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Abstract: In this paper, we first establish upper stochastic bounds on the lifetime of a used cold
standby system with arbitrary age, using the likelihood ratio order and the usual stochastic order.
Then, stochastic comparisons are made between the lifetime of a used cold standby system with
age t and the lifetime of a cold standby system consisting of used components with age ¢ using the
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results presented.
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1. Introduction and Preliminaries

Cold standby systems are backup systems that are not ready for use until they are
needed. In other words, they are kept on standby but not actively operated. This type
of backup system is commonly used in situations where the primary system has a long
lifetime and is unlikely to fail frequently (see, e.g., Kumar and Agarwal [17], Kou and Zuo
[18], Yang [31], and Peng et al. [22]). Reliability analysis of cold standby systems involves
evaluating the probability of failure of the primary system and the time required to switch
to the backup system. The reliability of the primary system is determined by analyzing its
failure rate, while the reliability of the backup system is determined by analyzing its startup
time and the probability of failure during startup. In the context of replacement strategies
and related optimization problems, cold standby systems have been used repeatedly in the
literature (see, e.g., Coit [7], Yu et al. [32], Jia and Wu [13], Xing et al. [30], and Ram et al.
[24]).

Several methods can be used to analyze the reliability of cold standby systems, in-
cluding fault tree analysis, reliability block diagrams, and Markov models. These methods
allow engineers to identify potential failure modes, estimate the probability of system
failure, and evaluate the effectiveness of backup systems. The study of the reliability of
complex systems using cold standby systems has been conducted by many researchers for
engineering problems (See, for example, Azaron et al. [3], Wang et al. [28], Wang et al. [29],
and Behboudi et al. [5]).

Stochastic comparisons between the random lifetimes of various complex systems
have been a subject of increasing interest among engineers and system designers. This
enables them to have, for example, an optimization problem to solve and, consequently,
a plan to prepare a product with greater reliability. The theory of stochastic orderings in
applied probability has been recently utilized to compare the lifetime of coherent systems
equipped by cold-standby units from a stochastic point of view (cf. Boland and El-Neweihi
[6], Li et al. [19], Eryilmaz [8], Eryilmaz [9], Roy and Gupta [26] and Roy and Gupta [25]).
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However, stochastic comparisons of lifetimes of general cold-standby systems with
an arbitrary age, have not been considered in the literature thus far. As will be clarified in
the sequel, the lifetime of a component in a system with additional (n — 1) cold-standby
spares is the sum of random variables, thus, in this regard, a few studies may be found in
Zhao and Balakrishnan [33], Amiri et al. [2], Khaledi and Amiri [16] and Amiripour et al.
[1] among others.

In the current study, we develop some stochastic ordering results using the well-
known usual stochastic order and the likelihood ratio order, involving the lifetime of a
used cold-standby system with an arbitrary age, and provide some bounds for the rf of
the lifetime of such a system. The rf of the lifetime of a cold-standby system with used
components of the age t, is used to provide upper bound and lower bound for the rf of the
used cold-standby system with age t.

In the sequel we will use some notations. Let X = (X3, ..., X, ) be a random vector and
x = (x1,...,%,) be a vector of observations as a realization of X. Denote SuX = Y X
and Sy x = Yt x; withm =1,2,...,n. Consider the cold standby system Cor_lsisting ofn
components. Initially, one component starts working and the other n — 1 components are in
cold standby mode. When the working component fails, the components in standby mode
are replaced one by one until all components have failed and the cold standby system fails.
The cold standby system means that the components do not fail or degrade in standby
mode and that the standby period does not affect the life of the components in future
use. When the failed component is replaced by the standby component, the switch is
absolutely reliable and transmission is instantaneous. Let X, ..., X, be the lifetimes of
the n components with cumulative distribution functions Fx, ..., Fx, and corresponding
reliability functions Fx,, ..., Fx,. We also assume Xj, ..., X;; are independent. Then, the
lifetime of the cold standby system is

