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Abstract: In this study, we introduce a new class of bi-univalent functions using g-Janowski Function.
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1. Introduction

The discipline of quantum calculus, alternatively referred to as g—calculus, expands the
conventional calculus framework to encompass the fundamental tenets of quantum mechanics. The
field of mathematics commonly referred to as g—calculus is distinguished by the incorporation of
a new parameter, denoted by g, that enables the generalization of traditional calculus concepts and
methodologies. This area of study has garnered recognition for its widespread application in diverse
mathematical domains, particularly in the realm of Geometric function theory.

The incorporation of the parameter g is a fundamental aspect of derivatives, integrals, and
functions in the field of g-calculus. The g-derivative is a mathematical operator that utilizes g-analogs
of traditional derivatives within a difference quotient. The g-integral is a mathematical construct that
can be comprehended as the g-analog of the Riemann integral. g-calculus is a mathematical field that
comprises a set of g-special functions that have significant applications in various areas of mathematics
and physics. The set of functions under consideration encompasses g-binomial coefficients and
g-factorials. Broadly speaking, g-calculus is a powerful tool for examining and solving problems
pertaining to discrete and quantum systems.

The utilization of fractional calculus operators has been widely employed in the explanation and
solution of issues in the field of applied sciences, as well as in Geometric Function, as documented in
the source [1]. The fractional g-calculus is an extended form of the traditional fractional calculus and
has been utilized in a variety of fields, including optimal control problems, g-difference and g-integral
equations, and ordinary fractional calculus. To obtain additional insights on the topic at hand, it is
advisable to refer to a published source [2] and current literature, which may include references such
as [3-5].

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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2. Preliminaries
Consider the family A consisting of functions @ of the form
D(F) =S+ ) S, (1)
k=2

where $ belongs to the complex unit disk U = {& € C : || < 1}, and @ is analytic in U. Additionally,
® must satisfy the normalization condition ®'(0) — 1 = 0 = ®(0). Furthermore, let P represent the
subset of analytic functions in U that fulfill the condition Re{¢(<J)}) > 0 and can be expressed in the
form

() =1+) ¢S  (S€V), 2)
k=1

where |¢g| < 2 (by Caratheodory’s Lemma refer to [6]).

The implementation of differential subordination of analytical functions has the potential to offer
considerable benefits to the domain of geometric function theory. Miller and Mocanu [14] proposed
the original differential subordination problem, which has subsequently been examined in greater
detail in [15]. The book authored by Miller and Mocanu [16] presents a comprehensive overview of
the advancements made in the field, accompanied by their respective dates of publication. For a real
number A and B, —1 < B < A <1, the classes P[A, B], S*[A, B] and C[A, B] where defined by

1+AS
fy— P 3 (&3 (93
P[A,B] = {cpEP. if and only if (<) < 15 65 (\YEU)},
e L SO(S)  14AS
S*A B] = {CDEA. if B(3) =< T4 63 (\SEU)},
IP(S) 1443

— i (S o
C[A,,B}._{CDGA. if 1+ 3) <1+/3%' (Sel)y.
Janowski [7] conducted an investigation and analysis of the class P[A, B], which is a subset of P.
Additionally, other classes such as S*[A, B] and C[A, B] were also studied and analyzed in previous
works such as [9-11], among others.

For any function @ in the subfamily S, there exists an inverse function denoted as &1 and
defined by

P/(

I=0 @), c=0@ Q) (@)=l <n@)ssev)

where
he) = 71 (e) = ¢ (1 (g + 503 — Sagaz) + H(—a5 +203) —wag + -+ ). 3)

In a specified domain U, a function is considered to be bi-univalent if it satisfies the condition that both
®(3) and its inverse function ®~!(¢) are univalent or injective within U.
The definition of the subclass X in the set S involves specifying the category of bi-univalent
functions in U, as expressed by equation (1). Examples of the class ¥ functions include
3

1 1 1+S

The inverse functions that correspond to the aforementioned functions:

26 _ 1 s 1
c e e
fii(g) = ——, M(g) = 2 11 and #3(g) = P
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This article presents an overview of g-calculus, initially introduced by Jackson and subsequently
explored by numerous mathematicians [17-23]. It focuses on introducing key concepts and definitions
within the realm of g-calculus. Additionally, it highlights the significance of the g-difference operator,
widely employed in scientific disciplines such as geometric function theory. Emphasizing the
assumption that ¢ lies within the interval (0, 1), the study extensively relies on fundamental definitions
and properties of g-calculus, as extensively documented by Gasper and Rahman in their work [12].

