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Abstract: This article studies a class of pursuit problems admitting both a simple geometric solution
as well as a more general analytic treatment. The results are specialized to demonstrate solutions to
certain elementary problems typically posed to high schoolers, although a full analytic treatment,
requiring some more comfort with geometry and calculus, is typically avoided at that stage.
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1. Introduction

Pursuit problems are of critical importance in several engineering and science applications today;,
including navigation, warfare, and so on. The study of these problems were first motivated by the
problems of navigating ships in the age of exploration [1,3]. The Apollonius pursuit problem was defined
as that of finding whether a ship leaving from a point A with a constant velocity v4 will intercept
another ship leaving from point B with a constant velocity vp. The situation of adaptive pursuit, where
the pursuer maneuvers their “ship” adaptively according to position of the pursuee, was first studied
by Bouguer [5], who derived the so-called “radiodrome” as the curve of best pursuit.

More recently, this problem has been generalized in various ways, for example, allowing for
variable speeds of the pursuer and the pursued, adaptive strategies for the pursued, energy constraints
on the pursuer and pursued, as well as errors in observation and imperfect information. For a detailed
survey on these various generalizations and constraints, we refer the reader to [2,7,10,13] and references
therein.

In this work, we look at a class of pursuit problems admitting a simple geometrical argument for
establishing the locus and further generalize the result using analytic arguments. We demonstrate that
certain popular challenge problems typically posed to senior high school or freshmen undergraduate
students in physics admit simple solutions as special cases of these results.

2. Problem Setup and Main Results

The main setup of our problem is illustrated in Figures 1 and 2. A pursuer P wishes to catch a
stationary “prey” A by always approaching A with speed u pointing towards A, while drifting in the
x direction with constant speed #u. The problem now is to find the trajectory of P and decide if P will
ever be able to catch A.

The general solution to this problem for # € R in presented in Theorem 1 and requires an analytic
treatment; however, for the special case # = 1, it can be argued geometrically that the trajectory is a
conic section, without delving into any analytic derivation. The critical observation that makes this
argument possible is that for this case (see Figure 1), the component of the velocity of P along the x
axis remains identical to the component of the velocity of P in the instantaneous direction of A, each
being equal to u(1 — sin f). Therefore, the total amount of drift in the x direction till any time # is equal
to the reduction in the distance between P and A till ¢. This observation immediately enables us to
prove the following lemma.

Lemma 1. Suppose a point P, starting from the origin (0,0), wishes to reach the point A (0,a) by always
trying to approach A at speed u, as shown in Figure 1. However, there is a constant “current” of the same speed
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u towards the positive x direction, which causes the path of P to drift. Then, the resultant locus of P is a parabola
with focus at A, given by the equation
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Figure 1. Schematic description of problem setup for Lemma 1.

Geometric proof of Lemma 1. Consider a line parallel to the y-axis, at a distance a (i.e., the line
satisfying y = a). By the previous arguments, the distance of the man from this line remains equal
to his distance from A. This leads us immediately to conclude, from elementary geometry, that the
locus of the path is a parabola with focus at A and directrix given by the line y = a. Moreover, the final
point B lies on the perpendicular drawn from the focus to the directrix and is therefore the vertex. The
length of the latus rectum is then given by 24, and the parabola “opens” in the negative x direction
with vertex at (a/2,a). The equation of the path is then given by

v,
-2
. _a (a—y)?
ie, x =3 -2
2
1e.,x—;[1—(a;y>]. 1)
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Finding the time dependence of the motion, however, requires some add1t10nal effort. To that end
note that since the positive y component of the velocity is given by ucos0 = u(a —y)//x* + (a —
we have

X2+ (a—y)*
ua—y)
VELEE + (a—yp

T I R

dt = dy

Setting z := (a — y)/a, we then have

udt _\/1+ (1+2)%2(1-2z2)? i

a 472

1+ 22
= — dz.
2z z

The integrated equation of motion is then given by

2ut r
= 171(2 Ly 2)dz. (2)

Integrating Equation 2 and re-arranging leads to

t:ﬁll—(u;y>2—210g(¥)]. 3)

do0i:10.20944/preprints202307.1301.v1
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Figure 2. Schematic description of problem setup for Theorem 1.

