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Abstract: This paper introduces an alternative method to design the path following controller of an

under-actuated spherical mobile robot, which has a single pendulum structure its inside as a driving

mechanism. The mechanism has an under-actuated problem; two inputs for the roll and pitch but no

direct input for the yaw. In order to overcome this problem, the proposed method defines a virtual

reference input for the heading direction. The virtual reference input works as a control input since it

can be arbitrarily designed just like the reference input of a conventional system. The control scheme

using the defined virtual reference input achieves the stabilization and path following control of the

under-actuated spherical mobile robot without any additional control technique. The stability of the

proposed control scheme is guaranteed by Lyapunov stability analysis, and simulation results are

given to demonstrate its performance.

Keywords: Spherical Mobile Robot; Kinematics; Under-Actuated; Virtual Reference Input

1. Introduction

In the last few decades, the spherical mobile robot has been researched widely because it has more

points of excellence from its body mechanism such as no body extremities (fully enclosed design), a

statically stable structure, less friction, easy recovery from collisions and so on. These advantages,

especially the stable structure and easy recovery from collision make the spherical robot land and work

in the unmanned and uncertain environment as an exploration rover. [1–5]

Although almost all spherical mobile robots have the same external structure, they have different

types of the internal structure for driving. Cai et al. introduced a single pendulum structure, which

has two operating units; one performs driving and the other controls the pendulum, [6] and Zhao et al.

proposed two pendulum mechanism. It has three operating units consisting of one driving unit and

two control units for each pendulum. [7] DeJong et al. studied the four-pendulum mechanism without

a driving unit [8] In addition, the cart-type spherical mobile robot is driven by inserting a cart inside

the spherical mobile robot. The cart-type spherical mobile robot has been modified in various ways

depending on the type of cart. [9–12]

Among the various types of spherical mobile robots, the single pendulum spherical mobile robot

is easy to implement due to its simple structure. Therefore, many studies have been conducted

on these single pendulum spherical mobile robots; Qiang et al. dealt with the dynamic trajectory

tracking problem of a spherical mobile robot using a backstepping controller. [13] Yue et al. dealt with

the problem of overcoming rolling resistance using sliding mode control after deriving a dynamic

model of a spherical mobile robot. [14] Kayacan et al. proposed a study on a dynamic modeling

using Euler-Lagrange and a feedback linearization control technique based on a fuzzy controller. [15]

Andani et al. estimated the angle of the pendulum through a neural network observer and proposed

tracking control of the spherical mobile robot after removing the model uncertainty by a sliding mode

controller. [16]

Most of the previous studies mentioned above have dealt with the rolling motion control of

spherical mobile robots. However, the important control object of spherical mobile robots is to

solve the underactuation problem, which causes the degradation of the control performance and the
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deterioration of the stability. [17] Studies have been conducted on hierarchical sliding mode controllers

to address these under-actuated problems. [18] The hierarchical sliding mode control method can

solve the under-actuated problem by setting up a hierarchical structure using sliding surfaces and

maintain robustness against uncertainty. However, there is a problem that the sliding surface for each

subsystem may not converge to zero even if the sliding surface of the total system converges to zero.

As a result, the anti-disturbance ability of sliding mode control might be lost. [19,20] Therefore, we

present an alternative method to solve the under-actuated problem.

In this paper, we propose a virtual control input based nonlinear control method for the path

following of an under-actuated spherical mobile robot. In order to control the uncontrollable state

without an input terminal, a virtual reference input is substituted for the conventional reference input.

The virtual reference input is designed at will by a designer. Therefore, if the virtual reference input is

applied identically to the design of the control input, it operates as another control input for controlling

the uncontrollable state. Not only the parallel motion of the X-Y plane but also the yaw of the spherical

mobile robot are controlled by the proposed method. The proposed method does not require any

additional control technique.

The rest of this paper is organized as follows. In section 2, A brief introduction to feedback

linearization is provided. In section 3, modeling of the kinematics of a spherical mobile robot is

presented. In section 4 introduces the proposed method solving the under-actuated problem of the

spherical mobile robot. In section 5, simulation is performed to verify the performance of the designed

controller. Finally, conclusions are drawn in section 6.

