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Abstract: This paper proposes an imperfectly vaccinated SVEIR model for latent age. We calculate the
equilibrium points and basic reproduction number of the model. The asymptotic smoothness, uniform
persistence and the existence of the attractor of the semi-flow generated by the solutions of the system
are addressed. Moreover, using LaSalle’s invariance set principle and constructing Volterra-type
Lyapunov functions, we can prove the global asymptotic stability of both the disease-free equilibrium
and the endemic equilibrium of the model. The conclusion is that if the basic reproduction number
Ry is less than one, the disease will gradually disappear. On the other hand, if the number is greater
than one, the disease will become endemic and persist. Finally, measures that can effectively control
the ongoing transmission of the disease have been obtained.
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1. Introduction

Since the proposal of compartmental models and epidemiological theory [1], an increasing number
of scholars have utilized these concepts to study the transmission of epidemics. Based on the classic
SIR model, it is realistic to incorporate a latent period and vaccination strategy, resulting in an SVEIR
model. Recently, these models have been extensively studied [2-9].

Li et al. [2] discussed models of infectious diseases that incorporate incubation and vaccination
periods, as well as permanent immunity after recovery. The results in [3] described that assume a
negligible probability of infection when the vaccinated person becomes immune or before, the disease
can be successfully eliminated and warns against overestimating the effectiveness of vaccination. After
simulating the model presented in [4], Upadhyay et al. in modeling computer viruses found that the
reinfection rate «, is crucial in accurately describing the dynamics of the virus as well as the rate of
infection can be reduced by increasing the number of susceptible nodes. Zhang et al. [5] constructed
an SVEIR model with two time delays and analyzed the impact of these delay parameters on the
dynamical behaviors of the system. In addition, several SVEIR models have been developed to assess
the impact of incomplete vaccination on epidemics, such as tuberculosis vaccine [6], hepatitis B vaccine
[7]1, SARS vaccine [8], and HIV vaccine [9].

In recent years, many researchers have taken into account the influence of age on the transmission
of epidemics. As a result, a number of age-structured epidemic models have been established, and
significant progress has been made. [10-25].

Rost [10] constructed an SEIR model with age-affected infected individuals, discussed the stability
of equilibria, and demonstrated that k(a) has a direct impact on the value of Ry. Griffiths et al. [11]
discussed that HIV is most prevalent among individuals aged 20-29, and that HIV prevention activities
are most effective when targeted towards individuals under the age of 35. Magal et al. [12] discovered
that if the infectious period coincides with the asymptomatic period for even one day, complete
eradication of the disease is not possible, even with quarantine measures in place. The analysis
presented in [13]suggests that reducing the ratio of vector density to host density is the most effective
method to suppress vector diffusion. Moreover, the smaller the ratio, the less likely it is for backward
bifurcation to occur, resulting in a smaller basic reproduction ratio. Ebenman [14] explained that
when density dependence is primarily influenced by young populations, stabilisation can be achieved

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.


https://doi.org/10.20944/preprints202306.0469.v1
http://creativecommons.org/licenses/by/4.0/

Preprints.org (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 June 2023 doi:10.20944/preprints202306.0469.v1

20f18

through increased competition between young and old populations. On the other hand, species with
greater ecological isolation between different age levels are expected to be more stable. Guo et al.[15]
suggested that better control of TB spread can be achieved by reducing the TB spread coefficient 8 and
lowering the TB infectiousness coefficient Sp in individuals undergoing treatment. Xu et al. [16-18]
discovered that the conversion rate in the model is age-dependent and increases with age, and the
probability of patients transitioning from the incubation period to the infection period also increases.
Kenne et al. [19] demonstrated that birth rates can directly impact the stability of diseases and that
changing certain parameters can trigger periodic epidemics, making it difficult to eradicate infectious
diseases from the population. Li and Wang [20] proposed that to effectively control infectious diseases,
it is crucial to maintain a low recruitment rate of susceptible people remains low, and in addition
to vaccination, limiting travel and avoiding large gatherings of people are also necessary measures.
Wang et al. [21] found that age is an important factor in the spread of AIDS, and that age directly
influences the timing and pace of disease outbreaks. In addition to the work mentioned above, more
age-structured models have been discussed and can be found in [22-25].

