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Multiplication: A Rethinking of Dodgson’s
Condensation and Reduction by Elementary Row
Operations Methods
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Abstract: We formulate a more straightforward, symmetry-based techniques in manually computing the
determinant of any n X n matrix by revisiting Dodgson’s condensation method and strategically applying
elementary row operations and the definition and properties of determinants. The result yields a more
simplified mnemonical algorithm than the usual reduction by elementary row operations and co-factor

expansion and with minimal terminal divisions performed compared to Dodgson’s internal divisions.
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1. Introduction

The determinant is a unique number that is associated with a square matrix [1]. This
determinant-square matrix one-to-one correspondence is a function f(4) = |A| which assigns the
number | Al to a square matrix A, the value of which is determined from the entries of A. The methods
of computing determinants usually presented in elementary linear algebra texts include the Leibniz’s
definition, co-factor expansion, reduction by elementary row or column operations, and sometimes
Dodgson’s condensation method.

Determinants by Definition

Definition 1. The determinant of an n X n matrix A denoted by det [A] or | Al is defined as

det(A) = Z(i)a1j1a2j2a3j3 e pj

where jij,j3 ... j, are column numbers derived from the permutations of the set § = {1, 2,3,...,n}.
The sign is taken as + for even permutation and - for odd permutation [1].
Accordingly, the determinants of simple matrices can be readily computed. The determinant of

a single-entry matrix equals the entry itself, |a,;| = a;;. The butterfly method for 2 x 2 matrices is
a;; a

so-called as the movement of computation suggests the butterfly wings, thatis, |ai a;zl = 0410y, —

a31a;,. The Sarrus rule for 3 X 3 matrices provides the most efficient approach in computing the

determinant [2]. By Definition 1, the determinant of a 3 x 3 is expanded as

;. Q2 a3

Qz1 Qzz Qg3

31 43z Q33
By extending the first two columns of the matrix to the right, the downward arrows give the

positive terms and the upward arrows give the negative terms in the expansion of the formula.

= (41032033 T 13021033 + Q1203031 — Q1302031 — Q12021033 — A11023033.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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a1 a4 13 A11 A4g2
ayq Qpy @23 Q21 dp2
az1 Qzp @33 d3z; 043y

Applying the definition in computing the determinant of n xn matrix which requires n!
terms with each containing n factors involving n — 1 multiplications implies a lengthy process in
manually computing the determinants as matrix size becomes larger. Several approaches were
proposed to extend Sarrus rule to 4 X 4 and 5 X 5 matrices [2]. While these methods were shown
to be efficient, the length of the process with added rules and number of factors in each term
accumulate up as matrix size becomes larger.

Determinants by Cofactor Expansion

Two concepts defined below are essential in this method.
Definition 2. The minor of an entry a;; of an n X n matrix A is the determinant of the n—1 Xn—1
submatrix M;; of A obtained by deleting the ith row and jth column of A. The co-factor of a;; is a real
number denoted by A;j and is defined by

Aij = (—1)l+] det (MU)

After computing the minor and its associated co-factor, we compute the determinant by

expanding about an ith row (the row containing all a;;):
det(4) = andis + @A + a;3Ai3 + - + A din
or jth column:
det(A) = alelj + aszzj + ang3j + -4+ anjAn]'

In co-factor expansion we “expand” the n X n matrix about a certain row or column into
n submatrices M;; each with n—1 rows and n — 1 columns. This means at the first expansion,
we compute n minors and n co-factors. For larger matrices, we may not readily compute the
minors but have to perform second expansion of each of M;; into n — 1 submatrices each with n —
2 rows and n — 2 columns; that is, the process is repeated over the resulting submatrices until
smaller submatrices with readily computed determinants are obtained. The determinant of the matrix
is then computed by working backward.
Determinants by Row Operations

This alternative to computing the determinants employs elementary row operations to put the
matrix into upper or lower triangular form in which the resulting entries in the main diagonal lead
to the calculation of the determinant. Here, we revisit the three elementary row operations and their
effect on the determinant of a given matrix [1][4].
Type 1. Multiplying a row through by a nonzero constant.
Theorem 1. If B = [b;;] is the matrix that results when a single row of A = [ay;] is multiplied by a scalar
¢, then det(B) = c det (A).
Proof: Let ¢ #0 be a scalar multiplier of ith row, R;, of A. The definition det(4) =
Z(i)alj1az}'2a3f3 = Anjy
denotes each entry of R; is a factor in each term of }(+)a,j a,j,asj, ...ayn;,, so that cR; yields
() ¢ ayj,a,),a3), - Ayj, = €+ 2(E)A4j,a55,03), - Anj, = C det(A).
Type 2. Interchanging two rows.
Theorem 2. If B = [bij] is the matrix that results when two rows of A = [aij] are interchanged, then
det(B) = — det (A).
Proof: Suppose we obtain an n X n matrix B = [b;;] by interchanging rows r and s of 4 = [a;;] so
that b,; = a5; and bg; = a,;. By definition, det(B) = X.(£)byj,b;j,bsj, ... byj, ... bsj ... by, interms of

the entries of B and det(B) = }¥.(+)ayj,a,j,a3j, - Ag), - yj, - Apj, in terms of the entries of A.
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Interchanging to rows denotes a single change within the permutation and produces a change in the

number of inversions as to being odd or even; hence,

det(B) = Z($)611]-1a2]-2613j3 e Opj e Ogj e Q= —det (4)

