
Article

Not peer-reviewed version

Analyzing a SEIR-Type

Mathematical Model of SARS-

COVID-19 Using Piecewise

Fractional Order Operators

Nadiyah Hussain Alharthi and Mdi Begum Jeelani 

*

Posted Date: 26 June 2023

doi: 10.20944/preprints202306.1773.v1

Keywords: Dynamical system; Piecewise derivative; Newton polynomials; Fractional order iterative method

Preprints.org is a free multidiscipline platform providing preprint service that

is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of

Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons

Attribution License which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.

https://sciprofiles.com/profile/1914427
https://sciprofiles.com/profile/1735811


Article

Analyzing a SEIR-Type Mathematical Model of
SARS-COVID-19 Using Piecewise Fractional Order
Operators

Nadiyah hussain alharthi, Mdi Begum Jeelani

Department of Mathematics and Statistics, College of Science, Imam Mohammad Ibn Saud Islamic

University(IMSIU), Riyadh, Saudi Arabia; nhalharthi@imamu.edu.sa,mbshaikh@imamu.edu.sa

Abstract: The continuing public health issue known as COVID-19 (the 2019 Novel Corona virus

infection) has a global emphasis. Despite (or perhaps because of) the fact that there are significant

gaps in our understanding of COVID-19 epidemiology, transmission dynamics, research methods,

and management breakout poses a new kind of global hazard. The good news is that there is currently

enough knowledge about the epidemic process to allow for the creation of mathematical forecasting

models. We modify a conventional SEIR epidemic model to the unique dynamic compartments and

epidemic features of COVID 19 as it spreads in a population with a diverse age structure. Although

many US states and other nations around the world followed lockdown and reopening processes,

we perform some analysis on using some techniques of the epidemic course. A new perspective of

fractional calculus known as piecewise derivatives of fractional order is used to study the proposed

model. Sufficient conditions are established to show the existence theory. In addition, a numerical

scheme based on Newton’s polynomials is established to simulate the approximate solutions of the

proposed model by using various fractional orders. Some real data results are also shown with

comparison of the numerical results.

Keywords: dynamical system; piecewise derivative; Newton polynomials; fractional order iterative

method

1. Introduction

End of 2019 saw the discovery of the fatal COVID-19 coronavirus disease in the renowned Chinese

city Wuhan. The aforementioned illness has spread quickly around the globe. WHO declared it a

global pandemic by the end of March 2020 (see [1–3]). More than six million deaths attributed to

COVID-19 have been documented globally. Approximately 600 to 700 people in the same line have

an infection. The state of the economy, people’s health, and their way of life have all been severely

disrupted. Researchers and scientists are working around the clock to find the best treatment for the

aforementioned sickness (see [4]). Every state in the globe has already seized it.

Because of advances in technology, epidemiology has advanced to the point where different

infectious diseases are examined for treatment, control, curing, and so on (see [5]). It should be noted

here that mathematical biology also plays a significant part in the investigation of many diseases. As a

result, significant progress has been made in the mathematical modelling of infectious diseases over

the previous many decades (see [6,7]). In terms of research, mathematical modelling has grown in

popularity during the previous three decades. Mathematical models aid in the development of secure

public health methods for the successful control of various diseases [8,9]. These mathematical models

are useful for studying spatiotemporal patterns as well as the dynamic behaviour of infections. With the

importance of mathematical models, academics have researched COVID-19 from many perspectives

over the last three years cite5. Researchers in this field are employing a variety of approaches to develop

successful techniques for controlling this condition (some recent studies are included in [12,13]).

Recently, a mathematical model was employed to investigate the impacts of immunization in nursing

homes, for example, see [14]. Researchers [15] investigated mathematical modeling and effective
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intervention options for the COVID-19 outbreak. Recently, some writers investigated COVID-19

mathematical models using stochastic differential equations and environmental white noise (see [16]).

As we know that the field of epidemiology has been thoroughly researched using the idea

of classical derivative. Because classical differential operators are local, they cannot adequately

explain a variety of inherited, short and long memory processes. As a result, fractional calculus has

received significantly greater attention in recent decades in order to more thoroughly understand

the aforementioned process. It has gained popularity because its dynamic characteristics have

demonstrated a wide range of applications in real-world situations such as biological and physical

phenomena [17]. Fractional calculus, like regular calculus, has a long history [18]. Several authors have

explored the said topic from various perspectives; we refer to a few as [19–21]. The aforementioned

calculus has numerous applications in science and technology (see [22,23]). Because of its non-locality,

the fractional order derivative has a higher degree of freedom [24]. As a result, the aforementioned

derivative may be preferable to the standard order derivative in the mathematical modelling of

infectious diseases. Various writers have done useful work in the past, for example, existence theory of

solution to fractional differential equations [25], qualitative results in [26,27], respectively. As a result,

similar to classical differential equations, various tools and methods for investigating fractional order

differential and integral equations (FODIEs) for approximate or analytical results have been developed

(see fractional visco-elasticity model in [28,29], fractional calculus in mechanical system modeling in

[30], and asphalt mixtures testing model of non-integer order in [31]).