The rest of the paper is organized as below. Sect. 2 presents an age-structured model, illustrates
the existence and uniqueness of equilibrium points, and defines the basic reproduction number of
the model. Sect. 3 obtains the asymptotic smoothness and uniform persistence of the semi-flow, and
demonstrate the existence of a global attractor. Sect. 4 analyzes the global stability of equilibrium
states. In Sect. 5, concludes this work and discusses the results.

2. Mathematical Model and the Existence of Equilibrium Points

In this part, we establish an epidemic model in which the latent period depends on age. In
addition, we demonstrate the existence of equilibrium states and calculate the basic reproduction
number of the model.

2.1. Mathematical Model

The population is subdivided into five subsets: susceptible, vaccinated, latent, infected, and
recovered. Let S(t), V(t), I(t), and R(t) be the densities of susceptible individuals, vaccinated
individuals, infected individuals, and recovered individuals at time ¢, respectively. e(7, ) denotes the
density of latent individuals aged 7 at time t. Supposing that if a recovered person comes into contact
with an infected person, there is a possibility that he or she will relapse into an infected person and
continue to participate in the transmission process. Even to a lesser degree, vaccinated individuals
are assumed to be susceptible. Suppose that A is the recruitment rate of susceptible individuals. The
susceptible individuals are vaccinated with the rate x. 7 € (0, 1) means that the effects of vaccination
are imperfect. Let § be the rate of infection of susceptible individuals by infected individuals. Latent
individuals can become infected at an age-dependent rate is ¢(7). Let -y and p represent the reinfection
rate of the recovered class and the recovery rate of the infected class, respectively. The mortality
associated with the latency of the epidemic is ¢ and the epidemic-related mortality in the infected
individuals is ¢p. Let y# be the natural mortality rate of the populations. The state variable interactions
are shown schematically in Figure.1

Under the above flowchart, the dynamics of the state variables are characterized by differential
equations:

S = A—BSI— (u+x)S,

V' =S —nypVI—puV,

er(T,t) +er(T,t) = —(e(T) + &1 + p)e(t,t), (1)
I' =[5 e(m)e(r,)dr — (G2 + p+ I+ R,

R' = pl—(7v+ R,
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which is subject to the following boundary:
ele=o = BSI+1pVI, (2)
and initial conditions:
Sli=o =So, V=0 =Vo, eli=0o =eo(1), Ili=0 =1Io, Rli=0 =Ro, VT =0, ©)
and Sy, Vy, Iy, Ro € R4, CQ(T) S L}i- (O, OO)
npvi
é:le(z'a 1) 4 - *ﬁ/
| &(e(r.)dr \
EL £ 0 ul
5 .
P M
pl| |7R
R(7)
l;zR
Figure 1. Compartment transfer diagram of the model.
To facilitate the calculation, we make the following notations:
o(t) =u+¢& +e(r), n(t) =e" Jo (nttire(s)ds g — / e(t)m(t)dr, VYt >0. (4)
0

2.2. The Existence of Equilibrium Points

Firstly, through simple calculation, we can get the disease-free equilibrium state of the system (1)

o A .
isC = (ﬁ, m,o, 0,0), we define:

A . N iy
=S5 ———:=V. 5
ptx u(p+x) ©)
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0=A—uS—«xS—pSI,
0=«xS—uV—ypvi,
ér(t) = —0o(1)é(7), ©)
0= 0°° e(r)é(t)dr — (p+ & +p)l+ R,
0=pl+(up+7)R,
éli=o = (BS +ypW)I
Based on [26], we can calculate the basic reproduction number R, with the following form:
BSO +npve
R, = . 7
(Gt p) —pr/(u+) 7
The 3rd equation of (6) is integrated from 0 to T, we obtain:
o(t) = (BS +ypV)Ie Jo 7% — (BS 4 ypV)In(v). (®)
Solving the 1st and the 2nd equation of (6), we have:
6_ A
5= ptr+pl’
o KA
V= (B0 (ptr+pD)’ ©)
R— 1L
Pty
By substituting (7)-(8) into (5), we obtain:
ho(D)* + 1l +hy =0,
where
ho = np*[(n+p+8) (n+7) — pvl,
= [(n+p+82)(u+7) = prIl(p +x)np + ppl — A0 (n + ),
hy = [(#+p+82)(n+7) — pylp(pe + )] = BAG +x7) (1 + 7)6.
Let: 5
T(I) = ho(I)” + I + ha.
Clearly, hg > 0, so we find that T(I) — co when [ — 0.
T(0) =ha = [(u+p+ &) (u+7) = prluQu+7)] = BA(u +xn) (1 + 7)0
1 (10)
= BAO(u +v) (u + x17) (Rp - 1) -

Obviously, when R, > 1, T(0) < 0, then according to T({) € (0, %) is monotonically increasing, we
know that T() = 0 has only one positive root I.

