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Abstract: In this work, the wave behaviour propagation of single-walled fluid conveying carbon 

nanotubes (SWCNT) under longitudinal magnetic fields and elastic foundations is studied, based 

on the nonlocal strain gradients theory (NSGT). With considertion of surface effect, the governing 

differential equation are obtained utilising Timoshenko beam theory and Hamilton's variational 

principle. The influence of small-scale parameters, fluid density, magnetic flux, surrounding elastic 

medium and surface effects on wave behaviour characteristics of carbon nanotubes are discussed in 

detail. The numerical results illustrated that with the magnetic flux increase, the phase velocities of 

the carbon nanotube will increase. When the fluid effects inside the carbon nanotube, the wave 

frequencies of the system reduces with increase in the non-local coefficient, while promotes with 

increase in the strain gradient coefficient. In addition, fluid density, surrounding elastic medium 

and surface effects have meaningful influence on the phase velocity of the system. 

Keywords: fluid conveying carbon nanotubes; Timoshenko beams; small-scale effects; magnetic 

flux; non-local strain gradients 

 

1. Introduction 

Carbon nanotubes (CNTs) have drawn the extensive interest researchers since their discovery 

because of their superior electrical, thermal, mechanical , and physical attribute [1–5]. Due to these 

excellent properties, CNTs are widely used in the development of nano-electro-mechanical systems 

(NEMS) [6–9]; The structural properties of CNTs can be used for nanofluid fluid conveying and 

hydrogen storage 10. Additionally, CNTs can be used to make composites with metals, cements, and 

glass fibers to compensate for the inadequacies of each material and create high strength, high 

performance composites [11,12]. Therefore, it is very significance to study the mechanical attribute of 

carbon nanotubes. Since experimental methods can only measure some basic mechanical constants 

of carbon nanotubes, Losts of researchers have used molecular dynamics simulations (MDS) and 

continuum mechanics methods to simulate and calculate the kinetic properties of more complex 

CNTs. However, MDS calculations of the molecular forces between each carbon atom are time and 

resource consuming, in general, continuum mechanics theory has become the primary method for 

studying the kinetic properties of CNTs [13,14]. 

Classical continuum mechanics ignores small-scale effects, surface effects and intermolecular 

interactions at the microscopic level, but in the microscopic case these factors play an important role 

in material properties and cannot be ignored. Therefore, most scholars have adopted the non-local 

theory of elasticity proposed by Eringen et al. 15. This theory can effectively model the mechanical 

properties of carbon nanostructures at the microscopic level. Yoon et al. [16,17] studied the  fluid 

conveying of CNTs dynamic response characteristics and flow velocity induced chattering instability 

of cantilevered  nanobeams. Wang et al. [18,19] investigated the shear and flexural waves behaviour 

of moving fluids on SWCNT in complex physical environment. the results illustrate that changes in 

magnetic field and temperature have a large effect on wave frequency Li et al. [20,21] discusses the 

free vibration and small-scale effects of CNTs under varying boundary conditions. Bahaadini et al. 
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[22,23] constructed a nonlocal strain gradient Timoshenko(NSGT) model, and investigated  the 

influence of cantilevered carbon nanobeam chattering instability due to the flow velocity. 

Lim et al. 24 combined strain gradient theories and Eringen's nonlocal theories to obtain a new 

nonlocal strain gradient higher order continuum theory. deriving Timoshenko beam wave equations 

in the context of a new theory. Some new dispersion relations for wave propagation are obtained by 

arithmetic examples. Li and Hu et al. [25–27] studied surface effects on the wave behaviour of 

viscoelastic SWCNT. the numerical results indicated that increasing the magnetic field and 

decreasing the damping can lead to an increasing phase velocity, and that the frequency value 

increases when surface effects are considered. Wang and Bian 28 analysed vibration  behaviour of 

SWCNT in fluid forces and magnetic field change, It was indicated that non-local parameters, fluid 

velocity and magnetic field change have a remarkable influence on the vibration frequency SWCNT. 

Rajendran et al. 29 investigated the non-linear vibrational response of embedded CNTs in 

temperature and magnetic fields. Ebrahimi et al. [30,31] investigated the wave behaviour of non-

linear functionally graded beams in temperature change. 

