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Abstract: With the rapid development of network science, Turing pattern on complex networks
has attracted extensive attention from researchers. In this paper, we focus on spatial patterns in
multiplex ER (Erd6s-Rényi) random networks, taking the predator-prey model with Allee effect and
hyperbolic mortality as an example. In theory, the threshold condition for generating Turing pattern
is given using the Turing instability theory of multiplex networks. Numerically, we design relevant
experiments to explore the impact of network topology on Turing pattern. The factors considered
include model parameters, diffusion rate, average degree of the network, and differences in the
average degree of different layers. The results indicate that the importance of diffusion rate and
network average degree for Turing pattern is affirmed on the single-layer network. For multiplex
networks, the differentiation of average degrees in different layers controls the generation of Turing
pattern, which is not affected by the diffusion rates of the two populations. More interestingly, we
observe the switching of Turing pattern and spatiotemporal pattern. We believe that these findings
contribute to a better understanding of self-organization on complex networks.

Keywords: Turing pattern; predator-prey model; multiplex networks; spatiotemporal pattern
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1. Introduction

As early as around 1925, Lotka and Volterra proposed a mathematical model to describe the
population evolution of snow rabbits (prey) and lynx (predators), known as the Lotka-Volterra
model [1]. Since then, researchers have conducted in-depth research and improvement on the model
based on real-life backgrounds [2-12]. What interests us is that in 2012, Nagano and Maeda introduced
diffusion terms into the classical Rosenzweig-MacArthur model and analyzed the reaction-diffusion
Rosenzweig-MacArthur model [3,13]. They provided a phase diagram of the model and studied its
lattice formation, revealing the existence of various spatiotemporal patterns, including well-known
spiral and lattice patterns. In 2014, Zhang et al. pointed out that the model did not have the possibility
of generating Turing pattern based on this, so they attempted to consider more complex inducing
factors such as hyperbolic mortality [4] or delay [14]. They also displayed many beautiful spatial
patterns, including hexagonal spot patterns, stripe patterns, micro spirals patterns, and target patterns.
Liu and his colleagues have long been engaged in the study of the Allee effect on population model
dynamics [5-8,11,12]. Therefore, in 2019, they attempted to introduce the predator-prey model with
hyperbolic mortality proposed by Zhang et al. into the Allee effect. The study found that the Allee effect
would increase the independence of pattern, in other words, it would make the spatial distribution of
the population more concentrated, which is beneficial for the continuation of the population [7]. In
2010, the Turing pattern on large-scale random networks was first studied by Nakao and Mikhailov,
and their findings demonstrated that early linear instability caused network nodes to naturally separate
into wealthy and poor groups. In the following nonlinear stage, the freshly forming Turing pattern
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undergoes yet another significant reshaping. Several steady-state coexistence and hysteresis effects
were observed [2]. Inspired by this, the work on Turing pattern diagrams on complex networks
has been widely carried out, and these works can be subdivided into others from the perspective
of theory and application background. In theory, it mainly focuses on the development of different
types of network pattern formation theory and pattern dynamics [15-25]. In application, it mainly
focuses on different research backgrounds, such as infectious disease models, population models,
and rumor propagation models [26-49]. Here, we choose the population model as the research
background. In particular, we will describe in detail the work related to Turing pattern based on
predator-prey models in complex networks. In 2012, Fernandes and collaborators generalized the
work of Nakao and Mikhailov to food web models, and their results highlighted that differences in
abundance distribution among patches could be dynamically generated through a self-organized
Turing pattern [26]. Subsequently, in 2019 and 2021, Chang et al. considered the small delay and
large delay factors in the Leslie-Gower model, respectively. The aim was to explore the evolution of
rich spatiotemporal patterns caused by delay and further confirmed the impact of delay on Turing
pattern [27,32]. Meanwhile, Liu et al. tested the Leslie-Gower model in LA4 (2D lattices with average
degrees (k) = 4) network, LA12 network (2D lattices with average degrees (k) = 12), LA23 network
(2D lattices with average degrees (k) = 23), ER random network [50] and BA (Barabasi-Albert)
scale-free network [51] in 2020, respectively. And found that the average degree of the network
plays an important role in the pattern formation [31]. Influenced by the above works, Ye and Zhou
constructed a predator-prey model with Allee effect and hyperbolic mortality on ER random network,
and discovered the existence of the spatiotemporal pattern affected by the initial value [52]. Their
model expression is as follows

du;j _ i au;v;