Type 3. Adding a constant times one row to another.
Theorem 3. If B = |b;;| is the matrix that results when a multiple of a row R, of A = [ay;| is added to
another row R, then det(B) = det (A).

Proof. Let ¢ # 0 be a scalar multiplier R, so that a;; =b;;; i #s and by; = asj +ca,;. By

definition,

det(B) = ) ()b1j,baj,baj, by, - bej, - buj,

= Z(-_i—)alhazjza3j3 e Oy (Qgjg + €CAzj) e Apjy

Expanding the summation gives

Z(i)alj1a2j2a3j3 e Oy e Qgj e Ay + E (£)a1j,a2j,A3j, - Arj,  Crj v Ay,

Note  that the  first term Y(Bayj, 055,055, - pj, oo Agj, o pj, = det (A) and
2(H)a1j,a5),a55, - Arj, o €Ay v, = € R(1)A1j, Az, A3, o Arj e Oy oo Gy . The two equal factors
denote two rows with same entries, thus }.(+)a,;,a,j,a3j, ...y, ... @), ... ayj, = 0. Finally, det(B) =
det(A) + c(0) = det (4).

By reducing a matrix into upper or lower triangular form and applying co-factor expansion, the
determinant of the matrix is determined by the product of the entries in the main diagonal as stated
in the following theorem.

Theorem 4. [f A = [ai j] is upper (lower) triangular, then det(A) = ay10,,033 ... Ay, that is, the determinant
of a triangular matrix is the product of the elements on the main diagonal.

Some methods along this approach include Chio’s condensation, triangle’s rule, Gaussian
elimination procedure, LU decomposition, QR decomposition, and Cholesky decomposition
(Sowabomo, 2016)

Dodgson’s Condensation Method

The English clergyman Rev. Charles Lutwidge Dodgson (1832-1898), famously known as Lewis
Caroll for his literary works Alice in Wonderland and Through the Looking Glass, invented an algorithm
for computing the determinant of a square matrix that is more efficient than Leibniz’s definition
especially for larger matrices [4][5]. Dodgson’s method aims to ‘condense’ the determinant by
producing an (n — 1) X (n — 1) matrix from an n X n matrix, then (n—2) x (n —2) untila 1x1
matrix is obtained. The condensation method is founded on Jacobi’s theorem [5].

Theorem 5. Jacobi’s Theorem. Let A be an n X n matrix, let A;;] be an m X m minor of A, where m <n,
let [A';;] be the corresponding m X m minor of A', and let [A};] be the complementary (n —m) X (n —m)
minor of A. Then:

det [A;j] =det (A)™! - det[A];].
With m = 2, Dodgson realized that the determinant of A can be readily computed with

_ det [AI i ]]
det[A] = detial)
His algorithm consists of the following steps.
1. Check the interior of A for a zero entry. The interior of A is an (n — 2) X (n — 2) matrix that
remains when the first row, last row, first column, and last column of A are deleted. We perform
elementary row operations to remove all zeros from the interior of A.
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2. Compute the determinant of every four adjacent terms to form anew (n — 1) X (n — 1)matrix
B.

3. Repeat Step 2 to produce an (n — 2) X (n — 2)matrix. We then divide each term by the
corresponding entry in the interior of the original matrix A, to obtain matrix C.

4. We continue the process of condensation with the succeeding matrices a 1 X 1 matrix
obtained which gives det A.

Note that Dodgson’s method employs division of entries in succeeding matrices beginning with
(n — 2) X (n — 2) matrix, a step which may magnify computational error especially for matrices with
non-integral entries.

Some technology-based approaches are proposed to efficiently compute the determinant.
Matrices with numerically very large or small entries are scaled down to optimize computing
efficiency and space; which, however may affect accuracy. Hence, some methods are proposed such
as computation of determinant of square matrices without division[6]. Some matrices naturally take
specialized forms which facilitate the development of formulas to compute the determinant. These
include division-free algorithm to compute the determinant of quasi-tridiagonal matrices [7],
development of determinant formula for special matrices involving symmetry such as block matrices
[8]; break-down free algorithm for computing determinants of periodic tridiagonal matrices [9]; and
block diagonalization based algorithm of block k-tridiagonal matrices [10].

The goal of this paper is to propose a more straightforward and mnemonical algorithm that can
be applied to any n X n numerical matrices.

