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Preamble

In the main manuscript we have provided an accessible account of metastability
aimed at a general neuroscience audience. However, we expect that some readers
with backgrounds in the physical sciences, engineering or mathematics would like to
understand the theoretical aspects in more detail. This technical appendix was

prepared to address these needs.

In this appendix we address different theoretical explanations for the dynamical
phenomenon of metastability. These include bifurcation memory or ghosts in
systems of coupled oscillators, homoclinic loops in systems exhibiting Si'nov chaos,
(attractor) ruins in chaotic systems exhibiting chaotic transience, Milnor attractors
and riddled basins in chaotic systems exhibiting chaotic itinerancy, and finally, stable
heteroclinic channels containing saddles in stochastic systems. In these systems
metastability arises either with or without noise, and in some cases the addition of

noise does not change the dynamics.

We reiterate some of the basics of dynamical systems theory for completeness

which can easily be skipped over for the knowledgeable reader.

Dynamical Systems Theory Primer

Phase space and manifolds

Dynamical systems theory is a branch of mathematics that studies how the state of
systems evolve over time based on either an analytical (pencil and paper), or a
geometric (shapes), or a numeric (approximations using a computer) study of
deterministic evolution equations. The state of a dynamical system is represented by
a vector that fully determines the value of its variables (e.g., the position and velocity
of a given particle). The temporal evolution of the state of a dynamical system can be
mathematically described by a difference (i.e., discrete) or differential (i.e.,

continuous) equation.



The phase space! of a dynamical system is the set of all possible states, and hence
contains all the allowed combinations of values of the system’s variables (also
known as state variables). A trajectory of the system is a sequence of states within
the phase space that satisfy the dynamics of the system as defined by its differential

equation.

A phase portrait is a geometric representation of the trajectories of a dynamical

system. Some dynamical systems can also be illustrated as a potential landscape
where valleys represent stable fixed points which correspond to attractors, peaks
represent unstable fixed points which correspond to repellers, and balls represent

the states of the system as in Figure 1 and 2.

A manifold is a geometric model that can represent a broad range of shapes. While
at each point of a manifold it looks like a flat, n-dimensional (euclidian) space, their
overall structure can be highly non-trivial. The dimensionality of the manifold, n, is

the same for all its points.

Stability in dynamical systems

Equilibria or fixed points are points in the state space where the rate of change of the
system with respect to time is equal to zero, corresponding to states at which the
system remains unchanged unless perturbed. Fixed points can be stable or
unstable, depending on whether neighbouring states move towards or away from
them under the evolution rule (see Figure 1). A system is said to be monostable if

just 1 stable fixed point exists, bi-stable if 2 exist, and multistable if 2 or more exist.

1 For historical reasons, the term “phase” here does not refer to the phase of an oscillation, but more
in general to the possible configurations that any system can explore (Nolte, 2010).
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Figure 1. Phase portrait and potential landscape of a bistable dynamical system for a particular
value of the control parameter. A) Phase portrait of a 1-dimensional dynamical system. The
horizontal line presents a 1-dimensional state space (x). Horizontal blue arrows indicate the direction
of the flow in the state space determined by the differential equation (dx/dt), which is plotted in black
as a function of x. Where dx/dt is above (resp. bellow) the horizontal line, the trajectories in the state
space flow to the right (resp. left) corresponding to a positive (resp. negative) change of the state
variable. Where the function intersects with the horizontal level, there is no change to the state,
making that value of x a fixed point. The slope of the function at the equilibrium point indicates its
stability: a negative slope implies an attractor (i.e., a stable fixed point, as seen by nearby flows
pointing towards the equilibrium), whilst a positive slope indicates a repeller (i.e., an unstable fixed
point, as seen by nearby flows pointing away from the equilibrium). By convention, stable attracting
points are represented by a filled circle, while repelling unstable points by an empty circle. B)
Potential landscape of the same system. Valleys in this landscape represent stable fixed points, which
may also be attractors. In contrast, peaks represent unstable fixed points which in this case are

repellers.

Attractors, repellers, and saddles

Different initial conditions yield different trajectories. When many trajectories
converge to a set of states, that set is called an attractor. Attractors may consist of a
single point, a line, a periodic or quasi-periodic cycle, or can also have more complex
geometries (usually called strange or chaotic attractors). A chaotic attractor is an
attractor that holds dynamics that are highly sensitive to their initial conditions. The

dynamics within a chaotic attractor are much harder to predict as they are neither at



equilibrium nor periodic. Each attractor is surrounded by its basin of attraction - all
the points in phase space that flow onto the attractor. Basin boundaries separate
basins of attraction. When many trajectories migrate away from a set of states, that
set is called a repeller. When trajectories are attracted to a set of states in one
direction but migrate away from the set in another direction, that set is called a

saddle.
A saddle is a fixed point that is stable in one direction but unstable in another. It is

dynamically unstable. The name comes from its representation in 2-dimensional

systems (see Figure 2).