Definition 1. Let 0 < g < 1. The q—bracket [k], is formally defined as such

= , if 0<g<1, xeC\{0}
k-1

W = Flrgc 2+ rgr1=Y ¢ , if 0<g<l, x=keN
 — =0

1 , if g— 0%, ke C\{0}

K , if q—17, x e C\{0}.

Definition 2. The g—derivative, also known as the q—difference operator, of a function ® is defined by

W) e g1, FAO

RETR]
O(D(D);q) = @' (0), if g—17,3=0
(D), if g1, 340

and % (P(F);9) =0 <D(’H) <(I>(%);q>)forx > 1.

It is evident that as the limit § — 17 is approached, the g-deformed generator o (P(S);q) tends
towards the n* ordinary derivative of the function ®(<).

Definition 3. [8] By letting —1 < B < A < 1. A function f € A'is in the class S* (A, B; q) if it satisfies the
following subordination:

I O(D(F); 9) - 1+ A9

P(I) 1+ B4’

(4€(0,1),3€0) 4)

where the values of Aq and B, are given as

(D4 O-Dg 0 (BHD4 (-1

Ay = 2 2

The function ® € A possesses a geometric meaning in the set S*(A, B; 9) if and only if the quotient
RRICIQI)
(3)

s . . 1-A . .
spans across all values within a circular region centered at — 735 1 and with a radius of
~ha

Motivated by Ismail et al. [8], we introduce the class C(A, B; q) by

Definition 4. By letting —1 < B < A < 1. A function f € Ais in the class C(A, B;q) if it satisfies the
following subordination:

(7€ (0,1),3€0) (5)
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where the values of Aq and B, are given as

hy= QAT Ly g (B1)+(B=1g

The primary objective of this study is to initiate an investigation into the characteristics of
bi-univalent functions that are associated with g-univalent-preserving property. In order to attain this
objective, the subsequent definitions are taken into account.

3. Definitions and Examples

In this section, we present some fresh subclasses that belong to the realm of bi-univalent functions.
These subclasses are namely bi-starlike and bi-convex are defined using the subordination principal to
the g-Janowski Function.

Definition 5. By imposing —1 < p < A < land q € (0,1). A function f belonging to the family %, as
defined in equation (1), is considered to be a member of the bi-starlike class, denoted by S5 (A, B; q) if it satisfies
certain subordination conditions. These conditions can be expressed as follows:

SO(@(3)ig) | 14448
(3) T+B,5

(3 €0) 6)

and
cO(hlg);q) 14+ Ag6

) 1 Byg’

where the function h(g) = ®1(c) is defined by the equation (3), and the values of Ay and Bg are given as

(c €0) , )

= BHVHA1 g g BN+ (B 1)

Definition 6. By imposing —1 < p < A < land g € (0,1). A function f belonging to the family %, as
defined in equation (1), is considered to be a member of the bi-convex class, denoted by Csx.(A, B; q) if it satisfies
certain subordination conditions. These conditions can be expressed as follows:

S0P (@(3);9) 14248

S@Eyg 1y O ©

and o
co  (h(g);q) 21 + Agg
o(h(g); q) 1+ Bgs

where the function h(g) = ®1(g) is defined by the equation (3), and the values of Ay and By are given as

., (c€D) , ©)

Example 1. Let —1 < f < A < 1. A function f belonging to the family ¥, as defined in equation (1),
is considered to be a member of the bi-starlike class lir? S5 (A, B:q) = S5 (A, B) if it satisfies the following
=1

subordination conditions:

IO(3) 1+

B(3) =< T4 B3 (3 e0) (10)
and W) 144

ch (g G

G < 5 fe (c€D) , (11)
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where the function h(g) = ®~1(g) is defined by the equation (3).

Example 2. Let =1 < B < A < 1. A function f belonging to the family ¥, as defined in equation (1), is
considered to be a member of the bi-convex class, denoted by 1inlr1 Cs(A, B;q) = Cs(A, B) if it satisfies the
q—=1"

following subordination conditions:

IO(3)  1+AS N
I+ @) = 148y (3 € V) (12)
and - L
14670 144 (c e V) ) (13)

(g) 1+pg
where the function h(c) = ®~1(g) is defined by the equation (3).