Amiri et al. 32 considered the dynamic characterisation of instability fluid conveying nanotube 

system based on NSGT flexoelectricity nanobeams model. Yang et al. 33 studied on the kinetic 

characterization of non-local stress fields in microfluidic channels and the material parameters effects 

of carbon nanotube wave propagation. Zhen et al. [34,35] studied wave behaviour of fluid-conveying 

viscoelastic SWCNT in longitudinal magnetic field, temperature change and surface effect. the 

numerical results indicated that increasing the magnetic field and decreasing the temperature can 

lead to an incre asing phase velocity. Arani et al. 36 investigated that surface effects and initial stresses 

have important Influence on the wave behaviour characteristics of CNTs. Bahaadini and Ghane et al. 

[37,38] constructed a NSGT cantilevered Timoshenko nanobeam  to analyse dynamic flutter 

instability of fluid moving CNTs in magnetic field change, It was revealed that the magnetic field 

effect leads to an increase in the critical flow velocity, resulting in an increasingly stable system. 

There is little discussion of the influence of the combined longitudinal magnetic field and fluid 

velocity on the phase velocities and surface effects of SWCNT in the available papers, this work 

mainly considered fluid conveying SWCNT with surface effects in longitudinal magnetic fields and 

embedded elastic foundations, and constructed a non-local strain gradient Timoshenko beam model, 

Using Hamilton principle, the control equations are derived. The influence of nonlocal coefficients, 

strain gradient coefficients, fluid flow, fluid density, magnetic flux, foundation medium and surface 

effect on the waves behaviour of CNTs are discussed in detail. 

2. Non-local strain gradient constitutive equation theory 

According to the nonlocal strain gradient higher order continuum theory by Lim24, the classical 

nonlocal stress𝜎௫௫,the higher-order nonlocal stress 𝜎௫௫(ଵ)
 and the total stress can be denoted as: 

( ) ( )' ' ' '

0 0
0

, ,
L

xx xxE x x e a x dxσ α ε=   
(1)

( ) ( ) ( )1 2 ' ' ' '

1 1 ,
0

, ,
L

xx xx xl E x x e a x dxσ α ε=   
(2)

( )1

xx
xx xx

d
t

dx

σ
σ= −

 

(3)

In the above equation, 𝐿 represent the length of the beam, 𝑒଴ and 𝑒ଵ  are both material-related 

constants, 𝑎 stand for the length of the internal C-C bond of the carbon nanotube, 𝛼଴(𝑥, 𝑥ᇱ, 𝑒଴𝑎) and 𝛼ଵ(𝑥, 𝑥ᇱ, 𝑒ଵ𝑎) are non-local decay functions, and 𝑙 denotes the material scale coefficient.; according 

to the NSGT developed by Lim24, the internal material size instanton equation for CNTs can be 

presented as: 
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( ) ( ) ( ) ( )
2 2 2 22 2 2 2 2 2

1 0 1 01 1 1 1xx xx xxe a e a t E e a El e aε ε       − ∇ − ∇ = − ∇ − − ∇ ∇        (4)

Here ∇ଶ=
డమడ௫మ  stand for the one-dimensional laplace operators, 𝑒ଵ𝑎  and 𝑒଴𝑎  are nonlocal 

parameters; 𝑙 denote the material related parameter, and if 𝑒ଵ=𝑒଴=𝑒, then the Eq .(5) can be simplified 

as: 

( )2 2 2 21 ( ) 1xx xxea t E l ε − ∇ = − ∇   
(5)

3. Timoshenko beam theory 

To better understand the fluid conveying carbon nanotube wave behaviour of SWCNT under 

the action of magnetic fields and foundations, the Timoshenko beam model illustrated in Figure 1 is 

used, Assuming that the fluid inside the nanobeam is considered to be ideally incompressible and 

flowing uniformly, It is also assumed that the beam is not axially loaded and that the magnetic field 

strength inside and outside is the same in SWCNT, The geometric properties of SWCNT are taken as: 

Outer radius 𝑅௢,inner radius 𝑅௜, , density 𝜌 , length 𝐿 and simply supported Timoshenko beams 

embedded in Pasternak elastic foundation with elastic stiffness coefficient 𝐾௪ and shear stiffness 

coefficient 𝐾௚. 