Majority of real-world problems have some degree of unpredictability that traditional

mathematical models cannot capture. In recent decades, the concept of stochastic mathematical

differential equations has been proposed and widely employed, with notable results. However,

rather from following randomness, other problems follow non-locality trends, such as long-range

dependence, fractal processes, power law processes, and crossover behaviors, implying that physical

events exhibit a wide range of behaviors. To address these issues, a class of fractional derivatives was

suggested, which includes fractional differential operators with singular type kernels, fractal fractional

operators, and differential operators with regard to other functions. These operators, however, are

still poor at characterizing crossover behavior. The idea of short memory fractional order derivative

was developed for the first time to characterize the aforementioned behavior. Although fractional

derivatives have extended memory capability, the piecewise notion has been shown to be more

powerful than the described (see details in [32]). To examine the crossover properties, we introduce

several notions such as fractal-fractional derivative, fractional order derivative with singular and

non-singular kernels, and some other forms of derivative operators. For example, [33,57–59] refers to

some valuable work on nonlocal operators and their applications, [34] refers to a mathematical model

under the Caputo-Fabrizio operator, [35] refers to fractional dynamics of cellulose degradation, [36]

refers to local and nonlocal operators with applications, and [37] refers to existence and uniqueness

with applications to epidemiology. Although randomness considerations in the framework of the

stochastic equation produce more realistic results, the crossover dynamical behavior has not been

studied [38]. Many real-world process models, such as heat flow, fluid flow, and many complex

advection problems, exhibit this behavior (see [39]). The exponential and Mittag-Leffler mappings

cannot find the timing of crossovers in fractional calculus. Because many real-world issues exhibit

crossover behavior that is not adequately characterized by the standard fractional order derivative.

Because such phenomena, such as earthquakes, pendulum motion, the volatility of the economy in

less developed countries at the present moment, and so on, are experiencing rapid changes in their

state of rest or uniform motion. Using piecewise equations with fractional order derivatives, this

crossover behavior can be clearly demonstrated. Recently, some essential aspects in this regard have

been identified by analyzing various models in [40]. The authors developed classical and global

piecewise derivatives, as well as various applications. Various infectious disease models have recently

been examined employing non-singular and power-law type operators, as shown in [41–46].
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Keeping the above importance, we intend to focus on these fundamental problems in this study,

utilizing a model specifically adapted to reflect the hallmark of the COVID 19 dynamics, as well as the

constraints in our reaction to it. We replicate the epidemic dynamics first inside one community with

a specific social pattern, using a conventional SEIR design that allows for long incubation. Here, we

formulate our model under piecewise derivative as

PCC
0 D

r
t(S)(t) = a − ρ1SI

1+γI − (δ + p)S
PCC
0 D

r
t(E)(t) = pS − δE − ρ2αEI

PCC
0 D

r
t(I)(t) = ρ1SI

1+γI + ρ2αEI − (δ + µ0 + w − b)I
PCC
0 D

r
t(R)(t) = wI − δR,

(1)

where PCC
0 D

r
t stands for piecewise Caputo derivative which can be described for any function say y as

PCC
0 D

r
t(y(t)) =















C
0 Dt(y(t)) =

dy

dt
, 0 < t ≤ t1,

C
0 D

r
t(y(t)) =

1

Γ(1 − r)

∫ t2

t1

(t − η)−ry′(η)dη, t1 < t ≤ t2,
(2)

where 0D
r
t represents the usual Caputo fractional order derivative. The Flow chart of our model is

given in Figure 1, while the parameters are described in Table 1. The Flow chart of our model is given

in Figure 1, and the nomenclatures in Table 1.

Figure 1. Flow Chart of our established Model (1).

