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Abstract: In this paper, Akbari-Ganji's and Taylor series methods are applied to find analytical
solutions to nonlinear differential equations that arise in an immobilized-cell electrochemical
photobioreactor. An electrochemical photobioreactor with a packed bed that contains clear gel
granules with immobilised photosynthetic bacterial cells is shown with a one-dimensional two-
phase flow and transport model. We consider the biological/chemical events in the electrochemical
photobioreactor, the intrinsically connected two-phase flow and mass transport, and other factors.
Approximate analytical expressions for substrate and product concentrations and both liquid and
gas phases for various parameter values are derived using both methods. Efficiency, accuracy, and
convergence of the two methods relative to highly accurate numerical methods are investigated to
establish reliable profiles of these two methods for solving general nonlinear equations that model
various physical phenomena. Numerical simulations are presented to validate the theoretical
investigations.

Keywords: reaction-diffusion; immobilized-cell; mathematical modeling; analytical solution;
Akbari-Ganji method; Taylor series method; electrochemical photobioreactor.

1. Introduction

Nonlinear systems of equations usually present real-world physical applications. Over the past
three decades, the search for efficient and reliable analytical asymptotic methods to solve these
systems has intensified [1]. Of the methods have received a great attention are the perturbation
method (PM) [4], homotopy perturbation method (HPM) [5-11], variational iteration method (VIM)
[12-16], homotopy analysis method (HAM)[17-20], differential transform method (DTM) [21,22],
Adomian decomposition method (ADM) [23,24], and Green’s function iterative method [25,26].

Two-phase flow and mass transport coupled with biochemical reactions co-occur in an operating
photobioreactor. Therefore, a better understanding of the complicated transport mechanism will
promote the application of electrochemical photobioreactors[28,29].This communication directs our
attention to the analytical and numerical method of solving nonlinear equations in immobilized-cell
photobioreactor [2,3]. A comparison study between Akbari-Ganji's method (AGM) [27-29] and the
renowned Taylors series method (see [30,31] and the references therein are presented. We aim to
derive approximate analytical expressions of the concentrations of substrate and product and both

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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liquid and gas phases for various parameter values by using these two methods. This paper will
present a profile of reliability, efficiency, and convergence of both approaches.

2. Mathematical Formulation of the Problems

An immobilized-cell photo bioreactor packed with transparent gel-granules containing
immobilized PSB developed and modeled by Shirejini et al. [3] is illustrated in Figure 1(a).Figure 1(b)
shows a schematic diagram of mass transfer in a single gel graule, such that the mass transfer of all
reactants and products is dominated by diffusion. Using Fick’s law, the mass transport equations for
substrate and the hydrogen inside the gel granules are given by[32]:

@ (i)
SUBSTRATE SOLUTION,GASES(H: CO:)

x=H

o
ol 7 0 Q O PRODUCT

O
0 Ogo OO
0 00
000007,
a0l 2. °
(&} 00 SUBSTRATE

o8 800 0-01 smommors
OO OO [ 6] o
o 00

LIGHT SOURCE

AR X

SUBSTRATE SOLUTION

Figure 1. Schematic of the entrapped-cell photobioreactor.
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whereDgranuleand Dgranuleare the significant diffusion coefficients of glucose and hydrogen in the
gelgranule, Cgranuleand Cgmmﬂeare the local concentrations of glucose and hydrogen inside the gel

granule, ¢granu1e is the consumption rate of glucose, P2 s the generation rate of hydrogen. The

granule
parameter a“represents the growth associated kinetic constant for hydrogenproduction, fis the non-
growth associated kinetic constant,X.jjis the initial cell density,Yy/sis the cell yield, and Ksis a Monod
constant. Furthermore, p,, denotes the maximum specific growth rate, and uis the growth rate. The
boundary conditions for the above system of Equations(1) and (2) are given by

dC

S
dcgranule granule

- =0, @

r=0

C granule| . | Cl , Cgranule | CI;Z > (5)

where Clsand C?Z are bulk solutions, and Ris the radius of catalyst. The source terms ¢*, p*zand
@“O2are defined by:

acg ack MCO2
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e
r=R



https://doi.org/10.20944/preprints202307.0400.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 July 2023 d0i:10.20944/preprints202307.0400.v1