2. Development of Proposed Algorithm

We start with an n X n matrix denoted by A, with real entries

aq a, e Qqp
asq ayo v Qon
An = . . LER} .
ap-11 Qn-12 o Ap_1n
an1 (0%} . Qpn

where the first entries are non-zero real numbers. Our goal is to produce a matrix in upper triangular
form so as to readily compute the determinant by Theorem 4.

Reduction by Cross-Multiplication

In this paper, we define reduction as the process of performing elementary row operations on a
matrix to zero out entries under the first non-zero entry of the first row. A more straightforward way
of zeroing out entries under a;; in A starting from the bottom row R, is through a,_1;R, —
an1Ry—1. By Theorem 3, the process introduces the factor a,_;, into the determinant. Working our
way up, we zero out the first entry of R,_; through a,_,;R,_1 — a,_11R,—, which then introduces
the factor a,_,; into the determinant. By repeating the process upward until R,, we have
introduced the following factors into the determinant of A: a;; a5, ..., An—3 1, Gn-11. Atthisstage, we
obtain a matrix A4,_; with n—1 rowsand n —1 columns by excluding the first column at the left
with zero entries. We specified the entries as follows:

A11Az2 — A1012 A11023 — A21433 A11Aypn — Q21019
A Az1032 — 43103 (z1033 — A31A;3 Az103n — A31029
n-1
Ap-11n2 — Ap1ap-12 An-11n3 — Ap1Qan-13 An-11nn — An18n-1n

For the purpose of this algorithm, we do away with the usual matrix notation and we put the
rows of A,_; under the given matrix.
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5
aiq ai» A1n
az; az; QAon

A
ap-11 QAp-12 Ap-1n
an1 an2 Ann
(€Y) (€Y) (€Y)
aqq aq, Ain-1
(€Y) (€9) (€Y)
azq az; arn-1

An—l

(€Y) €Y) ‘e €Y)
Ap-21 Ap 22 Apn2n-1

€Y) €Y) ‘e €Y)
Apl11 Apl12 An1n-1

The next stage is obtaining the rows for A,_, which is equivalent to zeroing out entries under
agll) by following similar process done in obtaining the rows for A,,_;. The process also introduces

the following factors into the determinant: ag‘?, agzl), ey aflz_)3 1 aflz_)z 1

(€Y) €Y) 1
a1 Az Ain-1
1) ¢Y) (1)
arq az; Az n-1
An—l
® 1 (1)
An-21 Ap 22 Apn2n-1
€Y €Y . e (€Y)
Ap11 i1z A 1n-1
(2) (2) 2)
a1 g, A n-2
2) (2) (2)
azq az; Ay n-2
An—z
@ O @

n-31 An-32 Apn-3n-2
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2) (2) €y
Ap21 Aplz2 Apn2n-2

Assuming no first entries of each A; is zero, continuing the process of reduction leads to
2 X 2 submatrix A, with an introduced factor of ainl_z)and eventually 1 x 1 submatrix 4;.

A, m-2) (n-2)
a1 A

(n-2) (n-2)
azq az;

A1 (n—-1)
agq

By taking the first row from each submatrix, we can reconstruct an n X n matrix B in upper
triangular form that is row equivalent to the given n x n matrix A.

a11 a12 eee aln
0 ) @ (1)
aq a3 Ain_q
0 0 @ @ @)
Ay Qq4 ain_2

S O O O
S O O O
S O O O

m-2)  (n-2)
a1 iz
0 0 0 0 0 0 (n-1)
11
By Theorem 4
det(B) = aq; - a§11) . agzl) o agnl—z) . aﬁ_l).

Since A is row equivalent to B and these factors
C N CO R cO R ¢ =)
@y

cad
(11021031 ™ An-11 " A110p1 " Ap_510p 11
are introduced into the determinant of A in the process of forming B, then

1 1 1 -2
det (B) = a,1a31a31 " Ap-11° a%lagl) a1(1—)2 1a1(1—)11 e aﬂl )det(A)

from which,

det (B)
det(4) = L 0 . eD
110210431 " An—11" A110py Ay 59 Qp_q1 " "Ayg
1), (@) (n-2), _(n-1)
_ A11° Q5" Agg " Agq  04q
det(4) = DD O . D (1)

.aql .
A110210310n-11" 11051 "Ap 5 14p "1 1" "A11
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7
Finally,
det(A) aii )
et A = — — —=3. 2
az1a31an-1 1057 a5y 1al); aFalY ), etV afi ™ ol

Examining the table below, the denominators are the in-between first entries in the submatrices.

