top quark (e;) and a
left handed bottom quark (e;), respectively. Now let us see the decay of flavour eigenstate of bottom
quark to a flavour eigenstate of top quark : e, — e}.

) 1 my 1 VMg

/
o= | m o= | /m
b my + me + my ¢ b mg + ms +my s
\/ M v

These vectors can be rotated into each other by the application of normal rotation matrices.

(199)
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t(3) b (3)

u(1) d (1)

Figure 4. SU(2) active particles and their projections

Here u represents the matrices acting on vectors in the space of the up-isospin particles, and
similarly d represents the matrices acting on the space of down-isospin particles.

¢ = Riy(—B)R%; (—a)R;(0) R, (8)ej, = Ve, (200)

R%,(8) = gf%g ZZZZ § cos(é)z\/% (201)
. Vi

Ris(p) = 8 ;:ng —Czlsn COS(p)Z\/mer—miM (202)

(—B) = (Riy(B)T = —sz'sgw) i;%g § cos(p) = L @0

Riy(-a) = (R(@)T = [0 costa) sinta) costo) = L — oy

0 —sin(a) cos(a)

Now we use the numerical values of the square root masses of various quarks obtained from the
eigenvalues of 3 x 3 octonionic Hermitian matrices, as shown in Figure 2. By that substitution, we

obtain:-
09813 —0.1924 —0.0030

Vii=101917 09789 —0.0707 (205)
0.0165 0.0688  0.9975

09813 0.1924 0.0030
Vij| = | 01917 09789 0.0707 (206)
0.0165 0.0688 0.9975

The code used to obtain the above CKM matrix using square root mass as projections; is presented in
the Appendix B. Every element of V;; represents a projection of quark j on quark i. Its square represents
the probability of transitioning from quark j to quark i in standard particle physics.

do0i:10.20944/preprints202307.1475.v1
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8.4.1. Standard CKM Matrix

In standard QFT textbooks [27], it is given that the CKM matrix is just a unitary transformation
from mass eigenstates to states that are weak iso-spin doublets. The weak isospin doublets are SU(2) 1
active. The weak interaction doublets are given below :

t
b’ (207)

@) )

The CKM matrix can then be written as:-

da’ Via Vus Vi d
S =1V Vs Vo s (208)
v’ Vie Vis Vi b

The {d, s, b} represents the mass eigenstates. Each entry in the CKM matrix written as V;; represents
the transition of j quark to i quark by weak interactions. The CKM matrix is parameterised using three
Euler angles {617, 613,623} and a phase factor dy3 [28] as given below:-

€12€13 512€13 size” 1

—512023 — C12523513€" 13 C12023 — S12523513€°15 sp3¢13 (209)
512823 — C12023513€"18  —C1p823 — S12€23513¢1 Ca3013

The experimental determination of the entries of the CKM matrix gives the values [17]:-

IVial Vsl [Vl 0.97370 £ 0.00014 0.2245 £ 0.0008 0.00382 £ 0.00024
Vedl Vel [Vl | = 0.221 +0.004 0.987 £0.011 0.0410 £ 0.0014 (210)
[Vial  |[Vis| Vil 0.0080 = 0.0003  0.0388 &= 0.0011 1.013 £0.030

This yields the following experimentally determined values of the angles and the complex phase [29] :-

f1p = 13.04° £ 0.05° 11)
013 = 0.201° £ 0.011° (212)
023 = 2.38° £ 0.06° (213)
513 = 68.8° £4.5° (214)

8.4.2. Theoretical Determination Of CKM matrix angles

With the values of the CKM matrix obtained from the theoretical considerations, we calculated
the following values of the CKM Euler angles:-

0o = 11.093° (215)
013 = 0.172° (216)
03 = 4.054° (217)

We have no information about phase in our analysis so far. Further assumptions and research is
required in this direction. The values obtained are in reasonable agreement with the measured values.
Basically, the off-diagonal matrix elements are different from the experimentally determined values
and hence are the reason for these values of the angles. A correction to mass matrices and hence to the
masses of particles itself, is required to obtain better values. This is because we have used mass ratios
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derived in the asymptotically free limit, whereas mixing angles are likely impacted by the running of
masses.