A B

Figure 2 A saddle node in 1 and 2-dimensional systems. A) In a 1-dimensional system, the saddle
is represented as a duel-coloured circle. The blue line shows the flow towards the saddle fixed point
and the red line shows the flow away from the saddle. B) In a 2-dimensional system, it is easier to see

how this fixed point got the name of a saddle node.

Heteroclinic and homoclinic connections

A heteroclinic orbit or cycle is a path in phase space that links saddles, and a
homoclinic cycle (or loop) links a saddle back onto itself. See Figure 3.



Figure 3. A heteroclinic cycle linking 4 saddles though their unstable directions. Reproduced

with permission from Alexander Steele Kernbaum https://www.researchgate.net/profile/Alexander-

Kernbaum-2/research.

Parameters in dynamical systems

Control parameters modify the system of differential or difference equations, hence
deforming the corresponding flows through phase space. Quantitative changes in a
control parameter can alter the qualitative structure of the resulting trajectories,
which in turn can cause attractors (repellers) to be created, destroyed, or altered in
their stability.

Destabilising an attractor fundamentally changes the shape of many trajectories. A
gualitative change in the dynamical system is called a bifurcation (see BOX 4). The
value of a control parameter at which a bifurcation occurs is known as a critical point.
Dynamic instabilities refer to behavioural changes of the system in the vicinity of a

bifurcation.

An order parameter is a single variable that captures the collective or macro

behaviour of a system composed of microscopic elements.

Bifurcations

A bifurcation is a qualitative change in dynamics produced by varying a control
parameter in a dynamical system. Importantly, there are different types of
bifurcations depending on the dynamical properties of the system at each side of the

bifurcation:


https://www.researchgate.net/profile/Alexander-Kernbaum-2/research
https://www.researchgate.net/profile/Alexander-Kernbaum-2/research

Pitchfork bifurcation — when one family of fixed points transfers its stability properties
(stable or unstable) to two families in the vicinity of a critical point. If the stability
properties transferred are stable, the bifurcation is supercritical. If the stability

properties are unstable, the bifurcation is subcritical.
Saddle-node bifurcation — when a stable and an unstable fixed point collide and
annihilate each other. In high-dimensional systems, a saddle-node bifurcation occurs

when a saddle-node and fixed point collide.

Transcritical bifurcation — when two families of fixed points collide and exchange
their stability.

Hopf bifurcation - when a stable fixed point transitions into a periodic ‘limit’ cycle

attractor.

Bifurcation diagram - A bifurcation diagram follows how the landscape changes with

the control parameter showing the location of attractors and repellers.

See Figure 4 for the associated bifurcation diagrams.
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Figure 4. Bifurcation diagrams for different types of bifurcations. In these diagrams stable fixed

points are shown with solid curves or lines and unstable fixed points with dotted curves or lines. A) A
supercritical pitchfork bifurcation where a stable fixed point transfers its stability resulting in 2 new
fixed points. The system may reside in either of the two states marked with red circles. B) A saddle-
node bifurcation where a stable and unstable fixed point collide and annihilate each other. The
saddle-node is stable in one direction and unstable in the other. C) A transcritical bifurcation where a
stable and unstable fixed point collide and swap their stability. Notation: OP, order parameter; CP,

control parameter; CPc, control parameter critical point.



Phase transitions

Phase transition — A concept originated from statistical physics. In general, a system
is said to undergo a phase transition when a small change in a control parameter
(e.g., temperature) causes a large collective change (e.g., the system going from
liquid state to solid). A first-order or discontinuous phase transition is associated with
a subcritical bifurcation, and a second order or continuous phase transition is
associated with a supercritical bifurcation. Phase transitions refer to what is

happening in the system and bifurcations reflect how it is happening.

Non-equilibrium phase transition — a phase transition that occurs in a physical
system—Iike the brain—that is far from equilibrium. Such open systems ‘are kept in
their active state by a continuous flux of energy into the system and by dissipation of
energy’ [1,2]. Similar to equilibrium phase transitions, a small change in a control
parameter (e.g., temperature from below) causes a large collective change (e.g.
formation of convection rolls) as in the Rayleigh-Bénard instability [1,3]. The small
change in the control parameter is sufficient to instigate the spontaneous formation
of dynamic patterns in complex systems and are seen in a wide variety of disciplines.
Physical examples include the laser (from incoherent to coherent light),
hydrodynamic instabilities (formation of convection rolls when a liquid is heated from
below), and the spiral patterns observed in certain chemical reactions. But there are
many examples also in biology (e.g., predator-prey interactions, swarming patterns
of fish and birds, termite architecture, etc.). Typical (predicted) phenomena
associated with non-equilibrium phase transitions are revealed through the
stochasticity in the system, which include enhancement of fluctuations, critical

slowing down and critical fluctuations.