According to the Timoshenko beams theory, their axial and transverse displacements can be 

expressed as: 

1( , , ) ( , ) ( , )u x z t u x t z x tϕ= +
   2 ( , , ) ( , )w x z t w x t=

 
(6)

where 𝑢(𝑥, 𝑡) denote the axial displacements,and 𝑤(𝑥, 𝑡) denote transverse displacements on the 

middle axis,and 𝑡 and 𝜑(𝑥, 𝑡) denote the time and the rotation of the cross section, respectively. 

According to the theory of Timoshenko beams, Axial and shear strains are written as: 

xx

u
z

x x

ϕ
ε

∂ ∂
= +

∂ ∂   
xz

w

x
γ ϕ

∂
= +

∂  
(7)

The kinetic energy generated by the fluid flow internal to the CNTs is given by: 

2 2 2

0 0 0

1 1 1

2 2 2

L L L

f f f f

u w w
T m dx m V dx J dx

t t x t
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= + + +     

∂ ∂ ∂ ∂       
 

(8)

where 𝑚௙ represent the mass of fluid per unit length within CNTs, 𝑉 denote the mean flow velocity 

and 𝐽௙ denote the fluid mass moment of inertia. 

The kinetic energy of a carbon nanotube is given by: 

2 2 2

0 0

1 1

2 2

L L

c c c

u w
T m dx J dx

t t t

ϕ ∂ ∂ ∂     
= + +      

∂ ∂ ∂       
 

 

(9)

where 𝑚௖ represent the mass per unit length of carbon nanotube and 𝐽௖ represent the mass moment 

of inertia of CNTs. 

 

Figure 1. SWCNT model of fluid conveying under the influence of the magnetic field and the elastic 

foundation. 
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Carbon nanotube strain energy is given by: 

( )
0

L

s xx xx xz xz
A

U t t dAdxε γ= + =   

                     
0

L

x x x

u w
N M Q dx
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 ∂ ∂ ∂  
+ + +  ∂ ∂ ∂    

(10)

where 𝐴 denotes the cross-sectional area of the CNTs, 𝑁௫ denotes the normal resultant force, 𝑄௫ 

denotes transverse shear force and bending moment 𝑀௫ can be defined as: 

x xx
A

N t dA=    
x xz

A
Q t dA=    

xx
A

M zt dA=   
(11)

The work done by the external load can be denoted as: 

( )
2

2
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1
( , )

2

L L

w g s

w
W K w K dx F x t F wdx

x

 ∂ 
= − − + +  

∂   
 

 

(12)

where 𝐹(𝑥, 𝑡) denotes the magnetic field force per unit length in the z direction, and 𝐹௦ represents 

the transverse distributed load caused by residual stresses on the surface. 

The magnetic field force per unit length in the z direction can be expressed as: 

2
2

2

( , )
( , ) x

x t
F x t AH

x
η

∂
=

∂  

(13)

where 𝜂 denotes the magnetic fields permeability of CNTs material-related ,and 𝐻௫  denotes the 

component of magnetic flux in the 𝑥 direction. 

According to the literature 35 the transverse distribution force due to the effect surface tension 

of SWCNT can be denoted as: 

2

2s s

w
F H

x

∂
=

∂  

(14)

where 𝐻௦ denote a constant,defined as 𝐻௦ = 2𝜏(𝑑 + ℎ) where 𝜏 denotes the surface residual stress, 𝑑 denotes the diameter of the CNTs ,and ℎ denotes the wall thickness. due to surface elasticity 

effects the effective flexural stiffness is given by (𝐸𝐼)∗ = 𝐸𝐼 + 𝑄௦𝐸௦, where 𝐸௦ denotes the surface 

Young's modulus of CNTs, 𝑄௦ = 𝜋(𝑑 + ℎ)ଷ/8. 