3

where «a is the specific area of the gel granule. The source terms of the liquid phase and gas phase
are expressed by:

m; = —@%,mg = @' + % ™
By introducing the dimensionless parameters
S
_ Xcell .umaxR2 _ Xcell ﬂmaszCl v, = Xcellm R?
1 — —I 2 H, ’ 1 — —I
YX DgranuleKS YX Dgranulel<SCg2 DgranuleKS
= KamB _ XaqmBC | XamR®
2 = —' 3~ s , ~Hu'Y4— _H, ~H,
granulecl Dgranule K SCg 2 granuleCHz
Hp
r C;ranule Cgranule Cls
= - B = ) = — 8
Equations (1) and (2) take the dimensionless forms:
2 du({)) — (p1+y1)u()+y2 9
52 a¢ (( (1+ayu(f)) ©)
2 dv(()) _ (@21y3)u()+ys 10
fz ag (6 (1+aiu(9)) (10)
with the dimensionless boundary conditions:
du(@) _ av(9)
= =0atg=0 (11)
u@=v(@)=1at{ =1 (12)
The normalized steady-state source terms of liquid and gas phases is given by
_ mjR _ (du) 13
l/)l “D;ranulecf ag J=1 ( )
_ myR _ (2+(u) (dv) _ MC02
= = —) wherew = 14
wg aDgTan’ulEC;Z 2 d€ ( MHZ ( )

3. Analytical expression of the concentrations using Akbari-Ganji’s method

In this section, we use AGM to derive explicit expressions for the concentrations of glucose and
hydrogen. The AGM is a semi-analytical approach that has shown efficacy in solving nonlinear
equations [33-35]. The AGM procedure begins by assuming a solution function with unknown
constant coefficients, which are determined by solving a system of algebraic equations that is
constructed from the differential equations and the initial conditions.

3.1. Concentration of Glucose (substrate)

Let

u(Q) = ag + a;¢ + a,? (15)

be a trial solution of Equation (9), wherea,, a,, a,are constants. The boundary conditions (11) and

(12) imply
1=ay+a +aa =0. (16)
Now define the function F by
2 0u(9)Y _ (@ityDu@+ye _
F(): (2 T, (Z ) Tramey =0 (17)

then
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— 1) _ (@atvi)(agtastaz)+yz _
F({ =1):2a, + 6a, (rai@gtata,) 0. (18)
Using Equation (16) in Equation (18), gives
_ P1tvitye —_q _P1tVitye
%2 = Gran M0 T 1T Teuray (19)

By substituting Equations (16) and (18) into Equation (15), the analytical expression for the
substrate is

_ P1tVitye 52
u() =1+ 2 ), (20)
3.2. Concentration of Hydrogen (product)

Assume the following solution to Equation (10):

v({) = by + by + bZ(Z. 21)

From boundary conditions (11) and (12), we obtain:

1= bo + bl + bz, and bl =0. (22)
Define the G function by
1 d (72dv@)) _ (@atys)u(D)+ys _
G(f)-{z a¢ (( ag ) (1+aiu(Q)) 0, (23)
then
— 1. _ (@2t+y3)(aotas+az)+ys _
G(( - 1). Zbl + 6b2 (1+a1(a0+a1+a2)) - 0’ (24)

Substituting Equation (22) into Equation (24) leads to

_ P2tV3tVa _ P2tYV3tVa
by = SZ g eathatys (25)
6(1+ay) 6(1+a,)

and substituting Equations (22) and (25) into Equation (16), the analytical expression for the product
is

v(() =1 +&0 (02 _q) (26)

6(1+a1)

3.3. Normalized steady-state source terms of liquid and gas phases

The analytical expressions of normalized steady-state source terms of liquid and gas phases

aregiven by:
__ (@1+y1t+y2)
V= e (27)
_ 2+w) ((P2+V3+Va)
by = 2 ( 3(1+ay) ) (28)

Remark 1. The analytical expressions given by Equations (20) and (26) for the concentrations of glucose and
hydrogen, respectively, are identical to the expressions obtained by the Adomian decomposition method (ADM)
[2] and the homotopy perturbation method [3].