Fekete and Szego established a precise limit for the functional pa3 — a3 in their 1933 publication
[56]. The limit was derived using real values of ; (0 < u < 1) and has been commonly known as
the classical Fekete-Szeg"o outcome. Establishing precise boundaries for a given function within a
compact family of functions ® € A, and for any complex 7, poses a formidable challenge.

4. The bounds of the coefficients within the bi-starlike class

Estimations for the initial coefficients of functions were discovered. Nevertheless, the issue of
establishing precise coefficient limits for |a,|, (n = 3,4,5,- - - ), is yet to be resolved, as indicated in
several sources ([24-52]). Initially, the estimates for the coefficients of the class S5 (A, B; q), as defined
in Definition 5, are provided.

Theorem 1. If ® is an element of X. defined by (1), it can be said that ® is a member of the class Sy (A, B;q), as
per the following statement:

Aq— By (Aq—B1)* | =By
laz| < s NN i W lag| < + .
q,/2 (1+7q) 49 2912,

Proof. If @ belongs to the class S5 (A, B; 9), according to Definition 5, under the given conditions, there
exist analytic functions Y and Q) such that Y(0) = 3(0) = 0, and |Y(3)| < 1 and |Q(g)| < 1 hold for
all & and ¢ in the unit disk U. In light of these conditions, the function ® can be expressed as follows:

ID(I);q) 1+ AY(S)

(
®S) 1Y) (1
and
cO(Ale);q) _ 1+240(¢)
= (15)
h(¢) 1+ BgQ(c)
ForY(3J) =1+ Ofl aS* =143 4032 +33% + -+ -, we have
k=1
1T+ 2A5Y(S) 2\ 2
(s ~ Lt e Bad ((Ag = Bodez = BaRg — Bg)e3) 824+,
Next we calculate the values of ¢; and c,. Taking
T+Y(S) oy o Lo
T=Y(3) =p(Q)=14+46S+ 63+, (16)
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then, we get
1+2€12+2(C2—|—C%)22—|—...:1+£1%+£2%2+.../ (17)
Comparing Equations (16) and (17), we have
1
= % and C) = 1(262 — Z%), (18)

By utilizing equations (14) and (15) along (18), we can derive the following expression.

2O 1 (P (P ) (Cz - (1+ﬁq)§> S, 1)

d(S) 2
and
co(hi(s);q) _ Aq—B Ag—B 4
ﬁ(g)1+<q2")d1g+(qz"> (dz—(1+ﬁq)21>g2+~-+---. (20)

There is a commonly accepted understanding that if.
YQ) =[S+ 68 +ad+ | <1, (Sev)

and
1Q(g)| = )d19+dzgz +d3g> + - \ <1, (cev),

then for all j € N, we have
|cj| <1land |d]'| <1. (21)

In view of (1), (3), from (19) and (20), we obtain

1+E]0(2%+l]([2]<q>063—06%) %24--..
Ay — Ay — 2
=1+ (qzﬁ”>c1%+ <q2ﬁq> (cz—(1+ﬁq)czl> 324

and
2 2
1_q“2g+q(([2]<q>+q)a2_[2]<q>‘x3)g + -

:1+(Aq;'gq)dlg+(/\q;ﬁq> <d2—(1+r3q)dj>€2+"'+'”-

By comparing the pertinent coefficients in (19) and (20), we arrive at the following.

Jan = M )
gy — W—zﬁﬂ)dl )
A — 2
q([2]<,1>0‘3_a%> = (Elzﬁq> (CZ_ (1"’_/317)(:21) (24)

and

_ 2
(21, + ) - 2],0) = (215 71) (dz e M;) . 5)
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It follows from (22) and (24) that
0 =—d =5 =d?, (26)
and 5 ,
A e RPN AR P L. (R @)
1 (Ag = Bq)

Adding (24) and (25), we get
_ 2 2
2%@=(M2m><@+@%4uww”;%) (28)

Substituting the value of (7 + d?) from (27), we obtain

2 (A =B (2 +da)
AP R T R @9)

Applying for the coefficients ¢, and d; along the equation (21), we obtain

/\ _
lag| < ’17[5’4

01/2 (1+Aq)

The subtraction of equation (25) from equation (24) yields the following result:

_ 2 12
Mm@myw@=mgﬁqQq—@%wuwquﬁ)- (30)

Then, in view of (26) and (27), Eq. (30) becomes

(/\‘7_:3‘1)2 2 2 A‘i—:Bq
a3 = (283 + o —d
Thus applying (21), we conclude that
2
Ag— Ag—
|1J(3| < ( q 213‘7) + 9 :Bq.
4q 292},

This completes the proof of Theorem. O

The Fekete-Szeg"o inequality for functions belonging to the class Ss:(A, B; 9) is examined in view
of Zaprawa’s [57] finding.

