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1. Introduction

One of the most essential methodologies for solving optimization problems is dy-
namic programming (DP), where the so-called principle of optimality, as defined by
Bellman [1] in 1957, is used to create its methods. The multi-objective dynamic pro-
gramming (MODP) is a method for resolving problems with competing objective func-
tions that follows the DP properties (Mine and Fukushima [2], 1979; Carraway et al. [3];
Abo- Sinna and Hussein [4]; Abo-Sinna and Hussein [5]).
Osman [6-7] introduces the ideas of solvability set, the stability sets of first-kind and
second-kind, as well as the analysis of these terms for parametric convex non-linear
programming problem. In order to a certain class of multi-objective convex program-

ming problems, Osman and Dauer [8] dedicated themselves to the discovering of the
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first-kind stability set. In addition, they provided a technique to compute this set and
the related pareto optimum solution.

First and foremost, Zadeh [9] presented the philosophy of fuzziness in literature, which
can be applied to deal with the issues in real-life scenario where the information is in
the form of ambiguousness and incompleteness. Bellman and Zadeh [10] created a
method for solving decision-making problems involving fuzziness that improved and
aided managerial decision-making. Linear programming along with fuzzy program-
ming involving numerous objective functions were presented by Zimmermann [11] in
1978. Several people afterwards worked in the field of fuzziness. As a result of the con-
venience, the piecewise linear fuzzy numbers such as interval, triangular, trapezoidal,
pentagonal, hexagonal fuzzy numbers, etc. have been applied in the literature [12-16].
Many authors have investigated the solution methodology as well as their applications
involving fuzziness, fuzzy systems, and fuzzy mathematical programming problems
[17-18].

In the literature, fuzzy dynamic programming models in particular have gotten a lot of
attention (see, Bellman and Zadeh [10]; Zimmermann [19]; Esogbue [20]; Esogbue and
Bellman [21]; Hussein and Abo- Sinna [22]). Tanaka and Asai [23] introduced fuzzy pa-
rameters to multi-objective linear programming (MOLP) problems. General fuzzy mul-
ti-objective non-linear programming (MONLP) models were formulated by Orlovski
[24] in 1984. Sakawa and Yano [25-26] developed the idea of pareto optimum optimality
and proposed a new interactive fuzzy approach for MOLP and MONLP issues with
fuzzy parameters. For fuzzy MONLP situations, Osman and El-Banna [27], in 1993,
proposed a qualitative analysis and stability. There are enormous researches, who de-
veloped the MODP (for instance, Moghaddam and Ghoseiri [28]; Muruganantham et
al. [29]; Li et al. [30]; Deng et al. [31]; Besheli et al. [32]; Peraza et al. [33]; Azevedo et al.
[34]; Ni et al. [35]; Wu et al. [36]; Liu et al. [37]; Zou et al. [38]; and Zhang et al. [39]).

Based on aforesaid literature survey, in this article, the parameters of the model are re-
defined and further studied for MODP problems involving the fuzzy parameters in ob-

jective functions, as a result of the above literature.
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The main contribution of this article is as follows:

(i) For the core terminology associated with the stability in non-linear programming

problem, the parameters are rearranged to study in case of MODP.

(ii) An algorithm for computing the subset of the parametric space that possesses the

same associated pareto optimal solution, is developed.

The remainder of this article is organized as in Fig. 1 below:

Fig. 1 Layout of Remaining Paper

2. Preliminaries

In this section, we recall some basic concepts.
Definition 1 (Jain, 2010). A piecewise quadratic fuzzy number (PQFN) is designated by Apq =
(by,by, bz, by, bs), where b; < b, <bs; <b, <bs are real numbers, and its membership function

Wip, is given by (see, Fig. 2)
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( 0, X < by;
1_ 1 —b.)2 :
2 (by—b4)2 (X bl) ) bl <x< b2;
I_ Y  x—p)2 :
2 (b3—by)? (X b3) +1, bz <x< b3,
- =1 1
Hapq = ) 2 (bg—b3)? (x—b3)? +1, b3 <x<by;
1_ 1 (x—b.)2 :
2 (bs—by,)2 (X b5) ) b4- <x< b5;
0, X > b5.
\
HZpq
1.0
0.5
0
b, b, bs by bs X
Fig.2. Graph lllustration ot a PQFN

Definition 2. (Jain [41]). For a given PQFN A4, the interval approximation, denoted by
[APQ] = [p%,pY], is called the closed interval approximation, when the below mentioned

condition is satisfied:

pk = inf{y €R: ug,, = 0.5}, and pY = sup {y €R: Uz, 2 0.5}.