a1 aqz Ain
az1 Qz2 Qzn
A
Ap-11 Qn-12 n-1n
An1 An2 Ann
ay ayy) Qg
agy  ag; @51
Ap—q
ar(zl—)z 1 a7(11—)2 2 a1(11—)2 n-1
ag—)1 1 ag—)1 2 ar(zl—)1 n-1
af  af a0
ay  ag; a2
App
a7(12_)3 1 aT(lZ—)3 2 aT(lZ—)3 n-2
aglz—)z 1 aT(lZ—)Z 2 aT(ll—)Z n-2
I
i S
(n-3) (n-3) (n-3)

azq as, as3
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(n-2)  (n-2)
12

a4
A
(n-2) (n-2)
azq az,
Aq (n-1)

a4

Remarks. The expression for each entry suggests a cross-multiplication pattern involving the

first entries of two adjacent rows of A, a;; and a;4;, , and a pair of entries in the jth column, a;;

(m)

and a;,q; such that a resulting entry denoted by a;;

(m)
ij-1
e 1 1
method cross-multiplication.  In A4,_; for example, a§1) = ay10y; — 0p1Q12, agz) = Qay105; — Ay1045,

1 _ _ d tl (€] _ _
voy Qipq = Q41055 — Ap101,, and soonuntil a,”; 1 = A1 10nn — Ap1An_1 -

in the submatrix A4; is determined by

a = Qj1Qj41j — Ai4110; j Where (m) is the number of reductions performed. Hence, we name this

3. Cross-Multiplication and Dodgson’s Condensation Method in 3 x 3 Matrices

We now show the equivalence of Dodgson’s condensation method and cross-multiplication
which as shown above is derived from elementary row operations for 3 X 3 matrix.
Q11 Q12 Qg3
Qz1 Gz Q23
Q31 Gzz dsz
condensation method, we take four adjacent entries at a time, compute their determinants to form a
2 X 2 matrix.

Given A= where ay4,a5;,a3; and a,; are nonzero. By Dodgson’s

[anazz —az1Q12 Q12033 — a22a13]
A10Q37 — A31032 QAz2033 — Q320331

We then compute the determinant of the resulting matrix to obtain a 1 X 1 matrix and divide
the resulting entry by the corresponding entry of the interior of A which is a,,.

[(A11G22022033 — A11022032073 — A1012052033 + A3101203,053) —
(21032012023 — Q21032022013 — Q31027012023 + A3102022043].
With ay;a,,a3,a,3 cancelled, this gives
B = [a11052052033 — Q11052032053 — Q1012052033 + Q1032052013 + Q31052012053 — A31022052013]

Since a,, is a common factor, then B = a,,[a1105,033 — Q11032023 — 31012033 + Q31032045 +

a31a12a23 - a31a22a13] . By Definition 1, |A|= | a11a12a33 - a11a32a23 - a21a12a33 + a21a32a13 +
|B|

31012053 — A31022043]. Thus, |A| = P
a1z G117 Qi3
Qz; QA1 A3 and it can also be shown
a3z dz1; QAszz

By exchanging columns 1 and 2 of A, we have 4’ =

that |4] = —':—".
21

By cross-multiplication

Az iy ai; ais
az1 azz aszs
aszi as; ass
A, A11032 — Q21012 A11033 — Q21043

Ay1032 — A3103; Ay1033 — d310z3
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Aq A11022021033 — A11072031023

— d1012021033
+ az10,2031023
— (A21032011023
— d1032021093

— Q31027011033

+ a31022021043)
. A C . . . .
Here, a,, is the common factor hence, |A| = Ia—ll which is consistent with Equation 2.
21
(m)

Similar to Dodgson’s approach, a;;"; can be thought of as the determinant of 2 x 2 matrix

formed by the first entries of two adjacent rows and the pair of corresponding entries in the jth

a; a;;

m i1 1 . . . . .
(__)1 =1, " |. Here, we fix the first entries of two adjacent rows as the pivot
y Aiv11 QAit1j

column; thatis, a
in computing the determinants of consecutive 2 X 2 matrices. By doing so, a;.;; is the factor
introduced into the original determinant, analogous to the corresponding entry of the interior matrix
in the condensation method. By fixing the pivot at the first two entries, we can limit the number of

divisions to be performed in preserving the determinant. With n = 3 Dodgson’s method employs

2-3n+2

n?—3n+1 internal divisions while cross-multiplications only employs - divisions at the

final stage of calculations.

4. Alternate Proof of Cross-Multiplication Method

Suppose that B is an n X n matrix where all entries under the first element of the first row are

zeros,
b1 by o b1 ]
0 b,, v bop
B=|"
0 bp12 o Dbpoan
0 by - v bpn !
b22 e bzn
By co-factor expansion det(B) = by, (-1)'**|, ", o by | I 7> % thentocompute the
n— n-1n
bn; bpn |

determinant of the resulting n—1 Xn—1 submatrix requires a full co-factor expansion or
elementary row operations. In deriving the proposed method, we first transform a given matrix
A into the form of B through elementary row operations then apply the definition of co-factor
expansion by expanding about the first column. We then repeat the process with the succeeding
submatrices until a relatively smaller matrix is obtained where we can readily compute the
determinant. By introducing the cross-multiplication, we only form one n—1 X n —1 submatrix
instead of n n—1 X n —1 submatrices in co-factor expansion.
Let A be an n X n matrix with real entries where a,,a;,,a,_1 1,051 # 0.