Hallmarks of non-equilibrium phase transitions

Enhancement of fluctuations. Fluctuations are sources of variability that exist in all
dissipative systems. They kick the system away from the minimum and (on average)
to a certain elevation in the potential landscape (Fig.1B). As a control parameter
approaches a critical point, the magnitude of these critical fluctuations increases.

This enhancement of fluctuations signals an upcoming phase transition.



Critical slowing down - Critical slowing down corresponds to the time it takes the
system to recover from a small perturbation. Typically, if the system is far from a
critical point, the effect of a small perturbation will decay quickly with time. Relaxation
time is the time from the offset of the perturbation until the system returns to its
previous steady state. However, as the system approaches a critical point, this
decay will take longer and longer. That is, the relaxation time increases indicating a

slowing down of the system and impending transition.

Multistable fluctuations — A system is stable if it resides either above or below a
critical point, and weakly stable if it resides in the vicinity of a critical point. In a
weakly stable system that undergoes a subcritical bifurcation, the stable solutions
above and below the critical point co-exist and spontaneous switching between
these attractors arises due to stochastic fluctuations in the system [4,5]. (See Figure
5).
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Figure 5. Multistable fluctuations. A) Stable solutions, the red and yellow points, away from the
critical blue point, exist for different values of the order parameter. B) In the vicinity of the critical point,
both stable solutions co-exist following a subcritical bifurcation. In the presence of noise or
perturbations, the system spontaneously switches between the stable solutions. Adapted with

permission from [6].

All these hallmarks of non-equilibrium phase transitions have been observed at both
behavioural and brain levels [5,7 for a review,8]. In the context of synergetics (see
Appendix A), such non-equilibrium phase transitions are indicative of a self-

organising process [9-11].
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Theoretical accounts of metastability

Inspired by the principles of synergetics and chaotic systems, the literature has
proposed several different dynamical scenarios that can give rise to metastability.
These scenarios can be classified as those with neither attractors nor saddles, those

with unstable attractors, and those with saddles.

Background

Synergetics overview

Synergetics (from the Greek, “working together”) is a theory that aims at explaining
how pattern formation takes place in self-organising systems composed of numerous
weakly interacting elements that are thermodynamically open and far from
equilibrium [12]. Synergetics focuses on scenarios where the interactions between
the microscopic elements cause the system to organise into spatially and temporally
ordered macroscopic patterns that can be described by a limited number of collective
variables — known as order parameters. Such systems exhibit spontaneous pattern
formation and switching, which occurs when one macroscopic pattern loses stability,
and a new stable pattern takes its place. The contrast between the slow return of the
macroscopic pattern and the fast dynamics of the underlying microscopic substrate
generates a separation of timescales. Interestingly, during pattern formation the
microscopic subsystems often adapt to the slow macroscopic dynamics, thus
allowing macroscopic patterns (which are created bottom-up) to effectively ‘enslave’
its constituents ‘top-down’ — a concept known as the slaving principle. The
bidirectional relationship between the macroscopic order parameters and the
microscopic subsystems provides an operationalization of the notion of circular (or

reciprocal) causality.

Synergetics
The rich spatiotemporal patterns that characterise the brain and other complex
dynamical systems can be understood as being the result of nonlinear interactions

and interdependencies that take place between their constituent elements [13-15].
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Taking inspiration from statistical mechanics [16], one approach to study such
collective self-organised behaviour is by identifying order parameters that effectively
characterise different types of dynamics, while compressing the degrees of freedom
of the complex systems [17]. Abrupt changes in order parameters (together with
phenomena such as critical fluctuations and critical slowing down, see BOX 2)
characterise transitions between different phases of the dynamics of the system,
which are often triggered by changes in corresponding control parameters — which
are variables often under the control of the researcher. Thus, the behaviour of order
and control parameters allows for an efficient exploration of the possible dynamical
behaviours of a complex system in terms of relatively simple signatures, which
allows the researcher to identify different phases and understand how the system

transitions between them. This approach is known as Synergetics.

Chaotic systems

Rich spatio-temporal patterns also arise in dynamical systems with chaotic
attractors. A dynamical system is said to be chaotic when its behaviour is extremely
sensitive to initial conditions (i.e., trajectories that initially start close together may
end up very far apart), which makes long range forecasting of the system impossible.
The complex evolutionary paths of such dynamical systems converge to chaotic or
‘strange’ attractors (see BOX 2). The most famous chaotic attractor is the Lorenz
attractor which resembles two wings of a butterfly [18]. Despite this complexity, the
system is described mathematically by just three evolutionary equations. Within
neuroscience, biophysically plausible neural network models such as the Morris-

Leclar model become chaotic when certain model parameters are set [19].

