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Abstract: In this research, we investigate the bending of photon light and/or time-like geodesics
within the context of four-dimensional space-time geometry, specifically in the presence of
topological defects. These topological defects manifest as cosmic string space-time configurations,
encompassing screw dislocation, spiral dislocation, and spacelike dislocation. Our primary objective
is to determine the extent of deflection experienced by light-like and time-like geodesics and analyze
how this deflection is affected by the cosmic string parameter, screw dislocation parameter, and
spacelike dislocation parameter. To accomplish this, we employ a derivation technique that centers
on the observation that photon rays (light-like geodesics) and/or time-like geodesics follow paths
parallel to the z-axis while maintaining a constant radius along the cylinder.
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1. Introduction

General relativity is a fundamental theory that establishes a profound connection between the
geometry of space-time and the distribution of matter-energy within it. According to this theory, the
presence of matter and energy influences the curvature of space-time, and this curvature, in turn,
governs the motion of objects within it, including the trajectory of test bodies and the propagation of
light along light-like geodesics [1-6].

The theory of general relativity has made several remarkable predictions about the nature of
gravity, introducing novel effects such as gravitational waves and gravitational lensing. Over time,
many of these predictions have been experimentally validated or observed, providing substantial
evidence for the validity of the theory. One of the most notable recent successes of general relativity
is the detection of gravitational waves, which provided further confirmation of the theory's predictive
power.

In essence, general relativity provides a comprehensive framework for understanding the
intricate interplay between matter-energy and the curvature of space-time, unveiling profound
insights into the nature of gravity and its far-reaching implications in the universe.

The distance between two points in curved space-time is described by the line element

ds? = g,,(x") dx* dx”, (u,v =0,1,2,3). 1)
The geodesics equation is given by
BT 238 =0, @)

where dot represent derivative w. r. t. A, proper time.
The Lagrangian of a system in relativity theory is defined by

.
L= Eg,wx“x 3)

For geodesics motion,

XXV = &, (4)
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where & = 0 (light-like geodesics), -1 (time-like geodesics) and +1 (spacelike geodesics) in the metric
signature (—,+,4,4) or + 2.

In the context of general relativity, the phenomenon known as the deflection of light is a crucial
prediction of the theory. It proposes that the path of light can be curved or bent due to the
gravitational influence of massive objects present in its vicinity. This effect is commonly referred to
as gravitational lensing, and its first experimental observation, documented in Reference [11], served
as a significant validation of the correctness of the general relativity theory.

Gravitational lensing offers a valuable and powerful technique for studying various
astronomical phenomena, such as galaxies, dark matter, dark energy, and the structure of the
universe itself [11]. Extensive research on gravitational lensing has been conducted, exploring its
implications for diverse massive objects like black holes, wormholes, cosmic strings, and more (see
References [12-69]).

Through the study of gravitational lensing, scientists gain essential insights into the behavior of
light in the presence of massive gravitational fields, providing a deeper understanding of the
fundamental workings of the cosmos and enabling investigations into the nature of elusive entities
like dark matter and dark energy. This research has significant implications for astrophysics and
cosmology, contributing to our comprehension of the universe's large-scale structure and evolution.

In the early universe, topological defects emerged as a consequence of the spontaneous
symmetry breaking mechanism. These defects manifest in various unified particle physics models,
encompassing strong, weak, and electromagnetic interactions [70,71]. While direct observation of
these objects in a laboratory setting has not been achieved so far, studies of topological defects have
been conducted in diverse fields of physics and chemistry. The topological defects comprise several
types, among which are domain walls [72,73], cosmic strings [74-76], and global monopoles [77].
Among these, cosmic strings and global monopoles stand out as the most promising candidates for
potential observation [72].

Despite not yet being directly detected, the investigation of topological defects holds significant
scientific interest. These studies shed light on the fundamental physics that governs the early universe
and may provide crucial insights into the structure and evolution of our cosmos. Furthermore,
understanding topological defects has implications beyond cosmology, with applications in different
branches of physics and chemistry. As research in this field continues, it has the potential to uncover
novel phenomena and enrich our understanding of the universe at its most fundamental levels.

Our primary goal in this study is to investigate the bending or deflection of light-like and time-
like geodesics within a curved space-time background influenced by cosmic strings. To achieve this,
we utilize an intriguing method to derive the deflection angle, and then we proceed to analyze the
effects of various factors, including screw dislocation, cosmic string, and spacelike dislocation, on
these geodesics.

