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An Evolving Spacetime Metric Induced by a “Static’
Source

Martin Land

Department of Computer Science, Hadassah College, Jerusalem; martin@hac.ac.il

Abstract: In a series of recent papers we developed a formulation of general relativity in which
spacetime and the dynamics of matter evolve with a Poincaré invariant parameter 7. In this paper
we apply the formalism to derive the metric induced by a ‘static’ event evolving uniformly along its
t-axis at the spatial origin x = 0. The metric is shown to vary with t and 7, as well as spatial distance 7,
taking its maximum value for a test particle at the retarded time T = t — r/c. In the resulting picture,
an event localized is space and time produces a metric field similarly localized, where both evolve
in 7. We first derive this metric as a solution to the wave equation in linearized field theory, and
discuss its limitations by studying the geodesic motion it produces for an evolving event. By then
examining this solution in the 4+1 formalism, which poses an initial value problem for the metric
under T-evolution, we clarify these limitations and indicate how they may be overcome in a solution
to the full nonlinear field equations.

Keywords: general relativity; the problem of time; Stueckelberg-Horwitz-Piron theory; parameterized
relativistic mechanics

1. Introduction

The 4+1 formalism [1-5] in general relativity (GR) poses an initial value for the spacetime metric
in which evolution of fields and matter is parameterized by a Poincaré invariant chronological time
7. Parameterization by proper time was introduced in 1937 by Fock [6] in his manifestly covariant
electrodynamics. However, in 1941 Stueckelberg [7,8] showed that neither coordinate time ¢ nor the
proper time ds = /—dx#dx, can be used as a chronological evolution parameter in an electrodynamics
that accounts for pair creation/annihilation processes. Instead, to describe antiparticles as particles
whose trajectory reverses direction in coordinate time ¢, he introduced a strictly monotonic evolution
parameter T, independent of phase space and external to the spacetime manifold.

Piron and Horwitz [9] generalized Stueckelberg’s formalism, constructing a relativistic canonical
many-body theory [10-14] with Lorentz scalar Hamiltonian. By including 7 in the U(1) gauge freedom
(but not the spacetime manifold), the Stueckelberg-Horwitz-Piron (SHP) formalism in flat spacetime
[15-18] provides an electrodynamic theory of events interacting through five gauge potentials. The
evolution of a localized spacetime event induces a field acting on a localized remote event, through
an interaction synchronized by the chronological time 7, and recovering Maxwell electrodynamics in
T-equilibrium.

The structure of these interactions suggest a higher symmetry such as O(3,2) or O(4,1) for free
fields, but the observed Lorentz invariance of spacetime requires that any 5D symmetry break
to 4D tensor and scalar representations of O(3,1) in the presence of matter. A similar conflict of
symmetries is familiar from classical acoustics, where the pressure wave equation appears invariant
under Lorentz-like transformations, but no relativistic effects are expected for observers approaching
the speed of sound. These considerations are a guiding principle in extension of the formalism to
general relativity.

Horwitz has extended the SHP framework to curved spacetime [19,20], developing a classical and
quantum theory of interacting event evolution in a background metric g,y (x). As a many body theory
with T-evolution, the scalar event density p(x, T) and energy-momentum tensor T}, (x, T) naturally
become explicitly T-dependent. In keeping with Wheeler’s characterization [21] of Einstein gravitation
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as “spacetime tells matter how to move; matter tells spacetime how to curve,” the T-dependent matter
distribution must be reflected in a T-dependent local metric 7y, (x, 7). Particle dynamics in such a
metric spacetime may differ from standard GR — some details are indicated in Section 2.2. As in
flat space electrodynamics, the free fields of GR — the geometrical structures — enjoy 5D spacetime
and gauge symmetries, but the spacetime symmetry must break to O(3,1) in the presence of matter.
Because the metric evolution is parameterized by the external parameter T and the matter evolution is
determined by an O(3,1) scalar Hamiltonian, there is no conflict with the diffeomorphism invariance
of general relativity. Some details of the 4+1 method are reviewed in Sections 2.3 and 2.4.

A number of simple examples of the 4+1 formalism were given in previous papers, but these
did not involve a source event evolving along a localized trajectory. In this paper, we study the field
induced by a localized event, with the goal of describing a t-localized metric and the gravitational
field it produces on a remote localized event. We proceed in analogy to SHP electrodynamics where a
particle is modeled as an ensemble of events [22] located at x = 0 in space, but narrowly distributed
along the t-axis. The 5D wave equation leads to the Coulomb potential [23] in the form

ao(x,T)I——go(tir/Cir) -I-O(rlz) (1)

r

where ¢(s) is the distribution on the f-axis, with maximum at ¢(0) and normalized as [ dt¢(7) = 1.
At long distance, the higher order term may be neglected. A test event at spatial distance r will thus
experience a potential localized around T = tg =t — r/c, the retarded time at which the source event
produced the field. The general Liénard-Wiechert potentials induced by an event on an arbitrary
trajectory appear in their usual form [18], but multiplied by ¢ (t —r/c — 7).

For the gravitational field, we similarly consider the metric induced by a ‘static’ event evolving
uniformly along the t-axis in its rest frame, fixed at the spatial origin x = 0, leading to an event current
and mass-energy-momentum tensor T""(x, 7). In Section 3 we use this tensor as the source of a wave
equation in linearized GR, and derive a metric that varies with t and 7, as well as spatial distance
r. Neglecting the higher order contribution as in electrodynamics, a test particle with coordinates
x = (x%(7),x(7)) experiences a metric that takes its maximum at T = t — |x|/c. However, unlike the
flat space motion of an event under the electrodynamic Lorentz force, the geodesic equations for an
event moving in this metric differ from our expectations, suggesting that localization along the t-axis
may cause the gravitational force to change sign. We show that this issue follows from the structure of
the Green'’s function for the wave equation in linearized GR and will obtain for any t-dependent event
density.

In Section 4 we examine this solution in the 4+1 formalism, which poses an exact initial value
problem for the metric under T-evolution. In this context, neglecting the higher order term is seen to
contradict the assumption of an evolving metric, clarifying the limitations of the linearized method.
We pose the problem of an evolving metric produced by an evolving source narrowly distributed
in spacetime in terms of the full nonlinear field equations and discuss the additional complexities
associated with this system. In a subsequent paper, numerical solutions to the initial value problem
will be discussed.