Metastability without attractors or saddles — ghosts and

ruins

A first road to metastability concerns processes of bifurcation [20] [21-23].
Specifically, this road refers to scenarios where fixed points disappear after a
bifurcation, but the “memory” of the fixed point remains attractive for the system and

the dynamics become very slow [24] due to a bifurcation delay [25].
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There is a well established literature that has developed these ideas. For example, in
a Lorenz attractor, periodic fluctuations remain for a long time interval when a
parameter (see BOX 8) is just above the critical value for transition to chaotic
behaviour. This behaviour due to the memory or ghost for the periodic behaviour
was classified as “Type | intermittency”, and has been illustrated with a Poincaré
map? [26]. Also, the dynamical mechanism behind the phenomenon of saddle-node
bifurcation memory was recently unveiled [27]. The phenomenon of fixed points that
disappear but keep part of their attractive capabilities has also been described with
the terms “ghost” [28—-30], “phantom” [31], “almost attractor” [32], and “memory”
[24], as the bifurcation delay gives the impression that the system remains attracted

to the fixed point that disappears at the bifurcation.

A somehow related phenomenon is when a change in a control parameter makes a
chaotic attractor undergo a boundary crisis bifurcation i.e., a collision with its own
basin boundary [33]. Because of the collision, orbits on the attractor are now mapped
onto another basin (and so onto another attractor) — the original attractor no longer
exists and is referred to as a ruin [34]. Although the attractor no longer exists, a large
set of initial conditions still approach the ruin transiently mimicking the behaviour of
the former attractor before collapsing onto the alternative attractor, exhibiting chaotic
transience [33-36]. The transient does not appear again unless the system’s
parameters are reversed [34]. As metastability is characterised by patterns that recur
either in repeatable sequences or flexible alternation, we therefore do not consider

this type of transient behaviour as a valid example of metastability.

Metastability with unstable attractors or saddles

Another class of scenarios that can give rise to metastability are systems with so-
called homoclinic and heteroclinic cycles connecting Milnor attractors (i.e., an

attractor that is not asymptotically stable) or saddles. Homo- and heteroclinic cycles

2 A Poincaré or first recurrence map, is the intersection of a periodic or chaotic orbit in the phase
space of a continuous dynamical system with a certain lower-dimensional subspace, called the
Poincaré section, transversal to the flow of the system.
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are trajectories in phase space that connect unstable attractors or saddles through
their unstable manifolds That is the outset (repelled trajectories) of an unstable
attractor or saddle are mapped to the inset (attracted trajectories) of itself (homo-) or
another unstable attractor of saddle (hetero-). These cycles appear when the
synchronisation of chaotic attractors is interrupted by bursts of desynchronisation
[37-40], and in models of ‘winnerless competition’ (WLC) [41-45].

In the following we will restrict our detailed review to scenarios of 1) a ghost and a
homoclinic loop in coordination dynamics, 2) heteroclinic cycles in chaotic itinerancy,

and 3) stable heteroclinic channels in winnerless competition.

Metastability with ghosts and homoclinic loops —

Coordination Dynamics

Metastability in coordination dynamics appears as relatively long periods of phase
entrainment where phases are ‘almost in sync’, a behaviour called ‘relative
coordination’, interrupted by rapid bursts of phase desynchronisation. The
Synergetics framework was used to develop a mathematical model, the Haken-
Kelso-Bunz [HKB: 46] which captured these, and other dynamics. At certain
frequencies the model exhibited bi-stability (i.e., symmetric and antisymmetric
rhythms), while only mono-stability (i.e., anti-symmetric) remained beyond a critical
frequency [46]. Extensions to the original model showed that ‘critical fluctuations’
initiated the transition from symmetric to anti-symmetric rhythms at a critical
frequency value [47]. A further extension, to take account of symmetry breaking
when a metronome provided the rhythm frequency, discovered the metastable
behaviour of epochs of relative coordination interspersed with loss of entrainment in
the absence of noise. This behaviour was found when the control parameter, that is
the frequency of the metronome, had a value just beyond the critical value which
corresponded to a saddle-node bifurcation. Although the original fixed point no
longer existed, trajectories remained attracted to where it once was exhibiting
bifurcation memory or a ghost [48]. The original model and its extensions are

described below, and the resulting dynamics are illustrated in Figure 6.
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Figure 6. The rich dynamics in the HKB model illustrated in a phase portrait. A) The phase
portrait of @ in the “extended” HKB model [48] for various values of a diversity (control) parameter dw.
This graph carries regimes of coordination with attractors in the front of the figure (for modest diversity
dw) and those without attractors (large diversity of the parts, shown in the back of the figure). Multi-,
mono-, and metastable regimes are indicated to the right of the figure. Examples of anti-phase and in-
phase attractors, and the absence of attractors in metastability, are shown on the left of the figure.

Adapted with permission from [49].