W= au; (1—w) (747) — 55+ d TN Ly,

do; _ puv; 707 N 1
% — 1¥pu; ety +d2 L= Lijvj, M
ui(O) 2 O, Ui(O) 2 0.

The biological significance of each parameter and variable in model (1) is shown in Table 1 and [3,4,7,52].

Table 1. Notation used in model (1).

Parameter Description
U; The prey population occupies every node index i in the network
v; The predator population occupies every node index i in the network
dq The self-diffusion rate of prey population
dy The self-diffusion rate of predator population
a The ratio of intrinsic growth rate to predator birth rate
A The weak Allee effect constant
B The ratio of environmental capacity to half-saturation prey density
e The coefficients of light attenuation by water
n The coefficients of light attenuation by self-shading
0% The death rate of the predator population
Ly The elements in the network Laplacian matrix L

The above work is mostly based on single-layer networks. We note that generating Turing
pattern on multiplex networks does not seem to require significant differences in diffusion rates
between two populations, which was first mentioned in [17]. Therefore, compared to single-layer
networks, multiplex networks are more general. Soon after, in 2020, Gao et al. attempted to consider
cross-diffusion mechanisms on multiplex networks and found many complex heterogeneous spatial
patterns that had not yet been discovered in single-layer networks [28]. They applied it to the
predator-prey model in 2023 and also discovered these complex heterogeneous spatial patterns, which
effectively confirmed their early findings [48]. To our knowledge, most of the research on patterns in
multiplex networks currently focuses on Turing pattern, while other types of spatiotemporal patterns
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are rarely mentioned. Therefore, this article takes the predator-prey model with Allee effect and
hyperbolic mortality as an example to explore the possibility of spatial patterns on multiplex networks.
Therefore, model (1) is rewritten as follows

% = f(uj,v;) +dq Zjl\il Ll(f)”jf
% =g (u;,v;) +da Z}L Ll(]?)vj/ @)
ui(O) >0, ?Ji(O) > 0.

The reaction term here can be expressed as

2

_ u; &U;v; Bu;v; Y03
L 0;) = (1 — u: ! _ V1 , L 0)) = i% i
Sl 1) = (1 = ) <Mi+A> 1+ Bu; guiro1) 1+Bu; e+

We divide the population on the multiplex ER random networks into two categories: prey population
u; and predator population v;. The schematic diagram is shown in Figure 1. The prey population
u; and predator population v; occupy every node in layers U(*) and U(?), respectively. There is an
interactive relationship between two populations across the layers through the imaginary lines which
means the reaction term (f (1;,v;) and g (u;,v;)). Meanwhile, species on the network will also flow
in or out of this node on their own layer through the solid lines which means the diffusion term

<d1 Z}il Ll(]-”)uj and dz E]Zil Ll(]v)v]) .

U

. prey population u
@ predator population v

. . ————————————————— reaction term

diffusion term

U

Figure 1. Reaction-diffusion prey-predator model locates in a multiplex ER random network, which
shows the prey population u; (green nodes) and predator population v; (orange nodes) occupy every
node on U™ layer and U(®) layer, respectively. Among them, the imaginary lines represent the reaction
term, and the solid lines represent the diffusion term.