aq ay e Qqp
asq Qo e Qop
A=
An-11 QAn-12 v Qpn-1n
An1 An2 = Qnpn

We zero out entriesunder a;; through the process illustrated in this paper: With two successive
rows R; and R, with first entries a;; and a;4q,, respectively, and by a;;R;+1 — @;4+11R;, @a matrix
B, is produced.
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10
— a a —
a1 12 in
(1) -
0 A Ain-1
Bl = .
_ " 1 )
L0 Ay a1(l—)1 n-11

In the process, the factors a;q,a;1, 34, ..., Ap—11 are introduced into det[A]. Thus by Theorem 1,
det[Bl] = aq11,021,031, ., Apn_1 1det (A)
By cofactor expansion,

1) 1)
a1 Ain-1
det[Bl] = aq1 s ™ ™ = aq det[An_l]
a® a®
- @ n-11 n—-1n-1
a;; e Qi
where A,_; = .
1 1
a;—)l 1 ar(l—)l n-1
We repeat the process of reduction on A4,_; to form the matrix
i €Y €Y
aﬁ) a1z Ain-1
(2) @)
0 11 Ain—2
B2 — . an .
: @) (1)
| 0 an_z 1 XK an_z n_z_

and which

1 1
det[B,] = agl)agl)agll) afll_)mdet [Ap-1]

@ 0@
o 1 1n-2
det[B,] = a,;’det (A,_,) where 4,_, =
©)) ©))
An_21 = Qpon—

Continuing the reduction on subsequent submatrices we summarize the following results
det[B;] = a1, a1, a3, -, An—11 det[A] = ay; det[4,_4]

1 1 1 1 1
det[B,] = aPalPal ...aV,, det[d,_,] = aPdet [4,_,]

2 2 2 2 2
det[B;] = a¥aPal? ...a?,, det[4,_,] = a'Pdet [4,_s]

det[B,_,] = aﬁ_B)aS;_3) det[4,] = aﬁ_”det [A1]

det[B,_1] = aﬁ_z) det[4,] = aﬁ_z)det[Al]= aﬁ_l)

Working backwards leads to

ay a§11) agrll_S) (n-1)
det[A] = . cq
a11,021, 431, -+, Ap-11 aﬁ)agll)agll) agll_)m aﬁ_aag’;_@ t

Hence,
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(n-1)
det[A] = OB CV RN CV R ¢ W eI R 3 -4 (-4 . _(n-3)"
21031 " Ap-110y1 " Ay 5180y 11 Q131 "Ap_3q -0y "A3zq " " Ayq

5. Some Special Cases

The equation in computing the determinant with the developed method holds if none of the first
entries in any row is zero. Here we consider cases where there are zero first entries in any of the
submatrices A4,_;.

Zero First Entries of First or Last Rowof A4,,_; n—i>1

If the first entry of either first or last row of A,_; except the last submatrix A,is zero, then
Equation 2 still holds. These rows with zero first entries are considered standby rows and do not
participate in row reduction. They are then transferred to the next submatrix retaining their
placement as first or last row.

Ap—y 0]
0 a2
® )

arq az;
® )
arq az;
@
AnZiv11
@
0 an—i 2
An_iaq 2@
12
(i+1)
a1
®
an—i 1

By Theorem 3, we can also add any row with nonzero first entry to a row with zero first entry
and go on with the usual process of reduction.

Some In-Between First Entries are Zeros

The general approach is to apply Theorem 3 by adding any row with nonzero first entry to a
row with zero first entry. We can also apply Theorem 2 to lessen the number of operations especially
when there are more rows with zero first entries than rows with nonzero first entries. If an mth row
of A,_; has af,?l =0, then the reduction af,?lRmH - a,(,?Jrl 1R is not possible since this will
introduce a zero factor in the divisor of Equation 2. We reduce the entire submatrix by first moving
the rows with zero first entries to the bottom part then perform reduction to rows with nonzero first
entries. The rows with zero first entries are treated as “standby rows” and are then moved to the next
submatrix in the same placement. Since det(4,_;) = ai’?det (A45-i-1), by Theorem 2, interchanging
R,, and the last row will lead to det(4,_;) = —a{det (4,_;_1). We introduce the factor (—1)¥ to
Equation 2 where k indicates the number of row exchanges performed.
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@) o (-1
det(A) = — — - (=D,
21431 An-1 1a;11)---a1(11_)2 1“511—)1 1'“%21)“&21)'“;2—)21"'“;2 4)agr11 ». agr; R ’
Ani () (0
a1 a1
® ®
a1 az;
0 0
Am-12
i
0 Ao
® ®
Am+11 Am+12
)] @
an—i 1 an—i 1
An_i @) ()
a1 a1
® ®
azq az;
® ®
Am+11 Am+12
® ®
an—i 1 an—i 1
0 0
Am-12
0 0)
Am2
An_iq (i+1)
a1
()
Am-12
i
amz