4. Analytical expression of the concentrations using Taylor series method

The three-century-old Taylor series method (TSM) has been recently revived and exploited to
accurately and efficiently solve many nonlinear differential equations representing nonlinear models
in various sciences and engineering applications Equations [36,37]. In this section, we employ TSM
to find the substrate and product concentrations.
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4.1. Concentration of Glucose (substrate)
First, we assume that
u(0) =m, (29)

where m is an unknown constant to be determined. Steady state nonlinear reaction—diffusion
equations can be written in the form:

Qu'(§) + 2w + au(@)) = (@1 +y1)u) +v24. (30)

Taking the first three derivatives of Equation (30) with respect to ‘¢’ gives

"

(Cu'() +3u' (@A + au(@) + Cu'(Q) + 2u' () u'Q) = (91 +y) @) +

U0 + 72 (31)
(qu" (@ + 40" @) (1 + qu(@) +2 (¢u" (@) +30'()) ' () +
(G + 2u'()ayu(§) = (91 +¥1) (U Q) + ¢ (©) (32)

" e "

Cu”(©) +5u" (DA + ayu(@) +3@0u" () +4u" (e u'(Q)
+3(0u"(9) + 3u" (e u’ () + (u'(Q) + 2u' (O agu"(§) = (91 +y1)Bu'() +

"

du (9)) (33)

For { = 0, Equations (31)-(33) give the following identities:

" m(9, +v,)+Y 122 227 (m(@1+y1)+v2)(Q1+Y1—a1v2)
0)=OEN L ) = 0,477 (0) =
u ( ) 3(1+(X1m) u ( ) 7u ( ) 5(a1m+1)3

,u'(0)=0

~ +y1)+ +y1— +¥1)(3—-10 -13
um(o) — (m(@1+y)+v2)(@1+11 :(1;/23’555[11)5 ¥1)( aym) 0—'1}’2)' (34)
1
The substrate concentration,using the Taylor’s series, is expressed by the expansion
2

3¢ _ ¢
@5 +..=mt+u—+

"

u@) = u0) + 1) S +u' S +u

IS g6
uz Z + u3 E, (35)
where
_ m(@, +v1) + 72 w = Mm@y +v1) +v2) (@1 +v1 —ayy2)
! 3(aym+1) 2 5(a;m + 1)3 ’
Us = (m((P1+V1)+Y2)(<P1+]’1—;lgti’zr)igﬁ;:‘h)@—loalm)_13“1]’2) (36)
1

Using the boundary conditions{ = 1,u({) = lin Equation (35) implies that

1 1 1
m+ulz+uzz+u3a—1, 37)
from which the unknown constant m can be obtained. For the fixed values of the parameters:

@1 =5, =01y, =0.1and a; =5, the numerical value of m is found to be m = 0.85803and
from Equation (36), we obtain u; = 0.141015,u, = 0.001159 and u; = —0.000207, and thus from
Equation (35), we obtain the analytical expression of the substrate expressed by

2 4 6
u(¢).= 0.85803 + 0.141015% + 0.001159% — 0.000207%.  (38)
2! 4! 6!

4.2. Concentration of Hydrogen (product)
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Similar to the approach in Section 4.1, we begin by assuming that
v(0) =1, (39)

where / is an unknown constant to be determined and by direct differentiation of v({), we obtain,

" _ m(@2+Y3)tVa 127 _ 1 _ (Mm(@1+y1)+¥2)(Q2+Y3—a1Vs) v _
vi(0) = saram Y (0) =0,v7(0) = 5(1+a;m)3 » V() =0,

vvi(o) _ (m@1+y)+72) (@2 +ys—a1v) (@1 +y1) A-a1m)—2a:1v>) 40)
7(1+ay;m)s :

Now, the product concentration is readily obtained using Taylor’s series
_ ] 4 " (2 " 63
v(Q) =v(0) +v'(0);; +v"(0) 5 + v (0) - + -, (41)

Using the boundary condition,v(1) = 1, in Equation (41) gives the numerical value of I. For the
fixed values of the parameters ¢; =1, =17, =1,¢,=57¥3=01y,=01,a; =5, andm =
0.915769, we obtain [ = 0.8563317. The analytical expression for the product concentration takes
on the form

v({) = 0.8563317 + 01425122+ 0.00115895- — 0.0000581 (42)

4.3. Normalized steady-state source terms of liquid and gas phases

The analytical expression of the normalized steady-state source terms of liquid phases, ¥, is
obtained from the equation,

1
120°

_d)l =Uuq + U, % + Us (43)

Using, the values u; = 0.141015,u, = 0.001159 and wu3; = —0.000207 , we obtain —y, =
0.141207. The analytical expression of normalized steady-state terms of gas phases, 1, is given by

24w 1 1
ll)ng U1+UZE+U3E], (44)

where ¥, = 0.214057 when w = 1.