3. Preliminary Results

In this section, we present some results about the semi-flow which generated by (1), such as
asymptotic smoothness and uniform persistence.
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3.1. The Semi-Flow

Solving the third equation of (1) by using characteristic method, we get:

e(T,t) = {EO(T‘”%(%' T>1>0, )
[BS(t —T) +nBV(t —D)]I(t —T)7(T), t>7T=>0.

We start with the following assumptions and later define the state space of system (1).

Assumption 1. We make the following hypotheses:
(a) e(t) € L1 (0,00) and & = ess.supe(T) < oo;
T€(0,00)
(b) e(a) is Lipschitz continuous on R, that isVm,v € &(7),|e(m) — e(v)| < M, |m — v);
(c) There exists a pg belongs to (0, | such that e(T) > o, VT > 0.

Let the state space of (1) be:
b A
Q= {S(t),V(t),e(~,t),1(t),R(t) ex ’S(t) + V() + /0 e(t,)dt+1(t) + R(¥) < ; } .
The function space of the system (1) is defined as:

Y =R% x L1(0,00) x R%
and the norm is defined as:
11, %2, %3, 2, %5) |5, = | 1] + |2 +/0 15 (T) T + |oa] + || (12)
the initial condition as:
xo = (So, Vo, eo(+), Io, Ro) € Z. (13)

According to [27], we can prove that (1) has a unique non-negative solution. Thus, the semi-flow
generated by (1) is obtained:

Y(t)xo = (S(¢t),V(t),e(-,1),I(t),R(t)), fort>0, xg €L
and the norm also can be defined similarly to (12).

Proposition 1. For system (1), we know that
(a) Vt > 0, for each xy € O, we have ¥ (t)xg € O
(b) Q) attracts all points in X and ¥ is point dissipative.

Proof. We note that 7(0) =1, %7‘((1’) = —0(7)7t(7), and by using the variation of constant formula,

we can get:
A A
()01 < 2 —exp(—pt) (H - ||xo||z) >0 (14)

It means that ¥ (t)xy € Q for any solution of (1) satisfying xo € Q, Vt > 0. Besides, based on (14),
for any tlim ¥ (t)xo]| < A/p, forany xp € X. As a result, ) C Xattracts all points and ¥ is point
— 00

dissipative. This proposition has been completely proved. O

Using Assumption 1 and Proposition 1, we obtain the proposition as follows.

doi:10.20944/preprints202306.0469.v1
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Proposition 2. Exist M > A ,if xo € Zand || xo|ly, < M, then for all t > 0, we get the following results:
(@) S(t), V(t), [y e(T,t) dT I( ),R(t) € [0, M];
(b) e(O t) S B(1+n)M

3.2. Asymptotic Smoothness

So as to establish global properties of the semi-flow, it is essential to reveal the asymptotic
smoothness of the semi-flow {¥ (#)xo}-0-

Definition 1. ([28]) For any nonempty closed bounded set Z C X for which ¥ (t)Z C Z, if there exists a
compact set Zy C Z such that Z attracts Z, then ¥ (t)x : Ry x X — X is said to be asymptotically smooth.

Lemma 1. ([28]) If the following cases are met:
(a) There exists a continuous function u : Ry x Ry — Ry such that lim u(c,t) = 0 and if ||xolly, < b,

t—o0
lo1()x0]lx < ule,t);
(b) @a(t)xois fully continuous, where t is non-negative,
then ¥ (£)xg = ¢1(t)x0 + @2(t)xp : R4+ x X — X is asymptotically smooth in X.

Here we divide ¥ (t)x into two operators as follows:

91(8)x0 = (0,0, £3(-,£),0,0),  @a(t)xo = (S(£), V(£), f5(-,£), I(£), R(£)),

where f3(7,t) and ?3 (7, t) can be obtained by (6). Clearly,¥ (t)xo = ¢1(t)xo + @2(t)xo, t is non-negative.
To prove (a) of Lemma 1, we need to first confirm the following proposition.