We now tackle the general case where the speed of the current is given by nu for 7 € R. As a first
step, we present the following elementary result, which is a popular problem posed in elementary
kinematics (see, for example, [14, prob. 1.13, p. 13]).

Lemma 2. For || < 1, the pursuer reaches the point A, as depicted in Figure 2, at time t; = a/ (u(1 —17?)) .
Proof. From Figure 2, we have ¥ = nyu — usinf and 7 = yusinf — u. Eliminating 0 between these
relations leads to 7% + # + (1 — #?)u = 0. Integrating this equation with the initial conditions x(0) = 0,
r(0) = a leads to

r=a—nx—(1-n?)ut. 4)
Setting r(t;) = x(tf) = 0 in (4) leads to the result. [
Remark 1. We note that eqn (4) holds in general for any 1. However, t; is finite only for || < 1.

Remark 2. We can use eqn (4) to provide a second proof of Lemma 1 as follows. Setting 1 = 1 in (4) leads to

r=a-—x
ie, x>+ (a—y)? = (a—x)?

ie,2ax =a® — (a—vy)?,
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which yields eqn (1) on dividing both sides by 2a.
We now establish the most general result of this section.

Theorem 1. The equation of path of the pursuer, with x, y, r, and 0 as depicted in Figure 2, is given by

=[5
Further, the time dependence of the path is given by
[ () ()"~ () (59)"7] o2
1= ()"~ 2108 (53)] =1

The path equation (5) holds for y € [0,a] for || < land y € [0,a) for || > 1, while (6) holds for y € [0, a] for
7| < landy € [0,a) for || > 1.

(6)

&=

Corollary 1. We note here that Theorem 1 immediately recovers the result of Lemma 1 by setting n = 1. In
addition, setting y = a in (6) (for |n7| < 1) leads to

a

Aoy

which recovers the result of Lemma 2.

Proof of Theorem 1. We start from eqn (4). Setting x = rsin 6 in (4) and solving for r leads to

2 _
y = At O —Dut @)
1+7sin6

Now, going back to Figure 2, we note that the § component of the velocity is given by #u cos 6, whence,
we have

10 = nu cos . (8)
Eliminating r between (7) and (8) lets us write down a linear differential equation in 0 and ¢, as

g cos0(1+ 1sinb)

a+ (n?> —1)ut ©)
Integrating (9) leads to
/t = :/9 g (10)
0o a+(n2—=1ut Jo yucosp(l+nsing)
The LHS of (9) equals
1 log * + (7% — l)ut’

(72— Du a
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while the RHS, with the substitution z = sin ¢, can be written as
sin 6 dz

/0 nu(1l—2z2)(1+7yz)
(a) 1 /sin(-) dz /s'mﬂ dz /s'mﬂ dz
2o (A B C

11u( 0 l—z+ 0 1+z+ o 1+nz
:171u (—Alog(1 —sin®) + Blog(1 +sin®) + (C/n)log(1 + sinf)). (11)

Here, (a) is obtained through a standard partial fraction decomposition (see, for example, [18, Sec.
IV.5]) and the constants A, B, and C are obtained as

1 1
A=1i = 12
2 (1t2)(1tn2)  2(+y) (12)
1 1
B= 1 = , 13
S (T-2)A+n2) 2017 (13)
. 1 n?
= 1 _— 14
¢ zﬁlfnil/ril—zz 172—1 (14)
Substituting (12), (13), (14), and (11) into (10) leads to
2 o1
2 o 1 AN\
M = ((1 —sinf) 201 (1+sin0) 211 (1 + 5 sin 6)72—1>
1y _ 1t
= (1+7sinf)(1—sinf) 7 (1+sinf) 21 .
Rearranging leads to
a+ (> —1lut R~ .
T4ysing a(1—sinf) 21 (1+sin@) 2
1—
= a(1 — sin? 9)27’7(1 +sin @)~/
= a(cose)%fl(l—l—sin(i)*l/”. (15)