Hamilton's variational principle can be obtained as: 

( )2

1

0
t

f c s
t
T T W U dtδ + + − =

 
(15)

By substituting Eqs.(9),(10),(11) and (13) into Eq (16).integrating by parts and taking the 

coefficients of 𝛿𝑢, 𝛿𝑤 and 𝛿𝜑 to vanish, the differential equation of motion for the CNT is expressed 

as: 

2 2

2 2
: 0f c

N u u
u m m

x t t
δ

∂ ∂ ∂
− − =

∂ ∂ ∂  

(16)

2 2 2 2
2

2 2 2
: ( , ) 2 0s f f f w g

Q w w w w
w F x t F m m V m V k w k

x t x t x x
δ

∂ ∂ ∂ ∂ ∂
+ + − − − − + =
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(17)

( )
2

2
: 0c f

M
Q J J

x t

ϕ
δϕ

∂ ∂
− − + =

∂ ∂
 (18)

The axial displacement of the carbon nanotubes is neglected, the shear force 𝑄 in equation (17) 

above is expressed as: 
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w
Q GA

x
β ϕ

∂ 
= + 

∂   

(19)

where 𝛽 denotes the shear correction factor, and 𝐺 denotes the shear modulus. 

By submitting Eqs.(6) and (8) into Eq (12).the bending moment 𝑀 can be obtained: 

( )
2 2

2 2

2 2
1

M
M ea EI l

x x x

ϕ∗  ∂ ∂ ∂
− = − 

∂ ∂ ∂   

(18)

To take the first order partial derivative of 𝑥 in equation (19) gives: 

( )
3 2 2

2 2

3 2 2
1

M M
ea EI l

x x x x

ϕ∗  ∂ ∂ ∂ ∂
− = − 

∂ ∂ ∂ ∂   

(19)

By submitting Eqs. (18) and (20).The final equation for the control equation of the Eq.(17) fluid-

conveying SWCNT can be obtained as: 

( )
2 2 2 2 2
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2 2 2 2

2 2
2

2 2

2

0

c f f f w g

x s

w w w w w
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(20a)

( )

( ) ( )
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1 1

1 0c f

w
GA ea EI l

x x x x

J J ea
x t

ϕ
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ϕ
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− + − −    

∂ ∂ ∂ ∂    
 ∂ ∂

+ + − = 
∂ ∂   

(20b)

4. Wave Propagation Analysis 

The solution to the wave equation of Eqs. (21) can be stated as: 

( )i kx tw We ω−=   
( )i kx te ωϕ −= Φ  

(21)

where 𝑊 and 𝛷 denote the amplitude of the vibration of the simple harmonic and the amplitude of 

the angular vibration, respectively, 𝑘 denotes the wavenumber,and 𝜔 denote the excitation 

frequency, and 𝑖 = ඥ(−1) . 

By substituting Eqs.(22) into Eq (21), The matrix equation for 𝑊 and 𝛷 can be obtained as: 

11 12

21 22

0
a a W

a a

   
=   Φ    

(22)

Where 

( ) 2 2 2

11

2 2 2 2 2

2

        0

c f f f w

g x s

a m m m ikV m V k k

k k AH k H k GAk

ω ω

η β

= + + + −

− − − − =
 

12a GAikβ= , ( )( )2 2

21 1a GAik ea kβ= +  

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 7 June 2023                   doi:10.20944/preprints202306.0536.v1

https://doi.org/10.20944/preprints202306.0536.v1


 6 

 

( )( ) ( )

( ) ( )( )

2 2 2 2 2

22

2 2 2

1 1

        1c f

a GA ea k EI l k k

J J ea k

β

ω

∗= + + +

− + +
 

For a system of linear equations with non-singular solutions, let the coefficient matrix 

determinant (23) to zero: 

11 12

21 22

0
a a

a a
=

 

(23)

The four solutions of frequency 𝜔 can be obtained by solving the determinant, according to the 

literature 39; the low frequency of the real part represents the flexural wave; the high frequency of 

the real part represents the shear wave, this paper mainly studies the propagation characteristics of 

the flexural behaviour, the wave frequency is known, we can get the phase velocity of the carbon 

nanotube  can be expressed as: 

/c kω=  (24)

5. Numerical results and discussions 

Through the above derivation and analysis, the propagation vibration equation of SWCNT 

bending wave is solved, The effect of different factors on the wave frequency of the fluid-conveying 