Haken-Kelso-Bunz Model

The Haken-Kelso-Bunz model (HKB) [46], was developed to explain the coordinated
dynamics of two oscillators with phases @, and @, — e.g., the movement trajectory
of two fingers. The original model is given by the following dynamical equation:

@ = —a sin® — 2b sin20@, (B1)

where @ = (@, — 0,) is the relative phase between the two oscillators , @ is the
derivative of @ with respect to time, and a and b describes the first-order and second-

order coupling strength between the two oscillators.® The order parameter is the

3 |t was shown that the model could be derived from equations of motion of each hand and a
nonlinear coupling between them based on coupled van der Pol-Rayleigh oscillators. The intrinsic
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relative phase @, and the control parameter is the coupling ratio b/a, which maps to
the experimental manipulation of the movement frequency of the fingers. The HKB
model was shown to reproduce experimental findings where, at a critical frequency,
the system switched from having two attractors at 0 and r (both in-phase and anti-
phase) to only one at O (in-phase) via a so-called pitchfork bifurcation (see Fig. 2A).
More important for the theory-experiment relation was the identification of patterns of
behaviour in terms of attractors, the existence of multistability (i.e., a dynamical
system having multiple attractors) and the role of dynamic instability as a mechanism

of change.

A next step was to extend the HKB model to include stochastic properties, which
allowed it to demonstrate the decisive role of stochastic fluctuations in initiating the

transition from anti-phase to in-phase [47]. The stochastic HKB model is given by

@ = —asin® — 2b sin20 +/Q&,, (B2)

where ¢, is a Gaussian white noise process* an Q > 0 is the noise strength. An
important assumption in Eq. (2) is that the frequencies of the two oscillators in the
HKB model were the same. To empirically investigate what happens when this
symmetry is broken, new experiments were performed where the movement of one
finger was replaced with a metronome, and subjects were requested to synchronise
peak flexion of the index finger with the metronome either off the beat or on the beat
[48]. The resulting dynamic instability was observed to change dramatically [50-52].

To model this, the extended stochastic HKB model was introduced [48]:
@ = 8w — asin® — b sin20 + /Q¢, (B3)

where the order parameter @ = (@, — @,) is the phase, and dw captures the

difference in frequency between the metronome and the index finger movement.

dynamics of the hybrid Van der Pol-Rayleigh oscillators is defined by a linear self-excitation Van der
Pol term and a Rayleigh saturation term.
4 A white noise process is a stochastic process satisfying the following conditions over its mean and

autocorrelation: (x;)=0, and (xix"y=0(xi-xi').
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This model can be shown to contain a saddle node bifurcation [Figure 5. ; ,30].
Furthermore, just beyond the saddle in parameter space, the system remained
attracted to where the stable and unstable fixed points once were — a phenomenon
which became known as a phantom attractor [53] or an attractor remnant [30,52].

The system’s behaviour in this régime was characterised as “metastable” [31].

Homoclinic loop

When the metronome experiment was repeated simultaneously with
superconducting quantum interference device (SQUID) acquisition and the dominant
spatial dynamics investigated [54], the signal dynamics observed in the brain closely
resembled a model of Sil'nikov chaos [55], where the actual trajectories of the main
spatial pattern displayed the geometry of homoclinic loops [56]. Independent of these
studies, metastable states were shown to be linked by homo- and heteroclinic
connections by analogy with physical systems [55] , and experimental and
theoretical evidence was reported to support the hypothesis that phase transitions

and metastability existed in the brain [57,58].

Metastability with unstable attractors — Chaotic itinerancy

In chaotic systems, metastability manifests as long periods of synchronisation
between chaotic attractors interrupted by bursts of desynchronisation. This
desynchronisation occurs when destabilised low-order unstable periodic orbits riddle
the attractor basin with escape routes to other attractors. The chaotic attractor is now

asymptotically unstable, and some trajectories leave in bursts of desynchronisation.

Chaotic synchronisation

When two chaotic dynamical systems attractors are uncoupled, their orbits follow
chaotic trajectories that are asynchronous; however, if they are weakly coupled their
orbits show stable synchronised motion [59,60]. To illustrate this idea, let's consider
the behaviour of 3 state variables in a neural mass model: the mean membrane
potential of local pyramidal cells V, the mean membrane potential of the inhibitory

interneurons Z, and the average number of open potassium ion channels in a cortical
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column W. Setting different values of the variance of the excitatory threshold dv,
results in fixed point, limit cycle, or chaotic attractors. The chaotic regime arises
specifically from the mixing of the fast timescales of the pyramidal cells and the slow
responses of the inhibitory population [40]. When chaotic attractors synchronise,
their orbits converge onto a smooth surface known as a synchronisation manifold

whose shape is dependent on the type of synchronisation that occurs (see Figure 7).

Figure 7. Chaotic synchronisation manifolds. Concurrent plots of average membrane potential of
pyramidal neurons V! and V2 in a neural mass model of cortical columns. A) If the potentials are
uncoupled, their orbits follow chaotic trajectories that are asynchronous. B) If the potentials are
weakly coupled, their orbits show stable synchronised motion, and the dynamics are governed by the
same equations of motion as for a single chaotic attractor (Pecora & Carroll, 1990). C) If the 2 chaotic
attractors are not identical, they will still synchronise, but the synchronisation manifold will be
transformed [61]. D) Phase synchronisation manifold (extracted via the Hilbert transform) shows a
highly structured chaotic phase synchronisation of two non-identical chaotic attractors [62]. Adapted

and reproduced with permission from [40].