8.4.3. CKM parameters using Mass as projections

Instead of using the square root mass as the projections, we tried using mass. With this new
definition our SU(2), active particles will be given by :-

e, — ¢} (218)
! 1 mu
¢l = - (219)
\/ m124 + Ti’l% + Ti’l% my
, 1 M
= | m, (220)
Vmi+m2my \
e} = RYy(—B1)Ri3(—P2) Rs(a2) R, (1 )e}, = Ve, (221)

We use the same machinery, and rotate the vectors into each other by application of rotation matrices.
It gives us following matrix required for the transformation :-

0.9984 —0.0559 0.2228 x 107>
Vij = 0.0559 0.9982 0.1236 x 102 (222)
—0.7134 x 107> —0.1234 x 102 0.9998

The code to obtain the above given CKM matrix is presented in the Appendix C. With the above values
of the various CKM matrix elements we obtain the following values of the CKM parameters :

015 = 3.205° (223)
013 = 0.00013° (224)
023 = 0.071° (225)

The above values are very different from experimentally obtained values. This thus provides us with
additional justification for using the square root mass values over the mass values; while constructing
the massive and the SU(2); active left handed vectors.

8.4.4. Connection between mass eigenstates and weak-isospin doublets

Observe that the physically massive vectors used in the above calculations are a linear combination
of gravi-charge eigenstates of the right handed quarks. Also, observe that as we have developed an
isomorphism between the vector space of ideals to this new vector space C® & C® & C8, for SU(2)x
active mass eigenstates, we can do a similar mapping for the space of the SU(2); active flavour
eigenstates. So for the three left handed quarks of same colour of SU,(3), we will need the following
space to describe them C @ C @ C, just as for mass eigenstates. This time however, instead of the
Gravi-charge operator, another diagonal operator corresponding to the electric charge will act on
this space. Let us use the same C® for both left and right active states (suppressing the colour for
both SU(3). and SLI(3) gmv). Then we can interpret the CKM matrix as a transformation that rotates
the normalised mass eigenstates of the gravi-charge vectors to the normalised left handed flavour
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eigenstates. This connection can be done because of the triality. Triality allows for the mixing of various
families in the spinor representations of the CI(8) algebra.

dp Via Vus Vup\ [dgr
st =V Ve Ve S¢,R (226)
b Via Vis Vi) \bgr

We have to use the normalised mass eigenstates and hence the gravi-charge eigenvectors.

9. Summary and Discussion

As is evident from the analysis in the previous sections, the complex Clifford algebra CI(9) is
one of great significance. It is the algebra of unification of the standard model with gravitation, via a
left-right symmetric extension of the standard model. We also note that CI(9) has dimension 512, and
its irrep is 16 X 16 matrices with complex number entries. If we assume the diagonal entries of these
matrices to be real, their dimensionality is reduced to 512 — 16 = 496, which is precisely the dimension
of the Eg x Eg symmetry group (248 + 248) proposed by us earlier for unification [6]. Hence there is
consistency between Eg x Eg symmetry and the algebra CI(9) vis a vis unification. Prior to left-right
symmetry breaking which breaks unification in this theory, the coupling constant is simply unity,
and the role of the emergent U(1) charge is played by this coupling constant divided by 3. Thus the
fundamental entities prior to symmetry breaking are lepto-quark states which all have an associated
charge 1/3: these are neither bosonic nor fermionic in nature, and the charge value 1/3 is evident
when one finds the eigenmatrices corresponding to the Jordan eigenvalues in the exceptional Jordan
eigenvalue problem. For these eigenmatrices see the Appendix in [9]. The neutrino family, the up quark
family, the down quark family and the electron family, all are expressed as different superpositions of
three basis states which all have an associated charge 1/3. This means that the left-chiral families are
electric charge eigenstates expressed as superposition of pre-unification basis states, and right-chiral
families are square-root mass eigenstates expressed as superposition of pre-unification basis states.
This fact permits electric charge eigenstates to be expressed as superpositions of square-root mass

eigenstates which in turn allows mass ratios to be determined theoretically.