2. Review of general relativity with invariant evolution

2.1. Gauge and spacetime symmetries

In flat Minkowski spacetime with 7, = diag (—1,1,1,1), the free particle action

5= / dt %Mﬂ‘fcy @)
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is made maximally U(1) gauge invariant [15,24] by introducing five gauge fields as
1w, €. e
Sspp = /dT EMxny + Ex”ay (x,7) + <C5a5 (x,7) (3)
1 e
= /dT EMxny + Ey'cﬁa/g (x,7) 4)
where we introduce x° = ¢c57 in analogy to x* = ct and partition Greek indices such that
«,pB,7v6=01273"5 Auv,pe...=0,1,23. (5)

This action enjoys the 5D gauge invariance a, (x, T) — a4 (X, T) + 0. A(x, T), but because x"x,, X'a,,
and as are O(3,1) scalars, its spacetime symmetry is restricted to 4D. As a guide to posing field
equations for a T-dependent metric in curved spacetime, we may consider equation (4) as a standard
5D action in which we break the symmetry of the matter term by imposing the constraint °> = c5 and
making the replacement x*%, — %", in the kinetic term, restricting the phase space to (x*, x#). The
electrodynamics associated with the symmetry-broken action differ in significant ways from standard
Maxwell theory in 5D. In particular, the Lorentz force [25]

3y e d 1. . e
Mxy = Exﬁf}lﬁ E (—ZMxny) = C5Exyf5y fa,B = aaaﬁ - aﬁﬂa (6)

permits mass exchange between particles and fields, while leaving the total mass, energy, and
momentum of particles and fields conserved. Compatibility with standard electrodynamic
phenomenology places restrictions on c5/c < 1 but the strict limit cs — 0 produces a T-equilibrium
[26] that recovers standard Maxwell theory.

Field dynamics are determined by a kinetic term of the type

Siaa = [ drd*xf*P(x,7)fup(x,7) )

where f,; is a second rank tensor, while f5, is a vector field strength, because the 5-index signifies an
O(3,1) scalar quantity. Raising the 5-index in (7) suggests a 5D flat space metric

Map = diag (=1,1,1,1,0) ®)
where ¢ = £1. But expanding

FPC ) fap (1) = f1(2,7) fyw (3, T) + 20 £5(x, T) s (%, T) ©

we may regard o as the choice of sign for the vector-vector interaction, with no inherent significance
for the geometry of spacetime.

Following these considerations, we approach the construction of a T-dependent GR by embedding
4D spacetime M in a 5D pseudo-spacetime M5 = M x R with coordinates X* = (x*,c57) and a
metric g,p(x, T) determined by the standard 5D Einstein field equations on M5. By performing the
embedding in a vielbein frame [27], we may specify the metric as (8) and break the 5D spacetime
symmetry to O(3,1) at the source, by correcting the flat space metric for the quintrad for the matter
terms under the replacement

N = diag (—1,1,1,1,0) — 7, = diag(—1,1,1,1,0) (10)

as in electrodynamics. The symmetry broken field equations are transformed to the coordinate frame
as

871G 1. 4
Raﬁ - A (Ta,B - zgaﬁT> (11)
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using the known vielbein field. The LHS of equation (11) enjoys 5D gauge and spacetime symmetries,
while the RHS is O(3,1) covariant. Generalizing the 3+1 formalism in geometrodynamics [28-31] to
4+1, we take advantage of the natural foliation of M5 into 4D equal-T spacetimes homeomorphic
to M. Standard techniques in the theory of embedded surfaces enable us to extract an initial value
problem in the 4D spacetime sector, describing the T-evolution of metric 7,y (x, T) and the extrinsic
curvature K, (x, T) that accounts for aspects of the 5D connection Iwa p not contained in the 4D metric.

2.2. Event dynamics in curved spacetime

Applying the Euler-Lagrange equations to the Lagrangian
L= 1mg P (12)
2o

we obtain the 5D geodesic equations for an event x7 (1)

Dx7Y
_uy Y LB
D = X —i—l"“ﬁx X (13)
with Christoffel symbols
1 dgsp O 9
N 7, B 8oy . gﬁv
Pfr—2 <8x7 + oxP  9x? ) ' (14)

We break the 5D symmetry to O(3,1) by asserting

5

x° =c5T —> %2

=c; — =0 (15)

as an a priori constraint. The dynamical system is now described by the equations

Dat
o = i Tyt = 4 T3 + 2esTh, 2 + Tl = 0 (16)
Dx®

D—XT —=0 (17)

which under an appropriate metric field is consistent with the symmetries of matter, and recovers
standard GR when g5, = 0 and d;gyy = 0. Defining the canonical momentum

oL

Pr= 5o = M (guwd" + sgys) (18)
the Hamiltonian is
K= ﬁr)z + %65g55g5”py - %CSgSng\P/\ + %MCEgSygw\g/\S + %M%gss (19)
which takes the recognizable form
K= ﬁpy put %mcezs 855 (20)

if ¢ = 0, with gs5(x, T) playing the role of a T-dependent potential on 4D spacetime. The canonical
equations of motion are

_det 3K C_dp oK

= — = -
YT T op, Pr="4r = " oxr

(21)
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and since p5 = 0, the Poisson bracket is

JF oG JoF oG JF dG JoF oG
G = 5 ap, ~ apaons ~ ot ap,  apyoxt 2

so for any scalar function F (x, p, T) on phase space

dF oF
Fri {F,K} + 3 (23)

generalizing the nonrelativistic result. Therefore, the Hamiltonian is conserved unless K depends
explicitly on T through g, (x, T). We note that even when K is a constant of the motion, the 4D mass
p¥pyu/2m may vary under gss.