5. Numerical simulations and Discussion

Nonlinear equations in the immobilized-cell photobioreactor are analytically solved. The
approximate analytical expressions of concentrations of glucose and hydrogen inside the gel and
granule in addition to approximate analytical expressions of steady-state source terms of liquid and
gas phases are derived using Taylor series (TSM) and Akbari-Ganji (AGM) methods.

The reaction-diffusion equations representing the packed bed photobioreactor with
immobilized-cell were solved using the Adomian decomposition method (ADM) [2] and the
homotopy perturbation method (HPM) [3]. Interstingly, the semi-analytical expressions of the
concentrations of substrate and product obtained by the ADM, HPM, and AGM were identical
(Equations (20) and (26)) for all values of parameters.

To examine the accuracy of the two proposed analytical approaches, we compared their results
with numerical results obtained from the reliable MATLAB pdepe function (Appendix A) and with
analytical results of other methods available in the literature. The approximate analytical and
numerical concentrations of substrate and product for various parameters are summarized in Tables
1-6. Even though both methods gave satisfactory results, TSM is notably more accurate. The
maximum relative error average is 0.6% for the TSM and 5% for the AGM. Comparisons of
normalized steady-state source terms of both liquid and gas phases for various values of
parametersgy, ¢, and @, are given in Tables 7 and 8.

Figures 2(a)-2(c) illustrate the behavior of the biodegradation of substrate for different values of
the parameters. It is noticed that as any of the parameters ¢4,y;, 0r y, decreases, the substrate

d0i:10.20944/preprints202307.0400.v1
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concentration increases. In contrast, Figure 2(d) confirms a direct relationship between the
parametera; and the substrate concentration.

The effects of all parameters on the hydrogen production profiles are shown in Figures 3(a)-
3(g),where it is noticed that the concentration of hydrogen increases the parameters ¢,,ys, ory,
decreases or the parameter a; increases. However, the concentration of hydrogen is independent of
any of the parameters¢,,y;, andy,.