Theorem 2. Given that ® is an element of ¥. defined by (1) and belongs to the class S3.(A, B; q), and i is a real
number, we can state the following

)\qiﬁ”] 1 _ < q(1+/\‘7)
4‘1[2](%), | el < [z]w(’\ﬂ*ﬁﬂ)l
‘ag - eoc%‘ <
(Aﬂ*ﬁq)2|17€| 11—e| > q(1+2q)
—

272 (147g) 7 2 (Ag—Bg)"
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Proof. If & € S5 (A, B;q) is given by (1), from (29) and (30), we have

(Ag — /3q)2 (c2+d2)  Ag— By

w-em=(1-¢) 492 (1 + Aq) 4q2] (2= @)
A= Bg | (A= Bg) (2 +do) 1 3
= 1-e¢) iyt 2, (c2 dz)]
M By [((a=B)-e) 1\ (=B (1-e) 1
Ty ( g (1+A,) *[21@) 2*( g (1+4y) [21@)”[2]

M B [ (e s 2 Y er (Hee - 1
T (H”*mm) ”(H“ m@)dz}’

where
Ag — 1-—
H(E) — ( q 13‘7) ( 6)
q(1+2g)
Then, we conclude that
Ag—B
4;[2]<;/ |H(€)| < T+q’
‘063 — eac%‘ <
)L —
Ml H(e) =

Which completes the proof of Theorem 2. [

5. The bounds of the coefficients within the bi-convex class
In next theorem, the estimates for the coefficients of the class Cx(A, B; q), as defined in Definition

6, are provided.

Theorem 3. If @ is an element of X defined by (1), it can be said that ® is a member of the class Cs.(A, B; q), as
per the following statement:

7

A, —
|a2‘ < q :B”l

T ) [ (g = Bg) + (1) (1 +By)]

and

(A —By)° N Aqg— By

las| < 4(1+q)2 2(14"1)[3]@.

Proof. If ® belongs to the class Cyx.(A, B; g), according to Definition 6, under the given conditions, the
function ® can be expressed as follows:

(31)

and

1+ 2 241 (32)
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By utilizing equations (31) and (32) along (16-18), we can derive the following expression.

30(@(S);9) Ay —B (A B 2\
and
30 (h(g):q) Ag— P Ay — B »
1—|—a<h(g);q>=1+(q2‘4)d1g+<572’4) dZ_(l—i_,Bq)?l Pt (34)

In view of (1), (3), from (33) and (34), we obtain
1 (14 oS+ (1+ ) (3], 5 — (14 q)ad) 92+ -+

e (e (A58 (-0 d) ot

and

1 (1+q)azs - 2], (18]85 = (3], +42) a3) 2+ -+

:1—1—()%;'8{1):1@—1—(%;'%) <d2—(1+,8q)dj>g2+---+-~

By comparing the pertinent coefficients in (19) and (20), we arrive at the following.

(1+q)ar = Gy=po)er _Zﬁq) = (35)
—(1+q)ar = W, (36)
A, — 2
and )
Ay — d
(1+9) (—[3]<q>1x3 + ([S]W> +q2) 0(%) = <‘72‘B‘7> (dz -1 +ﬁq)21> . (38)
It follows from (35) and (37) that
0 =—dy =5 =d3, (39)
and )
2 (Ag=Bg)" o, o 2 o _ 8(1+49)?
Ky = 8(1+q)2 (C1+d1)<:> 1 +d17 (Aq_‘Bq)Zaz. (40)
Adding (37) and (38), we get
_ 2., 2
2(14q)q% a3 = (quﬁq) <<c2+dz> - <1+ﬁq>cl+2dl> : (41)
Substituting the value of (c3 + d?) from (40), we obtain
= (s = )" (ca + ) @)

4(1+9) [4? (Mg — Bg) + 1+ 9)(1+Bg)]
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Applying for the coefficients cp and d; along the equation (21), we obtain
A —
|062‘ < 1 'Bq .
VA+0) [ (A= Bg) + (1 +9)(1+By)]
The subtraction of equation (38) from equation (37) yields the following result:
Ag— 2 —d?
2(1+9)18],, (a3 — a3) = qTﬁq ((Cz —da) = (1+ By) 1) : (43)

Then, in view of (39) and (40), Eq. (43) becomes

(Aq — Bg)’?