As we showed in [2] mass variation can appear in the Newtonian approximation through
T-dependence of the metric. Expanding the geodesic equations as

0 = & + T2 + 20ja'x% + Ta"a/ + 2¢5T5x" + 2¢sTE " + 3T (24)
we take dpg,p = 0 and neglect terms containing ¥ /c < 1fori=1,2,3,so that inserting the nonzero
Christoffel symbols

1 1 (08K, 98K _ 98ij
no_ po_ 2ok 98k ] if
Too = =570 T = 31" (axf o axV>
(25)
1,90 1 .0
po_ 8v0 B 855
M5 = 37" 5 Pss = =31 5w
the equations of motion reduce to
a2t dt 1, (dt)? 1
at_dar x=-2(Z) v ~ 2V ¢s5. 26
g2 = g7 97800 k= 5c <d~r> 800 + 565V 8s5 (26)

Comparing with Newtonian gravity, which must obtain exactly when d-g;, and Vgss vanish, these

become ) ) 5
d=t dt 2GM d“x dt GM, 1,
2 (rcz) i (w) 7 it 6 Vess. @7)

Writing a perturbed source mass parameter M = M, + dM(7) for the source and again neglecting #/c

we may solve the t equation as
dt 2G

so that in spherical coordinates, the radial equation takes the form

L L2 4G GM,
¥ — 2 + exp <r025M> ) =0 (29)

where we take Vg55 = 0 and introduce the conserved angular momentum
L = mr?¢. (30)

As required, equations (28) and (29) recover Newtonian gravitation in the absence of the T-dependent
source mass 0 M. The Hamiltonian in this coordinate system is

1 g 1o, 2GMy 4G 1 ., 112
K—Emg,xﬁx ¥ = —gme (1 2 ) O rC—ZJM +§mr +§W (31)
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with time derivative

d 4G Gm  4G*mMy\ d

and as expected, the Hamiltonian for the motion of this test particle is not conserved in the presence
of a variable mass gravitational source. This may be interpreted as transfer of mass across spacetime
mediated by the metric.

For non-thermodynamic dust (a distribution of geodesically evolving events without mutual
interaction), we define p(x, T) as the number of events per spacetime volume, and write a 5-component
event current with mass parameter M

j* (x, 1) = Mp(x, 7)%(1) (33)
with continuity equation
K ajlx YT ap U
where the second equality holds because j° = Mocsp(x,7) is an O(3,1) scalar and not the

5-component of a vector with 5D symmetry. Generalizing the 4D energy-momentum tensor to 5D, the
mass-energy-momentum tensor

TH = MpxHi"
T = Mpx"if — (35)
T = x5x5Mp = C5j/3

is conserved as
VT =0 (36)

by virtue of the continuity and geodesic equations. The mass-energy-momentum tensor is thus a
suitable O(3,1) covariant source for a 5D field equation.

2.3. Evolution of the local metric

As indicated in Section 2.1 the derivation of field equations for g, (x, T) possessing the desired
5D gauge symmetries and 4D spacetime symmetries relies heavily on the theory of embedded surfaces
[28-30], the 3+1 ADM formalism [31], and the generalization of these techniques to 4+1 [2-5]. Here we
provide a brief overview and refer the reader to the references for details.

We approach the construction of GR with a 7-dependent metric by embedding 4D spacetime
M in a 5D pseudo-spacetime M5 = M x R with coordinates X* = (x*,c57). Because the Bianchi
identity

VWG =V, (R"‘ﬁ — % g“ﬁR> =0 VoXP =3, XP + X778, . (37)

is independent of dimension [32] and the mass-energy-momentum tensor (35) is conserved, we may
combine the Einstein tensor G*# and T, p to write the field equations

1
Rep — 58upR = ke Tup (38)
for the metric g,5(x, T) on Ms.

In order to break the spacetime symmetry of the field equations to O(3,1), we first transform from
a coordinate frame tangent to the manifold M3

8n = Oy g“ =dXx* 8- 88 = &ap ga ’ g/5 = gaﬁ (39)
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to the constant quintrad frame

e e, =1y e el =y dsep = 9," =0 (40)
where by convention Latin letters indicate reference to the quintrad. To facilitate foliation of M5 into
spacetime hypersurfaces ~; of equal-t, we extend the partition of coordinate indices to the quintrad
indices, leading to the combined index convention

«,pB,7v,0=0123"5 Auv,p...=0,1,23
(41)
a,b,c,d,=0,1,2,3,5 kI, mmn, ..=0,1,23

where the five index with respect to the quintrad frame are denoted 5. The transformation between
frames is provided by the vielbein field

g = Eﬂkek + Eﬂ5e5 e = e”kgy + e5kg5 W)
g5 = E5kek + E5565 e5 = EVSgy + 655g5

where the spacetime hypersurface (quatrad) is spanned by the e; while es points in the direction of
T-evolution orthogonal to X. Introducing the ADM parameterization

g5 = NV'g, + Nn (43)

where N# generalizes the shift 3-vector, N is the lapse function with respect to 7, and n = es is the
unit normal, the vielbein field becomes

B, = O{O1E )} + 63 (EFNMof + Not )
(44)
et, = oko

1 1
i = RO NI + 008

leading to the coordinate metric

Yuv Ny
Sup = (45)
Ny oN?+ 7,y NFNY

which generalizes the ADM decomposition. Since N and N* are arbitrary functions acting as Lagrange
multipliers whose choice is comparable to gauge freedom [31], the dynamical content in the vielbein
field is contained entirely in the spacetime vierbein field Eﬂk .

In the quintrad frame, the Einstein equations take the form

1
Rap = 51apR = kG Tap (46)
and the spacetime symmetry may be broken to O(3,1) by making the replacement (10) as

Hab — ﬁab = 511;5;; Mkl (47)

in the matter terms, leading us to

1.
Rav = ko (T 37T ) s
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where T = 7l T, = 77kl Ty Using (44), this expression transforms back to the coordinate frame to
provide the O(3,1) symmetric field equations

1 ~
Rup = kg (Taﬁ — 2P,XﬁT> (49)
with the transformed metric

g\aﬂ = EaaEﬁb ﬁab = &ap — UNahg = Pa/S (50)

that acts as a projection operator from M onto the 4D spacetime hypersurface .. and thus breaks
any higher symmetry to O(3,1).