Only One Row Has Non-zero First Entry

If only one row of A,_; hasnon-zero first entry, we place this row as R; with firstentry a;;
No reduction is performed since the A,_; already takes the reduced form. By Theorem 4, a;
diagonal entry thus this leads to the modified formula:

(n=0)

(n=i) .
, isa
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det(A)
(n-9)  _(n-1)
_ aiq aiy =1k
@ .. ,@ @ ., @ 2, (2 (n-4) (n—-4)  _(n-3)
A21Q31 " Ap-11Gy1 " Qp_p 1Ay 11 " Apq Q3q "Qp_pq - Cyy Qg azq
All Rows Have Zero First Entries
If all rows of A,_; have zero first entries, then no reduction is performed and since aﬁl_i) =0,

then by Equation 2, det(4) = 0.

6. Conclusions

The cross-multiplication method of computing the determinants is a mnemonical use of
elementary row operations in reducing a matrix to lower triangular form by using the first entries of
adjacent rows as scalar multipliers. Doing so retains the butterfly movement in computing the
determinant of 2 X 2 matrix as each entry is easily computed through agj"i)l = A1 Qiprj — Aip1 1G4
m _ | Qi1 Qij
Y=17 |Qip11 Qi1
computing each entry to produce a submatrix that is one row and one column less than the preceding
submatrix until a 1 X 1 matrix, [aﬁ_l)], is obtained. The determinant is then computed as to the
following cases.

1. When all first entries in the rows of submatrices are nonzero, the determinant is solved by

or a such that a;; and a;,;, are the pivot entries. The algorithm proceeds by

a(n—l)
det(A) = 11
(1 (1) (1) @ 2. (2 (n-4) (n—-4) (n-3)
21031 " Ap-110y1 Ay 510y 11 A1 Q31 "Ay_pq Ay "A3zq " " Ayq

where the factors in the denominator are the nonzero in-between first entries of submatrices,
representing the factors introduced into the original determinant in the reduction process.
2. When some first entries in the rows are zero, the rows are transferred to the bottom of the
submatrix and then transferred to the next submatrix. The determinant is solved by
(n-1)

det(A) = et (—1)k

product of nonzero in—between first entries

where k is the number of row exchanges.

3. When rows with zero first entries are added by rows with nonzero first entries, the formula
in (1) holds.

4. When each of the submatrices A,_;, An_j, Ay—y, ... has exactly one row with nonzero first
entry, we set these rows as first rows where necessary and compute the determinant by

m-i)  _(m-j) _(n-k) (n-1)

a a a e a
det(A) = 11 11 % 11 (D)
product of nonzero in — between first entries

where k is the number of row exchanges.
4. When all rows of a submatrix A,_; have zero first entries, then det[A] = 0.
For n =3, cross-multiplication and Dodgson’s condensation method are shown to be

equivalent. Unlike the condensation method which employs n* —3n+1 internal divisions, the
n2-3n+2

proposed method employs much fewer, sterminal divisions thus minimizing the

propagation of computational errors. Both methods require row adjustments whenever there are zero
pivot entries.

Compared to co-factor expansion which generates n number of (n —1) X (n — 1) submatrices,
then n(n — 1) number of (n —2) X (n — 2) submatrices, and so on, the cross-multiplication method
generates only one of each of (n—1)xn—-1),(n—-2)xn—-2), ... (2x2),and(1x1)
submatrices.
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The simplicity and efficiency of the proposed methods lies in the consistency and symmetry of
of its iterative process. No procedural adjustments are introduced as the matrix size increases
compared to other methods such as extension of Sarrus rule to matrices with n > 4.
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Appendix A

Experiments with Proposed Methods

We provide illustrative examples for the proposed methods and we verify the results using co-
factor expansion and Matlab (See Appendix B).
Mlustration 1. 4 X 4 matrix All First Entries Are Non-zeros

2 1 5 2
A= i —31 421 ;
1 2 4 1
Solution by cross-multiplication method.
A, 2 1 5 2
3 2 3
1 -1 4 2
1 2 4 1
A; 4 -6 2
-5 6 1
3 0 -1
A, -6 14
-18 2
Ay 240
det[A] = ——240 =-—24
2)(1)(=5)
Solution by co-factor expansion
We expand at the first column to get
> L S q3 23 152 152 |1 502
1_142=2—142—2—142+323—3 2 3
1 2 4 1 2 4 1 2 4 1 2 4 1 -1 4 2

=2(12-124+8-244+2-24)-2(4—-84+20—-16+5-8) +
(2+24+30—8—15—12)—(4+24—15+4—30—
12)
= 2(-38)—-2(-3)+ 21— (—=25)
=-24
Illustration 2. 5 X 5 matrix All First Entries Are Non-zeros
[2 2 1 3 1'|
[1 3 -1 1 2|
A=11 2 4 -2 3|
lz 2 3 2 1J
1 3 2 1 5
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Computation of determinants by cross-multiplication method.