From the Flow Table 1, we state that a is the recruitment rate, and
ρ1SI
1+γI denoted contact rate. If

natural death is involved whose rate δ and p stands for migration to exposed class for infection. Thus

the amount δE is due to natural death and ρ2EI denoted the rate of infection which is reduced by rate

α. Further µ0 is the death rate due to COVID, w denoted recovery rate.
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Table 1. Parameters and their discerption of the model (1).

Nomenclature Representation

S Susceptible class
E Exposed class
I Infected class
R Recovered class
N0 Total initial papulation
N Total population at time t
b Immigrant to I from E
µ0 infection death rate
δ death rate due to natural way
a Recruitment rate
p Migration rate from S to E
γ Saturation value of virus
α rate at which infection is reducing
ρ1 contact rate
w rate at which individual gets ride from infection
ρ2 infection rate

Some essential results, such as disease-free and endemic equilibrium points and basic reproduction

numbers, are computed. Boundedness is also confirmed. We then investigate the above mentioned

model for the existence and uniqueness of approximation solutions using Banach and Schauder fixed

point theorems. It is noteworthy that existence theory with piecewise derivatives of fractional orders

introduces some novel aspects to such dynamical issues. According to the theory, there is a solution

to such physical difficulties. In addition, we provide some results for the numerical interpretation of

the system using a numerical scheme similar to the one employed in [40]. For classic fractional order

systems, various numerical tools have proved particularly effective in recent times. For example, in

[47], the Range-Kutta approach was employed to solve several fractional order problems. Researchers

[48] additionally makes use of a revolutionary parameter estimation technique. In [49], a nonstandard

numerical approach was utilized to solve fractional order problems. In citeFD, the finite difference

method was utilized to investigate a fractional order system. Improved finite-difference strategies

were also employed in [51–53] for a distinct set of non-integer order issues. We use genuine data from

the sources cited as [54–56,60] in this example. In this paper, we apply the numerical method described

in [? ] to study the numerical analysis of the considered model at different fractional orders.

The manuscript is structured as: Section 1 of our work is devoted to a lengthy introduction.

Section 2 contains some essential results that we require in this paper. In addition, some basic results

for the prosed model are provided below. In Section 3, we use fixed point theory to develop existence

theory for an approximate solution to the suggested model. The numerical strategy for an approximate

solution to the proposed model is covered in Section 4. The Section 5 is dedicated to graphical

representations of our findings. Finally, Section 6 provides a quick conclusion and discussion of the

numerical results.

2. Elementary Results

In the section, we give some fundamental results from fractional calculus which we need

throughout this work. Also, some basic results for our proposed model are given here.

Definition 1. [40] If Ω be differentiable function with r > 0, then the classical and fractional order piecewise

integration is defined as

PC
0 I

r
tΩ(t) =















∫ t1

0
Ω(η)dη, 0 < t ≤ t1,

1

Γ(r)

∫ t

t1

(t − η)r−1Ω(η)d(η), t1 < t ≤ T,
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where PC
0 It stands for classical integration in 0 < t ≤ t1 and represents Riemann-Liouville integration in

t1 < t ≤ T.

Definition 2. [40] Let 0 < r ≤ 1 and if Ω ∈ C[0, T] be differentiable, then the classical and fractional order

piecewise derivative is defined as

PCC
0 D

r
tΩ(t) =

{

Ω′(t), 0 < t ≤ t1,
C
0 D

r
tΩ(t), t1 < t ≤ T.

Lemma 1. [40] Let Ω ∈ L[0, T] ∩ C[0, T] and g ∈ L[0, T], then the solution of the given problem

PCC
0 D

r
tΩ(t) = g(t), 0 < r ≤ 1

is derived as

Ω(t) =















Ω0 +
∫ t

0
g(η)dη, 0 < t ≤ t1,

Ω(t1) +
1

Γ(r)

∫ t

t1

(t − η)r−1g(η)d(η), t1 < t ≤ t2.

2.1. Some Fundamental Results about the Model (1)

Here we provide some basic results about the model (1). The feasible region and boundedness of

the proposed model is given in Remark 1.

Remark 1. Let N be the total papulation at any time t, we have

N = S + E + I + R. (3)

Taking derivative of (3) w.r.t ’t’, and using model (1), we get

PCC
0 D

r
tN(t) ≤ a − δN. (4)

On solving (4) and taking t → ∞, we get

N ≤
a

δ
.

Hence the feasible region is described as

Φ = {(S, E, I, R) ∈ R
4
+ : N ≤

a

δ
}.

Hence the solution is bounded and inside the region given by Φ.