We recall from above that the unification algebra CI(9) is written as a direct sum of two
copies of CI(8). On the other hand CI(9) can also be written as CI(9) = CI(7) ® CI(2) =
[Cl(6) ® CI(2)] @ [CI(6) ® CI(2)]. This last expression has profound implications for our
understanding of space-time structure in quantum field theory. Recall that each of the two
Cl(6) represents one generation of standard model chiral quarks and leptons; the first CI(6) for
left-chiral particles and the second CI(6) for right-chiral particles. In so far as the CI(2) are concerned,
the second CI(2) (associated with right chiral fermions) is used to generate the Lorentz algebra
SL(2,C) of 4D space-time (via complex quaternions with one quaternionic imaginary kept fixed),
which includes the Lorentz boosts and the three-dimensional SU(2)r rotations. Gauging of this
SU(2)g symmetry can be used to achieve Einstein’s general relativity on a 4D space-time manifold
[30]. As for the first CI(2), the one associated with left-chiral fermions, the SU(2); rotations describe
weak isospin. However, undoubtedly, this CI(2) has its own set of Lorentz boosts, which along
with the weak isospin rotations generate a second 4D spacetime algebra SL(2, C) distinct from the
first, familiar 4D spacetime. In spite of its counterintuitive nature this second spacetime is also an
element of physical reality, and there is definitive evidence for it in our earlier work [7,11,12]. In
this second space-time, distances are at most of the order of the range of the weak force, and only
microscopic quantum systems access this second space-time. Classical systems do not access it - their
penetration depth into this space-time is much less than one Planck length. Our universe thus has two
4D space-times, which have resulted from the symmetry breaking of a 6D space-time, consistent with
the equivalence SL(2,H) ~ SO(1,5). See also [31-34]. The second space-time also obeys the laws of
special relativity, and has a causal light-cone structure. A quantum system travels from a space-time
point A to another space-time point B through both space-times, but gets to B much faster through the
second space-time, on a time scale of the order L/c ~ 1072 s where L ~ 107! cm is the range of
the weak force. This is true even if B is located billions of light years away from A, and this offers a
convincing resolution of the EPR paradox as to how quantum influences manage to arise nonlocally.
These influences are local through the second space-time. In spirit our resolution could be compared to
the ER=EPR proposal, but unlike the latter, our resolution has a sound mathematical basis. Moreover
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our resolution was not invented with the express purpose of understanding quantum nonlocality but
is an indirect implication of the algebraic unification of standard model with gravitation. The weak
force is seen as the geometry of this second space-time.

Acknowledgments: We would like to thank Abineet Parichha, for his valuable feedback and suggestions.

Appendix A

The 3 x 3 Hermitian Octonionic Matrices, known as the exceptional Jordan algebra satisfy the
characteristic equation given as [15,23] :-

A3 — (trA)A% +0(A)A — (detA)l =0 (A1)

For the definition of each part look at an example shown here.

p a b
A=|a m c (A2)
b ¢ n
pmmneR a,b,ce O (A3)
trA=p+m+n (A4)
o(A) = pm+ pn+mn — |a> — |b]* — |c|? (A5)
detA = pmn + b(ac) + b(ac) — n|a|* — m|b|* — p|c|? (A6)
The real eigenvalues of the 3 x 3 Hermitian Octonionic matrix satisfy a modified characteristic equation
given by:-
det(AI — A) = A3 — (trA)A% + 0 (A)A —det(A) =7 (A7)
2 +4®(a,b,c)r — |[a,b,c]|> =0 (A8)
®(a,b,c) = %Re([a,ac) (A9)
[a,b,c] = (ab)c — a(bc) (A10)

The [a, b, c] is the associator it is a measure of the associativity of the algebra involved. Now for our case
the mass matrix has only quaternionic entries. In that case r = 0, and we have the usual characteristic
equation that gives us real roots. These real roots are then used to calculate the mass ratios [9].

Appendix B

Here in this code we use mass eigenstates weighted by square-root of mass. The method is
explained in the section 8.4. The identifications used in the code are written below :

¢; = Riy(—B)R3;(—a)R;(0) R, (8)ef, = Ve, (A11)
A12T — R (—B) (A12)

A23T — Ri;(—a) (A13)

B23 — Ri5(p) (A14)

B12 — R%,(5) (A15)
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[1]: | import numpy as np
[2]: | #values of square root masses :- whsq means square root mass of h quark wri doum,
. quark

mdsq = 1

mssq = (1l+np.sqrt(3/8))/(1-np.sqrt(3/8))

mbsq = (1+np.sqrt(3/8))*+3/(1-np.sqrt(3/8))**2

musqg = 2/3

mcsq = 2/3%((2/3 + np.sqrt(3/8))/(2/3-np.sqrt(3/8)))

mtsq = 4/9#((2/3 + np.sqrt(3/8))/(2/3-np.=sqrt(3/8))**2)

[3]: | #cos(delta) mssq##2 will make it equal to mass of strange guarks
a = mssq+**2/(mdsq**2 + mssq#*2) # we calculate ratio m_s/(m_s + m_d) , we willy
~later take square root.
print(np.sqrt(a))

0.9722971620935255

[4]: | #sin(delta); calculate ratio m_d/(m_s + m_d), we will later take square root
al = mdsq**2/(mdsqg**2 + mssq**2)
print (np.sqrtfal))

0.23374821621752906
[6]: | #cos(rho); calculate ratio m_b/(m_d + m_s + m_b), we will later take square root.
b = mbsq**2/(mbsq**2 + mdsq+*2 + mssq**2)
print (np.sqrt(b))
0.9884452276601956