2. Preliminaries

This section describes the feedback linearization introduced in [21]. Feedback linearization is a

common approach used to control nonlinear systems. The main idea of this approach is to algebraically

transform the nonlinear system dynamics into a fully or partially linearized system so that the feedback

control techniques could be applied. It is different from linear approximation using Taylor series or

Jacobian matrix for linear control because the stability of the whole system is guaranteed by accurate

state transformation and feedback.

The idea of feedback linearization, i.e., of canceling the nonlinearities and imposing a desired

linear dynamics, can be simply applied to a class of nonlinear systems described by the so-called

companion form, or controllability canonical form. A system is said to be in companion form if its

dynamics is represented by

x(n) = f (x) + b(x)u (1)

where u is the scalar control input, x is the scalar output of interest, x = [x, ẋ, · · · , x(n−1)]T is the state

vector, and f (x) and b(x) are nonlinear functions of the states. This form is unique in the fact that,

although derivatives of x appear in this equation, no derivative of the input u.

Note that, in state-space representation, (1) can be written as

d

dt











x1

· · ·

xn−1

xn











=











x2

· · ·

xn

f (x) + b(x)u











Using the control input (assuming b to be non-zero)

u ≈
1

b
[v − f ] (2)
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We can cancel the nonlinearities and obtain the simple input-output relation (multiple integrator

form)

x(n) = v

Thus, the control law

v = −k0x − k1 ẋ − · · · − kn−1x(n−1)

with the ki chosen so that the polynomial pn + kn−1 pn−1 + · · · + k0 has all its roots strictly in the

left-half complex plane, leads to the exponentially stable dynamics

xn + kn−1xn−1 + · · ·+ k0x = 0

which implies that x(t) → 0. For tasks involving the tracking of a desired output xd(t), the control law

v = x
(n)
d − k0e − k1 ė − · · · − kn−1e(n−1) (3)

(where e(t) = x(t)− xd(t) is the tracking error) leads to exponential convergence of tracking errors.

Note that similar results would be obtained if the scalar x was replaced by a vector and the scalar b by

an invertible square matrix.

3. Description of spherical mobile robot

A single pendulum spherical mobile robot with two degrees of freedom pendulum is introduced

as Figure 1 shows. A shaft is placed in a straight line at the center of the spherical shell and a pendulum

is installed at the center of the shaft. Motor 1 rotates the pendulum along the horizontal axis of the

shaft and controls the steering of the spherical mobile robot by its rotation. Motor 2 rotates the shaft

around the vertical axis and controls the driving of the spherical mobile robot.

Figure 1. Structure of Spherical mobile robot

3.1. Kinematic model

The Figure 2 shows the rotation of spherical, where θ, ϕ and ψ indicate roll-pitch-yaw angles of

the spherical mobile robot. OXYZ represents the reference frame {A} and O1X1Y1Z1 is a body frame

{B} which can rotate by angle ψ about Z axis. As ψ rotates, O2X2Y2Z2, a frame {C} is generated. In

order to derive the kinematic model, two rotation matrices should be obtained; between a frame {A}
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and a frame {B}, and between a frame {B} and a frame {C}. The rotation matrix between a frame {A}

and a frame {B} is represented as follows:

R1 = Rz,ψ =







cos(ψ) sin(ψ) 0

− sin(ψ) cos(ψ) 0

0 0 1






(4)







~i1
~j1
~k1






= R1







~i
~j
~k






=







cos(ψ)~i + sin(ψ)~j

sin(ψ)~i + cos(ψ)~j
~k






(5)

The rotation matrix between a frame {A} and a frame {B} is described as

R2 = Ry1,ϕ =







cos(ϕ) 0 − sin(ϕ)

0 1 0

sin(ϕ) 0 cos(ϕ)






(6)







~i2
~j2
~k2






= R2







~i
~j
~k






=







cos(ϕ)~i1 − sin(ϕ)~k1

~j1
sin(ϕ)~i1 + cos(ϕ)~k1






(7)

The angular velocity of the spherical mobile robot is written as follows:

ω =ψ̇~k − θ̇~i2 + ϕ̇~k1 = ψ̇~k1 − θ̇
(

cos(ϕ)~i1

− sin(ϕ)~k1

)

+ ω̇~j1 = −θ̇ cos(ϕ)~i1 (8)

+ ϕ̇~j1 +
(

ψ̇ + θ̇ sin(ϕ)
)

~k1

Figure 2. The rotation of Spherical mobile robot

According to the relative velocity formula, the following equation is given

VG = VC + Vr f l + ωs × rG/C (9)
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where VG is the velocity of the spherical mobile robot, VC represents its contact point velocity with

the ground surface and Vr f l shows the relative velocity of flexible links. rG/C represents the position of

the spherical center with respect to ground.

rG/C = R~k = R~k1 (10)

where R is the radius of the sphere.