Here, the total number of nodes in the network is N, and its topology is defined as a symmetric
adjacency matrix whose elements satisfy A;; = 1 if the node i and j are connected wherei,j=1,...,N
and i # j, otherwise A;; = 0. We set the degree of node i as shown by k; = Z]’l\il Ajj. In addition,
we sort network nodes index i in decreasing order of their degrees k;. The aim is to ensure that
ki > ko > - - - ky is established [2,17]. The sum of the incoming fluxes from other connecting nodes
index j to node index i provides the diffusion of species u and v at the node index i. Fick’s law
states that the flux is inversely proportional to the difference in node concentrations. So, the network
Laplacian matrix L;; = A;; — k;6;; is considered and §;; illustrates the Kronecker product, the diffusive

flux of the predator population v to the node index i is written as Z}il Ll(].v)vj and the diffusive flux of
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the prey population u to the node index i as Z]‘I\il Ll(;l) u;. The biological significance of other parameters
is shown in Table 1.

The main structure of this paper can be organized as follows. In Sect. 2, by utilizing the
Turing instability theory on multiplex networks, the threshold conditions for Turing bifurcation
were calculated. In Sect. 3, numerical experiments are carried out on Turing pattern in single-layer
networks and multiplex networks, respectively. In Sect. 4, numerical experiments are carried out on
spatiotemporal patterns in single-layer networks and multiplex networks, respectively. In Sect. 5, a
brief conclusion is given.

2. Turing instability on multiplex networks

In this section, we mainly focus on the critical conditions for the occurrence of Turing bifurcation
in model (2). Just as the prerequisite for Turing instability in continuous media is to ensure that
the positive equilibrium is stable without diffusion. Therefore, on the networks, we need to first
determine the stability of the positive equilibrium of the non-diffusion model (2). For the convenience
of calculation, we set 7 = 7y and e = 1 as in [4,7,52]. According to [52], model (2) may have four

equilibria Eg = (0,0), E = (1,0), E{" = (ul", o)), and EY) = (u?), o)) when > 12,0 <y <1,

—y—B)214B2 B v -
and % <A< (=B +apy ) It should be emphasized that ug) — Bror by zgnr B HAly BA)M,

4%y
qu) = /37777[#\/(/57;;;/8)44(77%)/37’ and v*i) = %ug) with i = 1,2. Furthermore, we can obtain the

following lemma.

((By—7—B)*+4p7?)
4p%y

Lemma 1. [52] When B > %,0 <7y<1, and% <A<
the two positive equilibra in model (2) can be summarized as follows

* The positive equilibrium ES) is always unstable which is a saddle.

, the stability conditions for

2) @),(2) 2 @
e Jet H = & _ — Uy Uy + Avs J—— > 0, which can be obtained
g™ () (1) () (a)  (1rpul)
o)
Ay = H<1ZLZ<2))2 So we have the following conclusion: if & < &y, then Ey(ﬁz) is stable. If & > &y, then
u,

Effz) is unstable. Particularly, when & = &y Hopf bifurcation occurs since % =H > 0and

_ o2 u?o? Aot o
Tr =ay ) +l3ui2) - (1 +ﬁu§2)) (1 B uff)) + (1 +5u§2)) <A+u§})) - (1 —|—ﬁui2))2
pu

When applied to classical continuous media, the non-uniform perturbation is typically
decomposed as spatial Fourier modes that correspond to various wave numbers for plane waves.
Inspired by this, Othmer and Scriven observed that the eigenvectors can indicate the influence of

the plane wave and wave number on the network, which is o) = <<p§a), cees (,bl(\'; )> and eigenvalues
AS‘M’ 2 (0 =1,...,N) of Laplace matrix, where ZjN:l Ll(],”' v)(P](,“) — A,EC”’ U)q)i(“) [53]. Refer to [2], the
following condition 0 = Agu' v) > Aéu’ v) > > Ag\lf' v) need to be satisfied. The eigenvectors are

orthonormalized as Zfil ¢f“)¢l(w) =y and o, w =1,..., N. The small perturbations du; and v; are
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(2) ()

introduced to the positive equilibrium like (u;,v;) = (1", vy
of model (2) can be written as