[7]: | #sin(rho); calculate ratio (m.d + m_s)/(m_d + m_.s + m_b), we will take squareg,
—~root
bl = (mdsq#**2 + mssq*+*2)/(mdsq*+*2 + mssq+*2 + mbsg**2)
print(np.sqrt(bl))

0.15157846785010118
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[9]: | #cos(beta)
b = mcsq**2/(mceq*+2 + musq**2)# we calculate ratio m_c/(m.c + m_u)
print(np.sqrt(h))

0.999100247030756

[10] : | #sin(beta)
hl = musq**2/(mcsq**2 + musq+*2) # ratio= m_u/(m_u + m_c)
print (np.sqrt(hi))

0.042411040815834994

[12] : | #cos(alpha)
k = mteq**2/(mtsg**2 + mcsq**2 + musq**2) #we calculate m_t/{m_t + m_c + m_u)
print (np.sqrt(k))

0.9966941432846482

[13]: | #s2n(alpha)
kl = (musq+#*2 + mcsg+*+#2)/(musg**2 + mcsq**2 + mtsq+*2) # ratio &5 (m.u + m_c)/
~{m_u + m.c +m_t)
print (np.sqrt(ki))

0.0812452136564426

[16]: A12T = mp.array(([0.999100,0.0424110,0],[-0.0424110,0.999100,0],[0,0,1]))
A23T = np.array(([1,0,0],[0,0.996694,0.081245] , [0,-0.081245,0.996694]))
B12 = np.array(([0.972297,-0.233748,0] , [0.233748,0.972297,0], [0,0,1]))
B23 = np.array(([1,0,0],[0,0.988445,-0.151579],[0,0.151579,0.988445]))

[17]: | print (A12T) #R_{12}"u

[[ 0.9991 0.042411 0. ]
[-0.042411 0.9991 0.
[ o. 0. 1. 1]

[18] : | print(A23T) #R_{23} u

[[1. 0. 0. ]
0. 0.996694 0.081245]
0.

-0.081245 0.996694]]

mrmrm

[19]: | print(B23) #R_{23}"d

[[ . 0. 0. ]
D 0.988445 -0.151579]
i 8

0.151579 0.988445]]

o T B |

[20]: print(B12) #&_{12}"d
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[[ 0.972297 -0.233748 0. il
[ 0.233748 0.972297 0. 1
[ o. 0. 1 1]
[21]: result = [[0, O, 0],
[0, 0, O],
[0, 0, 0]]

for i in range(3):
for j in range(3):
==0
for m in range(3):
for n in range(3):
for k in range(3):
s = s + (A12T[i] [m])*(A23T [m] [n])*(B23 [n] [k]) = (B12[k] [§])
result[i] [j] = result[i][j] + s
print(np.array(result))

[[ 0.98131066 -0.19240495 -0.0030015 ]
[ 0.19171588 0.97889932 -0.07070797]
[ 0.01654274 0.06881108 0.99749224]]

[3]: | #For calculating the CKM angles in degrees
rl = 0.19240455/np.sqrt{0.19240495%%2 + 0.98131056%%2)
r2 = 0.07070797/0.19240495
r3 = 0.0030015

A12 = np.arcsin(r1)#(180/np.pi)
A23 = np.arcsin(ri*r2)#*(180/np.pi)
A13 = np.arcsin(r3)+#(180/np.pi)

print (A12)
print (A23)
print (A13)

11.093223432207658
4.054671819831707
0.17197354042751115

These values are reported in the earlier section.

Appendix C

Here is a code for computing CKM matrix parameters and mixing angles with mass eigenstates
weighted by mass (instead of square root of mass). The definitions of rotation matrices and the mass

vectors correspondingly get changed.

ey = R%z(—ﬁl)Rgs(—52)Rg3(“2)R‘112(“1)32 = Ve{, (Al6)
P12T — R{5(—p1) (A17)
P23T — Ri3(—B2) (A18)

Q23 — Ri;(ay) (A19)
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Q12 — RY,(ay) (A20)

[27] : import numpy as np

[28] : | # trywng m as the projection and nolt the square root

[29]: #walues of square root masses :- mhsq means square moot mass of h quark
mdsq = 1
mssq = (1+np.sqrt(3/8))/(1-np.sqrt(3/8))
mbsq = (1+np.sqrt(3/8))*+3/(1-np.sqrt(3/8))**2
musq = 2/3
mcsq = 2/3%((2/3 + np.sqrt(3/8))/(2/3-np.sqrt(3/8)))
mtsq = 4/9%((2/3 + np.sqrt(3/8))/(2/3-np.sqrt(3/8))**2)