As 2 2 1 3 1
1 3 -1 1 2
1 2 4 2 3
2 2 3 2 1
1 3 2 1 5
A, 4 -3 -1 3
-1 5 -3 1
2 5 6 -5
4 1 0 9
Az 17 -13 7
15 -12 7
18 -24 2
A, 9 14
-144 -96
Ay 2880
48
Verification of result by co-factor expansion.
12 2 1 3 1)
1 3 -1 1 2
detfA]=f1 2 4 -2 3
2 2 3 21
1 3 2 15
3 -1 1 2 21 3 1 2 1 3 1
=224—2 3_24—23+3—112
2 3 2 1 2 3 21 2 3 21
3 2 1 5 3 2 1 5 3 2 15
2 1 31 2 1 3 1
2l o L th w25
3 2 1 5 2 3 2 1
We compute the determinant of each submatrix separately.
3 -1 1 2
2 4 -2 3
2 3 2 1
3 2 1 5
4 -2 3 -1 1 2 -1 1 2 -1 1 2
=313 2 1({—-2(3 2 1|+2|4 -2 3|1-3|4 -2 3
2 1 5 2 1 5 2 1 5 3 2 1

=3(40—-4+9—-12+30-4)—2(-10+2+6—8—15+1)
+2(10+8+6+8—-20+3)—3(2+16+9+12—4 +6)
=132
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3 1

3123 4 -2 3 1 3 1 1 3 1 1 3 1
2% 2 B3=2pp 2 1|-23 2 1|+2]s -2 3[-34 —2 3
S s 2 1 5 2 1 5 2 1 5 3 2 1
=220-4+4+9-124+30—-4)—-2(10+3+6+4—-60—9) +
2(~10+18+4+4—60—-3)—3(—2+27+8+6—
12 - 6)
=23
511i% 1 1 2 13 1 1 3 1 1 3 1
> b 2als 2 q|-33 2 1+2]-1 1 2[-3]-1 1 2
- 2 15 2 1 5 2 15 2 1 5
—2(-10+6+2—-8+1—15)—3(10+3+6 —4 — 45 —2) +
25-14+12-2+15-2)—3(G-1+12-2+15-2)
= 60
2 1 3 1
3 -1 1 2
2 4 —2 3
3 2 1 5
1 1 2 1 3 1 1 3 1 1 3 1
=204 -2 3/-3la =2 3|+2|-1 1 2[-3]-1 1 2
2 1 5 2 1 5 2 1 5 4 -2 3
—2(10+8+6+8-20+3)—3(—10+18+4+4—60 —3) +
2(5-14+12—2+4+15-2)—3B+2+24—4+9+4)
=111
2 1 3 1
3 -1 1 2
2 4 -2 3
2 3 2 1
1 1 2 1 3 1 1 3 1 1 3 1
=204 -2 3/-3la -2 3|+2|-1 1 2/-2]-1 1 2
3 2 1 3 2 1 3 2 1 4 -2 3

=22+16+9+12-4+6)—3(—2+274+8+6—-12—-6) +
21-24+18—-3+4+3-4)—-2(3+2+4+24—-4+9+4)
=-31
Thus, det[4] = 2(132) — 23 + 60 — 2(111) — 31 = 48
[ustration 3. First Entry of First or Last Row is Zero

0 -2 1 1
|12 31
=2 5 21
3 2 25

Ay 0 -2 1 1 Standby

row
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1 2 3 1
2 5 2 1

3 2 5

As 2 1 1
1 -4 -1

-11 2 7

A, 7 1
-46 -4

Ay 18
-9

doi:10.20944/preprints202306.1804.v1
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Transferred

row

The other approach is to add the row with zero first entry by another row with nonzero first

entry.
Ay 1 0 4
2 3
2 5 2
3 2 2
As 2 -1
1 -4
-11 2
A, -7
-46
A
Ilustration 4. Some In-between First Entries are Zeros
2 1 5 2
b= 2 —31 421 3
0 2 4 1
A, 2 1 5 2
0 3 2 3
1 -1 4 2
0 2 4 1
A, 2 1 5 2
1 -1 4 2
m=1 0 3 2 3 |
0 4 1|
A -3 3 2 2(-1)-1(1)=-3
3 2 3

Row 2
added to
Row 1

Standby row

Standby row

2(4)-1(5)=3 2(2)-1(2)=2

Transferred standby row
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2 4 1 Transferred standby row

A, -15 -15 -3(2)-3(3)=- -3(3)-3(2)=-15
15

8 -3 3(4)-2(2)=8 3(1)-2(3)=-3

Ay 165 -15(-3)-8(-

15)=165

-55 156/(3)(-1)

We apply similar technique as in Illustration 2.