We assume that the spherical robot rotates without slipping. Therefore, VC = Vre f = 0 and the

equation (9) can be written in the following form:

VG = ωs × rG/C = ρϕ̇~i1 + ρθ̇ cos(ϕ)~j1+ (11)

Through the coordinate transformation, the velocity of the spherical mobile robot in frame {A} is as

follows:

VG =Ẋ~i + Ẏ~j

=
(

Rϕ̇ cos(ψ)− Rθ̇ cos(ϕ) sin(ψ)
)

~i (12)

+
(

Rϕ̇ sin(ψ) + Rθ̇ cos(ϕ) cos(ψ)
)

~j

where

{

Ẋ = R
(

ϕ̇ cos(ψ)− Rθ̇ cos(ϕ) sin(ψ)
)

Ẏ = R
(

ϕ̇ sin(ψ) + Rθ̇ cos(ϕ) cos(ψ)
)

(13)

because there is not any actuator around the vertical axis and as it is mentioned the robot rotates

without slip so the angular velocity can be derived by the following equation.

ψ̇ + θ̇ sin(ϕ) = 0 (14)

Based on equations (13), (14), the kinematic model of the spherical mobile robot is derived as

Ẋ = R
(

ϕ̇ cos(ψ)− Rθ̇ cos(ϕ) sin(ψ)
)

Ẏ = R
(

ϕ̇ sin(ψ) + Rθ̇ cos(ϕ) cos(ψ)
)

(15)

ψ̇ = −θ̇ sin(ϕ)

Define U1 = ϕ̇ and U2 = θ̇ cos(ϕ). Then equation (15) can be rewritten as

Ẋ = R (cos(ψ)U1 − R sin(ψ)U2)

Ẏ = R (sin(ψ)U1 + R cos(ψ)U2) (16)

ψ̇ = − tan(ϕ)U2

As equation (16) represents, the spherical mobile robot is an under actuated system. In the next

section, the control technique is introduced to solve the under-actuated problem.

4. The design of controller

4.1. Controller Design

To solve the under-actuated problem, we propose the controller design method using virtual

reference input.

As Figure 3 shows, the block diagram of proposed closed-loop control system. There is no direct

way to control the heading direction angle, ψ in the given system. In tracking control problem, a
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reference input is provided in general. With this point of view, we generate reference inputs especially

for ψ and using the error dynamics derive a virtual control input for ψ.

Figure 3. The Block Diagram of Spherical mobile robot

The error is defined as follows:







Xe

Ye

ψe






=







cos(ψ) sin(ψ) 0

− sin(ψ) cos(ψ) 0

0 0 1













X − Xr

Y − Yr

ψ − ψr






(17)

where Xr, Yr, ψr are the reference input values for each state.

Remark 1. Remark The definition (17) provides decoupled inputs for each state in error dynamics. In general,

an error varibles are directly defined with the state variables of systems. However, it occurs the input coupling

problem in the kinematic model of spherical mobile robot. In order to solve the problem, some refine technique is

required such as the coordinate transformation in (17). Through (17), input U1 controls state X and input U2

controls state Y as a result.

Differentiating the equation (17) yields

Ẋe = ψ̇Ye − RU1 + Rϕ̇r cos(ψe)

+Rθ̇r sin(ψe) cos(ϕr)
(18)

Ẏe = −ψ̇Xe − RU2 + Rϕ̇r sin(ψe)

+Rθ̇r cos(ψe) cos(ϕr)
(19)

ψ̇e = ψ̇r − tan(ϕ)U2 (20)

where virtual reference input is defined as ψ̇r. X and Y can be directly controlled through the two

inputs of equations (18) and (19) but ψ in equation (20) can‘t be controlled so it is solved through a

virtual reference

Remark 2. In order to achieve path tracking of the under-actuated spherical mobile robot, an alternative input

that can work as a controller is required because it must be controlled down to ψ without an input. Therefore,

the virtual reference input can be arbitrarily designed like the reference input of a typical system, so it works

as a control input. since it can work as another controller, it can be designed according to the Lyapunov

stability theory like the conventional controller design. As a result, it can fulfill the path tracking purpose of an

under-actuated spherical mobile robot.