Proposition 3. Let u(c,t) = ce”("#)t where ¢ > 0. Then tlim u(e,t) = 0and if ||xolly < ¢
—c0
o1 (H)xolly < ule,t).

Proof. Obviously, u(c, t) tend to 0, if t — co. From (6), we know:

(1)
—t 7 Z t Z 0/
y3(T,t) = {60(’[ )n(rft) T (15)

0, t>1t>0.

For xp € O and ||xp||y, < ¢, we have:
lo1(8)xollx = |0] + [0 +/ |y3(a, )| da+ 0] +[0]
/ ’ t+T)
w(n)
T
—/ exp( / U(s)ds)
T

Note that o(7) > po + p + ¢1, VT > 0 holds true, it is easy to get:

dt (16)

dr.

@1 (t)xo|y, < ce™(HHHO)E, (17)

This proposition has been completely proved. O

Since L (0, ) is an integral part of £ , we need a compactness concept in L} (0, ). Next, we
take the following result for verifying (b) of Lemma 1.

doi:10.20944/preprints202306.0469.v1
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Based on [29] and the conclusion of Proposition 3, the following confirms that (7, t) remains in
a precompact subset of L, (0, 00), which is independent of xg € Q. From (11) we have:
- 0, >t>0,
0< fy(t,1) = =t (18)
BS(t—T)+yBV(t—1)|I(t—T)m(T), t>T>0

Asm(t) =e" Jo o()ds < o=(uo+u+207 then according to (a) of Proposition 2, we derive that f 3(1, 1) <
B(1+n)M?e ’(’*OH‘JF‘:l)T. This implies that the condition for a bounded closed set presented in [29] is
met. Exist an enough small ¢ € (0,t), we get:

h

falt+ct) - }3(T,t) da = /Ot le(t+c, t) —e(T, t)|dT

< /Ot_ce(O,t—T—c) |t(t+c) —m(7)|dT

+ t le(0,t — T)mt(T)|dT

t—c

t—c
+/0 le(0,t —Tt—c) —e(0,t —1)| t(T)dT.

We define: -
/ le(0,t —T—c) —e(0,t — 7)| T(T)dT := A.
0

Note that 0 < 77(7) < e~ (H0H#+E)T < 1, we get:

[ inte o~ alar = [ e~ [
—/tc dT—/ dT—/CT[(T)dT
—/ dT—/t; ni(t)dt <c.

Hence, from (b) of the Proposition 2, we obtain:

rl

dt < 28(1+n)M?c+A.

fa(t+et) _?3(7115)

Combining (1) and Proposition 2, we have:

ds
‘dt’ <A+ (u+x)M + pM?,

which imply ’%f is bounded by Ks = BM? + (4 + )M + A and S(t) € [0, %) is Lipschitz continuous
with coefficient Kg; “Z—Y‘ is bounded by Ky = —BM? + (1 + k)M and V(t) € [0, ) is also Lipschitz
continuous with Lipschitz coefficient Ky. Likewise, from the 4th equation of (1) and Assumption
1, we can also deduce that ‘%‘ < (p+3&+p)M+yM+&EM = Kj. It is obviously to get that I(t)
is Lipschitz continuous with coefficient K. So according to the lemma of Lipschitz continuous [30],

we have SI € [0, 00) is Lipschitz continuous with coefficient Ks; = (Ks + K;)M, VI € [0,00) is also
Lipschitz continuous with coefficient Ky; = (Ky + K;) M. Hence,

1+n)(Ksp + Kyp)c
Mo+ M

t—c
A< [ B+ pMEs + Ky + 2K )ee (07T < B
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Based on the above results, we get:

rl

1+n)(Ksp + Kyyp)

f3(r+c,t)—?3(r,t) o+ 1t

dt < {2/3(1 +7)M? + A(

So lim [¢°
c—0
precompact subset Z? of L1 (0,0). Thus, ¢2(t)Z C [0, M] x [0, M] x Z7 x [0, M] x [0, M], which is

?3('( +c,t) — h(‘r,t)‘ dt = 0 is uniformly for any xy € Z, thus, }3('(,1?) remains in a

3 3
compact in X. Using the lemma of a bounded and closed compact set [30], we can obtain that ¢ (#)xo
is fully continuous. In summary, Lemma 1 has been completely proved.
In summary, we can get two important theorems as follows.

Theorem 1. {¥(t)xo},- is asymptotically smooth.
Theorem 2. {¥(t)x0},- has a global attractor © € ¥, which attracts the bounded sets of ¥..