) + (0u;, 6v;) and the linearizing form

dﬁ;”' = a110u; + a120v; + dq iji1 Ll(-u)éuj, 3
ddéfi = ay10u; + ax0v; + d; Z]Iil Ll.;’)évj,
where
p &viz) Ecugf)viz) n EcAvg) Ecvgﬁz)
1n= - - ,
g (1 ) (1) (e p®) (A @) (1 pul)?
. —auﬂf) . ,3205‘2) . —,Buiz)
== 5= 5
1+ pul? (1+pu?) (1+pu?)
In particular, for a single-layer network, where Agf‘) = A,Ef’) = A,. A detailed analysis can be seen

in [52], which can be summarized as the following lemma. In addition, to have an intuitive feeling,
we give the dispersion relation between Laplace eigenvalue (A,) and model (2) eigenvalue (A,) in
Figures 3 and 5.

Lemma 2. [52] There are two critical values a1 + axy = 0 and ay1axn— a1aby1 + andaNg + appdi Ay +
dida A2 = 0. They correspond to the critical value conditions for generating Hopf bifurcation and Turing
bifurcation, respectively. And we can determine A,S}) and A,Sf) as

AL _ = (a11da + axpdq) — VA
: 2d1d, ‘
AD _ (a11da + axndq) + VA
® 2d1d, '

Where A = (ay1dy + a22d1)2 — 4d1d; (ay1a00 — arpany ), Turing instability requires A&l) <Ay < A,Sf) to be
maintained.

Next, we consider the more general case of multiplex networks, whose Turing-instability
conditions are derived from [17]. We rewrite the linearized model (3) as follows

ds
5 = (R+Ds, @)

where S = (6uy,- -+ ,0uy, 6vy,---, 50N)T is considered as the perturbation vector and

R = alllN alle ) D= d1L(u) 0 .
anly  axnly 0 dL®
Notice that Iy = diag(1,1,...,1) be used as N x N identity matrix, L) and L(®) are the Laplacian
matrix of U(") layer and U(®) layer, respectively. Among them, D = A — D is established, here

[ AW 0 _( &D™ 0
A( 0 d2A<v>>’D< 0 dpD® |-

Specifically, A®) and A(®) are the adjacency matrices of U(") layer and U(?) layer, respectively. The
D) and D) represent the degree matrices of U(*) layer and U(?) layer, respectively. For the matrices

doi:10.20944/preprints202306.1868.v1
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A, which has elements with values of order O (d;) or O (d;). For the matrices D, which has elements
with values of order O (dlk(”)> or O (dzk(”)). Assuming U layer and U(®) layer are dense enough

that <k(”)> > 1 and <k(”)> > 1. According to [17], it is easy to see that A can be neglected and
D ~ —D. Therefore, Eq. (4) can be rewritten as

ds allIN — dID(”) alle
as _ S, )
dt a1y aply — d D)
It is not difficult to obtain
a — dlk(u) —-A aip
Det =0, 6
¢ ( an azy — de(u) —A ( )

where k(*) and k() represent the degrees of nodes in U layer and U(®) layer, respectively. In
summary, the characteristic equation can be expressed as

A2~ Tr (k<”>,k<v>) A + Det (k(”),k(”)) =0, @)
where
Tr (k<”>, k(”)) = a1 + ap — (dik® + dok®),
Det (k(u),k(v)> = ay114apy — a1pdr] — (ﬂlldzk(v) + az2d1k(”)) + dldzk(u)k(v)

Therefore, we have the following discussion, if Tr (k(”), k(v)> < 0 and Det (k(”),k(”)) < 0, Turing

instability will occur. When E,(Fz) = (uff), v@) is stable in non-diffusion model (2). Obviously, the
condition of Tr (k(”), k(U)) < 0 holds because of k(") > 0 and k(*) > 0. Consequently, Turing instability

need Det (k(“), k(”)) < 01is established, that is to say

JAOIS (@110 — a12a21) — ﬂndzk(”) o
aydy — dydak(®)

for ayd, — d]dzk(v) > 0or

) o (311822 = 31001) — ay1dpk™) 9

azzdl — dl dzk(v)

for agpdy — d1dok() < 0. Similar to the idea of a single-layer network, we give the relationship between
Tr (k(“),k(v)) and Det (k(”),k(v)) with the degrees of nodes in u) layer and u@) layer (k(”),k(v)),
respectively (see Figure 2). We can find that when the control parameter & = 1.2, there is the possibility
of Tr (k(”), k(”)> > (. That is to say, when the diffusion item is considered, model (2) becomes unstable.
Note that it is a non-Turing pattern at this time.