Definition 3. (Jain [41]). Suppose that dpq = (p1,P2,P3, P4 Ps) and Bsz

(qll q2r q3r q4; qs) be tWO P-Q.F.N.S. Thel’l
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(i) Addition: pq @ bpq = (p; + 91, P2 + 42, P3 + 43, P4 + G4, Ps + qs)-

(ii) Subtraction: dpq © bpq = (P1 — s, P2 — 94, P3 — 43, P4 — 42, Ps — q1)-

TR " (aqq, aqz, aqs, aqy, ags), a > 0,
iii) Scalar multiplication: a. bpg = {
( ) p FQ (QQSJ (X(]4, aq3,aq2,aq1), o< 0

Definition 4. (Jain [41]). Suppose [A] = [p}, pol, and [B] = [q%, q4] are two inexact interval for

the PQFN. Then, the arithmetic rules are presented as follows:
() [A] & [B] = [pg + 9% P« +qal,
(i) [Al © [B] = [Pg — e P& — gl

_ | [apg, apgl, a >0,
(1) clAl = {[apa,apa], «<0.

UL LU L -L U.U
(IV) [A] ©) [B] — [ptx%c"'paq(x paqa+paqa].

2 ! 2
2pg 2pa 0 d L U 0
L, U’ >0 and qq + q¢ # 0,
dat da q(x+ qoc
N [_an 295 ] ]<0and gk + qJ #0
qu“(+ qg ch+ qoc o o '

Definition 5. (Jain [41]). The order relations {=py,<py,>py} for the intervals [A] and

[B] is designated as follows:

(i)  [Al=qu [Bliff pg =qg and pg = qq.

() [Al(S@u)Bliff pi(<wuy)dsand pe(Squ)as or
pe + pg(S(L,U))q]& + qaq.

(iii) [A](Z(L,U)[B] iff p&(Z(L,U))qg and pg(Z(L,U)q]& or

ps + Py (Zwu)ay + gk

3. PROBLEM STATEMENT

A minimization type problem involving the fuzzy parameters within the objective
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functions is formulated as follows

(PQF-VMP) min Gy (gi1 (x1,3; %), 812(x2,85%), .. gin(xnw, %) ) 1 = TL L 2 2

s. t.
Hq (hql(X1),hq2(X2)» e hQN(XN)) <0,q= 1,Q

X, € X, n = 1,N.

Here, X, € R'™m,n = 1,N; X,is a r, vector, G, 1 = 1,L and Hq,q = 1,_Q are convex real function of

class C™ on RN and gy, hqn.1 = 1,L;q = 1,Q;n = 1, N are real-valued functions on X,, and a°¢ =
(ﬁf?, 512)3, e ﬁan),l = ﬁ; n= 1,_N represent the fuzzy parameters in vector form, inf), (xn, ﬁan). Itis
assumed that the aforesaid fuzzy parameters are designated as per the reference Jain [41], as well
as the PQF-VMP is stable (Rockafellar [44]).

Definition 6. ([17]). The a —level set of the fuzzy numbers ﬁan refers the usual set La(ﬁan) where
the degree of the membership function is grater that the level a as described below:

Lo(aFQ) = (am: hraam) = 1 =1,2,...,Lin = ﬁ)

For a certain value of a, the aforesaid PQF-VMP problem is converted into the following problem

(Sakawa and Yano [25])

(a-VMP)  min Gl(gu(xp a;),812(X2,az2), ..., EIn (XN, aN))’l = ﬁ, L=2

s. t.

Hq (hql (Xl)' th (XZ): i hQN (XN)) <0, q= 1'_Q' a;p € La(aan)'

X, € X, n=1,N.
Since PQF-VMP problem becomes stable, therefore the a-VMP would also be stable.

Definition 7 (Mine and Fukushima [2]). The objective function G, is called separable provided that
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there would exist functions G{',n = 1, N defined on R" and functions O designated on R? satisfies,

forn=2,N.
G{l (gll(le al): 812 (XZ' aZ)' ) 8In (Xn' an))
= (I){l (Gln_l(gu(xp a1),812(X2,a2), ., 8In—1(Xn-1, an—l))' gin (Xn, an))/ and

G%\I (gl1 (x1,a1), 812(X2,a2), ..., EIN(XN, aN)) =G (811 (x1,a1), 812(X2,32), -, 81n (X, an))

Similarly, it can be illustrated that

HH (hql(Xl)' hq2 (X2)) e hQN (XN))
= x5 (187" (11 020, B2 (52), - g1 Gin1), hign () ), and

H& (hq1(X1)»hq2(X2)» ---»hQN(XN)) = Hq (hq1(X1);hqz(Xz); ---'hQN(XN))

In a situation when all the objectives as well as the constraints become separable, we claim that the
a-VMP problem would also be separable. In addition, the functions, designated by ¢j' and xg, are
referred as the separating functions for the set G as well as for the set H.