3.3. Uniform Persistence

Lemma 2. ([18]) Consider the following scalar Volterra integro-differential equations:

yr = —hy(t —|-/ Jy(t —a)da, y(0) >0,
where c(-) € L1 (0,00), h > 0and fo a)do > h. Then the above equation has a unique unbounded solution
y(h).
We denote:
T= ll‘lf{T : / e(t)dt = 0}
T
and define:

In addition, we make B = R3 x B, 9B = X\B, 9B = i\é, where B and 9B are both positively sets.
According to [31], we can obtain these results as follows. Before illustrating the uniform persistence of
the semi-flow {¥(¢)xo},>, the following theorem is to be proved to hold.

Theorem 3. For the semi-flow {¥(t)xo}, restricted to dB, the disease-free equilibrium G of system (1) is
globally asymptotically stable.

Proof. Let (So, Vb, eo(T), Ip, Rg) € 9B, so (eo(T), In, Ro) € 3B. Then we obtain the following system:

ec(T, t)+et(T t) = —(u+¢1+e(r)e(t,t),
I'= [ e(v)e(t, )dt — (4 + &+ p)+ R, (19)
R —PI—(V+“Y) ,

which is subject to the boundary:
ele=0 = (BS+1BV)I, (20)

and initial conditions:
eli—=o =eo(t), Ili=0 =1Io, R|i=0 = Ro. (21)
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. < A . < A . . . .
As tlgrgo S(t) < T tl;m V(t) < Tl from the comparison principle we get
e(t,1) < e(n,t), I(t) < (), R(t) < R(1), (22)
where (e (T, t),Y(t),ﬁ(t)) satisfies:
ex(t,t)+e(r,t) = —(p+ 2 +e(r))e(Tt),
1(t) = [e(v)e(t,)dt — (u+ &+ p) I+ 7R, (23)
R () = pI(t) = (u+1R(®),
the boundary condition is:
- A=
elr=0 = B(1 +17)ﬁl(t)' (24)
and initial conditions are:
\6‘/ |t:0 = EO(T), I |t:0 =0, R |t:0 =0. (25)
Same as (11) and (12), calculating the 1st equation of (25), we get:
\EO(T—t)T[(n;_(T_')t), TZtZO,
() = & (26)
B(1 —1—17);1(1? —7)n(t), t>1>0.
Substituting (26) into the 2nd equation of system (23), we can obtain:
<! At - - -
I(t)=0(t) +p(1+ 17); /0 e(t)m(t)I(t—T1)dt — (+ &2+ p)L(t) + YR(1), (27)

where

_ " _ (D)
Q) = /t B(T)eolr — )2 e
Since (eo(7), Ip, Ro) € 3B, we have Q(t) =0, fort > 0. So Y(t) = 0 is the only solution of the following
equation:

f/() 1—|—17 fo t—T)dT-f—’)/R() (y+é‘z+p)f(t), 28)

R (t) = pl(t) - (V+’Y)R( ),
the initial conditions are: g g
I'|f—o =Io, Rli=0 = Ro. (29)
From(26), for 0 < T < t, we have ¢(t,t) = 0. When T > t, we have:

_ e 7'[('[') — (o)t
L —‘/t EO(T_t)deSe 0 ||€0(T—t)HLl+~

Hz(m)

We know that }ir% e(t,t) = 0. Hence, tlim e(t,t) = 0. Furthermore, by the system (1), we can deduce
— oo
tlim S(t) =S, tlim V(t) = V. Thus, G is globally asymptotically stable in B. This theorem has been
— 00 — 00
completely proved. O

We will then demonstrate the uniform persistence of {¥(f)x0}~¢-
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Theorem 4. If Ry > 1, then the semi-flow {¥(t)x0} ;> is uniformly persistent with respect to (B, 0B). This
means that there exists a ¢ > 0 such thattlim ¥ (t)xolly, > € for any xo € B. Furthermore, there exist a
— 00

compact global attractor 89 € B of {¥(t)x0} >0

Proof. Based on Theorem 3, we only need to demonstrate that there exist T > 0and ¢ > 0 such that
tlim |'¥(t)xo||x > ¢, Vxo € B. This can be shown as follows:
— 00

WS(G6)NB =g,

where
WS (G) = {xo € B: lim Y(t)xg = G}
oo

On the contrary, we suppose that 3 fo € B such that tlim ¥ (t) fo = G. Then, for t is non-negative, we
— 00

can discover a sequence {f,,} C B such that:

1

[¥(0f Gl <}

Denote:
Y(t) fu = (Su(t), Vu(t), en(- 1), In(t), Ru(t)),
fn = (5,(0), V4,(0),e,(0),1,(0), R, (0)).