Now, from Figure 2, we have cos 0 = (a— y) /r and sin @ = x/r. Therefore, continuing (15), we have

a+ (n? —1)ut

=ar(a —y)%_l(r—i-x)_l/”.
1+#sinf

Now, using (7) leads to

(r+x)"" =ala—y)7 ",

which simplifies to
r=al(a—y)7 7 —x (16)

Squaring (16) and using r> = x? + (a — y)? yields

n
a—y=a*(a—y)2 —2x <aiy> .
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Finally, solving for x yields

(a—y) (a®(a—y)21—1)

X =

5|70 ”

which establishes the equation of the path. Using this equation of path in (16) yields
— 1-1 — 1-1 — 141
SRR () )
2 a a a
—y\ 7 —y\ 1t
(7)) &
a a

Now, using (7), we have, for || # 1,

NS

(1? = Dut = r(1 +ysinf) —a

([lz)r+17x—a

o <1+n>(”;y)l_"+<1n)(“;y)wz],

NI

which simplifies to

R R A a—y 17'7_ 1 a—y\"
S 2u 152 1—7 a 1+7 a ’
establishing the time dependence for || # 1. Here, (a) follows by using x = rsin 6, and (b) follows by
substituting the expressions for  and x from (18) and (17), respectively. Note that the time dependence

for the case 7 = 1 was already established in (3). We demonstrate here an additional sanity check that
seems to corroborate this result. We have, for z > 0,

. 2 _ 1 1-n _ 1 147
%ﬂ[l—nz (1—n>z <1+n>z

, 1—z71 1z
=lim +
( =9 lL+7 >

= —logz. (19)

Setting z = (a — y) /a recovers the time dependence expression fory = 1. O

Remark 3. Note that the analysis leading to (19) is merely a sanity check and not a rigorous proof, since we did
not arque that t has to be continuous in y for each y. This can, however, be arqued fairly easily from elementary
results on ordinary differential equations; we point the interested reader to [16] and references therein.

3. Other Pursuit Problems

In this section, we briefly comment on a class of pursuit problems which are commonly stated in
the following form. Referring again to Figure 2, suppose the point A moves horizontally with speed
nu and the pursuer P always points their velocity vector towards A, but there is no “current”. Clearly,
the problem is equivalent to the setting in Theorem 1, but observed from a frame moving in the x
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direction with velocity nu. Accordingly, for the scenario where A moves in the positive x direction, the
x coordinate of P will be given by —(x — yut), according to the notation used in Section 2, and ¢(y)
will remain unchanged. Thus, for this problem, we have, using (5) and (6),

e
x=1{4 (%)z—mog(%)—l, n=1 (20)
4 1—(?)24—2105;(%) , n=-L

Figure 3 plots the pursuit trajectories (20) for various values of #. For || > 1, the trajectory
approaches the trajectory of A asymptotically, while for || < 1, the pursuer “catches” the prey at
x=an/(1-7n?).

Trajectory of A
___. ..... e e e e o o o

n=0.0

Figure 3. Pursuit curves.

Remark 4. This problem illustrates an interesting kinematic phenomenon: the trajectory in the first problem
(Theorem 1) for n = 1 is a finite segment of a parabola with no asymtotes, while the trajectory for the same
problem observed from a different frame has an asymptote (y = a) and “looks” quite different (cf. Figure 3), even
though the frames move with uniform velocity with respect to one another.

4. Discussions

The settings explored in this work can be generalized to include various scenarios, as allued to
in the introduction. A geometric solution, while it may not be feasible in a general setting, might
still provide a useful starting point and provide insights critical to solving many such problems.
Bernhart [20] and others [7,9,23] have performed in-depth treatment specifically of the geometric
properties and aspects of pursuit curves.
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