Consequently, the separation of the a-VMP is termed as monotone provided that all ¢1' and g are
strictly increasing functions relative to the first argument for each constant second argument for

eachy € R,

o (r,y) > o (7, y) iff r> 7, and x{'(r,y) > x{(#,y) & r > #,foreach 1 = 1,L;

qzmand,nz 1,N.

Definition 8. ( a — pareto optimal solution). The feasible solution x* = (x7,x3,...,xy),a" =
(ai, aj, ..., ay) to the a—VMP, is referred as & —pareto optimal solution provided that we do not find

the feasible (x1,X3, ..., XN),a" = (a3, a%, ..., ay) € Lg(8) such that

Gl(gll(xllrall)l ng(XIZraIZ)r ---rgln(xf\lr ai\l)) < Gl(gll(x;ra;)r ng(x;ra;)r "'rgln(xl’l\(lr a;l)) for all I

and

Gr(gs1(x1,a1), 8s2(X5,@5), o, sn (ks aN)) < Gr(gs1 (1, a}), 852 (x5, a3), o, gsn(xiy, aiy)),  for

minimum one index s € {1, 2, ..., L}.

Assumption 1: The a-VMP problem possesses the reparability property. In addition, the separation
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property refers to monotonicity.

Assumption 2. For each n, thesetX, NL,(d8) is assumed to be compact and

Gln(gll(xl,al),glz (x2,23), o), 1n(Xn, an)), l=1,L . Also, we assume that
Hg (hql(xl),th(xz), ...,hQN(XN)), g =1,Q are continuous functions of (x;,x,, ..., x,) and
(aq,ay,...,a,).

Based on the weighting method (Chankong and Haimes [40]), a-VMP problem can be treated as

presented below:

(a-VMPW) min Z%:l Wi Gl (gll(xll al)l 812 (XZI aZ)' -« 8IN (XNI aN))

s. t.

Hq (hql(xl)i th (Xz), ey hQN (XN)) < OI q= 11 Qr ae€ La(é);

X, €EX,,n=1NweW= {(weRMYL, w; =1, w; > 0}.
Consider that each G, follows the addition rule, i. e., for 1 = 1,L, we have
G (811(X1: a1), 812(X2,az), -, BN (XN, anN)) = gll(xp ay), 8, (xz,2z), -, 8N (XN, anN)-
So, the objective function in a-VMPu attaints the following form:
Yh=1 2%:1 w1 8, (X, ann) = Y h=1 Wgn (X, ap).

Now, let us define:

D wei(x:,a;): G X1), X5), e, X,)) < ug,
An(W, u) — min {21_1 gl( i 1) l(gll( 1) glz( 2) _gln( n)) q } (1)
q=1,Qx; €X4,..., Xy €EX,,n=1,N,a € L,(3)
w= W .., w)>0u= (ul, ...,uQ)
The recursive relation, forn = 1,N is presented as follows:
_ : n-1
Ap(w,u) = anXTellgLa(é) (An—l (W, u" " (g, u)) + wgn (X, an)) )

where, u" 1 (x,,u) = (u’f‘l(xn, u), ., U~ (X, u)).

Assuming the monotonicity of G}, let up ! be defined as
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up ™ (xn, u) = sup{v € Riuf r (v, hgn(xn) < ug, q = 1,0}
Theorem 1. Let the assumptions 1 and 2 be satisfied. Also, suppose (x7, X3, ..., X,),
(a1, a3, ..., ap) € Ly(3) is an a —pareto optimal solution of A, (w*,u) for some

w* € W. Then (xi,X3,...,Xp_1),(@1,a5, ..., an_1) € Ly (8) would be an o —pareto optimal solu-
tion for A,_; (w*, u" 1 (x,, ).
Proof (see, Mine and Fukushima [2]).
4. Stability Set of the First Kind
Definition 9. Given a particular w* containing the corresponding a —pareto optimal solu-

tion(x*,a"). The stability set of first kind of (« — VMP) relative to (x*,a") is designated as follows:

S(x*,a*) = {(w*, a*) € RO is an a — pareto optimal solution of (o — VMP)}.