(@)
1.05 ' . . . )
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Figure 2. Plot of substrate concentration for various values of parameters (Equations (20) and (35)).
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Figure 3. Plot of product concentration, v({) , for various values of the parameters
@1, 92, V1, V2, V3, Ya, and a (Equations (26) and (41)).
Table 1. Comparison beteween numerical and analytical results for dimensionless concentration of
substrateu({) for various values of parameter ¢,;when y; =y, = 0.1anda; = 5.
@, =10 and m = 0.728557 @, =15 and m = 0.610154
Num. | AGM TSM Error | Error Num | AGM | TSM Error | Error
Equati | Eq.(20) | Eq. % of % Equa | Eq. Eq. % of %
on (9) (35) AGM | of tion (20) (35) AGM | of
Eq. TSM 9) Eq. TSM
¢ (20) Equati (20) Equatio
on (35) n (35)
0 0.73 0.72 0.73 1.37 0.00 0.60 0.58 0.61 3.33 1.67
02 | 0.74 0.73 0.74 1.35 0.00 0.62 0.59 0.63 4.84 1.61
04 |0.77 0.76 0.77 1.30 0.00 0.67 | 0.65 0.67 2.98 0.00
0.6 |0.83 0.82 0.83 1.20 0.00 0.75 0.73 0.75 2.67 0.00
0.8 |0.90 0.90 0.90 0.00 0.00 0.86 0.85 0.86 1.16 0.00
1 1.00 1.00 1.00 0.00 0.00 1.00 | 1.00 1.00 0.00 0.00
Average error % 0.87 0.00 Average error % 2.50 0.55
Table 2. Comparison beteween numerical and analytical results for dimensionless concentration of
substrateu({) for various values of parameter y;when ¢; =y, = 0.1anda; = 5.
y; =7 and m = 0.805191 y; =15 and m = 0.610124
Num. AGM | TSM Error | Error Num AG TSM Error | Error
Equatio | Eq. Eq. % of % of | Equati | M Eq. % of % of
n (9) (20) (35) AGM | TSM on(9) | Eq. (35) AGM | TSM
Eq. Equatio (20) Eq. Equation
¢ (20) n (35) (20) (35)
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0 0.80 0.80 0.80 | 0.00 0.00 0.60 058 | 0.61 3.33 1.67
02 |081 0.81 0.81 0.00 0.00 0.62 059 | 0.63 4.84 1.61
04 |0.84 0.83 0.84 1.20 0.00 0.67 0.65 | 0.67 2.98 0.00
0.6 |0.88 0.87 0.88 1.14 0.00 0.75 073 075 2.67 0.00
0.8 |0.93 0.93 093 | 0.00 0.00 0.86 085 | 0.86 1.16 0.00
1 1.00 1.00 1.00 | 0.00 0.00 1.00 1.00 | 1.00 0.00 0.00
Average error % 0.39 0.00 Average error % 2.50 0.55
Table 3. Comparison beteween numerical and analytical results for dimensionless concentration of
substrateu({) for various values of parameter y,when y; = ¢; = 0.1anda; = 5.
¥, =5 and m = 0.839877 y, =7 and m = 0.762254
Num. AGM TS Error Num AG TS Error
Equatio | Equatio | M Error | % of Equatio | M M Error | %
n (9) n (20) Eq. | %of | TSM n (9) Eq. Eq. | %of | of
(35) | AG Equatio (20) (35) | AG TSM
¢ M n (35) M Equatio
Eq. Eq. n (35)
(20) (20)
0.84 0.86 0.84 | 238 | 0.00 0.77 080 |0.76 | 390 | 1.30
0
0. | 0.85 0.86 0.85 | 1.18 | 0.00 0.78 081 |077 |38 |1.28
2
0. |0.87 0.88 0.87 | 1.15 | 0.00 0.81 083 |080 |247 |1.23
4
0. |0.90 0.91 090 | 1.11 | 0.00 0.86 087 085 |116 | 1.16
6
0. |0.95 0.95 094 | 0.00 | 1.05 0.92 093 |092 |1.09 |0.00
8
1 1.00 1.00 1.00 | 0.00 | 0.00 1.00 1.00 | 1.00 | 0.00 | 0.00
Average error % 0.97 1017 Average error % 2.09 |0.83
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Table 4. Comparison beteween numerical and analytical results for dimensionless concentration of
product v({) for various values of parameter ¢, when y; =1y, =1y3=01Ly,=1,a; =
5andm = 0.915769.

¢, =20 and [ = 0.4444703 @, =35 and [ = 0.0320751

Error Error Error Error

¢ Num. | AGM TSM % of % of Num | AGM | TSM | % of % of

Eq. Eq. Eq. AGM TSM Eq. Eq. Eq. | AGM TSM

(10) (26) (41) Eq. | Equation | (10) (26) | (41) Eq. | Equation

(26) (41) (26) (41)
0 0.44 0.44 0.44 0.00 0.00 0.03 |0.02 |0.03 |3333 |0.00
0.2 0.47 0.46 0.47 2.13 0.00 0.07 | 0.06 |0.07 | 14.29 | 0.00
0.4 0.53 0.53 0.53 0.00 0.00 019 | 018 |0.19 | 526 |0.00
0.6 0.65 0.64 0.65 1.54 0.00 039 038 |039 |256 0.00
0.8 0.81 0.80 0.81 1.23 0.00 0.66 | 0.66 |0.66 |0.00 0.00
1 1.00 1.00 1.00 0.00 0.00 1.00 |1.00 | 1.00 | 0.00 0.00
Average error % 0.82 | 0.00 Average error % 9.24 0.00

Table 5. Comparison beteween numerical and analytical results for dimensionless concentration of
product v({) for various values of parameter y; when y;=1,5,=1,¢;=01Ly,=1,a; =
10and m = 0.954173.