Stability of chaotic attractors

The stability of coupled chaotic attractors is typically contingent on the strength of
their coupling. At a critical coupling value, transverse stability of the synchronisation
manifold is lost, and the system undergoes a blowout bifurcation which transforms
the attractor to a saddle as synchronisation is lost [63]. The chaotic system behaves
differently on either side of this bifurcation [64]. In the vicinity above the bifurcation, a
trajectory may spend a long time in the neighbourhood of the synchronisation
manifold but occasionally burst out away from it to be reinjected close to the
synchronisation manifold via a homoclinic orbit. In the absence of a reinjection
mechanism, a trajectory may exhibit a super-persistent transient of chaotic motion

before approaching some other attractor [64,65]. This behaviour is known as on-off

18



intermittency [66]. We do not consider on-off intermittency as a route to metastability

as it fails to explain switching/cycling dynamics between two metastable states.

This system behaviour is related to riddled basins of attraction [64]. Chaotic
attractors support a dense set of low-order (1 or 2-D) unstable periodic orbits or
saddles [34,67]. These saddles are unstable tangential to the chaotic attractor and
stable in the transverse direction [65]. See Figure 8 for a hypothetical example of an
attracting periodic orbit illustrating 8a) tangential and transverse stability, and 8b)

tangential stability and transverse instability.
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Figure 8. Phase space diagram illustrating transverse stability for hypothetical flow with
periodic orbit A, embedded in the invariant manifold N. A is an attractor of the system confined to
N, as illustrated by the thin arrows in the plane. A) A is also attracting in the transverse direction T, as
illustrated by the ribbon arrows, and so is an asymptotically stable attractor in the full phase space. B)
A is transversely unstable, and so is a saddle in the full phase space. Reproduced with permission
from [38].

When a parameter changes (symmetry or membrane potential for example) such a
saddle will also lose its transverse stability and repel orbits in the direction transverse
to the chaotic attractor. This is called a bubbling transition [67] or riddling bifurcation
[65]. The chaotic attractor is now weakly stable in the Milnor sense, that is it is no
longer asymptotically stable, and its basin of attraction is riddled with points
belonging to other attractors. Let us label one of these attractors as B, and the

chaotic attractor A. A has become a riddled basin attractor. Additionally, in a
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particular parameter range, nodes form clusters which partition the phase space into
several basins of attraction [38,68]. In this case A and B represent different clusters.
A number of initial conditions arbitrarily close to A, now with a riddled basin, will
leave the neighbourhood of the synchronisation manifold to flow to attractor B [67]. If
B is also a riddled basin attractor, the system may transition away from this attractor
by the same mechanism, towards yet another riddled basin attractor C. The
connections between A, B, and C are heteroclinic connections. If the cycle A-B-C
repeats, the riddled basin Milnor attractors are contained within a “heteroclinic
network” [69]. These riddled basin Milnor attractors are sometimes referred to as
“quasi-attractors” and the neighbouring regions as “attractor ruins” [70] (not to be
mistaken with a “ruin” following a boundary crisis in transient chaos). We consider
the riddled basin Milnor attractors as metastable states, and heteroclinic cycling as a
possible route to metastability with flexible alternation between metastable states,
and heteroclinic networks as a possible route to metastability with repeatable

transition sequences among metastable states.

Metastability with saddles — Winnerless Competition

The role of saddles in escaping from metastable states is well acknowledged in
statistical physics [71]. Saddles play a central role in a mathematical model for
metastability where metastable states are saddles linked through their unstable
manifolds, where noise induces transitions through a heteroclinic sequence confined
within a stable heteroclinic channel (SHC) [41,45,72]. SHC have been shown to be
repeatable and robust to noise while remaining sensitive to informational input, and
have been proposed to support cognitive and emotional processes [73]. The
underlying model of neuronal activity is based on the winnerless competition
principle [41]. Cognitive modes, consisting of specific collections of neuronal groups,
are in constant competition for dominance, where each mode becomes the winner
periodically. It has been proposed that sequential switching among saddles reflects
this principle. Using a generalised Lotka-Volterra model which is the canonical model
for Winnerless Competition (WLC) in the evolution of species, reproducible robust
transient sequential activity within a SHC with 3 competing modes was demonstrated

[45]. This model can be used to explain how such dynamics can be robust to noise
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and reproducible, while the nature of the saddles ensures flexibility (see Figure 9). In
such a picture, metastability may be seen as a delicate balance between robustness

and flexibility. Although clusters are not considered specifically in SHCs, they have

been demonstrated in stable heteroclinic cycles in a WLC model [74].