— 2 2
N3 = 8(1—|—q)2 <C1+d1)+

Thus applying (21), we conclude that

(A—B0)” |  M—By

ol = g T DBl

This completes the proof of Theorem. [J

In the last theorem, we examine the Fekete-Szeg"o inequality for functions belonging to the class

Cs(M B q).

Theorem 4. Given that ® is an element of L. defined by (1) and belongs to the class Cs.(A, B; q), and € is a real
number, we can state the following

A—Bq . 3 (Aq—PBq)+(1+9)(1+B)
4<1+q)[3]<£7> ’ |1 €| = [3]<q) (/\'1*/3‘1) ’
2
a3 —eay| <
‘ 2‘ Y=Pq | 1 > 7*(Ag—Bq) +(1+4)(1+B4)
2(1+q) ‘ (E) 4 | - €| - [3]<q> (/\q_ﬁq) 7
where \
_ 1—
ﬁ(e) _ ( q 13‘7)( e)

P (Ag—Bg) + (1 +q)(1+By)

Proof. If ® € Cx(A, B;q) is given by (1), from (42) and (43),

2 (A —By)” (c2 +4a)
27 4(1+q) [0 (A — Bg) + L+ ) (1+By)]
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we have

oo (Ag = Bg)” (c2+do) Ag— By
ez =(1 €)4(1 +q) [4% (Ag = Bg) + 1+ q)(1+ By)] REIE @
4(1+q) g% (Aq — Bg) + (1 +4q)(1+ By)

(c2 —d)

(a)

_ M—By l( (Ag —Bg) (1—¢) + 1 >C2
41+q) [\ 42 (Mg —Bg) + A +q9)(1+8y) 3],
+< (Aq—Bg) 1—¢) 1 >d2]
7> (Mg —Bg) + A +q)(1+Bg) 3],
A b __1
T l(‘(e) * [31@) o <“€> [%) 4 '

_ (Ag —Bq) (1—¢)
L& = Ety B+ A+ )T By

where

Then, we conclude that

Aq—Byg 1
41+l 7 U w’
’063 - ezx%‘ <
=B
daple@) el z g

Which completes the proof of Theorem 4. [J

6. Corollaries

The theorems presented in this study, namely Theorems 1 and 2, lead to the derivation of several
corollaries that closely resemble the illustrative examples provided in Examples 1 and 2. These
corollaries serve to further demonstrate and validate the results obtained from the theorems. By
applying the principles and findings established in Theorems 1 and 2, these corollaries offer additional
concrete instances that align with the examples previously discussed, providing further insight and
supporting the overall conclusions of this study.

Corollary 1. If ® is an element of X defined by (1), it can be said that ® is a member of the class Si:(A, B), as
per the following statement:

A—B (A—B) A—B
< ——L5 < ,
|az| < YRS |as| < T2
and
A-g 11— e] < LA
5 U= 20y
‘063 — € az‘ < | |
(A-=p)*|1—e 1+

2(T+A) -, 1-el > 2((/\7;3))'
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Corollary 2. If ® is an element of X defined by (1), it can be said that ® is a member of the class Cx.(A, B), as
per the following statement:

A— A—B)?  A—
e i PRt R A}
V2[(A=p)+2(1+p)]
and A (A—B)+2(1+B)
- -B)+2(1+
e 1- el < ST
‘ag—ezoc%‘g
(A=p)*[1-ey| 11— ey > Ap)r20ep)

4((A-p)+2014p))” 3(A-p)

Conclusion: The present investigation pertains to the examination of the coefficient problems
that arise in the context of the newly introduced subclasses of bi-univalent functions using g-Janowski
Function, as defined in Definitions 5 and 6, over the disk U. The subclasses under consideration are
denoted by S5:(A, B;9), Cs(A, B;q), S5 (A, B), and Cs (A, B). The determination of the Taylor-Maclaurin
coefficients |ay| and |az|, as well as the evaluation of the Fekete-Szego functional problem, has been
performed on functions belonging to the aforementioned subclasses of X.. Through the specialization of
parameters in our primary discoveries, we have discerned a number of supplementary novel outcomes.
The utilization of fractional g-derivative operators is anticipated to have extensive implications in
diverse scientific domains, encompassing mathematics and technology.