Here, R = R*5L w € RLP = (p1,p2 P, parps) € RZL1=1,L,L > 2.
4.1. Computation of first kind stability set
Let a point (x*,a*) be an a —pareto optimal solution for (o« — VMP). Therefore, we can find a point
w* € W so that (x*,a") becomes an a —pareto optimal solution of (a-VMPw). Based on the stability

for (a-VMPuw), it refers that we can find a pointw € R, w > 0,E € RL,E > 0and F € R,F = 0 so

that the below mentioned Kuhn- Tucker conditions are hold (Mangasarian [42]; Khalifa and Kumar

[43]).

w2, a) + ET 8 () =, ©)
wT 2 (x,a") — FT 22 (a) = o, )

" vt ®)
H(x*) <0, (6)
« — pz(a*) < 0, )
ETH(x) = 0, ®)
FT(o — pz(@") = 0, ©)

w>0,E,and F > 0. (10)
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Let the two sets B(x*) and I be defined by
B(x") = {q: Hq (hqs (x{), hgz(x3), ... hqn(xi) ) = 0}, and
I={le{1,2,.., L} py(a) = a}.
As a result, we get the two linear independent systems of equations below.

G , . . oH, ,
WT&(X ,da ) + quB(x*)an_Xq(X ) =0, (11)

6G * % a[lﬁ %
Wi, (¢ha) = Fi 5t @) =0, (12)

Yeiw=1w,=201=1Ly,=20,q€Bx),F,>0l€,F, =01+ (13)
The system (13) can be rewritten as presented below
%
M v[,] =0 (14)
where, M’ = [ci’]-] is r X L matrix, V' = [Vi'j] is an h X k matrix, w € R, p e R¥, w>0,w # 0 and p >

0,E € R, and F € RP. Here, r is the cardinality of B(x*), and h is the cardinality of .

Consider that Vi’]- =0, j=1m,i€]c {12, ..,r}. Here the cardinality of J is (r — m). Therefore, let
us consider the below mentioned system in matrix form:
w
M V] [u] =0 (15)
Here, M is a matrix of order m X L.
V is a matrix of order m X K.

Consequently, system (11) along with the equation Z]!;l Mj;w; = 0,i € ], provides another system

(14) that, in turn, becomes equivalent to the previous system (11).
Proposition 1. (Zeleny [45]). If K > m, then
S(x*,a") = {(w,p) € R WTMT(V);1 <0,j=T,m, TL, Mjw; =0,i €]} (16)
where, V= [V; V;].Also V; and V, are matrices of order m X m and m X (k — m), respectively.
Proposition 2. (Zeleny [45]). If K > m, then we have

(x*,a") ={(w,p) € R (W'M] — M{(V)™*V]) = 0,j = L,k—m,w™MT(V{);* <
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0, Xz, Mjjw; = 0,i €]} (17)
5. An Algorithm
In this section, an algorithm for determining the S(x*,a") is presented in the below steps:
Step 1: Startat a = 0.
Step 2: Define the membership grades of the fuzzy number @ as per definition 2.
Step 3: Formulate the piecewise quadratic fuzzy dynamic multi-objective problem,
i. e., (PQF-VMP)

Step 4: Choose a point w* € W, that is by using the relation (2) to achieve the @ —pareto optimal
solution (x*,a") of (a-VMPw).

Step 5: Putting the value of the (x*,a") in the Kuhn- Tucker conditions, we have systems (11) as well

as (15). In addition, we can use the Gauss Elimination method for solving system (12).
Step 6: Based on the Lagrange multipliers values, we obtain

(1) When r = g + k — m, we have S(x*,a*) = {ew™*: € > 0},
(i)  When k = m, we have that S(x*,a") is provided by (16),
(iii) When k < m, we have that S(x*,a") is provided by (17).

Step 7: Set a = (a + ¢) € [0, 1]. Then, move to step 1.

Step 8: Repeat the interval at the steps of the proposed algorithm until the [0, 1] is completely nul-
lified.

6. A Numerical Example

Take into account the following (PQF-VMP)

91(x,87%) = (xy — @) + 23 + 3,
min gz(x, dIZJQ) =(x; —1)% + (xz + dgg) + (x3 — 2)?, (18)

gg(x, c’ng) = 2x; + x5 + (x5 — dgg)z
s. t.