Figure 9. Representation of the ensemble of trajectories forming a heteroclinic channel. Left: a
representation of a simple heteroclinic trajectory with two connected saddle nodes. Right: a
representation of a stable heteroclinic channel — a robust sequence of saddle-nodes. Adapted with

permission from [75].

Kuramoto model

The Kuramoto model of oscillators with sine coupling is given by

. el (A1)
D = wy +ﬁZsin (D —9D;),
j=1
where @, and w is the phase and intrinsic frequency of the kth oscillator, ¢ is the
amplitude of the force exerted by one oscillator on the other, N is the number of
oscillators.
To derive the mean field, we rewrite x as
(A2)

. € ]
@:wk+ﬁ1m Zsm((z)k—@j) ,
j

Rearranging we get
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(A3)

. 1 )
D= wy, +elm | e Pk 5 el?

M

Where the mean field is

1 - A4
r=g2.e (8
]

Which is related to ¥ the phase, and R the amplitude of the collective mode,

1 . ) Ab5
ﬁzelqjj =R€llp, ( )
]

Phase synchronization is then defined as the modulo of the complex-valued order

parameter.

. (A6)
PS = |Re™|= & Zei@f ,
]
The instantaneous phase synchrony is measured at each timepoint t is given by
) (A7)
iPS = [Re®)| = ~ Zei%(t) = ||,
]
And the variance of this instantaneous phase synchrony has been defined as a
marker of metastability [e.g., 76].
(A8)

1
Omer(€) = == Y (iPS(£) = (iPS,)r)?,

t<T
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Derivation of metastability based on the variability

of relative phase

Let R be the set of all N brain regions. Then for each time point t, the instantaneous

phase-locking is calculated for all pairwise combinations of i and j, where i,j € R

i,jER

As the resulting matrix iPL(t) is a symmetric, real valued matrix, the spectral theorem
applies and thus, for each t, there exists an eigenbasis {v;}}_; with associated

eigenvalues {1;}, :

lPL(t) = Zi livivlf = Zlipi = VAV’ ) (AlO)

where the columns of V are the eigenvectors of iPL, A is the diagonal matrix of
eigenvalues and Pi is the projector onto the subspace spanned by vi. The leading
eigenvector V1(t) represents the main orientation of the phases over all brain regions
at time t and partitions the N brain regions into two communities by separating the
elements with different signs in V1(t) [77]. The leading eigenvectors for all time

points and for all subjects were concatenated into a nxp matrix V1ALL(t), where n =

(Tmax » number of subjects), Tmax is the number of time points for each scan,

and p = N =number of regions.

Five recurring spatiotemporal patterns or phase modes ..., s were derived from k-

means clustering of the first or leading eigenvector V1a.L. The centroids were
ordered according to their average occurrence across all subjects. The first centroid
Y1, which occurred most frequently, represents a global mode where the

instantaneous phase-locking in all regions was negative, that is all regions were in-
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phase®. For any patrticular time t, the eigenvector V1(t) has an arbitrary sign. Since
V1(t) and -V1(t) represent the same vector orientation, the sign if V1(t) was therefore
flipped such that the most prevalent (dominant) sign was negative, in the following
sense - if(sum(V1(t)) > 0, V1(t) = -V1(t). After clustering, regions from the cluster
centroid with the non-dominant (positive) sign were selected. These regions were
referred to as in antiphase®. The masks were then applied to V1(t) resulting in five
subsets V1(t)c, c € {1,...,5}. Note that by definition V1(t)1 is the complete set of all
regions. Metastability was then calculated by computing the variance over time of
each region in the five subsets V1(t)c, ¢ € {1,...,5}, and then taking the mean of

these variances:

VAR: = (UV1C> , (A12)

Where

1
oy1e) = 7y Lest (Ve = (V1e)r)?, (A13)
Global VAR was then defined as the mean of VAR over all communities.

VAR, = (VAR,). , (A14)

llustration of Phase Difference Differential

Figure 10 illustrates PDD in a bimodal phase-reduced Hansel-Moto-Meunier model
consisting of the blue and burgundy oscillators. It is clear to see that the PDD tracks
the frequency changes (Figure 310C of the oscillators, for example between 30 and
50 seconds. When the model includes all 5 oscillators, it is more difficult to interpret

the PDDs (Figure 10D), but it is possible to plot the signature as the variance of the

5 strictly speaking in-phase only occurs when the phase difference is 0 or an even multiplier of pi. We
use the term in-phase to refer to any out-of-phase relationship that amplifies the amplitude of the
superimposed signals.

6 Strictly speaking antiphase only occurs when the phase difference is an odd multiplier of pi. We use
the term antiphase to refer to any out-of-phase relationship that attenuates the amplitude of the
superimposed signals.
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PDD, METAroD (Figure 10E). Although the magnitudes are different, the order of
METArDD is similar to the order of METAvar, calculated from Egs. (A13) and (A14),

as shown in Figure 10C.