https://doi.org/10.20944/preprints202306.1868.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 June 2023 doi:10.20944/preprints202306.1868.v1

7 of 17

Det(k™, k

0 2 4 6 8

(K, k)

1
0.8
0.6
0.4
0.2
0

10 12 14 16 18 20

()

(b)

04
8
6 0.2
4
0
2
0

0 2 4 6 8 10 12 14 16 18 20
20
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Figure 2. When & = 0.65, panels (a) and (b) represent the relationship between Tr (k(“),k(”)) and
Det (k(“),k(v)) with the degrees of nodes in ut layer and u) layer (k(“), k(v)), respectively. When
& = 1.2, panels (a) and (b) represent the relationship between Tr (k(“),k(”)) and Det (k(”),k(”)) with

the degrees of nodes in U layer and U(®) layer (k(*),k(?)), respectively. The rest of the parameters
aredy = 0.05, dp =0.05, A=0.01, =6, y=05e=1,andy =0.5.

3. Turing pattern on networks

In this section, we discuss the evolution of Turing pattern on single-layer ER random networks
and multiplex ER random networks. In particular, we take the predator diffusion rate d, the average
degree of the network A,, and the ratio of average degrees on different networks as the research objects,
respectively. The purpose is to study the factors affecting the Turing pattern on the ER random network
and discuss how these factors affect the generation of the pattern. Before starting the numerical
experiment, we need to emphasize some basic settings, where the total number of nodes in the network
is N = 1600, the initial value is #;(0) = u? 401 x rand(0,1),v;(0) = o +0.1 x rand(0,1), and the
remaining parameters are d; = 0.05, A = 0.01,& = 0.65, = 6,7 = 0.5,e = 1, = 0.5, where rand (0, 1)

(2) (2)

is a random perturbation. u,” = u, and v, = v, always holds in all figures.

3.1. Diffusion rate induces Turing pattern on single-layer network

We first discuss the effect of predator diffusion rate d, on Turing pattern. According to Lemma 2,
we give the dispersion relation between Laplace eigenvalue (A,) and model (2) eigenvalue (A,)
as shown in Figure 3. It can be seen that when the two populations have the same diffusion rate
(d1 = dy = 0.05), there is no A, so that Re(A,) > 0. However, when we increase the predator

diffusion rate (d; = 1), there are critical thresholds A,Scl) ~ —3.01 and A,&z) ~ —0.546 such that
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Re(Ay) = 0. Therefore, it is not difficult to see that when A, € (Agl), Agz) ), Turing instability occurs
where Re(Ay) > 0. In addition, we also provide the density (red dots) of predator population (v;) with
different predator diffusion rates, the predator population density (v;) on the ER random network
varies with time under different predator diffusion rates, and the curves of the maximum, minimum,
and average values of the predator population density (v;) in all nodes on the network at different
predator diffusion rates over time, respectively (see Figure 4). The results indicate that on single-layer
network, the diffusion rate plays a decisive role in Turing pattern.

02 : : : : : : : : : 0.2
015 — 0.15F
01 F f 01t
0.05 f 0.05
40 AL
0 0
< 005 , < 005
] <
0.1 7 0.1
-0.15 f 0.15F
0.2 1 02k « Re()\,) with network
o AP
025F «  Re(),) with network || 0.25F o AV 1
Re(\,) without network Re(A,) without network
03 ! ! ! ! 03 \ \ \ \ \ ! ! ! T~
6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
a —Aa
(a) (b)

Figure 3. Dispersion relation between Laplace eigenvalue (A,) and model (2) eigenvalue (A,) with
different diffusion rate. The predator diffusion rate is dp = 0.05 for (a). The predator diffusion rate
is dy = 1 for (b). Where the average degree is (k()) = (k(*)) = 4. The rest of the parameters are
dy =0.05,A =001, =0658=6,7=05e=1andy =05.