Putting left hand sides of model (1) equal to zero and solving the equations, the disease free

equilibrium is obtained as

E
0 = (S0, E0, 0, 0) =

(

a

(δ + p)
,

ap

δ(δ + p)
, 0, 0

)

.
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In the same line, we also compute the endemic equilibria as

S∗(t) =
a(1 + γI∗)

ρ1 I∗ + (δ + p)(1 + γI∗)

E∗(t) =
pa(1 + γI∗)

(ρ1 I∗ + (δ + p)(1 + γI∗))(δ + ρ2αI∗)

R∗(t) =
wI∗

δ
.

Further the threshold number R0 is computed by taking second and third equation of (1), from which

we have

F =

[

ρ1SI
1+γI + ρ2αEI

0

]

and V =

[

(δ + µ0 + w − b)I

pS − δE

]

.

Jacobian of F and V at disease free equilibrium are given by

J(F) =

(

ρ1S0 + ρ2αE0 0

0 0

)

and J(V) =

(

δ + µ0 + w − b 0

0 δ

)

.

Also one has

V−1 =

[

1
δ+µ0+w−b 0

0 1
δ

]

FV−1 =

[

ρ1S0+ρ2αE0

δ+µ0+w−b 0

0 0

]

.

Hence R0 is obtained as

R0 =
ρ1aδ + ρ2αa

δ(δ + p)(δ + µ0 + w − b)
. (5)

In Figure 2, we present 3D profile of R0 for some specify values given in Table 2.

Figure 2. 3D profile of R0 computed in (5).
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Table 2. Numerical values of the nomenclatures of the model.

Nomenclature Numerical value

S 217.342565 in millions[54]
E 100 in million (assumed)
I 1.386348 in million[54]
R 1.271087 in million [54]

b 0.135 (assumed) day−1

µ0 0.19 [54] day−1

δ 0.000065 [54] day−1

a 1.43 (assumed) day−1

p 0.45 day−1

γ 0.00019 (assumed) day−1

α 0.0008601 (assumed) day−1

ρ1 0.10 (assumed) day−1

w 0.98 (assumed) day−1

ρ2 0.020 (assumed) day−1

3. Existence Theory

In this section, we will develop the existence and uniqueness results for the solution of the

proposed model (1). To proceed, let G : [0, T]×R → R be a nonlinear continuous function, then the

solution according to Lemma 1 of

PCC
0 D

r
tΩ(t) = G(t, Ω), 0 < r ≤ 1, (6)

Ω(0) = Ω0

is given as

Ω(t) =















Ω0 +
∫ t

0
G(η, Ω(η))dη, 0 < t ≤ t1,

Ω(t1) +
1

Γ(r)

∫ t2

t1

(t − η)r−1G(η, Ω(η))d(η), t1 < t ≤ t2,

(7)

where

Ω(t) =























S(t)

E(t)

I(t)

R(t)

, Ω0 =























S0

E0

I0

R0

, Ω(t1) =























S(t1)

E(t1)

I(t1)

R(t1)

, G(t, Ω(t)) =







































































G1(t, Ω(t)) =

{

G1(Ω, t), 0 < t < t1,

G1(Ω, t), t1 < t ≤ t2,

G2(t, Ω(t)) =

{

G2(Ω, t), 0 < t < t1,

G2(Ω, t), t1 < t ≤ t2,

G3(t, Ω(t)) =

{

G3(Ω, t), 0 < t < t1,

G3(Ω, t), t1 < t ≤ t2,

G4(t, Ω(t)) =

{

G4(Ω, t), 0 < t < t1,

G4(Ω, t), t1 < t ≤ t2.

(8)

Let ∞ > t2 ≥ t > t1 > 0, with space described by E = C[0, T]× C[0, T]× C[0, T]× C[0, T] endowed

with norm

‖Ω‖ = max
t∈[0,T]

|Ω(t)|.

Some hypothesis are stated as:

(C1) Let LG > 0, such that Ω, Ω̄ ∈ E, then

|G(t, Ω)− G(t, Ω̄)| ≤ LG|Ω − Ω̄|.
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(C2) If CG > 0, and MG > 0, then

|G(t, Ω(t))| ≤ CG|Ω|+ MG.

Theorem 1. Under the hypothesis (C1), (C2), and if there exists a closed bounded subset

B = {Ω ∈ E : ‖Ω‖ ≤ R1,2, R1,2 > 0},

where

R1,2 ≥ max















|Ω0|+ t1MG

1 − t1CG
, 0 < t ≤ t1,

|Ω(t1)|Γ(r + 1) + TrMG

(Γ(r + 1)− TrCG
, t1 < t ≤ t2,

then the problem (6) has at least on solution. Consequently the proposed model (1) has atleast one solution.