SWCNT wave propagation is discussed in the next. Material parameters for CNTs in the calculation 

can be obtained as:the Young's modulus 𝐸 = 1𝑇𝑃𝑎, the outer radius 𝑅௢ = 2.5𝑛𝑚, the inner radius 𝑅௜ = 2.16𝑛𝑚, the effective thickness of SWCNT ℎ = 0.34𝑛𝑚, the Poisson's ratio 𝜈 = 0.3, the density 

of CNTs 𝜌௖ = 2.3 × 10ଷ(𝑘𝑔/𝑚ଷ), Shear factor 𝛽 = 5/6, the magnetic permeability 𝜂 = 4𝜋 × 10ି଻,the 

surface Young’s modulus 𝐸௦ = 35.3𝑁/𝑚,the surface residual tension 𝜏 = 0.31𝑁/𝑚 , the length of 

nanotube 𝐿 = 50𝑛𝑚. 

SWCNT with strain gradient coefficients 𝑙 = 2𝑛𝑚 are considered, neglecting magnetic field and 

influence of surrounding elastic medium;With 𝐻௫ = 𝑘௪ = 𝑘௚ = 𝐸௦ = 𝜏 = 0. 𝑉 = 1000𝑚/𝑠, and fluid 

density 1000𝑘𝑔/𝑚^3, The correlation between the flexural frequency and the wavenumber k for 

different values of the nonlocal coefficient is shown in Figure 2, SWCNT wave frequency increases 

as wavenumber 𝑘 increases, it is observed that for the same numberwaves 𝑘, the wave frequency of 

CNTs decreases as the nonlocal coefficients increases, which means that increasing the nonlocal 

coefficients hinders wave propagation. As shown in Figure 3, nonlocal parameters 𝑒𝑎 = 1𝑛𝑚, other 

parameters are the same as above, SWCNT wave frequency increases with the increase of 

wavenumber 𝑘, as the strain gradient increases, the flexural frequency increases; which implies that 

the wave propagation is reinforced owing to strain gradient effect. When the wave number 𝑘 >

 3 ×  10^8/𝑚, this variation will be more apparent. The conclusion is the same as that reached by Yu 

et al. 40.With 𝐻௫ = 𝑘௪ = 𝑘௚ = 𝐸௦ = 𝜏 = 0. small scale parameters 𝑒𝑎 = 1𝑛𝑚, 𝑙 = 2𝑛𝑚. 𝑉 = 1000𝑚/𝑠, and fluid density 1000𝑘𝑔/𝑚ଷ, Figures 4 and 5 represent the variation of flexural frequency with 

and phase velocity with different flow velocity, As the fluid flow velocity increases, the flexural 

frequency of SWCNT are gradually increasing. When wave number 𝑘 <  5 × 10^8 /𝑚, the influence 

of increasing wavenumber on the phase velocity of CNT is noticeable. 
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Figure 2. Wave frequency variation of SWCNT under different non-local parameters, 𝑙 = 2𝑛𝑚. 

 

Figure 3. Wave frequency variation of SWCNT under different strain gradient parameters, 𝑒𝑎 = 1𝑛𝑚. 

 

Figure 4. Wave frequency variation of SWCNT under different fluid velocity, 𝑒𝑎 = 1𝑛𝑚, 𝑙 = 2𝑛𝑚. 
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Figure 5. Phase velocity variation of SWCNT under different fluid velocity,𝑒𝑎 = 1𝑛𝑚, 𝑙 = 2𝑛𝑚. 

Figures 6 and 7 shows the effect flexural frequency and phase velocity variations of SWCNT 

under different fluid density respectively. Wih small scale parameters 𝑒𝑎 = 1𝑛𝑚 , 𝑙 = 2𝑛𝑚 ,𝑉 =

1000𝑚/𝑠, If not specified, the other physical parameters are neglected when a parameter variable is 

considered. It is worth noting that for the same wavenumber 𝑘, with the increases of the density of 

fluid, both the flexural frequency and phase velocity decrease,which indicates that the increase in 

fluid density can make the SWCNT stiffer. Figure 8 depicts the influence of with or without surface 

effect on the wave frequency characteristics,With 𝐻௫ = 2 × 10଼𝐴/𝑚, 𝑉 = 1000𝑚/𝑠,𝜌௙ = 1000𝑘𝑔/𝑚ଷ, 𝑒𝑎 = 1𝑛𝑚 , 𝑙 = 2𝑛𝑚 , 𝐸௦ = 35.3𝑁/𝑚 , 𝜏 = 0.31𝑁/𝑚 , the surrounding elastic medium is neglected. 