[30]: | #cos(alpl) m_s/(m_d*#2 + m_s**2)#0.5
a = mssq**2/np.sqrt(mdsq**4 + mssq**4)
print(a)

0.9983339778128235

[31]: | #sin(alpl) m_d/(m_d**2 + m_s#+*2)%0.5
al = mdsq**2/np.sqrt(mdsq**4 + mssq**4)
print(al)

0.057699815809278965

[32]: | #cos(alp2) m_b/(m_d+*+2 +m_s*#2 + m_b**2)*0.5
b = mbsq**2/np.sqrt (mbsg#**4 + mdsq**4 + mssq**4)
print(b)

0.8997521479566492

[33]: | #sin(alp2) (m_d**2 + m_s#*2)%0.5/(m_d*+2 + m_s**2 + m_b*+2)*0.5
bl = np.sqrt(mdsq+*4 + mssq*4)/np.sqrt(mdsqg**4 + mssq**4 + mbsq**4)
print(bl)

0.00539495658506901

[34] : | #cos(betal) m_c/(m_c*#2 + m_u*+2)+#0.5
c = mcsq#*2/np.sqrt(mcsq**4 + musq#*4)
print(c)
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[35]:

[36]:

[37]:

[38]:

[39]:

[40] :

[41]:

[42]:

[43]:
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0.9999983765145377

#sin(betal) m_u/(m_c**2 + m_u#*¥2)#0.5
cl = musq**2/np.sqrt(mcsg**4 + musq**4)
print(c1)

0.001801934596165667

#cos(beta2) m_t/(m_t+*2 + m_u**2 + m_c**2)*0.5
d = mtsqg*+*2/np.sqrt(mtsq*+4 + musqg**4 + mcsg**4)
print(d)

0.9999780043466765

#sin(beta2) (m_u**2 + m_c**2)*0.5/(m_u**2 + m_c+*¥2 + m_t++*2)%0.5
dl = np.sqrt(musq**4 + mcsq*+*4)/np.sqrt(musq**4 + mcsq**4 + mtsqr*d)
print(d1l)

0.0066325577900636715

P12T = np.array(([0.999998,0.001802,0],[-0.001802,0.999998,0], [0,0,1]))
P23T = np.array(([1,0,0],[0,0.999978,0.006633], [0,-0.006633,0.999978]))
Q23 = np.array(([1,0,0],[0,0.999752,-0.005395], [0,0.005395,0.999752] ))
Q12 = np.array(([0.998334,-0.057700,0], [0.0567700,0.998334,0],[0,0,11))

print (P12T)

[[ 0.999998 0.001802 O. ]
[-0.001802 0.999998 O. ]
[ 9. 0. 1 1]
print (P23T)

LT 1 0. 0. ]
[o. 0.999978 0.006633]
[o. -0.006633 0.999978]]
print (Q23)

CL 4. 0. 0. ]
[o. 0.999752 -0.005395]
[ 4 0.005395 0.999752]]
print(Q12)

[[ 0.998334 -0.0577 0. ]
[ 0.0577 0.998334 0.

[ #. 0. 1 1]

result = [[0, 0, O],#4ttempting ckm with the mass as a projection
[O, O’ O]’
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[0, o, 01l
for i in range(3):
for j in range(3):
5=0
for m in range(3):
for n in range(3):
for k in range(3):
s = s + (P12T[i] [m])*(P23T [m] [n])*(Q23 [n] [k])*(Q12[k] [j1)
result[i] [j] = result[i][j] + s
print (np.array(result))

[[ 9.98435954e-01 -5.59013081e-02 2.22812562e-06]
[ 5.58873729e-02 9.98202160e-01 1.23647123e-03]
[-7.13445328e-05 -1.23441374e-03 9.99765790e-01]]

[44] : | #For calculating the CKM angles in degrees
rl 5.59013081e-02/np.sqrt(5.59013081e-02*%*2 + 9.98435954e-01%*2)
r2 = 1.23647123e-03/5.59013081e-02

r3 = 2.22812562e-06
A12 = np.arcsin(r1)*(180/np.pi)
A23 = np.arcsin(ri*r2)*(180/np.pi)

A13 = np.arcsin(r3)*(180/np.pi)

print (A12)
print (A23)
print (A13)

3.204580637958553
0.07084462544443867
0.00012766219425107547

Here it can be seen that the values obtained for the CKM parameters are very different from the
experimentally seen values. It justifies our choice of using the square root mass as more fundamental
quantity over the mass of the fermions.
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