24 1600 22
1520 18731
22 2
1580
2
13737
1570 18
18
1560
113737 1.6
16 ~ 1550 >
1.4
e 1540 13737
1530 1.2ff
12 1.3737
1520 4
! 510 1.3737
08
0.8 1500
0 200 400 600 800 1000 1200 1400 1600 4000 4200 4400 4600 4800 5000 o 1000 2000 3000 4000 5000
Node index i ¢ t
(@) (b) ()
24 1600 24

{17 1.8

1560

~ 1550 e >16
1
1540 14
14
1530 1.2
13
1520
| 12 1
1510
° 1 0.8
08 1500
0 20 400 600 80 1000 1200 1400 1600 000 4200 4400 4600 4800 5000 0 1000 2000 3000 4000 5000
Node index i t t
(d) (e) ®

Figure 4. (a) and (d) represent the density (red dots) of predator population (v;) with different predator
diffusion rates. (b) and (e) represent the predator population density (v;) on the ER random network
varies with time under different predator diffusion rates. (c) and (f) represent the curves of the
maximum, minimum, and average values of the predator population density (v;) in all nodes on the
network at different predator diffusion rates over time. The predator diffusion rate is d, = 0.05 for
(a), (b), and (c). The predator diffusion rate is dy = 1 for (d), (e), and (f). Where the average degree is
kWY = (k@) = 4,
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3.2. Network average degree induces Turing pattern on single-layer network

The above experiments have well verified the importance of diffusion rate. In this group of
experiments, we investigate how the spatial distribution of species changes when the diffusion rate
meets the Turing instability condition and changes the average degree of the network ((k) = (k) =
(k®))). As we gradually increase the value of the average degree of the network (k), we find that
although the Turing instability region always exists, the eigenvalues A, (red dots) of the Laplacian
matrix do not fall within this region. Therefore, when (k) = (k(*)) = (k(*)) = 15, Turing pattern is
not captured in Figure 5. Similarly, in this set of experiments, we also provide the density (red dots)
of predator population (v;) with different network average degrees, predator population density (v;)
on the ER random network varies with time under different network average degrees, and curves
of the maximum, minimum, and average values of the predator population density (v;) in all nodes
on the network at different average degrees over time (see Figure 6). The results indicate that as the
average degree of the network increases, the spatial distribution of species gradually concentrates at

(2) = ( (2) ()

equilibrium E;~ = (u,”’,v,"’) until the Turing pattern disappears.

0.2 T T T T T T T T T 0.2
015 T 015

01 T 01
0.05 T 0.05

m -AY o -AY
0

0

< -0.05 < 005
= <
0.4 H , -0.1 H
045 f 0.15F
02b « Re(),) with network |4 02b « Re(A,) with network
o -A? o -A?
025 o - B 0251 o Al
Re(\,) without network Re(\,) without network
03 . . . . . ! ! ! N 03 . . . . . ! !
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
—Aa —Aa
(a) (b)

Figure 5. Dispersion relation between Laplace eigenvalue (A,) and model (2) eigenvalue (A,) with
different average degree. The average degree is (k")) = (k(?)) = 10 for (a). The average degree is
(k) = (k)) = 15 for (b). The rest of the parameters are d; = 0.05, d; = 0.05, A = 0.01, & =
0.65, =6, y=05e=1andy =0.5.
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Figure 6. (a) and (d) represent the density (red dots) of predator population (v;) with different network
average degrees. (b) and (e) represent the predator population density (v;) on the ER random network
varies with time under different network average degrees. (c) and (f) represent the curves of the
maximum, minimum, and average values of the predator population density (v;) in all nodes on the
network at different average degrees over time. The average degree is (k(*)) = (k(*)) =10 for (a), (b),
and (c). The average degree is (kW) = (k(®)) = 15 for (d), (e), and (f).