y; =40 and [ = 0.39268025 y; =65 and [ = 0.01502483
Num. AGM TSM Error Error Num | AGM | TSM Error
Eq.(10) | Eq.(26) | Eq. | % of % of Eq. Eq. Eq. | Error | % of
(41) | AGM TSM (10) (26) (41) | %of | TSM
Eq. Equation AGM | Equation
¢ (26) 41 Eq. 41)
(26)
0 0.39 0.39 0.39 | 0.00 0.00 0.01 0.01 0.01 | 0.00 0.00
0.2 0.42 0.42 0.42 | 0.00 0.00 0.05 0.05 0.05 | 0.00 0.00
04 |049 0.49 0.49 | 0.00 0.00 0.18 0.17 0.18 | 5.55 0.00
0.6 0.62 0.61 0.62 | 1.61 0.00 0.38 0.37 0.38 | 2.63 0.00
0.8 0.79 0.79 0.79 | 0.00 0.00 0.66 0.66 0.66 | 0.00 0.00
1 1.00 1.00 1.00 | 0.00 0.00 1.00 1.00 1.00 | 0.00 0.00
Average error % 0.27 0.00 Average error % 1.36 0.00

Table 6. Comparison beteween numerical and analytical results for dimensionless concentration of
product v({) for various values of parameter y,when y; = 1,5, =1,¥3=0.1,¢; =1,a; =5 and
m = 0.915769.
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ys =10 and [ = 0.70248543 ¥4 =20 and | = 041040946
Num. | AGM TSM Error | Error Num | AGM | TSM | Error | Error
Eq. Eq.(26) | Eq. % of % of Eq. | Eq. Eq. | %of | % of
(10) (41) AGM | TSM (10) | (206) (41) | AGM | TSM
Eq.(26) | Equation Eq. Equation
¢ (41) (26) | (41)
0 0.70 0.72 0.70 2.86 0.00 041 | 044 |041 |7.32 0.00
02 | 071 0.73 0.71 2.82 0.00 043 | 046 |043 | 698 0.00
04 | 075 0.76 0.75 1.33 0.00 051 | 053 |051 |392 0.00
0.6 |0.81 0.82 0.81 1.23 0.00 063 | 064 | 063 |1.59 0.00
0.8 |0.90 0.90 0.90 0.00 0.00 0.80 | 0.80 | 0.80 | 0.00 0.00
1 1.00 1.00 1.00 0.00 0.00 1.00 | 1.00 | 1.00 | 0.00 0.00
Average error % 1.37 0.00 Average error % 3.30 0.00
Table 7. Comparison between numerical and analytical normalized steady-state source terms of
liquid phase —,for various values of parameter ¢;and a;when y; =y, = 0.1.
a; = 0.1 a; = 0.5
Error
Error Error Error o
Num. | AGM | TSM | %of | % of |Num.| AGM | TSM | %of f
o
Eq. Eq. Eq. AGM TSM Eq. | Equation | Eq. | AGM ToM
4
! (13) (27) (43) Eq. | Equation | (13) (27) (43) Eq. )
Equation
(27) (43) (27)
(43)
0 0.06 | 0.06 0.06 0.00 0.00 0.04 0.04 0.04 | 0.00 0.00
0.1 | 0.09 | 0.09 0.09 0.00 0.00 0.07 0.07 0.07 | 0.00 0.00
05 | 020 | 021 0.21 5.00 5.00 0.15 0.15 0.15 | 0.00 0.00
1 034 | 037 0.34 8.82 0.00 0.26 0.27 026 | 3.85 0.00
5 1.25 1.56 1.33 24.8 6.40 1.00 1.15 1.01 | 15.00 1.00
10 | 2.08 | 3.09 242 48.56 16.35 1.74 227 1.90 | 30.46 9.19
50 564 | 152 523 169.7 7.27 4.81 11.15 522 | 131.8 8.52
100 | 7.75 | 30.4 5.66 291.7 26.97 7.31 22.27 5.66 | 204.6 22.57
Average error % 68.68 | 7.75 Average error % 48.22 | 5.16

Table 8. Comparison between numerical and analytical normalized steady-state source terms of gas

phase, for various values

w=1.