Given the foliation of the pseudo-spacetime into equal-T spacetimes, the initial value problem is
found by using P, to project the geometrical structures from Ms onto X:

1. The covariant derivative D, on 7 is found by using P, to project the covariant derivative V4
on Ms,

2. The extrinsic curvature K,z is defined by projecting the covariant derivative of the unit normal
Ny,

3. The projected curvature R’

fap ON X is defined through the non-commutation of projected
covariant derivatives D, and Dy,

4. The Gauss relation is found by decomposing the 5D curvature R®_, in terms of I_{‘s7 B and Ky,

5. The mass-energy-momentum tensor is decomposed through the projections

K = Tlai’lﬁT’Xﬁ Pﬁ = —Tla/P‘Bﬂ/T“,ﬁ, Stxﬁ = Paa/Pﬂﬁ/Ta/ﬁ, S = P"‘ﬁsaﬁ,

6. Projecting the 5D curvature Rfsy «p O the unit normal 7, leads to the Codazzi relation providing a

relationship between K|, B and py,

7. Lie derivatives of P,z and K, along the direction of T evolution, given by the unit normal 7, in
the coordinate frame, are combined with these ingredients, along with the O(3,1) symmetric field
equation (49) to obtain T-evolution equations for y,, and Ky, and a pair of constraints on the
initial conditions.

The evolution equations are

1
%ar')/yv = LN Y — 2NKyy (51)

C1—5<9TKW =—D,DyN + LnNKyy
+N {—aRW + KKy — 2K} Ky + ok (sw — ;Pyvs> } (52)
where Ly is the Lie derivative along N¥. Their solutions must satisfy the Hamiltonian constraint
R—o (K2 - K”“Kw,) = —kg (S+0x) . (53)

the momentum constraint
DKl — DyK = kgpy. (54)

Expressions (52) and (53) differ slightly from those found from the standard 5D Einstein equations
(38), expressing the breaking of spacetime symmetry to O(3,1). The differences are

Suv (S +0x) = P (55)
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in (52) and
—okgx — —kg (S + O'K) (56)

in (53).
In some cases, such as a diagonal metric in Cartesian coordinates, it is possible to formulate the
evolution equations directly in the quatrad frame [5] in the simplified form

1 k Ik
LB = —E/K (57)
1 _ 1
%arKkl = —0Ry + KKy + kg ( S — Eﬂkls (58)
with constraints
R—o (K2 - K’de,) = —kg (S + 0x) (59)
DiKE, — DK = kgpm (60)

providing an initial value problem for Eyk and Kj;, with the metric obtained from the vierbein field.

2.4. Weak field approximation

As in standard GR, the weak field approximation [4,18] poses the local metric as a small
perturbation h,g of the flat metric

Nap = diag (—=1,1,1,1,0) (61)

so that
2
Sap = Map +Hap — 018ap = Oyliap (hlx,g) ~ (. (62)

In this approximation, the 5D Ricci tensor takes the form

1 1
Rep = 5 (9pdy 1Y + 000y} — 379y hop — udgh) = =873, (63)

where h = U“ﬁ h, B and we imposed the Lorenz gauge condition
oF ( hyg — 71 Ui h)=0 64
ap 2 ap ( )

permitted by invariance of the metric under a 5D translation x* — x* + A%(x, 7). Conveniently
exploiting the Ricci tensor in this form, the SHP field equation (49) becomes the wave equation

1 1
5

which admits the principal part Green’s function [33]

1

\/ —O8upx®xP

in which the leading term, denoted Gygaxwelr, has lightlike support at equal-t and is dominant at long

¢ 9 9(—ag,xlgx"‘xf’) (66)

Gx,7) = —5(x2)8(7) + e

27T

distance. The second term, denoted Gorrelation, drops off as 1/ distance? and has spacelike support for
o = —1 or timelike support for c = +1.
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For a general trajectory, we may consider an event distribution moving in tandem in the
neighborhood of a point with 5D coordinates

XY(t) = (X" (1), c57) (67)

and for the shared velocity we introduce the notation

o _ Lo
& (1) = cut (1) = - 69)
The spacetime event density is
p(x,7) = p(x— X (1)) (69)
leading to the mass-energy-momentum tensor
T = Mp (x,7) X*XP = Mp (x, 7) u*uf = Mc?p (x,7) &%(7)&P (1) (70)
which is seen to be conserved by simply noting that d-p(x,T) = —¢"9,0(x, 7). The generic solution
for the metric perturbation is thus
n (x,7) = 2kg / d*x'dv'G (x —x,t - 1) (g“gﬁ P“ﬂg ) o(x', ) (71)

where & = % (7/) and £2 = M ¢ucy.
3. The metric as solution to a 5D wave equation

We are interested in the metric induced by ‘static’ events narrowly distributed along their t-axis
at the spatial origin x = 0 and evolving uniformly. As a preliminary case, we consider a source
distributed evenly along the t-axis in its rest frame, as is typically posed in standard relativity. The
center of the event trajectory is then

X(t) = (c1,0,c5T7) — (7)) = (1,0,%5) (72)
and the event density

o(x,7) = p(x — X (1)) = p(ct — c1) 6 (x) = 67 (x) 73)

is independent of t and 7. Because §(7) is constant, the generic solution to the wave equation becomes

hap (X, T) = 2k Mc?* ZogG [p (x, 7)] (74)
where we denote
1.

Zyp =Galp — E’?aﬁ@”@y (75)
g[p(x,r)]:/d4x’dT’G(x—x’,r—r’)p(x’,’r’) (76)
as kinematic and dynamical factors. Integration of the event density (73) with the Green'’s function (66)

leads to 1 1
GMaxwel [0 (x, T)] = /d4xldTIE5((x —x)")é(t - T/)fS(B) (x) = 4| 77)

8 9 (—o(x —x")*(x — "))
. 41910 9 ) s(3) () —

Georrelation [0 (X, T)] 2 Py} /d x'dt 2 O'(X ) (x — e s (x) =0 (78)
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and so taking
811G
ko =—4 (79)
the spacetime part of the metric becomes
. 2GM 2GM . 1
g = diag (—1 + = (1 + C2r> 51-]-> ~ diag (~U,U~'d;) (80)
where CM
U= (1 2 ) . (81)
c2r

Naturally, this metric is spatially isotropic, and is t-independent because the event density is spread
evenly along the f-axis. Transforming to spherical coordinates (80) becomes

g = diag (fu, U=t u2, u1s? sin? 9) 82)
which for weak fields is recognized as the Schwarzschild metric
g = diag (—u, U~1, R2, R? sin? 9) (83)

when expressed in the isotropic coordinates [34] defined through

k 2
R—r(l—i—zr) . (84)

The Schwarzschild metric is well-known to be Ricci-flat, Ry, = 0, a consequence of its R-dependence
and t-independence.