3.3. Ratio of network average degree induces Turing pattern on multiplex networks

It is well known that diffusivity plays a decisive role in the formation of Turing pattern on
continuous media, but is it the same on discrete media or complex networks? Kouvaris et al. provide
an answer to this in their work, stating that even if two populations have the same diffusion rate on
multiplex networks, Turing pattern will be generated [17]. Therefore, we hope to verify whether this
conclusion is equally applicable to our model. Before starting the experiment, we set the diffusion rate
of the two populations to d; = d, = 0.05 and determine the average degree (k(*)) = 4 on U™ layer.
Observing the changes in the spatial distribution pattern of species by changing the average degree
(k™)) on U®) layer. The threshold conditions for generating Turing bifurcation can be obtained from
Eq. (8) and (9), as shown in Figure 7. It is not difficult to find that the Turing instability condition does
not hold when the average degree of the two layers network is the same ((k(*)) = (k(?)) = 4). So, we
increase the average degree on U(®) layer, which led to Turing instability. By comparing Figure 4((d),
(e), and (f)) and Figure 8, it can be intuitively seen that the Turing pattern has evolved from scratch.
In addition, we also find that the spatial distribution of species changes with the increase of average
degree differentiation in different layers.
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Figure 7. (a), (b), and (c) represent degree combination for pairs of nodes in plane k(@) — k() together
with the curve of Turing bifurcation (black) on multiplex ER random networks. The average degree
on U layer is (k(?)) = 4, (k(®)) = 20, and (k()) = 80 for (a), (b), and (c). Where have same average
degree on U™ layer (k")) = 4.
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Figure 8. (a) and (d) represent the density (red dots) of predator population (v;) with different ratios of
network average degree. (b) and (e) represent the predator population density (v;) on the ER random
network varies with time under different ratios of network average degree. (c) and (f) represent the
curves of the maximum, minimum, and average values for the predator population density (v;) in all
nodes on the network over time. The average degree on U®) layer and U(®) layer are (k(*)) = 4 and
(k?)y = 20 for (a), (b), and (c). The average degree on u®) layer and u@ layer are (k™) = 4 and
(k) = 80 for (d), (e), and (f).

4. Spatiotemporal pattern on networks

When we theoretically analyze the Turing instability on the network, we find that the premise
of Turing pattern always requires that the positive equilibrium in the non-diffusion model is always
stable. If the positive equilibrium in the non-diffusion model is not stable at this time, what kind of
spatial distribution state will the model present? On continuous media, Nagano and Maeda discovered
the existence of spiral and lattice patterns [3]. What will happen on ER random network? It should be
pointed out that this spatial pattern type is not Turing pattern but another spatiotemporal pattern. So,
we conduct the following numerical experiments. The value of the parameter is the same as Sect. 3,
except for a.
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4.1. Parameter induces spatiotemporal pattern on single-layer network

In the beginning, we hope to conduct our testing on single-layer network and by changing the
value of control parameter &. It turned out that even if the diffusion rates of two populations are the
same, we could still discover the existence of spatial heterogeneity patterns in Figure 9. And as &
increases, this phenomenon becomes more apparent. However, when looking at Figure 4 (a), (b), and
(c), no such spatiotemporal patterns are observed. So we speculate that this is a spatiotemporal pattern
phenomenon caused by parameters. By observing the curves of the maximum, minimum, and average
values of the predator population density (v;) in all nodes on the network at different parameters &
over time. We find the existence of an obvious irregular periodic oscillation phenomenon. Similar
spatiotemporal pattern phenomena have also received attention in some work [40-42].

15
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Figure 9. (a) and (d) represent the density (red dots) of predator population (v;) with different
parameters «. (b) and (e) represent the density of the predator population (v;) on the ER random
network varies with time under different parameters &. (c) and (f) represent the curves of the maximum,
minimum, and average values of the predator population density (v;) in all nodes on the network
at different parameters & over time. The parameter is & = 0.85 for (a), (b), and (c). The parameter is
& = 1.2 for (d), (e), and (f). Where the average degree is (k()) = (k(*)) = 4 and same diffusion rate is
d1 =dy = 0.05.