The method we adopt in this analysis is based on the approach presented in Reference [73],
which allows us to calculate the deflection of photon rays and time-like geodesics in the presence of
topological defect geometries. In this method, we assume a constant radius of the cylinder, with the
value denoted as "a", and the time-like geodesics or photon rays are considered to travel parallel to
the z-axis with a speed of "z =v" (where "v=c" for light-like geodesics, corresponding to the speed of
light).

By employing this approach, we aim to gain valuable insights into the behavior of light-like and
time-like geodesics in the vicinity of cosmic strings and other topological defects. This investigation
will shed light on the intricate interplay between these defects and the curved space-time
background, providing crucial information about the deflection of geodesics and the effects of
various parameters involved

2. Deflection of Lightlike and Timelike Geodesics in Topological Defects Background

In this section, we study the deflection of light-like and time-like geodesics in various curved
space-time background in the presence of topological defect produced by cosmic string. We see that
the topological defect modified the results.
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2.1. Cosmic String Space-Time with Screw Dislocation

Let us consider a cosmic string space-time, where screw dislocation is present given by the
following line-element [74-77]:

ds? = —2dt* + dr? + a’r’de? — 2B dzde + dz?, )

where =4% with b is the Z-component of the Burger vector. The Burger vector of the screw

dislocation has components b,=b,=0; b,=b and «a is the topological defect parameter.
The Lagrangian of the system is defined by
1
L= ng,fc“ x¥ (6)
For light-like or time-like geodesics, we have
e = =2 +P4a2r2 -2z + 22 )

In this analysis, we follow the procedure done in Ref. [73] to calculate the deflection angle of
photon rays or time-like geodesics in the topological defect background. Let us suppose that the
motion of particle (or light) is in the direction of the z-axis, or we can say;

r=a (constant); z=v (velocity of massive or massless objects) (8)
Thereby, we get from Equation (7)
a?a2 p2-2B v ¢ +(v2—c?) =¢. 9)
Let us consider the solution of the above equation is of the form
p=At. (10)
Then, we get for the constant A in the following quadratic equation
a?a?A?-2 fvA+(VE-c?)=¢. (11)

The solution of this equation gives us

_I{28v 4p2y2 4(V —c2-€)
A= 2 [azaz * \/ atat a2a? ] (12)
Using approximation, v = c¢ (for light-like geodesici.e. ¢ = 0), we get,
2Bc
~ (13)

Which gives the function ¢ in the form:
¢ (B~ 25t (14)

Now, we choose the interval z, — z;=Az =I; the distance between two points on the line parallel
to z-axis, then At = Ci; where ¢ being the velocity of light. For the deflection angle Ap, we get

261
Ap = 2a2 (15)
Now, we discuss the same deflection for time-like geodesic; ¢ = —1 and v < c.

Therefore, from Equation (12), we have

4ﬁ V2+40(232 ——1
1| 2Bv
A=12

2| a2a?2 — ala?

1

, where y = (16)

2
1__

So; the function ¢ can be written in the following form
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+

2
4p2%+4a2a? (iz—lz)
2BV ¢ YT ( 1 7)
ala?c — ala? ct

w(t)%[
l

Now, as stated earlier, considering At = CL; where c being the velocity of light. The deflection

angle Ag of time-like geodesics will be

2
2V 2 2( 1 1 )
—+tacat| 55—
Pz 22

Bv

oZac — ala?

l. (18)

Ap =

In our observations, we find that the deflection angle of photon rays and/or time-like geodesics
exhibits a direct proportionality to the screw dislocation parameter () and also depends on the
cosmic string parameter (a). To visualize these relationships, we present Figures 1 and 2, showcasing
the deflection angle of photon rays given by Equation (15), with the cosmic string parameter a fixed
at a specific value, and f3 set at 0.5, while keeping a constant value of "a" at 1.

In Figure 3, we further explore the deflection angle by plotting it for various values of the screw
dislocation parameter {3, while maintaining fixed values for "I" and "a" at 1.

These plotted figures provide valuable insights into the behavior of the deflection angle of
photon rays and/or time-like geodesics under the influence of cosmic strings and screw dislocations.
They illustrate the dependency of the deflection angle on the parameters ot and 3, enabling a better
understanding of the effects of these topological defect parameters on the geodesic paths in the
curved space-time background.

120k 5

100 —

gt
(o]
L=
T
1

0.4 0.2 0.4 0.6 0.B

Figure 1. The deflection angle of photon light with cosmic string parameter keeping fixed
l.Here =05, 1=1=a.
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Figure 2. The deflection angle of photon light with cosmic string parameter for fixed value of [. Here
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Figure 3. The deflection angle of photon light with cosmic string parameter for different values of
screw dislocation parameter . Here | =1 = a.