Author Contributions: Conceptualization, A.A. (Abdullah Alsoboh) and EM.S.; methodology, A.A. (Ala
Amourah) and A.A. (Abdullah Alsoboh); validation, EM.S. and D.B.; formal analysis, A. Alsoboh; investigation,
A. Amourah, A.A. (Abdullah Alsoboh) and D.B.; writing—original draft preparation, A.A. (Ala Amourah);

writing—review and editing, A.A. (Abdullah Alsoboh) and A.A. (Ala Amourah); supervision, A.A. (Abdullah
Alsoboh) All authors have read and agreed to the published version of the manuscript.

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: No data were used to support this study.

References

1. Purohit, S. D., Raina, R. K. Certain subclasses of analytic functions associated with fractional g—calculus
operators. Fractional differential equations: An introduction to fractional derivatives. 1998, 340.

2. Podlubny, I. Fractional differential equations, to methods of their solution and some of their applications.
Mathematica Scandinavica. 2011, 55-70.

3. Gasper, G. Rahman, M. Basic Hypergeometric Series. Cambridge university press. 2004, 96.

4. Al-Salam, W. A. Some fractional g—integrals and g—derivatives. Proc. Edinburgh Math. Soc. 1966, 15(2),
135-140.

5. Agarwal, R. P. Certain fractional g—integrals and g—derivatives. Proc. Cambridge Philos. 1969, 66, 365-370.

6.  P.L.Duren, Univalent Functions. Spriger &Business Media, 259 2001.

7. W. Janowski, Extremal problems for a family of functions with positive real part and for some related
families. Ann. Polon. Math., 1970, 23, 159-177.

8. M. Ismail, E. Merkes and D. Styer, A generalization of starlike functions. Complex Variables, Theory and
Application: An International Journal, 14(1-4) 1990, 77-84.

9.  R.M. Goel and B.S. Mehrok, Families of analytic functions related to Ruscheweyh derivatives and subordinate
to convex functions. Indian J. Pure Appl. Math., 12 1981, 634—647.

10. W. Janowski, Some extremal problems for certain families of analytic functions. Bull. Polish. Acad. Sci., 23
1973, 17-25.

11. H. Silverman and E. M. Silvia, Subclasses of a starlike functions subordinate to convex functions. Canad. J.
Math., 37 1985, 48-61.

12.  Gasper, G. Rahman, M. Basic Hypergeometric Series. Cambridge University Press. 2004, 96.


https://doi.org/10.20944/preprints202306.1002.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 June 2023 doi:10.20944/preprints202306.1002.v1

13 of 14

13.  Quesne, C. Disentangling g-Exponentials: A General Approach. Int. J. Theor. Phys. 2004, 43, 545-559.

14. Miller, S. S., Mocanu, P. T. Second Order Differential Inequalities in the Complex Plane. J. Math. Anal. Appl.
1978, 65, 289-305.

15. Miller, S. S., Mocanu, P. T. Differential Subordinations and Univalent Functions. Mich. Math. J. 1981, 28,
157-172.

16. Miller, S. S., Mocanu, P. T. Differential Subordinations. Theory and Applications. Marcel Dekker, Inc.: New
York, NY, USA. 2000.

17. H. Aldweby and M. Darus, On a subclass of bi-univalent functions associated with the g-derivative operator.
Journal of Mathematics and Computer Science, 19(1) 2019, 58-64.

18.  H. Aldweby and M. Darus, Some subordination results on g-analogue of Ruscheweyh differential operator,
Abstract and Applied Analysis, 2014 2014, Article ID 958563, 1-6.

19. Al-Salam, W. A. Some fractional g—integrals and g—derivatives. Proc. Edinburgh Math. Soc. 1966, 15(2),
135-140.

20. Agarwal, R. P. Certain fractional g—integrals and g—derivatives. Proc. Cambridge Philos. 1969, 66, 365-370.

21. A. Alsoboh and M. Darus, New Subclass of Analytic Functions Defined by g-Differential Operator with
Respect to k-Symmetric Points. International Journal of Mathematics and Computer Science, 14 (3) 2019. In press.

22.  A. Alsoboh and M. Darus, On Fekete-Szego problem associated with q- derivative operator,]. Phys.: Conf.
Ser., 1212 (2019) 2019, 012003.