4.2. Network average degree induces spatiotemporal pattern on single-layer network and multiplex networks

Then, we consider whether this spatiotemporal pattern is still affected by the average degree of
single-layer network and multiplex networks. Therefore, we provide a comparative experiment of
spatiotemporal patterns under different average degrees (see Figure 10). When the average degree
is (k")) = (k{v)) = 2, spatial heterogeneity is particularly evident. If the diffusion rates of two
populations on the single-layer network are the same, there will not be Turing pattern generated. We
want to know what changes occur if the generation conditions of Turing pattern and spatiotemporal
pattern are generated simultaneously. Due to this issue, we conduct our experiment on multiplex
networks. To our surprise, we find that as the average value on the controlled u®) layer increased
(from (k(®)) = 13 to (k{®)) = 20), the two spatial patterns switched as shown in Figure 11. In other
words, the spatiotemporal pattern transforms into Turing pattern, and even the oscillations in time
disappear and become stable. These results indicate that network topology also has a significant
impact on the generation of spatiotemporal patterns.
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Figure 10. (a) and (d) represent the density (red dots) of predator population (v;) with different network
average degrees. (b) and (e) represent the predator population density (v;) on the ER random network
varies with time under different network average degrees. (c) and (f) represent the curves of the
maximum, minimum, and average values of the predator population density (v;) in all nodes on the
network at different average degrees over time. The average degree is (k(*)) = (k(*)) = 2 for (a), (b),
and (c). The average degree is (k) = (k(®)) = 5 for (d), (e), and (f). Where have the same diffusion
ratedy =dp =0.05and & = 1.2.
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Figure 11. (a) and (d) represent the density (red dots) of predator population (v;) with different ratios
of network average degree. (b) and (e) represent the predator population density (v;) on the ER random
network varies with time under different ratios of network average degree. (c) and (f) represent the
curves of the maximum, minimum, and average values for the predator population density (v;) in all
nodes on the network over time. The average degree on U®) layer and U(®) layer are (k(*)) = 4 and
(k) =13 for (a), (b), and (c). The average degree on U layer and u@ layer are (k™) = 4 and
(k)y = 20 for (d), (e), and (f). Where have the same diffusion rate d; = d, = 0.05 and & = 1.2.
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5. Conclusion

Taken together, this paper considers the spatial patterns of a predator-prey model with weak
Allee effect and hyperbolic mortality on multiplex networks. The main content of our research is to
theoretically analyze the critical conditions for generating Turing patterns on multiplex networks.
Moreover, we also conduct numerical experiments on several factors that affect spatial patterns, such
as diffusion rate, the average degree of network, and the ratio of average degree. Our results indicate
that the diffusion rate of two populations is not a necessary condition for generating Turing pattern
on multiplex networks, which effectively validates the conclusion of [17,54]. More interestingly, we
also found a switch between two types of spatial patterns. Specifically, when model (2) exhibits
spatiotemporal patterns under specific parameters, as the difference in the average degree of the
different layers on the network increases, the pattern transforms into Turing pattern. Meanwhile,
this phenomenon seems to be unique to multiplex networks and has not been found on single-layer
networks. These findings once again emphasize the important impact of network topology on species
spatial distribution.

In future work, we will continue our work from two aspects: (1) The practical significance of
spatiotemporal patterns in biological systems often represents the spatial distribution of species. In
recent years, there have been some control methods for Turing patterns in reaction-diffusion systems
on networks, which can effectively present the spatial distribution of species in a predetermined
pattern [33-35]. Therefore, we hope to apply this theory to our model. (2) The higher-order structure
of networks has gradually become a new research hotspot in the field of network science. Considering
that higher-order interactions affect the topological properties of the network, which can interfere with
the formation of spatiotemporal patterns [25,47,54]. Therefore, we also hope to introduce higher-order
networks into our model, to understand the potential role of higher-order structures in species spatial
distribution.
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