Ay 2 1 5 2
0 3 2 3
1 -1 4 2
0 2 4 1
Ay 2 5 2
2 4 7 5 Row 1
added to
row 2
1 -1 4 2
1 1 8 3 Row 3
added to
row 4
Az 6 4 6
-6 -1
2 4 1
A, 30 30
-4
-26
Ay 780
-55
[ustration 5. Only One Row Has Non-zero First Entry
0 2 1 3 1
0 0 -2 1 1
E=|3 3 4 1 5
0 2 5 21
0 3 2 25
As 0 2 1 3 1 Exchange with R3
0 0o -2 1 1 Standby
3 3 4 1 5 Exchange with R1
0 2 5 2 1 Standby
0 3 2 2 5 Standby
Ag 3 3 4 1 5 Exchanged row
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m 0 0o -2 1 1 Standby row
=1 0 2 1 3 1 Exchanged row
0 2 5 2 1 Standby row
0 3 2 2 5 Standby row
A, 0 -2 1 1 Transferred/Standby row
2 1 3 1 Transferred row
2 5 2 1 Transferred row
3 2 2 5 Transferred row
A, -2 1 1 Transferred row
8 -2 0 2(5)-2(1)=8 2(2)-2(3)=-2 2(1)-2(1)=0
2(2)-3(5) = - 2(2)-3(2)=-2 2(5)-3(1)=7
-11 -2 7 11
A, -4 -8 -2(-2)-8(1) =-4 -2(0)-8(1)=-8
8(-2) - (11)(-)=-  8(7)(-11)(0)=56
-38 56 38
A, 528 -4(56)-(-38)(-8) =
528
Ay -99 (3)528/(2)(8)(-1) =-
99
Appendix B

Matlab Generated Results

% @ T e su B :: =l " < ~ =
& B o0 O @cowe % 5% = 3 (B &l E N & B ecteencs | D
New New  New Open (O findfiles | Import save Favorit Clear Simulink | Layout SetPath Acd-Ons [ earatiel = 4
script LweScript v v data Workspace Commands - =
2l @ / > MATLAB Diive
(]| ™ Fies
4 Name =~
=] ¥
A
2 1 5 2
2 3 2 3
1 1 4 2
1 ] 4 1
» det(RA)
|
ans =
24
v Workspace 5 Ba[22131;13-112;124-23;22321;13215]
i Name i3 value Size HClass 8
@A 4 doun
= 2 2 1 3 1
o 1 3 1 1
@e 1 2 a 2 3
Mmc 2 2 3 2 1
e 1 3 2 1 5
Ho
£ t(8)

a8

5> C=[0 -211;1231;2521;,3225]
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= B - . & @ O
L B P T gee & W B AR UG e} P B & & s 20 2
5, Open Veriable ~ eedback
New New New Open (3 FindFiles | Import  Save 4 Favorites Clear Simulink  Layout Set Path Add-Ons Help [
Script Live Seript > - Data Workspace Egy Clear Workspace ~ - Commands = - - +  [Bl Learn MATLAB
& al @ /> MATLAB Drve >
5 Files B Command Window
Name = ¥ New 10 MATLAB? See resources for Getting Started

=]
3 » Ca[0-211;12312;25212;3225]

C=

0 -2 i 1
1 2 3 1
2 5 2 1
3 2 2 5
>> det(C)
ans
-9.0080
Workspace
»>D=(2152;0323;1-1420241)
i Name fValue 1 Size fiClass
Ba 4xd doule  4x4 dout L
B ans 121 dou 2 1 5 2
|\e double ] 3 2 £l
1A a 2
34 Jou
B¢ e 2 a4 1
|0 4xd dou
e “5 doub »> det(D)
ans =
55
>> E=[62131;00-211;33415;02521;03225] -

= = = T B Newverisble = - = | =
£ ;J; ‘#}' TV 8 ot File & &2 (&) [ Fal [ B & & @& eeterences =
O Vanat -
Mew  New  New Open (D findFiles Sa il o favorites Clear simuink | Layour SetPan Acd-0ns [[] paratiel ~ | Hei
script LveScript v = i lear Workspace v | v Commands - - - B
ALE CODE 1 x
& al @ /> MATLAB Drive =
B Flles @ Command Window
[t » New to MATLAB? Saa resourcas for Getiing Started
N > D=[2152;063231-142,0241]
o -
2, ¥ % @
e 3 2 3
1 -1 4 2z
o 2z 4 1
>> det(D)
ans =
-55
Workspace. 5> E=[02131;860-211;3341502521;63225]
iiName #ivalue isize iChass £
=1 axd double  xd
e : (] 2 1 3 1
£ ans e e e -2 1 1
Be 5x 3 3 4 1 5
@ = e 2 5 2z 1
= e 3 2 2 5
@o 4xa
qE 545 double > det(E)
ans
-98
>
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