25



Relative phase for Hansel-Mato-Meunier Model (1993)

t = =58.50 secs Brain Dynamics Toolbox v2022b
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Figure 3. Phase Difference Derivative (PDD). Example from the Hansel-Moto-Meunier model of

weakly excitatory, synaptically coupled Hodgkin—-Huxley neurons [78]. A) Phases of individual
neurons plotted on a unit circle. B) Instantaneous frequency of the individual neurons. C) Leading
Eigenvectors for each individual neuron calculated analytically [79]. D) PDD between the neurons
coloured blue and burgundy [80]. E) PDD between all neurons. Metastability measured as VAR
plotted as dotted lines. Simulation created with the Brain Dynamics Toolbox v2022b [81]. METArbD
metastability calculated as the variance of PDD. METAvar metastability calculated as the mean

variance of the leading eigenvectors.
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Implications of the generalised HKB model

Similar to the HKB model, the coupling ratio k = 2b/a controls the emergence of
multistability at the critical value kc=1, beyond which any combinations of in-phase
and antiphase coordination in the group become stable (given the oscillators are
identical). Importantly, the critical value is invariant with respect to group size N, i.e.,
the onset of multistability is scale invariant. For k>kc, the number of attractors grows
exponentially (2V) with group size for the generalised HKB model, while the

canonical Kuromoto remains monostable.

The extensive multistability for high-dimensional HKB models paves the way for a
complex form of spatiotemporal metastability — the more attractors there are in the
multistable regime, the more ghosts there are in the metastable regime. Such high-
dimensional metastable dynamics pose new challenges to theoretical and data
analysis. First, due to the large number of ghosts, the repertoire of possible
sequences of metastable dwells expands rapidly with system size — it becomes
difficult to track each sequence individually and to analyse their robustness. While
one can always resort to a statistical approach by studying the properties of the
order parameter or order function, developing mathematical and data analysis tools
suitable for characterising high-dimensional (microscopic) metastable sequences
would be essential for understanding metastability as a general mechanism for
sequence production (e.g., motor sequence generation, or episodic memory
retrieval), where sequences that are functionally distinct at the microscopic level may
become indistinguishable in their statistical dynamics. Second, this type of
spatiotemporal metastability is multiscale in nature, while tailored analytical tools are
scarce. As a reminder, in contrast to delay induced metastability in the above
models, metastability in the extended HKB model and hence the generalised HKB
model is induced by the symmetry breaking in the natural frequencies of the
oscillators. Thus, metastability in the generalised HKB model implies the coexistence
of multiple time scales, in terms of diversity in both the frequency of individual
oscillators and dwell time between different pairs of oscillators. The metastability can

also exist at different spatial scales, depending on the distribution of the oscillators’
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natural frequencies and coupling strength (Figure 8). To capture the high-
dimensional and multiscale features, tools from algebraic and computational
topology have been introduced to the analysis of metastable dynamics [82,83]. A full-

fledged mathematical theory is yet to be developed.

—_— 2.5 A D
N
L 2 L' v ” v groupl o ;
g
£ 1.5 } N L
I =

= a0 0.4 3 ol (L0 4 ~ -
g SRR TR _
& 1 } A A grou }::: g

0 50 v 2
2.5 -
N B 7} 05 §
< 2 E S
> T 7
] > o
o 1.5 v b
3 AAMANAAAAAAAAAAAAAAARAAA, E &
g ‘2
E ) g (A) . © g

L= - =

.ﬁz.so c 50 o Y >
T, ] inter-group inter-group global g
> ? segregation IMEERELE N, integration =
€1.5 ] (intra-group
qg"_ I \ E metastability)
o | J
& 1 1 -0.5

0 50 0 0.1 0.2 0.3 0.4 0.5

time (s) global coupling strength

Figure 8. Metastability as multiscale phenomenain the generalised HKB model. (A-C) example
dynamics of the generalised HKB model from 3 regimes in the parameter space (D) as the
instantaneous frequency time series (i.e., time derivative of individual oscillator’s phase). During
metastable dwells, frequency trajectories approach each other; and during escapes, they diverge from
each other. Dwells between different pairs of oscillators may occur together (black triangles in A). This
particular implementation aims to capture the metastable dynamics observed in the “Human Firefly
Experiment” [84], where participants were split into two frequency groups and the coordination
dynamics was examined as a function of the intergroup frequency difference (experimentally
manipulated). In (A-C), the intergroup frequency difference is 0.6 Hz, and coupling strengths were a =
b =0.1, 0.2, and 0.4, respectively. In (A), weak coupling keeps the two groups segregated (refer to
[85] for quantitative definition). However, members within the same group show metastable
convergence and divergence (dwell and escape collectively). In (B), members within each group are
phase-locked to each other, but members across groups engage each other in a metastable manner.
In (C), all individuals are phase-locked together — metastability is lost. (The figure is adapted from

Figure 4 of [85] with permission)
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