In order to study the field induced by an event localized in both space and time, we again consider
an event distribution centered on the t-axis around the trajectory (72), but write an event density

p(x, 1) =g (t—1)6% (x) Pmax = ¢(0) (85)

with support in a neighborhood around t = 7. Writing 7, j = 1, 2, 3, the kinematic factors are

_1 — T = 0B
Zoo—i Zos = Zsp = o
(86)
1 c%
Zij = 50ij Zss = 3
and the dynamical factors are
1
Gttt = [ d5'dT—6((x = x))3( =) (¢ = ) 6O (X) (87)

- _ G5 4./ /ie(_a(x_xl)a(x_xl)a) o s3) (o
gcorrelahon T o2 /d x'dt x2 \/—U’(X — x’)“(x — x,)’x % (t T ) 0 (X ) : (88)

The leading term is easily evaluated as

¢ (t—|x|/c—1)

47t|x| ®9)

gMaxweH =

producing a gravitational field that is maximized at T = t — |x|/c. Since the source is centered at
tsource = T, a test event evolving along its t-axis, at a constant spatial distance r from the source, will
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feel the strongest gravitational force if it is located at t = tsource + |X| /¢, placing the test event on the
lightcone of the source and accounting the propagation time of the gravitational field. This part of the
solution is comparable to the Coulomb force given in (1) in electrodynamics.

The evaluation for Georrelation Will depend upon the choice of o and the details of the distribution
¢ (s), in nearly all cases leading to numerical integration. Taking the derivative in Georrelation We have

Geonetation (4, 7) = s (1 0(-ox*—cit®)  §(—ox®—c37?) ©0)
orrelation 7 -
2> \ 2 (—ox2 — 212)*?  (—ox? —2r2)"/?
and writing
2_2.2_ 2 X’ 2 3 5 1)
—ox' —GT = | =0 G —F ) - 3T

we might consider neglecting c2/¢?> < 1. However, doing so makes this part of the Green’s function
independent of 7, so that the T integration in (88) becomes

/dr’ p(t'—1)=1 (92)
and the remaining integral is
_ _Cii/ 4 1 0(—0(x —x)¥(x —x)a) (3, 1\ _
Georrelation = 272 9x2 d*x \/70_(3(_ — x,)a(x — x,)a 0 (X ) =0 (93)

leaving no contribution from Gcgyrelation- In this sense, neglecting the contribution from this term is
equivalent to the T-equilibrium condition, a point we will examine again in Section 4.
To get a sense of Georrelation We choose the infinitely narrow distribution ¢ (t — 7) = § (t — 7) so

that
cs 16(g(s))  6(8(s))
Georrelation = 55 / ds ( - (94)
22 ) N2 (g
where )
X2 c
g(s) =¢? <a(t —5)% — 0 C—g (t— 5)2) (95)
in which the singularities of the two integrands cancel when handled carefully. For o = —1, describing

spacelike support, ¢(s) > 0 between the roots of g(s) = 0 and cancellation of singularities causes the
integral to vanish. Taking ¢ = 1, describing timelike support, g(s) > 0 above the upper root and so
the integral takes its value as s — oo giving

S5 L
2m2x2 — 2t (2t — 1)

(96)

gCorrelaﬁon =

Since this terms drops off as 1/x? the contribution from Gyjawen Will be dominant at long distance.
In summary, the perturbed metric is

g00 = —U = —1+kgMc*G {(p (t—1)60) (x)} (97)
8 =Voy = (1+kM3G [p(t—1) 00 (0] ) & i,j=1,23 (98)
805 =850 = —20%5ng {fp (t—1) o0 (X)} (99)

2
g5 =23kcG [ (t— 1) 6 (x)] (100)
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Using (24) we may write the equations of motion for a nonrelativistic test event as
2
0=+ (rg‘ot’z +orh —t—f—l’”x—— +221hi 22T L Egrgg) (101)
and from o o oh
- ap ay ua OBy
Cpy = (’7 o 1 o 1 ) (102)
evaluate the nonzero Christoffel symbols
oh oh 1 ,:0hii 1_,,0h
M —__ u09ho0 1 gux Moo = — w2 5u0 2700 1
00 265 ot 25 oxk 0 205 ot 25 oxt (103)
ohy; Ohy Ok 1 _,09hi
rt = g (Vi ] ) 0 104
i 2 <8xl+8x’ axk ) T 2% o (104)
rt — — L g0 T L (105)

2c5 0T 517 2c5 Ot

where we used hg; = 0, i = 1,2,3 and dropped hs, « c5/c < 1. Similarly neglecting terms containing
%' /c < 1 the equations of motion split into

oz _ (Yo

0="Ff=5% P)

1,.
+x- Vh00> 0=%x— Ecth Vhoo (106)
which differ from (26) in the t-dependence of k. In spherical coordinates, using

hoo = hoo(t,7,T) — X Vhoo = #9,hoo (107)

the equations of motion become

1 , , , o1 , L?
£ =5 (3rhoo) 2 + (9choo + 79rhgo) £ P= Ecz(arhoo)t2 t (108)

where we again introduce the conserved angular momentum L = mr?¢.
To get a sense of this result, we localize the source in ¢ by taking the Gaussian distribution

1 782/)L2
S) = ———¢ 0
¢ (s) e

where A is a time scale representing the width of the event distribution along the t-axis, and consider
only the leading term Gyfaxwel- From (97) the metric takes the form