Proof. Let B of E as

B = {Ω ∈ E : ‖Ω‖ ≤ R1,2, R1,2 > 0}.

Here describing the operator by T : B → B as

T(Ω) =















Ω0 +
∫ t

0
G(η, Ω(η))dη, 0 < t ≤ t1,

Ω(t1) +
1

Γr

∫ t2

t1

(t − η)σ−1G(η, Ω(η))d(η), t1 < t ≤ t2.

(9)

For Ω ∈ B, we have

|T(Ω)(t)| ≤















|Ω0|+
∫ t1

0
|G(η, Ω(η))|dη,

|Ω(t1)|+
1

Γ(r)

∫ t2

t1

(t − η)r−1|G(ηΩ(η))|d(η),

≤















|Ω0|+
∫ t1

0
[CG|Ω|+ MG]dη,

|Ω(t1)|+
1

Γ(r)

∫ t2

t1

(t − η)r−1[CG|Ω|+ MG]d(η),

≤











|Ω0|+ t1[CGR1,2 + MG] ≤ R1,2, 0 < t ≤ t1,

|Ω(t1)|+
Tr

Γ(r + 1)
[CGR1,2 + MG] ≤ R1,2, t1 < t ≤ t2,

where for t1 < t <≤ t2, we put |(t1 − η)r − (t2 − η)r| ≤ Tr. Hence we have that ‖T(Ω)‖ ≤ R1,2 which

yields that T(B) ⊂ B. Thus T maps bounded set to bounded. Thus T is bounded operator. Since G is

continuous function. Therefore T is also continuous operator. Additionally, take tn > tm ∈ [0, t1], then

|T(Ω)(tn)−T(Ω)(tm)| =

∣

∣

∣

∣

∫ tn

0
G(η, Ω(η))dη −

∫ tm

0
G(η, Ω(η))dη

∣

∣

∣

∣

≤
∫ tn

tm

|G(η, Ω(η))|dη

≤
∫ tn

tm

[CG|Ω|+ MG]dη

≤ (CGR1,2 + MG)[tn − tm]. (10)
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From (10), we see that tn → tm, then

|T(Ω)(tn)−T(Ω)(tm)| → 0, as tn → tm.

Also T is bounded operator. So

‖T(Ω)(tn)−T(Ω)(tm)‖ → 0, as tn → tm.

Hence T is equi-continuous in this case. Furthermore, for tn > tm ∈ (t1, T], consider

|T(Ω)(tn)−T(Ω)(tm)| =

∣

∣

∣

∣

1

Γ(r)

∫ tn

0
(tn − η)r−1G(η, Ω(η))dη −

1

Γ(r)

∫ tm

0
(tm − η)r−1G(η, Ω(η))dη

∣

∣

∣

∣

≤
1

Γ(r)

∫ tm

0
[(tm − η)r−1 − (tn − η)r−1]|G(η, Ω(η))|dη

+
1

Γ(r)

∫ tn

tm

(tn − η)r−1|G(η, Ω(η))|dη

≤
1

Γ(r)

[

∫ tm

0
[(tm − η)r−1 − (tn − η)r−1]dη

+
∫ tn

tm

(tn − η)r−1dη

]

(CG|Ω|+ MG)

≤
(CGR1,2 + MG)

Γ(r + 1)
[tr

n − tr
m + 2(tn − tm)

r]. (11)

Further from (11), we see that

|T(Ω)(tn)−T(Ω)(tm)| → 0, as tm → tn.

Also T is bounded over (t1, T] so is uniformly continuous. Hence

‖T(Ω)(tn)−T(Ω)(tm)‖ → 0, as tn → tm.

Therefore, T is equi-continuous in (t1, t2] interval. Hence T is equi- continuous mapping over [0, t1] ∪

(t1, t2]. Thus T is a relatively compact operator. By using Arzelá-Ascoli theorem, operator T is

completely continuous. Hence, the concerned problem (6) has at least one solution. Hence, the

proposed model (1) has at least one solution.

Theorem 2. Inview of Hypothesis (C1), the problem (6) has a unique solution if max

{

TLG, Tr

Γ(r+1)
LG

}

< 1.

Consequently, the proposed model (1) has a unique solution.

Proof. If T : E → E can be described as

T(Ω) =















Ω0 +
∫ t

0
G(η, Ω(η))dη, 0 < t ≤ t1,

Ω(t1) +
1

Γr

∫ t2

t1

(t − η)σ−1G(η, Ω(η))d(η), t1 < t ≤ t2.