Q={xeRx;+x,+x3<3,%2=0, j=1,2,3}. (19)


https://doi.org/10.20944/preprints202306.0710.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 9 June 2023 d0i:10.20944/preprints202306.0710.v1

Here, 3% = (0,0.2,3,4,6,6), .3 = (0.2,0.4,4,5.6,7), dsy = (2,3.4,6,9.8,11)

. o ~Pq <P <P
The close intervals approximation for %7, a2‘§, and a3§ are as follows:

3’9 €[0.2,4.6], a2 €[0.4,5.6]and 3he € [3.4,9.8]. (20)
The (0.5-VMP) can be written as
91(x,a1) = (x; — ay1)* + x5 + x5,
min| g,(x,a;) = (x; — 1)% + (X + azp) + (x3 — 2)?, (21)
93(x,a3) = 2x; + x5 + (x3 — az3)?
s. t.
X1 + X2 + X3 < 3,
3°9 € [0.2,4.6], a5Q € [0.4,5.6]
11 4, 1.0], Ay 1) 9.
and 3.5 € [3.4,9.8],
X1,%X5, %5 = 0. (22)
By applying the weighting method (Chankong and Haimes [40]), we have
Yiiwg (x,a)

s. t. (23)

Constraints in (22).

At the point wy = (%,%,é), the dynamic programming approach steps arise.

Firstly,

3
Al(W*, 0) = min {Z Wlogll (xl, all): xl S 3, 02 S a11 S 46, xl 2 0
=1

=min E (x; —as1)? 4—§(x1 - 1%+ %xl: x, <3,02<a;; <4.6,x; > 0}.
The 0.5 —pareto optimal solution is(xj, aj;) = (0.1,0.2).

Secondly,
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3
A,(w*,0) = min z wi g (x5, a1p) + gip (X2, @22): X1 + %, < 3,%1, %, 2 0,
1=1

0.4 < a,, <5.6

1 1 1
_min {0.5 + x5+ (e + ) +5x5: 0.1+ xp < 3,}.
04 < ar, < 56, Xy =0

The 0.5 —pareto optimal solution is(x7, x5, ai;,a3,) = (0.1,0,0.2,0.4).

Thirdly,
(< \
J wlgn (x5, i) + g (x5, @) + gia(Xs, ass):
A;(w*,0) = min< =1
L X1+ x5 +x3 < 3,%7,%5,%3 =0, J
34<a3;;<98

1 1 1
nin {0.39 +ox +5 (s —2)2 + 5 (3 —a33)% 0.1 +x3 < 3,}_
34 < ass3 < 9.8,X3 >0

The 0.5 —pareto optimal solution is summarized as follows:
(x1,x3,%x3 ajq,,a5,,a33) = (0.1,0,1.8, 0.2,0.4,0.34).
Now, let us determine S(x*,a*) as described below

Systems (11) and (12) allowed
—0.2wqy — 1.8w, + 2wz +y; =0,
Ow; + 08w, +0w3z + y, =0,
3.6w; —0.4w, — 32wz + Y3 =0,
0.2w; + 0w, + 0wz — w, =0,
Ow; + 0.8w, + 0w; — w3 =0,
Owq + 0wy + 3.2w3 —w, = 0,
Then
-0.2 -138 2 1 0 O -02 0 3.6
M= [ 0 08 0 ] V=V = [0 1 o] MV = [—1.8 0.8 —0.4]
3.6 —-04 -32 0 0 1 2 0 -—-32

—-02 0 36
wiMT(V)H) 1 =[ws w, w3][-18 08 -04
2 0 -32
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= (_0.2W1 - 1.8W2 + 2W3 0.8W2 3.6W1 - O.4’W2 - 3-2W3).

Thus, we obtain

(w,p,s,h):wy; = 9w, — 10ws, w, = 8w; — 9w,
witw,+wz =1,p; <p,=1-4p; <p3z <pgs,

S(Oll 011-81 021 04; 034) = 0< P1 < 02, S1 < S, = 1-— 1.551 < S3 < S4,
O<Sl<0.4, h1<h2:17_4h1<h3<h4_,
000<h<34

7. Conclusions and Future Works

The dynamic multi-objective programming issue with piecewise quadratic fuzzy parameters has
been investigated in this study. The first kind stability set has been identified, and the algorithm
allows the problem solver for the decomposition of the parametric w- space. There are various fu-
ture research directions to work on the proposed paper. One of them is to extend further this study
to other fuzzy-type uncertainties, for example, Intuitionistic fuzzy sets, Pythagorean fuzzy sets, etc.
Another possible scope is to include the spherical fuzzy sets, and neutrosophic sets considering

wide coverage of decision-making problems in real-life situations.
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