2.2. Cosmic String Space-Time with Spiral Dislocation
In this part, we consider geometry of space-time defined by the following line-element [76,78]

ds? = —c?dt? + (dr + Bdp)? + a?r?de? + dz*

(19)
= —c2dt? + dr? + (a?r? + p2)de? + 2B dr dp + dz?
For the time-like or light-like geodesics, using the space-time (19), we obtain
-2+ 72+ g2 (a’r?+ ) +2p7p+z22=¢ (20)

Let us consider r=a (constant), Z =v, then we get,
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2
-2+ AP+ ) +vVi=¢ = (@a®+ B¢ =+ (1 - c_2)

2

= o2 = 8+C2/Y2 h 1 _ (1 — V_) (21)
¢ = (aZa2+p2) where y2 c2

Let as consider the solution of the form
@ = At (22)

Therefore, ¢ = A
From Equation (21), we obtain the constant A as follows:
2
c
Aot / y? (23)
a2a2 + BZ a2a2 + ﬂZ

Therefore, from Equation (22), we obtain the angular coordinate as follows

2 / 1/2
- £ ¥?
QD(t) - [a2a2+[32 + a2a2+ﬁzl t (24)
Defining At = [/c. Therefore, the deflection angle will become
2 1/2
A : e At
¢ = aZa? + 2 +a2a2 + B2
1 € c? 1 2
A(p = — + — l (25)
c aZaZ + ﬂZ y2 (aZaZ + ﬂZ)
For photon light, we have
1
vzc,;—>0,e=0. (26)
Therefore, the deflection angle from Equation (25) will be
Ap =0 (27)
For time-like geodesics, we have
v<ce=-1 (28)

Therefore, the deflection angle of time-like geodesics will be

1 -1 c? 1

(29)
APgme-tike = = =
Ptime-like c (az a? + 32) + yz (az a? + [)72)

Indeed, based on the cosmic string metric presented in Equation (19), we can infer that the
deflection angle of photon light caused by the spiral dislocation is zero. This result suggests that spiral
dislocations, as described by the given metric, do not induce any bending or deflection in the path of
photon rays.

However, for time-like geodesics, the situation is different. The deflection angle for time-like
geodesics, as derived from Equation (29), is non-zero and depends on several factors. It is influenced
by the parameter 3, which represents the screw dislocation, as well as the cosmic string parameter
“a” .Additionally, the deflection angle changes with variations in the length parameter "I'".

This outcome implies that time-like geodesics are indeed affected by the presence of cosmic
strings and screw dislocations, leading to deflection in their trajectory. The deflection angle's
dependence on {3, o, and 1 highlights the complex interplay between these parameters in determining
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the path followed by time-like geodesics in the curved space-time background described by the
cosmic string metric.
2.3. Cosmic String Space-Time with Spacelike Dislocation

Let us consider a metric of the cosmic string space time with space-like dislocation by the
following line-element [79-82]

ds? = —c2dt? + dr? + a?r2dg? + (dz — x dg)?

(30)
= —c?dt? +dr? + (a®r? + x*)dp? — 2 y dz dp + dz*
For light-like or time-like geodesics, we have
—+ P2+ (@2 + i —2xig+zi=c¢ (31)

Let the motion of light-like or time-like geodesics is in the direction of z-axis. We can write
r=a; z="v. (32)
Therefore, we get the equation of ¢ from (4.4)
(@%a? + xy»)@? —2xyvp+vi—c?=¢ (33)
Suppose the solution of the above equation is of the form
p=At (34)

Substituting this into the Equation (33), we get the following quadratic equation for the constant
A given by

(a®a? + y2)A2 —2yvA+vi—c?=c¢ (35)

The solution will be

_)(vi\/)(zvz—(a2a2+)(2)(v2—c2—s)

A 36
(@a+ 1) .
For photon light, we use the approximationv = ¢, ¢ =0, we get
. 2xc
T (a2aZ+x2) (37)
This gives the function ¢ in the following form
2xc
o(t) ~ (38)

————=<t.
(@a? + 1)

We choose the distance between two points in the z-axis, z, —z; = Az = then, At = é c being
the velocity of light. For light-like geodesics, we obtain the deflection angle

~ X
Ap =~ (a2a?+x?) L (39)
For time-like geodesics, ¢ = —1. Therefore, from Equation (36), we obtain
A_)(Vi\/)(zvz—(d2a2+)(2)(V2—C2+1) (40)
) @a+ )
This gives us the function ¢ in the following form
_ | xvrx? vE-(aPa?+x?) (vE—c?+1)
()~ [ (@a?+x?) Jt 1)
Following the previous procedure, we obtain the deflection angle of massive objects
Ao ~ avtJxivi—(@2a2 + xD(v2 — 2 + 1)1 0
v= (a?a’ + x?) c (42)
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Absolutely, if we consider spacelike dislocation as defined by the metric presented in Equation
(30), the deflection angle experienced by both light rays and time-like geodesics can be described by
Equations (39) and (42), respectively. In this scenario, the deflection angles are determined by the
spacelike dislocation parameter x and the cosmic string parameter a.