The following theorem is proposed for path tracking of a spherical mobile robot. The proposed

theorem is verified through lyapunov stability analysis.

Theorem 1. If control gain Ki (i = 1, 2, 3) is properly designed for control input equation (21), (22) and

virtual reference input equation (23) and applied to equations (18), (19), (20) it can be limt→∞ E(t) = 0 and

ensure the tracking performance of the proposed spherical mobile robot.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 21 July 2023                   doi:10.20944/preprints202307.1437.v1

https://doi.org/10.20944/preprints202307.1437.v1


7 of 10

U1 =
1

R

(

K1Xe + R2 ϕ̇r cos(ψe)

−R2θ̇r sin(ψe) cos(ϕr)
)

(21)

U2 =
1

R

(

K1Xe + R2 ϕ̇r cos(ψe)

−R2θ̇r sin(ψe) cos(ϕr)
)

(22)

ψ̇r = −K3ψe + tan(ϕ)U2 (23)

where Ki (i = 1, 2, 3) is positive real.

Proof. Consider the following Lyapunov function for stability analysis.

V =
1

2

(

Xe
2 + Ye

2 + ψe
2
)

(24)

The equation (24) is differentiated as follows

V̇ = Xe

(

Yeψ̇ − Rϕ̇ + Rϕ̇r cos(ψe)

− Rθ̇r sin(ψe) cos(ϕr)
)

+Ye

(

− Xeψ̇ + Rθ̇ cos(ϕ)

+ Rϕ̇r sin(ψe) + Rθ̇r cos(ψe) cos(ϕr)
)

+ψe

(

ψ̇r − θ̇ sin(ϕ)
)

(25)

Substituting equations (21), (22), (23) into equation (25) it is presented as follows

V̇ = −K1Xe
2
− K2Ye

2
− K3ψe

2 (26)

It satisfies V̇ < 0 to ensure asymptotic stable, since Ki (i = 1, 2, 3) is positive real

5. Simulation

In this section, in order to verify the performance of the proposed method, a path tracking of the

spherical mobile robot is considered and its simulation result is provided.

The reference path is Xr = 5 cos(π/20) and Yr = 4 sin(π/20) the initial condition of the spherical

mobile robot is
[

X0, Y0, ψ0, θ0

]

= [0, 0, 0, 0].

For the simulation, the parameters of the spherical mobile robots are given in Table 1.

Table 1. The values of parameters used for simulation.

Parameters Values

Radius of Spherical R 0.3 mm

Control Gain Ki(i = 1, 2, 3) 30, 30, 10

Reference Roll Angle θr π/2
Reference Pitch Angle ψr π/4

Figure 4 shows the path tracking control result in the X − Y plane, As times goes, the spherical

mobile robot departs the initial position and follows to the reference path within 0.5 seconds. Figures 5

and 6 describe the error between the reference input Xr and the state X, and the error between the

reference input Yr and the state Y. As figures indicate, errors converge to zero. Figures 7 and 8 describe

the settling time of the error between the reference input Xr and the state X, and the error between the

reference input Yr and the state Y. The performance of the proposed control system can be verified by

quickly converging the settling time of the two errors to within 0.5 seconds.
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Figure 4. Path Tracking in the X − Y Plane

Figure 5. The Error Between Xr and X

Figure 6. The Error Between Yr and Y
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Figure 7. Settling Time of The Error Between Xr and X

Figure 8. Settling Time of The Error Between Yr and Y

6. Conclusion

In this paer, the virtual reference input based single loop controller is proposed for the spherical

mobile robot to solve its under actuated problem in the kinematic model. The virtual reference

input works as a control input since it can be arbitrarily designed just like the reference input of a

conventional system. It is derived by Lyapunov Stability Theory, it guaranteed the stability of the

closed loop system. The proposed scheme achieved the stabilization and path following control of the

under actuated spherical mobile robot without any additional control technique and the simulation

results validated its performance.
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