(109)

o koM 1 C(t=r/c=7)"| _keMP 1 1, 110)
00 Antr 2wy A3 4 \27tA r?
where for convenience we notate
. t—r/c—1)°
¢ = exp l< 2 ) ] . (111)
0
The partial derivatives are
kgMc> 1 2(t—r/c—1)1
dthoo = — -9 (112)
4t \/27Ag A2 r

doi:10.20944/preprints202306.1770.v1
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2 2(t—r/c—1)1
deloy — kcMc 1 (t—r/c—1) 1o (113)
4 /21Ag AS r
keMc? 1 1 2(t—r/c—1)| 1,
0o = € L 2o o) ] (114)
4 \2;mAg r A§ r
leading to the equations of motion
. koM 1 2(t—r/c—1) 1, , #\1 7
t= —ztr -ttt - - =9 115
4t \/21Ag [ A ) 2| ? (115)
1 (kgMc* ¢ 1 2(t—r/c—71)|1, .\, L2
s 1 4L o) . 116
! 2( i /2 l Pt A2 A R (116)
Locating the test event on the lightcone of the source event
t—g—r:0—>¢:1 (117)
the equations of motion reduce to
. kcMc®> 1 7
F— z 118
4rtr2 \/27Ag € (118)
2 1, L?
po_LtkeMc ¢ 1lp, (119)

2 4m \27)o 1? m2y3

Since we must have #/¢ — 0 in (118) we may write { = 1 which recovers Newtonian gravitation in

(119) by putting
1kgMc? ¢ 871G Ag
= = — = V2T —— — 12
2 4 \27A GM ke -2 (120)

in which the inverse length Ag/c compensates for the dimensions 1/length* of the spacetime event
density, in relation to the usual 1/length® dimensions of particle density. For an arbitrary position of
the test event on the t-axis with 7#/c < 1, the metric perturbation and equations of motion are

=G0 — o= - (1-250) (121)
.t.zzc;zv[ 2(t::2)cr) (_;fzﬂ)i_;}@ (122)
f:—GTZM {1;062“_%“7)}%%%”;;. (123)
For the nonrelativistic event, the t equation can be approximated
fgzgzrw trA/%"T—i](p (124)

which is a product of small factors, so that acceleration in time will remain negligible. But the radial
equation depends on the ratio r/Agc of the radial distance, taken to be large, and the width of the
t distribution. Equation (123) approximates Newtonian gravitation for t — r/c — T = 0, but as the
test event accelerates in the radial direction under the resulting force, the distance will decrease as
r — r — ér and so the acceleration becomes

P~ —

2
GM [1 )T (51’] . L (125)

72 Aoc Agc m2r3
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This shows that the width A of the source event distribution along the t-axis must be much larger than
r/c, or else the gravitational force will weaken and possibly change sign from attraction to repulsion.
In the limit Ay — oo, we have ¢ = 1 and the metric (97) and (98) recover the t-independent metric
(80), losing the t-localization.

The resulting model, which is less that adequate, follows from a series of approximations, in
particular using the linearized 5D theory and neglecting G orrelation- Although we used a particular
distribution ¢(t,7, T) to arrive at the equations of motion, any solution to the 5D wave equation found
from the Green's function will have the form

hop o %Cf’(f/ r,T) (126)

as its leading term. As a result, the gravitational force appearing in the radial equation (108) will take
the form

1. .
drhgo o 2 [@(t,r,T) —rord(t,7,7)] (127)

which may change sign for any narrow distribution with 0, ¢ sufficient large at some value of its
argument. For example, using the distribution

r

le"t_""/c_ﬂmo — 1o, = 5 sen (t—|x|/c—T) (128)
0

(P(‘x’ T) = 2

the gravitational force may change sign sharply for a small shift in the T-synchronization of the test
particle around T = t — |x|/c. It thus appears that linearized GR will not provide an adequate model
for the localized metric produced by a localized event. In Section 4 we analyze this question further in
the context of the 4+1 method, and show that the initial value problem in full nonlinear GR involves a
more complex structure than revealed in the 5D wave equation approach.

4. The metric as solution to 4+1 evolution equations

In this section we apply the 4+1 method to study the solution to the linearized field equations
found in Section 3. As mentioned in Section 2.3, the initial value problem may be posed in the quatrad
frame using the simplified equations (57) — (60) because the spacetime part of the metric is diagonal.
It is easily seen that for

Y = diag (-U,V,V,V) (129)
the vierbein field takes the form
1 1
Ef = VU5 5, +VVs sk e, = ﬁ(s”o(sok + ﬁ(s’wsk (130)

where s,t = 1,2, 3. For the event distribution along the t-axis, the mass-energy-momentum tensor

ap _ 2 _ (3) x , 5 B 5B
T = Mcg (t - 1) 8@ (x) (o + 655) (65 + - of) (131)
decomposes to
2
k=T = z—gmczq) (t—1) 80 (x) (132)
Pk = —mykk/Eyk,TW = %50 Umc?g (t— 1) 6 (x) (133)
Skt = i My Eyk/EJ T = oo mc?e (t— 1) 8 (x) (134)

S =yMsy = —umc?e (t —1)6® (x) (135)
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so that the source for (58)
Sw = 51uS = | mo'ho + 51w | Ume ¢ (¢ = 1) 8 (x) = 50uSo0 (136)
is diagonal and identical in each component.
In the weak field approximation, assuming a metric of the type obtained by perturbation
Uu=1-9o V=14+ (137)
entails 1 1
m:\/1—©zl—§® \/sz/1+c1>21+§<1>. (138)
Now the vierbein field can be written
b= (1-to)s0s s (14 1te 555"—5’<+1(—5 °5k+555’<)c1> (139)
po > n o > pO T o T\ T % T 0%
with derivatives 1
ESf = 5 (_(syoz;ok + 5;5§’<) 3 . (140)

Since the extrinsic curvature Ki; must also arise as a perturbation, we discard terms of the type
DKy ~ 0 and the first evolution equation (57) reduces to

1

05 k k _ vk
2 (—5y 5ok + 0,56, ) 9:® = —3,/K} (141)

so that lowering the k index provides
L a0 = —K (142)
2c5 k9t — kI -
Similarly discarding the term KK}, ~ 0, the second evolution equation (58) reduces to
1 - 1
97K = —0Rya + 50kcduSeo (143)
5
where we used (136) as the source. These expressions provide a pair of coupled first order equations
for ®(x,7) and K;(x, T), given initial conditions ®(x,0) and Ky (x,0). It was shown in [4] that for
weak fields, the constraints (59) and (60) are equivalent to the wave equation for /5, and so, given the
product structure of (74), these will be satisfied for any solution to the 5D wave equation for hqj.
Using the convenient linearized form