of parameter ¢,and a;when y; =y, =1,y3 =y, =0.1,¢; = 1and

a; = 0.1

a; = 0.5
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Num | AG TSM Error Num | AGM TSM Error | Error
M Eq. | Error | % of . Equatio | Equatio | % of %
Eq. Eq. (44) | %of | TSM Eq. n (28) n (44) AGM | of
@, | (14) (28) AG Equatio | (14) Eq.(28 | TSM
M n (44) ) Equatio
Eq. n (44)
(28)
0 0.08 |0.09 |0.09 |1250 |12.50 0.06 | 0.07 0.06 16.67 | 0.00
01 (012 |014 |0.12 |16.67 | 0.00 0.10 | 0.10 0.10 0.00 0.00
05 (027 (032 |028 |1852 |3.70 022 023 0.22 4.54 0.00
1 047 | 054 |047 |14.87 | 0.00 0.37 | 0.40 0.37 8.11 0.00
5 202 | 236 |203 |16.83 | 0.49 158 | 1.73 1.60 9.49 1.27
10 | 396 |464 |398 |17.17 | 0.50 3.10 | 3.40 3.14 9.68 1.29
50 | 195 |228 |195 |17.21 | 041 15.26 | 16.73 15.42 9.63 1.05
5
10 | 389 |[455 |39.0 |17.19 | 041 30.46 | 33.40 30.78 9.65 1.05
0 2
Average error % 16.37 2.25 | Average error % 8.47 0.58

7. Conclusions

The objective of this research is multi-folded. First, we successfully employed two widely used
analytical methods (AGM and TSM) to solve two reaction-diffusion equations representing the
packed bed photobioreactor with immobilized-cell, and derive simple semi-analytical expressions of
the substrate and product concentrations and analytical expressions of steady-state source terms of
liquid and gas phases. Second, we studied the effect of the reaction-diffusion parameters on the
concentrations of substrate and product. Third, we added to the literature some useful information
about the exploitation of some of the widely used methods, in particular the AGM and TSM. As
both methods appear to be effective and reliable in solving nonlinear systems, it is noticed that the
AGM is more or less a modification of the Adomian decomposition method and is likely to involve
some tedious algebraic computations. The TSM, on the other hand, involves less algebraic
computations, gives more accurate results, and guarantees convergence if the conditions of Taylor’s
theorem are met.
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List of Symbols

Symbols Description Units

C Local substrate concentration kg/m3
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R Radius of the gel granule m
D Diffusion coefficient m?/s
K Absolute permeability m?
M Molecular weight kg mol"
H Photobioreactor height m
m Maintenance coefficient ht
m Source item in mass conservation equation kgm™Is7!
) Source item in species conservation equation kgm™Is~!
a Specific area m?/kg
a Growth associated kinetic constant for hydrogen production None
B Non- growthassociated kinetic constant ht
u Specific growth rate ht
Umax Maximum specific growth rate ht
u(Q) Dimensionless substrate concentration None
v({) Dimensionless product concentration None
a; Dimensionless parameter None
Y. Y2, V3 Va Dimensionless parameter None
D1, 97 Dimensionless parameter None
Y, Pg Dimensionless parameter None
W Dimensionless parameter None
¢ Dimensionless distance None
Superscripts
S Substrate
H2 Hydrogen
CO2 Carbon dioxide
Subscripts
g Gas phase
1 Liquid phase
Appendix A

function pdex4

m=2;

x = linspace(0,1);

t=linspace(0,10);

sol = pdepe(m,@pdex4pde,@pdexdic,@pdex4bc,x,t);
ul =sol(:,:,1);

u2 =sol(;,:,2);

%
figure
plot(x,ul(end,:))
title('ul(x,t)")
xlabel('Distance x')
ylabel('ul(x,1)")

%
figure
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plot(x,u2(end,:))
title('u2(x,t)")
xlabel('Distance x')
ylabel('u2(x,2)")

%
function [cf,s] = pdex4pde(x,t,u,DuDx)

c=[L 1]

f=[1;1] .* DuDx;

al=10; p1=30;p2=0.1; r1=0.1; r2=0.1;r3=0.1;r4=0.1; %
Fl1=-(((p1+rl)*u(1)+r2)/(1+al*u(1)));
F2=-((p2+13)*u(1)+rd)/(1+al*u(1)));

s=[F1; F2];

%
function u0 = pdex4ic(x)
u0 = [0; 0];

%
function [pl,ql, pr,qr]=pdex4bc(xl,ul,xr,ur,t)
pl = [ul(1)-0; ul(2)-0];

ql=[11];

pr = [ur(1)- 1; ur(2)-1];

qr=[0; 0];
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