We can select a sufficiently big n > 0 such that § — % >0,V — % > 0. For the selected n > 0 and there
exists a T is positive, when t > T, we have:

1 1

S——<S,(t)<S+ -,
n n
V- 1 < Vy(t) <V+1,
"1 . " (30)
—= <Lt <=
n < n n/
1 1
- < Ry (t) <
By the (11) and (12), we obtain:
e(t,t) > [BS(t— 1) +npV(t —1)]I(t — T)7(T). (31)

Combining (30)-(31) and the 4th equation of (1), we have:

Ln(t) > un(t)

where 1, (t) satisfies:

du;,t(t) _ f0°°’3 KS - %) + 1B (V — %)] e(t)(t)uy(t — t)dt
Fyun(t) = (4 + 82+ p)un(t),
un(t) = I |t:0 > 0.

When u,(0) = 0, u,(t) > 0. No loss of generality, let 1,,(0) > 0. By R, > 1, we choose large enough
n € Ry to satisfy:

B(5-1)+np(V-1)] (m+ne
(n+&+p)p+v)—py

>1

doi:10.20944/preprints202306.0469.v1
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Then we can deduce that:

/OT [,B <S—> +1B (V—i>]5(r)n(f)df> <y+§2+p)_%,

From Lemma 2, we know that u,(t) is unbounded. Since I,,(t) > u,(t), it is easy to see that I,,(t) is
unbounded. This is in contradiction to the fact that I,,(¢) is bounded. Therefore, the hypothesis is false,
W5(G) N B = @ holds. According to [20], {¥(#)x0},- is uniformly persistent. This theorem has been
completely proved. O -

4. Stability Analysis of the Equilibrium States

We make use of a Volterra-type function g(x) = —1 —Inx + x, and define a function of the
following form:

w(t) = / e(s)e” Jo@idrgs,
0
Note that w(t) > 0 for T > 0 and w(0) = 6.

4.1. Global Stability of the Disease-free Equilibrium State

Theorem 5. If R, < 1, G is locally asymptotically stable; conversely, it is unstable.

Proof. We first perform the following variable transformation:

x1(f) =S(t) =S,
w(t) = V() -7,
x3(7,t) = e(T, ),
xy(t) = 1(t),
x5(t) = R(b).

By linearizing (1) at G, we obtain:

Xy () = —(p+x)x1 (t) — BSxa(t),
(1) = xxy (£) — pxa(t) — nBVay(t),
X3T(T t) +X3t(T t) = —(p+ &1 +e(1))xs(T, 1),

32
— [ e(t)xa (T, Dda — (1 + &2+ p)xa(t) + 7s(t), 2
x5( ) = pxy(t )— (1 +7)xs(t),
X3 |t=0 = (BS + BV )x4(t).
Set:
xl(t) = f
x2(t) = Xpe™,
x3(t) = % < >“, (33)
X4(i’> = Xye
x5(f) = %se

where %1, ¥, ¥3(T), %4, %5 to be confirmed later. Substituting (33) into (32), we have:

A% = —(p +x)% — BSxy, (34)
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Ay = k%1 — ¥y — nBV3y, (35)

{Ais(T) + X3c (1) = —(p + &1 +&(7))%3(7),
%3(0) = (BS +1BV)H,

(36)
Afy = /O e(T)%3(T)dT — (4 + &2 + p) %y + 75, (37)
AZ5 = pXy — (0 +7)%s. (38)

According to the 1st equation of (36), we obtain:

%3(7) = %3(0) - exp(—AT) - exp(— /OT o(s)ds)

) . (39)
— (BS +1BV)7s - exp(—AT) -exp(—/o o(s)ds).

Then we substitute (39) into (37) yields, after calculating we have:

« UBA +yPRA o Jo o(s)ds P
—_— . d — R ——————r— /\ = O‘
/0 £(T> V(V+K) e e T (.”"‘624‘}7)"'#_’_,7_'_/\
Then we get the characteristic equation as follow:
« HUBA +yPrA o Jo o (s)ds P
T(A) = / Y Sy e Jo dt — —— -
(W)= [ eSS e T B

Apparently, T(A) is continuous and meets:

(A) = —o00, as A — +oo;
(A) = +o0, a5 A — —o0; (40)

T'(A) <.