_ 1 1
Ry = —5619"9yhon = — 50100, ® (144)

to evaluate the Ricci tensor, we see that each term in the evolution equations is diagonal, reducing the
system to an initial value problem for ®(x, 7). By solving (142) for

1
Ky = —=—01 9D 14
ki 205 K97 (145)
and inserting this into (143) we obtain

1
"9, ® + 0 — 93P + kgSpo = 0 (146)
5
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which simply recovers the 5D wave equation (65) we analyzed in Section 3. Since no complete closed
form solution is readily available, we studied the leading term

¢ (t—[xl/c =)
47t|x|

CD(X, T) = GMaxwell = (147)
as a partial solution, and found that the resulting geodesic equations for a test event placed an
unreasonable condition on the event density ¢. We also showed that neglecting the subdominant
terms Gorrelation 1S equivalent to taking the limit c5 /c — 0. To see this another way, we rewrite the
evolution equation (143) as

0Ky = %aékl Cs5 [aﬂayd) +mc?e (t — 1) 5G) (x)} . (148)

leading to the equilibrium condition 9Ky, = 0 either in the limit cs — 0, or by setting ® = Gnfaxwell
for which the expression in parentheses gives zero by the 4D wave equation. As seen from (127), these
problems will be present in any solution to the linearized field equations for the source (136).

While the leading term Gypaxwen Of the Green’s function provides adequate solutions in SHP
electromagnetism, this appears not to be the case in GR. It appears that the model of localized events
interacting through a localized metric must be posed in the full nonlinear field theory, which admits
structures not captured by the linearized equations. That is, we write the exact evolution equations
and constraints (57) — (60) in order to find a diagonal metric (129) derived from the vierbein field (130).
But in the absence of linearization, the convenient expression (144) for Ry, is no longer applicable,
adding significant complexity to the problem.

As mentioned in Section 3, the Ricci flatness Ry, = 0 of the Schwarzschild solution depends
on the metric being a function of the three spatial coordinates (through R = |x|) but t-independent.
However, the Ricci tensor for a general diagonal metric with functional dependence on all spacetime
coordinates x# will necessarily have nonzero off-diagonal components [35]. Thus, we may specify the
initial vierbein field Eyk(x, 0) and extrinsic curvature Ky;(x,0) to be diagonal, as is the source (136),
but Ky, (x, T) will acquire off-diagonal terms from Ry; under the evolution described by equation (58).
And so, the vierbein field Eyk(x, 7) will acquire off-diagonal terms from the extrinsic curvature via
equation (57). As a result, the metric 7y, = nklEVkEvl may acquire off-diagonal terms, in which case,
(57) and (58) will no longer be valid, forcing us to use the coordinate frame expressions (51) and (52) as
the evolution equations for the metric.

In summary, we require a metric that reproduces Newtonian gravitation for a nonrelativistic
test event at large distance, falls off to 7, as 1/7, is localized around T = t — |x|/c, but is not of the
separable form (147). In addition, the initial conditions for 7,, and K, must be chosen carefully
to satisfy the constraints (53) and (54). This list of requirements is complex and perhaps cannot be
satisfied. Candidates for such a metric will be discussed in a subsequent paper.

5. Conclusions

After reviewing the basic structure of the Stueckelberg-Horwitz-Piron formalism in relativity and
its extension to GR, we constructed a model in which a localized spacetime event evolving with the
invariant parameter T induces a metric that similarly evolves with 7. Extending developments in SHP
electrodynamics, we fixed the event at the spatial origin of its rest frame, in a narrow distribution
moving uniformly along its t-axis, and using the Green’s function G(x, T), solved the 5D wave equation
describing weak gravitation in linearized GR. The resulting solution, dominated by the leading term in
G(x, T), was shown to be analogous to the electromagnetic Coulomb force, falling off to the flat metric
as 1/r and localized around the retarded time T = t — r/c for a test event with coordinates x = (ct, x).
In this picture, a localized event produces a localized field that acts on a remote localized event, with
the interaction synchronized by 7. However, unlike the electrodynamic Lorentz force, the effect of
the metric through the geodesic equations of motion leads to a possible reversal of the gravitational
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force, because the functional dependence of the metric is a separable product of 1/ and the localized
distribution ¢(t — r/c — 7). This issue was shown to be a necessary feature of any solution for weak
gravitation, produced by the leading term in G(x, T) for any source distribution.

We conclude that while the leading term Gyaxwen Of the Green’s function provides adequate
solutions in SHP electromagnetism, additional work will be required to extend the model of a source
localized in spacetime to GR. The required metric must reproduce Newtonian gravitation for a
nonrelativistic test event at large distance, fall off to 77, as r — oo, be localized around T = ty¢arded, but
not be separable. Such a metric will likely include off-diagonal components and must be approached
in the 4+1 formalism that poses an initial value problem for the metric.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Land, M. Local metric with parameterized evolution. Astronomische Nachrichten 2019, 340, 983-988.
d0i:10.1002/asna.201913719.

2. Land, M. A 4+1 Formalism for the Evolving Stueckelberg-Horwitz-Piron Metric. Symmetry 2020, 12.
doi:10.3390/sym12101721.

3. Land, M. A new approach to the evolving 4+1 spacetime metric. Journal of Physics: Conference Series 2021,
1956, 012010. doi:10.1088/1742-6596/1956/1/012010.

4. Land, M. Weak Gravitation in the 4+1 Formalism. Universe 2022, 8. doi:10.3390/universe8030185.

5. Land, M. A vielbein formalism for SHP general relativity. Journal of Physics: Conference Series 2023,
2482, 012006. doi:10.1088/1742-6596/2482/1/012006.
6. Fock, V. Proper time in classical and quantum mechanics. Phys. Z. Sowjetunion 1937, 12, 404-425.

7. Stueckelberg, E. La signification du temps propre en mécanique: Ondulatoire. Helv. Phys. Acta 1941,
14, 321-322. (In French).

8. Stueckelberg, E. Remarque a propos de la création de paires de particules en théorie de relativité. Helv.
Phys. Acta 1941, 14, 588-594. (In French).

9. Horwitz, L.; Piron, C. Relativistic Dynamics. Helv. Phys. Acta 1973, 48, 316-326.

10. Horwitz, L.; Lavie, Y. Scattering theory in relativistic quantum mechanics. Phys. Rev. D 1982, 26, 819-838.
doi:doi:10.1103/PhysRevD.26.819.