For light rays, the deflection angle is expressed by Equation (39), which incorporates the
spacelike dislocation parameter x and the cosmic string parameter a. This deflection angle quantifies
how the presence of spacelike dislocation modifies the path of photon rays.

Similarly, for time-like geodesics, the deflection angle is given by Equation (42). This angle is
also influenced by the spacelike dislocation parameter x and the cosmic string parameter a. It
illustrates how the spacelike dislocation affects the trajectory of time-like geodesics in the curved
space-time background established by the cosmic string metric.

By analyzing these equations, we gain a comprehensive understanding of the intricate
dependencies between the deflection angles and the spacelike dislocation parameter x and cosmic
string parameter a. These results provide valuable insights into the behavior of light rays and time-
like geodesics in the presence of spacelike dislocation, enhancing our understanding of the effects of
these parameters on the geodesic motion within the curved space-time geometry.

In Figures 4 and 5, we showcase the plotted deflection angle for photon rays, as given by
Equation (39), while varying the cosmic string parameter a. These figures provide a visual
representation of how the deflection angle changes with different values of a, allowing us to observe
the relationship between the cosmic string parameter and the deflection angle experienced by photon
rays.

Furthermore, in Figure 6, we present the plotted deflection angle for photon rays as a function
of the cosmic dislocation parameter x, while keeping the cosmic string parameter fixed at a=0.5. This
plot helps us understand how the deflection angle changes with variations in the cosmic dislocation
parameter, while the cosmic string parameter remains constant.

In Figure 7, we investigate the deflection angle for photon rays with different values of the length
parameter ], while maintaining a fixed cosmic string parameter a. This plot illustrates the impact of
varying the length parameter on the deflection angle of photon rays.

By analyzing these plotted figures, we gain valuable insights into how the deflection angle of
photon rays is influenced by changes in the cosmic string parameter o, the cosmic dislocation
parameter X, and the length parameter 1. These plots offer a visual representation of the complex
relationships between these parameters and the deflection of photon rays, enhancing our
understanding of the effects of cosmic strings and spacelike dislocations on the bending of light rays
in the curved space-time background.

il
1

i
Pad
1

Figure 4. The deflection angle of photon light with cosmic string parameter a for [ =1 =a, y = 0.5.


https://doi.org/10.20944/preprints202307.1376.v2

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted:

25 July 2023

do0i:10.20944/preprints202307.1376.v2

i i i i
0.2

Figure 5. The deflection angle of photon light with cosmic string parameter « for differentl with y =
0.5 a=1.
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Figure 6. The deflection angle of photon light with cosmic dislocation parameter y for « = 0.5, | =
1=a.
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Figure 7. The deflection angle of photon light with cosmic dislocation parameter y for different1with
a=05 a=1.

3. Discussions

In this comprehensive analysis, our focus has been on examining the deflection of time-like and
null geodesics within the framework of topological defects formed by cosmic string space-times,
incorporating screw dislocation, spiral dislocation, and spacelike dislocation.

Throughout our investigation, we successfully derived the deflection angle for both photon rays
and time-like geodesics. Notably, we observed that the deflection angle is significantly affected by
three crucial parameters: the cosmic string parameter a, the torsion (screw) parameter {3, and the
spacelike dislocation parameter x. These parameters play a pivotal role in influencing the deflection
angle when dealing with either massless particles (photon rays) or massive objects traveling parallel
to the z-axis.

Our analysis reveals the intricate relationship between these parameters and the deflection of
geodesics, providing valuable insights into how cosmic string space-times and the presence of
topological defects impact the trajectory of light rays and particles. By understanding the effects of «,
[, and x on geodesic motion, we gain a deeper comprehension of the interplay between curvature in
space-time and the influence of these defect parameters. These findings contribute significantly to
our understanding of the underlying physics involved in the deflection of geodesics in the presence
of cosmic strings and topological defects, enriching our knowledge of the universe's early evolution
and its impact on light and matter.
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