T
T

Note that:

_ HBA+HBYA P
TO) == vy O Wwhatrn+

— (R~ 1)- [(r+ G+ p)(+7) —p1]
B+

Obviously, when R, < 1, T(0) < 0 and when R, > 1, T(0) > 0. Hence, according to (40), we know
that if R, < 1, the characteristic equation has a unique real root A <0,and A > 0if R, > 1. Suppose
that A = x + iy is an arbitrary complex solution of characteristic T(A) = 0. Then, we know that
0= T(A) = T(x +iy) < T(x), thatis, x < A since T(A) is monotonically decreasing. Based on the
above analysis, we conclude that G is locally asymptotically stable if R, < 1. Similarly, if R, > 1, G is
unstable. This theorem has been completely proved. [

Theorem 6. G is globally asymptotically stable when R, < 1.
Proof. We consider the Lyapunov function with the following form:

L:L1+L2+I+L3,.
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where

Lo () +oe (5),

Ly, = /OOO w(t)e(t, t)dr,

Ly=—T R
Bty
Taking the following equations:
A= (u+x)S, «S=uV.

To derive L, we have:

dLy ) 6(3)? o
— = O(u—+x)S—0(u+x)S—0BSI— T(y+1€)+9(y+1{)5+9‘351
+0kS — OuV — OyBVI+6npVI — % +0uV

. S s . S sV v
H ( S s)+K ( S gV V)

+ 60BSI — 60BSI + 6yBVI — 0BV 1.

Note that w(0) = 0 and e |;—9 = BSI + yBVI and according to the integration by parts formula, we
have:

dL,

B =0t 0(0) elmo + [ elnHw(Do(r) ~e(v)dT

- /Ooow(r)a(r)e('r,t)d‘r (41)
= —w(1)e(T,t)] ;e +O(BSI+4BVI) — /Ooos(r)e(*r,t)dr.

To derive L3, we have:
als _ _ap_
dt u+y

Combining (40)-(42) and the 4th equation of system (1), we obtain:
dL , S S , S sV v
+OBST+ 0BV + — T~ (ut &+ p)I
Bty

. S s . S sV v
H ( 5 s)+ * ( S gv V)

.1 (et et p)(pt ) — pr]
Bt '

I—AR. (42)

+ (R~

According to algebra—geometry mean formula, we get % < 0if R, < 1. Moreover, we can learn that
S=S5,V="V,e(r,t) =0,1 = 0and R = 0 is a sufficient condition for % < 0. Therefore, M = G C Q
is the largest subset of % = 0, by the LaSalle’s invariance set theorem, we learn that if R, < 1, G is
globally asymptotically stable. This theorem has been completely proved. [

4.2. Global Stability of the Endemic Equilibrium State

Theorem 7. If R, > 1, G is globally asymptotically stable.
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Proof. We construct the Lyapunov function as:
W = Wi+ Wy + W3+ Wy,

where

Note the following equations:
A =uS+xS+BSI, kS =uV+ypVlL.
By some simple derivations, we have some equations as follows:

A

%: (1—?) [A—yS—KS—‘BSI]—kB(l—“i) [kS —uV —nypVI|

_9< _§> {y§(1_g)+xé+ﬁ§i—;<5—551]

+6 (1 - ‘;) S — uV — ypVI] (43)

é(7) (44)

% _ /Ooow(r)é("f)%g (ee(T(Tt))) it

(e (ee(r(Tt))) +66(0) (1 i eeg?(,Ji)f) N eeg(06§)> (45)

— [ é(r)é(r) (—1 —In

0

Te:(o;,t) e(tT,t)
{0 e )‘”‘

From [~ 6(1)é(t)dt 4+ yR = (u + & + k)1, the derivative of W is:

% = <1 - f) |:/OOO€(T)6(T,t)dT—|— YR — % (/Oooe(r)é(T)dT+ ”yf{)]
— /0°° e(1)2(7) (6225) B % B I;’g(TT;) i 1) dt + 4R (ﬁ - ;) (1 - ;) :