23. Alsoboh, A.; Amourah, A.; Darus, M.; Rudder, C.A. Studying the Harmonic Functions Associated with
Quantum Calculus. Mathematics 2023, 11, 2220. https:/ /doi.org/10.3390 /math11102220

24. Amourah, A., Alsoboh, A., Ogilat, O., Gharib, G.M., Saadeh, R., Al Soudi, M. A Generalization of Gegenbauer
Polynomials and Bi-Univalent Functions. Axioms 2023, 12, 128.

25.  Alsoboh, A.; Amourah, A.; Darus, M.; Sharefeen, R.I.A. Applications of Neutrosophic q-Poisson distribution
Series for Subclass of Analytic Functions and Bi-Univalent Functions. Mathematics 2023, 11, 868.
https:/ /doi.org/10.3390/math11040868

26. Alsoboh, A.; Amourah, A.; Darus, M.; Rudder, C.A. Investigating New Subclasses of Bi-Univalent Functions
Associated with g-Pascal Distribution Series Using the Subordination Principle. Symmetry 2023, 15, 1109.
https://doi.org/10.3390/sym15051109

27. Al-Hawary, T., Amourah, A.; Alsoboh, A. Alsalhi, O. A New Comprehensive Subclass of
Analytic Bi-Univalent Functions Related to Gegenbauer Polynomials. Symmetry 2023, 15, 576.
https://doi.org/10.3390/sym15030576

28. Altinkaya, S., Yalcin, S. Estimates on coefficients of a general subclass of bi-univalent functions associated
with symmetric g—derivative operator by means of the Chebyshev polynomials. Asia Pac. J. Math. 2017, 4,
90-99.

29. Amourah, A, Frasin, B. A., Abdeljawad, T. Fekete-Szegt inequality for analytic and bi-univalent functions
subordinate to Gegenbauer polynomials. J. Funct. Spaces 2021, 2021, 5574673.

30. Amourah, A, Alamoush, A., Al-Kaseasbeh, M. Gegenbauer polynomials and bi-univalent functions. Palest.
J. Math. 2021, 10, 625-632.

31. Amourah, A., Frasin, B. A., Seoudy, TM. An Application of Miller-Ross-Type Poisson Distribution on
Certain Subclasses of Bi-Univalent Functions Subordinate to Gegenbauer Polynomials. Mathematics 2022,
10, 2462.

32. Amourah, A, Alomari, M., Yousef, F, Alsoboh, A. Consolidation of a Certain Discrete Probability
Distribution with a Subclass of Bi-Univalent Functions Involving Gegenbauer Polynomials. Math. Probl.
Eng. 2022, 2022, 6354994.

33.  Bulut, S. Coefficient estimates for a class of analytic and bi-univalent functions. Novi Sad J. Math. 2013, 43,
59-65.

34. Bulut, S., Magesh, N., Abirami, C. A comprehensive class of analytic bi-univalent functions by means of
Chebyshev polynomials. J. Fract. Calc. Appl. 2017, 8, 32-39.

35. Bulut, S., Magesh, N., Balaji, V. K. Initial bounds for analytic and bi-univalent functions by means of
Chebyshev polynomials. Analysis 2017, 11, 83-89.

36. Buyankara M., Caglar, M. On Fekete-Szegt problem for a new subclass of bi-univalent functions defined by
Bernoulli polynomials. Acta Universitatis Apulensis 2022, 71, 137-145.


https://doi.org/10.20944/preprints202306.1002.v1

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 14 June 2023 doi:10.20944/preprints202306.1002.v1

14 of 14

37.  Caglar, M. Chebyshev polynomial coefficient bounds for a subclass of bi-univalent functions. CR Acad.
Bulgare Sci. 2019, 72, 1608-1615.

38. (Caglar, M., Orhan, H., Kamali, M. Fekete-Szego problem for a subclass of analytic functions associated with
Chebyshev polynomials. Boletim da Sociedade Paranaense de Matematica 2022, 40, 01-06.

39. Caglar, M., Cotirld, L.-I., Buyankara, M. Fekete-Szegt Inequalities for a New Subclass of Bi-Univalent
Functions Associated with Gegenbauer Polynomials. Symmetry 2022, 14, 1572.

40. Deniz, E., Certain subclasses of bi-univalent functions satisfying subordinate conditions, J. Classical Anal.,
2013, 2(1), 49-60.