Then, Ω, Ω̄ ∈ E, over [0, t1], one has

‖T(Ω)−T(Ω̄)‖ = max
t∈[0,t1]

∣

∣

∣

∣

∫ t1

0
G(η, Ω(η))dη −

∫ t1

0
G(η, Ω̄(η))dη

∣

∣

∣

∣

≤ TLG‖Ω − Ω̄‖. (12)
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From (12), we have

‖T(Ω)−T(Ω̄)‖ ≤ TLG‖Ω − Ω̄‖. (13)

By the same fashion for t ∈ (t1, t2], we have

‖T(Ω)−T(Ω̄)‖ = max
t∈(t1,t2]

∣

∣

∣

∣

1

Γ(r)

∫ t2

t1

(t − η)r−1G(η, Ω(η))dη −
1

Γ(r)

∫ t2

t1

(t − η)r−1G(η, Ω̄(η))dη

∣

∣

∣

∣

≤
Tr

Γ(r + 1)
LG‖Ω − Ω̄‖. (14)

From (14), we have

‖T(Ω)−T(Ω̄)‖ ≤
Tr

Γ(r + 1)
LG‖Ω − Ω̄‖. (15)

Hence, from (13) and (15), we see that T is a contraction operator. Hence (6) has a unique solution.

Consequently our proposed model (1) has a unique solution.

4. Numerical Scheme

Here for the conduction of numerical results, for the proposed model (1), we construct a numerical

method for the two sub-intervals of [0, T]. The numerical scheme for the piecewise problem well is like

an integer order numerical scheme as established in [40]. Using the piece-wise integral form of 1 for

classical and Caputo format as follows

S(t)) =















S0 +
∫ t1

0
G1(η, )dη, 0 < t ≤ t1,

S(t1) +
1

Γ(r)

∫ t2

t1

(t − η)r−1G1(η)dη, t1 < t ≤ t2,

,

E(t)) =















E0 +
∫ t1

0
G2(η, )dη, 0 < t ≤ t1,

E(t1) +
1

Γ(r)

∫ t2

t1

(t − η)r−1G2(η)dη, t1 < t ≤ t2,

,

I(t)) =















I0 +
∫ t1

0
G3(η, )dη, 0 < t ≤ t1,

I(t1) +
1

Γ(r)

∫ t2

t1

(t − η)r−1G3(η)dη, t1 < t ≤ t2,

,

U(t)) =















R0 +
∫ t1

0
G4(η, )dη, 0 < t ≤ t1,

R(t1) +
1

Γ(r)

∫ t2

t1

(t − η)r−1G4(η)dη, t1 < t ≤ t2.

(16)

We first construct the technique for the first equation of the system (16) and the same procedure

will be repeated for the remaining equations also. At t = tn+1, we have

S(tn+1)) =















S0 +
∫ t1

0
G1(Ω, η)dη, 0 < t ≤ t1,

S(t1) +
1

Γ(r)

∫ tn+1

t1

(t − η)r−1G1(S, E, I, R, η)dη, t1 < t ≤ t2,

(17)
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By expressing equation (17) in the Newton interpolation formula given in [40] as

S(tn+1) =















































































































S0 +



















i

∑
k=2

[

5

12
G1(S

k−2, Ek−2, Ik−2, Rk−2, tk−2)rt

−
4

3
G1(S

k−1, Ek−1, Ik−1, Rk−1, tk−1)rt + G1(S
k, Ek, Ik, Rk, tk)

]

,

S(t1) +



















































































(rt)r−1

Γ(r + 1)

n

∑
k=i+3

[

G1(S
k−2, Ek−2, Ik−2, Rk−2, tk−2)

]

Π

+
(rt)r−1

Γ(r + 2)

n

∑
k=i+3

[

G1(S
k−1, Ek−1, Ik−1, Rk−1, tk−1)

− G1(S
k−2, Ek−2, Ik−2, Rk−2, tk−2)

]

Λ

+
r(rt)r−1

2Γ(r + 3)

n

∑
k=i+3

[

G1(S
k, Ek, Ik, Rk, tk)− 2G1(S

k−1, Ek−1, Ik−1, Rk−1, tk−1)

+ G1(S
k−2, Ek−2, Ik−2, Rk−2, tk−2)

]

Ξ.



















































































(18)

For the rest of the three equations, we can write the Newton interpolation scheme as given bellow