(46)
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By calculation, the derivative of Wj is:
dW4 Y R
—_— —_ — R. 47
= (17 - e R )
Note that: o
/ e(1)é(T)dt = 0 ¢|rg = (BSI+ BV I)e.
0
Then, combining (43) and (45)-(47), we have:
AW _ dW, dW2+dW3 AW,
dt dt dt dt dt
~( S S s S SV VvV
=60uS| ——=—+2|+6kS|{—=—5——=+3
”<ss+>K<ssvv> “8)
—omemg (SN L pg
8 o0 )., 1+ )2+)3
where
(I SI S oa vV VI I
Ji="0p (1 g s ”t >+’7’B ( M7 VI+I>
R e(0,t
— 6¢(0) - (I—Hn 2(0)>>+9-e|r_0,

é
R (ROIV( oDy (R
p=k(5-7) (1-7) 52 (1- ) pI- + R

p= e (S Yool (1) )

As (4 +7)R = pl, we have:

. yRI 4IR o 'ypf{[ ypl
=9YR—————+7YR - +
S B (kMR "ty 50)
. IR 'prI
= 2 R — — .
i I (p+7R

Note that e |,—g = (BS +7BV)I, é|r—0 = (BS +1BV)I, we have:

1 = 0BSI <1 —~ g + ;) +0npVi (—1 + % + “;) —6-4(0) - {1 +ln eé?oﬂ
— 08(0)g (ﬁ) —9ps1 <§> +oppVlg <“j> (51)
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Finally, substituting (49)-(51) into (48), we have:
dW (S S (S sV Vv
~w(0)e(1)g efT’t)) —opsig (3 ) +onpvis (V>
(1) ) lrco S 14 (52)
An é(0)SI ) n s ( é(0)VI )
—6BSI — | —0yBVI ~—
pols <e(o,t)s 1PVIS\ o 00t
o Te(t,t) IR TpR .
/0 S(T)@(T)g( To(c) >dT I i+ 7R +29R
By the equation xS = uV + VI, we get:
S sV v L (V
kS| —<—5=-—=+3 onBVig | =
K(S sv V+>+17ﬁ g(v)
A (53)
S 5%
< —0kS = A
<-ofs(5) 5 (&)
Throughout analysis, we know that:
IR ypRI . . { (fR) p (Iﬂ
— — +29R < —9R — | +——5(5 ]| 54
I (u+pR TR R) TSR (54)

In the end, inserting (53) and (54) into (52), we get the derivative of W has:

dW ~( S S . S SV
7< - 5 T A - - A~ _
7 _GptS( S S+2) 0xS [g<s>+g<sv>

~wmims (5| - essis (2)
. [ 2(0)SI o ([ E0)VI
~0psls (e(O,t) j) ~OnkvIs (e(o,t)\?f)

S
_ /Ooos(r)é(r)g <I;§(TT§)> dt — R [#er"rg (é) +g (?fz)] <o.

Thus, we can obtain that S = §, V = V, ¢(1,t) = é(t), I = I, R = R is a sufficient condition
for dd—vtv < 0. Therefore, M = G C Q is the largest invariant subset of dd—Vt" = 0. According to the
LaSalle’s invariance set theorem, we can conclude that if R, > 1, the endemic equilibrium G is globally

asymptotically stable. This theorem has been completely proved. O

5. Conclusions

This paper presents an SVEIR model from the perspective of imperfect vaccination and latent
age, and investigates the dynamics of disease transmission. We take into account an age structure
within a latent class, where the latency is described by a variable associated with age: the latent
disease conversion rate ¢(7). Utilizing the theorem of the next generation matrix, we obtain the basic
reproduction number R,, which serves as a crucial threshold for controlling the harm caused by a
disease. When R, < 1, the disease-free equilibrium G is globally asymptotically stable, which means
that the disease will eventually disappear. On the contrary, the endemic equilibrium G is globally
asymptotically stable, namely, the disease will become endemic. Besides, it is also necessary to consider
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the asymptotic smoothness and uniform persistence of the semi-flow generated by the system. This is
crucial in proving the existence of global attractors and applying the Lyapunov function method.

To better control the epidemic, we need to reduce R,. Based on the formula for R,, we find that
R, decreases as 7. Therefore, the transmission of an epidemic can be slowed down with less imperfect
vaccination. Furthermore, we note that when infected individuals come into contact with susceptible
or vaccinated individuals, it can also lead to an increase in R,. Thus, avoiding contact with infected
individuals is also key to controlling the epidemic.
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