From Figure 8, it can be concluded that the frequency of waves with surface effects is higher than the 

frequency of waves without surface effects. In addition, in the presence of both magnetic fields and 

surface effects, the wave frequencies increases significantly. 

 

Figure 6. Wave frequency variation of SWCNT under different fluid density, 𝑒𝑎 = 1𝑛𝑚, 𝑙 = 2𝑛𝑚. 
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Figure 7. Phase velocity variation of SWCNT under different fluid density, 𝑒𝑎 = 1𝑛𝑚, 𝑙 = 2𝑛𝑚. 

 

Figure 8. the effect of the with or without of surface effects and magnetic fields on wave frequencies. 

Figure 9 illustrates the SWCNT phase velocity variation with different magnetic field 

fluxes,With 𝑉 = 1000𝑚/𝑠 , 𝜌௙ = 1000𝑘𝑔/𝑚ଷ , 𝑒𝑎 = 1𝑛𝑚 , 𝑙 = 2𝑛𝑚 , the shear stiffness coefficients, 

elastic stiffness coefficients and surface effect are neglected. as the wavenumber increases, the phase 

velocity gradually increases. It is not difficult to find that with the increase of magnetic field flux, the 

SWCNT phase velocity also increases. Figures 10 and 11 represents the effect of the elastic stiffness 

coefficient 𝑘௪ and the shear stiffness coefficient 𝑘௚  on the dynamic response, respectively. From 

Figure 10, it can be found that when the wavenumber  started to increase, the phase velocity 

decreases sharply, and eventually it comes close to a minimum value; as shown in Figure 11, with an 

increases of shear stiffness coefficient ,the phase velocity  increases. 
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Figure 9. Phase velocity variation of SWCNT under different magnetic field strengths. 

 

Figure 10. Phase velocity variation of SWCNT under different elastic stiffness values. 

 

Figure 11. Phase velocity variation of SWCNT under different shear stiffness values. 
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Figure 12 describes the phase velocity propagation characteristics of the SWCNT with and 

without magnetic field or fluid velocity, With 𝑉 = 1000𝑚/𝑠, 𝜌௙ = 1000𝑘𝑔/𝑚ଷ, 𝑒𝑎 = 1𝑛𝑚, 𝑙 = 2𝑛𝑚, 𝐻௫ = 2 × 10଼𝐴/𝑚, the elastic stiffness 𝑘௪ ,the shear stiffness 𝑘௚,and surface effect are neglected. as 

shown in Figure 12, It is noted that at the same wavenumber, In the presence of the magnetic field, 

the phase velocity of the CNT increases with the increase of the fluids flow. 

 

Figure 12. the effect of the with or without of magnetic field and flow velocity on phase velocity. 

6. Conclusion 

Based on the theory of non-local strain gradients, this paper investigates the wave behaviour 

characteristics in the complex physical environment, Using Timoshenko beam theory and the 

Hamiton's variational principle to derive the control equations for the fluid-conveying SWCNT, The 

influence of flow velocity, fluid density, small-scale parameters, magnetic field change, shear stiffness 

coefficients, elastic stiffness coefficients and surface effects on the elastic waves of carbon nanotubes 

is discussed and analysed. 

The research indicates that: For the fluid-conveying SWCNT increasing the non-local coefficients 

hander carbon nanotube wave propagation, however, increasing the strain gradient coefficients 

promotes wave propagation. the phase velocity gets larger for CNTs due to the increase in magnetic 

flux strength and the existence of surface effects, the density of fluid increases make the stiffness of 

the CNTs,.In addition, The fluid velocity and surrounding elastic medium also play an noticeable 

role in the flexural frequency and phase velocity of the fluid-conveying SWCNT. The above 

derivative study can provide some theoretical support for nanodevice design and development. 
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