E(tn+1) =















































































































E0 +



















i

∑
k=2

[

5

12
G2(S

k−2, Ek−2, Ik−2, Rk−2, tk−2)rt

−
4

3
G2(S

k−1, Ek−1, Ik−1, Rk−1, tk−1)rt + G2(S
k, Ek, Ik, Rk, tk)

]

,

E(t1) +



















































































(rt)r−1

Γ(r + 1)

n

∑
k=i+3

[

G2(S
k−2, Ek−2, Ik−2, Rk−2, tk−2)

]

Π

+
(rt)r−1

Γ(r + 2)

n

∑
k=i+3

[

G2(S
k−1, Ek−1, Ik−1, Rk−1, tk−1)

− G2(S
k−2, Ek−2, Ik−2, Rk−2, tk−2)

]

Λ

+
r(rt)r−1

2Γ(r + 3)

n

∑
k=i+3

[

G2(S
k, Ek, Ik, Rk, tk)− 2G2(S

k−1, Ek−1, Ik−1, Rk−1, tk−1)

+ G2(S
k−2, Ek−2, Ik−2, Rk−2, tk−2)

]

Ξ



















































































,

(19)

I(tn+1) =















































































































I0 +



















i

∑
k=2

[

5

12
G3(S

k−2, Ek−2, Ik−2, Rk−2, tk−2)rt

−
4

3
G3(S

k−1, Ek−1, Ik−1, Rk−1, tk−1)rt + G3(S
k, Ek, Ik, Rk, tk)

]

,

I(t1) +



















































































(rt)r−1

Γ(r + 1)

n

∑
k=i+3

[

G3(S
k−2, Ek−2, Ik−2, Rk−2, tk−2)

]

Π

+
(rt)r−1

Γ(r + 2)

n

∑
k=i+3

[

G3(S
k−1, Ek−1, Ik−1, Rk−1, tk−1)

− G3(S
k−2, Ek−2, Ik−2, Rk−2, tk−2)

]

Λ

+
r(rt)r−1

2Γ(r + 3)

n

∑
k=i+3

[

G3(S
k, Ek, Ik, Rk, tk)− 2G3(S

k−1, Ek−1, Ik−1, Rk−1, tk−1)

+ G3(S
k−2, Ek−2, Ik−2, Rk−2, tk−2)

]

Ξ



















































































(20)
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R(tn+1) =















































































































R0 +



















i

∑
k=2

[

5

12
G4(S

k−2, Ek−2, Ik−2, Rk−2, tk−2)rt

−
4

3
G4(S

k−1, Ek−1, Ik−1, Rk−1, tk−1)rt + G4(S
k, Ek, Ik, Rk, tk)

]

,

R(t1) +



















































































(rt)r−1

Γ(r + 1)

n

∑
k=i+3

[

G4(S
k−2, Ek−2, Ik−2, Rk−2, tk−2)

]

Π

+
(rt)r−1

Γ(r + 2)

n

∑
k=i+3

[

G4(S
k−1, Ek−1, Ik−1, Rk−1, tk−1)

− G4(S
k−2, Ek−2, Ik−2, Rk−2, tk−2)

]

Λ

+
r(rt)r−1

2Γ(r + 3)

n

∑
k=i+3

[

G4(S
k, Ek, Ik, Rk, tk)− 2G4(S

k−1, Ek−1, Ik−1, Rk−1, tk−1)

+ G4(S
k−2, Ek−2, Ik−2, Rk−2, tk−2)

]

Ξ



















































































,

(21)

where Π = (n − k + 1)r − (n − j)r, Λ = (n − k + 1)r(n − k + 3 + 2r) − (n − k)(n − k + 3 + 3r),

Ξ = [(n − k + 1)α(2(n − k)2 + (3α + 10)(n − k) + 2α2 + 9α + 12)− (n − k)α(2(n − k)2 + ((5α + 10)

(n − k) + 6α2 + 18α + 12).

5. Numerical Simulation

In this section, we present the numerical simulation in Figures 3–10, using the obtained scheme of

Newton polynomials of classical and piecewise derivative concepts. We divide the whole interval into

two sub-intervals and check the first interval for integer order derivative while the second interval is

tested on different fractional orders in sense of Caputo derivative by using the data given in Table 2.