11. Arshansky, R.; Horwitz, L. Relativistic potential scattering and phase shift analysis. J. Math. Phys. 1989,
30, 213. doi:doi:10.1063/1.528572.

12. Arshansky, R.; Horwitz, L. Covariant phase shift analysis for relativistic potential scattering. Phys. Lett. A
1988, 131, 222-226.

13. Arshansky, R.; Horwitz, L. The quantum relativistic two-body bound state. I. The spectrum. |. Math. Phys.
1989, 30, 66. doi:d0i:10.1063/1.528591.

14. Arshansky, R.; Horwitz, L. The quantum relativistic two-body bound state. II. The induced representation
of SL (2, C). J. Math. Phys. 1989, 30, 380. doi:doi:10.1063/1.528456.
15. Saad, D.; Horwitz, L.; Arshansky, R. Off-shell electromagnetism in manifestly covariant relativistic

quantum mechanics. Found. Phys. 1989, 19, 1125-1149.

16. Horwitz, L.P. Relativistic Quantum Mechanics; Springer:  Dordrecht, Netherlands, 2015.
doi:10.1007 /978-94-017-7261-7.

17. Horwitz, L.P,; Arshansky, R.I. Relativistic Many-Body Theory and Statistical Mechanics; 2053-2571, Morgan &
Claypool Publishers, 2018. doi:10.1088/978-1-6817-4948-8.

18.  Land, M.; Horwitz, L.P. Relativistic classical mechanics and electrodynamics; Morgan and Claypool Publishers,
2020.

19.  Horwitz, L.P. An Elementary Canonical Classical and Quantum Dynamics for General Relativity. Journal
of Physics: Conference Series 2019, 1239, 012014. doi:10.1088/1742-6596/1239/1/012014.

20.  Horwitz, L.P. An elementary canonical classical and quantum dynamics for general relativity. The European

Physical Journal Plus 2019, 134, 313. doi:10.1140/epjp/i2019-12689-7.
21.  Wheeler, J.A. Geons, Black Holes and Quantum Foam: A Life in Physics; W. W. Norton & Company, 2000.


https://doi.org/10.1002/asna.201913719
https://doi.org/10.3390/sym12101721
https://doi.org/10.1088/1742-6596/1956/1/012010
https://doi.org/10.3390/universe8030185
https://doi.org/10.1088/1742-6596/2482/1/012006
https://doi.org/doi:10.1103/PhysRevD.26.819.
https://doi.org/doi:10.1063/1.528572.
https://doi.org/doi:10.1063/1.528591.
https://doi.org/doi:10.1063/1.528456.
https://doi.org/10.1007/978-94-017-7261-7
https://doi.org/10.1088/978-1-6817-4948-8
https://doi.org/10.1088/1742-6596/1239/1/012014
https://doi.org/10.1140/epjp/i2019-12689-7
https://doi.org/10.20944/preprints202306.1770.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 27 June 2023 doi:10.20944/preprints202306.1770.v1

19 of 19

22. Land, M. The Particle as a Statistical Ensemble of Events in Stueckelberg—Horwitz-Piron Electrodynamics.
Entropy 2017, 19, 234. doi:10.3390/e19050234.

23.  Land, M. Particles and events in classical off-shell electrodynamics. Found. of Phys. 1996, 27, 19.
doi:https:/ /doi.org/10.1007 /BF02550153.

24. Land, M.; Shnerb, N.; Horwitz, L. On Feynman’s approach to the foundations of gauge theory. J. Math.
Phys. 1995, 36, 3263. doi:doi:10.1063/1.531030.

25. Land, M.; Horwitz, L. The Lorentz Force and Energy-Momentum for Off-Shell Electromagnetism. Found.
Phys. Lett. 1991, 4, 61.

26.  Land, M. Speeds of light in Stueckelberg—Horwitz—Piron electrodynamics. Journal of Physics: Conference
Series 2017, 845, 012024.

27.  Yepez,]. Einstein’s vierbein field theory of curved space 2011. [arXiv:gr-qc/1106.2037].

28.  Gourgoulhon, E. 3+1 Formalism and Bases of Numerical Relativity. Technical report, Laboratoire Univers
et Theories, C.N.R.S., 2007. Lectures given at the General Relativity Trimester held in the Institut Henri
Poincare (Paris, Sept.-Dec. 2006) and at the VII Mexican School on Gravitation and Mathematical Physics
(Playa del Carmen, Mexico, 26. Nov. - 2 Dec. 2006).

29.  Bertschinger, E. Hamiltonian Formulation of General Relativity. = Technical Report Physics 8.962,
Massachusetts Institute of Technology, 2002.

30. Blau, M. Lecture Notes on General Relativity. Technical report, Albert Einstein Center for Fundamental
Physics, Universitat Bern, 2020.

31.  Arnowitt, RL,; Deser, S.; Misner, C.W. Republication of: The dynamics of general relativity. General
Relativity and Gravitation 2004, 40, 1997-2027.

32.  Weinberg, S. Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity; Wiley:
New York, NY, 1972.

33. Land, M.; Horwitz, L. Green’s functions for off-shell electromagnetism and spacelike correlations. Found.
Phys. 1991, 21, 299-310.

34. Misner, C.W.; Thorne, K.S.; Wheeler, J.A. Gravitation; San Francisco: W.H. Freeman and Co., 1973.

35.  Win, K.Z. Ricci Tensor of Diagonal Metric, 1996, [arXiv:gr-qc/gr-qc/9602015].

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and /or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.


https://doi.org/10.3390/e19050234
https://doi.org/https://doi.org/10.1007/BF02550153
https://doi.org/doi:10.1063/1.531030.
http://xxx.lanl.gov/abs/1106.2037
http://xxx.lanl.gov/abs/gr-qc/9602015
https://doi.org/10.20944/preprints202306.1770.v1

	Introduction
	Review of general relativity with invariant evolution
	Gauge and spacetime symmetries
	Event dynamics in curved spacetime
	Evolution of the local metric
	Weak field approximation

	The metric as solution to a 5D wave equation
	The metric as solution to 4+1 evolution equations
	Conclusions
	References