41. Hu, Q,, Shaba, T.G., Younis, J., Khan, B., Mashwani, W. K., Caglar, M. Applications of g-derivative operator
to subclasses of bi-univalent functions involving Gegenbauer polynomials. Applied Mathematics in Science
and Engineering 2022, 30(1), 501-520.

42. Kamali, M., Caglar, M., Deniz, E., Turabaev, M. Fekete-Szego problem for a new subclass of analytic functions
satisfying subordinate condition associated with Chebyshev polynomials. Turkish Journal of Mathematics,
2021, 45(3), 1195-1208.

43. Alsoboh, A.; Amourah, A.; Sakar, EM.; Ogilat, O.; Gharib, G.M.; Zomot, N. Coefficient Estimation
Utilizing the Faber Polynomial for a Subfamily of Bi-Univalent Functions. Axioms 2023, 12, 512.
https:/ /doi.org/10.3390/axioms12060512

44. Magesh, N., Bulut, S. Chebyshev polynomial coefficient estimates for a class of analytic bi-univalent functions
related to pseudo-starlike functions. Afr. Mat. 2018, 29, 203-209.

45. Murugusundaramoorthy, G., Magesh, N., Prameela, V. Coefficient bounds for certain subclasses of
bi-univalent function. Abstr. Appl. Anal. 2013, 2013, 573017.

46. Tan, D. L. Coefficicent estimates for bi-univalent functions. Chin. Ann. Math. Ser. A 1984, 5, 559-568.

47. Venkateswarlu, B., Thirupathi Reddy, P, Altinkaya, S., Boonsatit, N., Hammachukiattikul, P., Sujatha, V. On
a Certain Subclass of Analytic Functions Defined by Touchard Polynomials. Symmetry 2022, 14, 838.

48. Yousef, F, Frasin, B. A., Al-Hawary, T. Fekete-Szeg6 inequality for analytic and bi-univalent functions
subordinate to Chebyshev polynomials. arXiv preprint arXiv:1801.09531 2018, 9 pages.

49. Seoudy, T., Aouf, M. Admissible classes of multivalent functions associated with an integral operator.
Annales Universitatis Mariae Curie-Sklodowska, Sectio A-Mathematica 2019, 73(1), 57-73.

50. Seoudy, T. Convolution Results and Fekete-Szegt Inequalities for Certain Classes of Symmetric-Starlike and
Symmetric-Convex Functions. Journal of Mathematics 2022, Article ID 8203921, 2022, 57-73.

51. Shammaky, A. E,, Frasin, B. A., Seoudy, T. M. Subclass of Analytic Functions Related with Pascal Distribution
Series, Journal of Mathematics, 2022, Article ID 8355285, 5 pages.

52.  Sunthrayuth, P, Igbal, N., Naeem, M., Jawarneh, Y., Samura, S. K. The Sharp Upper Bounds of the Hankel
Determinant on Logarithmic Coefficients for Certain Analytic Functions Connected with Eight-Shaped
Domains. Journal of Function Spaces 2022, 2022, Article ID 2229960, 12 pages.

53. M., Khandagji, M. and A., Burqan, Results on sequential conformable fractional derivatives with applications,
Journal of Computational Analysis, 2021, 29(6), 1115-1125.

54. Al-Refai, O. Integral Operators Preserving Univalence, Malaysian Journal of Mathematical Sciences, 8, 2014,
163-172.

55. Al-Refaii O., Darus, M. General Univalence Criterion Associated with the n-th Derivative, Abstract and
Applied Analysis, vol. 2012, Article ID 307526, 9 pages, 2012.

56. Fekete, M., Szego, G. Eine Bemerkung Aber ungerade schlichte Funktionen. J. Lond. Math. Soc. 1933, 1,
85-89.

57. Zaprawa, P. On the Fekete-Szegd problem for classes of bi-univalent functions. Bulletin of the Belgian
Mathematical Society-Simon Stevin 21.1 (2014), 169-178.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those
of the individual author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s)
disclaim responsibility for any injury to people or property resulting from any ideas, methods, instructions or
products referred to in the content.


https://doi.org/10.20944/preprints202306.1002.v1

	 Introduction
	 Preliminaries
	Definitions and Examples
	The bounds of the coefficients within the bi-starlike class 
	 The bounds of the coefficients within the bi-convex class 
	Corollaries
	References