Figures 3 and 4 represent, the susceptible population which declines and then becomes stable as

the remaining classes increase on both intervals. The single curve is for the first interval and it shows

integer order classical behavior from [0, t1] = [0, 20]. While the four different curves show the global

order derivative behavior on [t1, t2] = [20, 80]. In Figure 4 the intervals are slightly increased and this

also shows the same behavior.
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0.94

0.96

0.98

1.00

Figure 3. Piecewise representation of approximate solution for S for classical derivative on [0, t1] and

fractional order derivative on [t1, t2] of order r.
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Figure 4. Piecewise representation of approximate solution for S for classical derivative on [0, t1] and

fractional order derivative on [t1, t2] of order r.

Next, Figures 5 and 6 represent the exposed population which grows up and then becomes

stable as the remaining two classes decline on both intervals. The single curve is for the first interval

and it shows classical order dynamics on [0, t1]. While the four different curves show the fractional

Caputo order derivative behavior on [t1, t2]. In Figure 6 the time interval is [0, 100], showing the same

dynamics.
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Figure 5. Piecewise representation of approximate solution for E for classical derivative on [0, t1] and

fractional order derivative on [t1, t2] of order r.
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Figure 6. Piecewise representation of approximate solution for E for classical derivative on [0, t1] and

fractional order derivative on [t1, t2] of order r.

Furthermore, Figures 7 and 8 show the infected population which grows up reaches up to its peak

value, and then declines towards the convergent point. The first shows the integer order derivative,

while the other show, the fractional Caputo derivative behavior on different fractional orders. In Figure

8 the time interval is changed, showing the same dynamics.
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Figure 7. Piecewise representation of approximate solution for I for classical derivative on [0, t1] and

fractional order derivative on [t1, t2] of order r.
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Figure 8. Piecewise representation of approximate solution for I for classical derivative on [0, t1] and

fractional order derivative on [t1, t2] of order r.

The dynamics of the recovered population are shown in Figures 9 and 10, which indicate a

sluggish increase at the first interval of integer order, followed by a fast increase that leads to the

population’s stable value at the convergent point. The fractional Caputo order derivative dynamics

are represented by the second interval, whilst the integer order derivative is represented by the first

interval. The time interval is extended and the same dynamical behavior is displayed in Figure 10.
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Figure 9. Piecewise representation of approximate solution for R for classical derivative on [0, t1] and

fractional order derivative on [t1, t2] of order r.
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Figure 10. Piecewise representation of approximate solution for R for classical derivative on [0, t1] and

fractional order derivative on [t1, t2] of order r.

Here, we compare our results in ordinary form with some actual data for infected patients reported

for 200 days in Pakistan using the citation style [56] at the specified fractional order. Similar to what is

described in [60], the simulation is carried out. We can see that the simulated findings closely match

those of actual data. This phenomenon shows that our plan and numerical analysis are valid. The

relevant Figure is identified as Figure 11.
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Figure 11. Comparison of per day infected cases with that of simulated data of our proposed model.

6. Discussion and Conclusion

In this paper, we developed a model based on the concept of piecewise equations with fractional

order Caputo derivatives. We developed the existence theory of the proposed model’s solution using

Schauder and Banach’s fixed point theory. In addition, a numerical scheme based on the Newton

interpolation formula has been devised. The results were then graphically shown using real data

for various fractional orders. Furthermore, in the case of stated infected persons, concerned results

have been displayed and compared with real data. Because many real-world issues have abrupt shifts

in their condition of rest or uniform motion, this is referred to as crossover behaviour. Traditional

derivatives of either classical or fractional form cannot effectively depict this phenomenon. Using

pieces-wise equations with fractional order derivatives, the aforementioned behaviour can be well

explained. Furthermore, fractional order derivatives maintain a higher degree of freedom and flexibility.

Figures 3–10 show the crossover behavior at the indicated positions. Two sets of various fractional
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orders and time intervals have been used in the numerical simulation of all four compartments. The

bending effects are also displayed when t1 is used to describe the dynamics of piecewise derivatives.

The solutions and the integer order solution have also been compared. While the second interval

is checked in multiple fractional orders, the first interval of the numerical simulation was given in

integer order. Along with the comparison with integer order, both intervals are examined on fractional

orders. Such an analysis can be used to examine numerous global occurrences when abrupt changes in

the dynamics of several quantities occur. This enquiry can deal with the crossover aspects of both

integer and fractional orders. In the end, we made a close comparison between our findings and

some actual facts. Future applications of this style of analysis include more intricate dynamical issues

including derivatives of the Mittag-Leffler and fractal-fractional types. The aforementioned model will

then be examined utilizing singular and non-singular differential operators in the context of stochastic

fractional order differential equations.
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