Sn,)_(:X1+X2+"'+X”' 1

The 1f or the survival function (SF) of the lifetime of the cold standby system given in (1), is

anx(f) = P(Xl +X+...+ X, > i’) = Fxl(f) *FXz(t) *...*Fxn(t), (2)

where * represents the convolution operator. It is known that when X; and X;, for i # j are
independent, then Fy, ()  Fx,(t) = O Py (t—x) fx;(x) dx, where fx; is the probability
density function (pdf) of X;, which is the rf of the convolution of X; and X;, i.e. the rf of
Xi + X;. Thus, from (2), we can write

Fo () =Fs \(0sFq ()= [ B (=), () dx. o)

n, n—LA —00 n—

We will need some other preliminaries in the continuing part of the paper. Suppose
that X is the lifetime of a fresh item as its life span. We may need to recognize the
distribution of the lifetime of that item at the age t. The random variable X; = [X — t|X > {],
which is called the residual lifetime of an item with original life length X at the time ¢
provided that the item is already alive at this time, is ordinarily utilized to represent and
model the lifetime of a used component or item. Let X have pdf fx (Whenever it exists)
and rf Fx. Then, X; has pdf

fx, (x) = fxé}i:;)@ dx, x>0,

and it has rf e )
- Fx(t+x

F = =7

%(%) Fx(t)
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which are valid as t € {t > 0: Fx(t) > 0}. The mean residual lifetime (MRL) function of X
is given by

mx(t) = E[X — t|X > t] = /+°° By etr5 00 Be(r) > 0},

t Fx(t)

Stochastic ordering of distributions have been a useful tool for statisticians in the
context of testing statistical hypothesises. Two well-know stochastic order will be used
throughout this paper. The following definition can be found in Shaked and Shanthikumar
[27].

Definition 1. Let X and Y be two non-negative random variables with pdfs fx and fy, and refs
Fx and Fy, respectively. Then it is said that X is smaller or equal than Y in the

(i) likelihood ratio order (denoted by X <;, Y) whenever J{;Eg is non-decreasing in t > 0.

(i1) usual stochastic order (denoted by X <4 Y) whenever Fx (t) < Fy(t), forall t > 0.

The stochastic orders in Definition 1 are connected to each other as it has been proved
that X <;, Y implies X < Y (see, e.g., Shaked and Shanthikumar [27]). Nonparametric
classes of life distributions are usually based on the pattern of aging in some sense. For
example by comparing X; with X;, for t; < t, as two time points according to the
likelihood ratio order, new patterns of aging are produced. The common parametric
families of life distributions also feature monotone aging. In this context, the following
definition is also applied in the paper.

Definition 2. The random variable X with pdf fx is said to have

(i) Increasing likelihood ratio property (denoted as X € ILR) whenever fx(t) is log-concave
int>0.

(ii) Decreasing likelihood ratio property (denoted as X € DLR) whenever fx(t) is log-convex
int>0.

For example the exponential distribution has both ILR and DLR properties. The
gamma distribution with shape parameter « and scale parameter A has ILR property if
« > 1 and it has DLR property if & < 1. For recognizing ILR and DLR properties in further
well-known distributions we refer the readers to Bagnoli and Bergstrom [4]. The following
definition is due to Karlin [14].

Definition 3. Suppose that h(x,y) is a non-negative function for all x € X C R and for all
y € 9 C R. Then, it is said that h(x,y) is totally positive of order 2 (denoted as TP,) in
(x,y) € X x9Q), whenever h(x1,y1)h(x2,y2) > h(x1,y2)h(x2,y1) for all x; < x, € X and for
ally; <y € 9.

According to Definition 3, by using the convention that /0 = +co for any a > 0, then
h(x,y) is TP, in (x,y) in the desired subset of R?, i.e. over the set X x 2) if and only if,

h(x,y2)
7 h(xy1)

LICZIEN non-decreasing in y € 9), or equivalently if is non-decreasing in x € X.

2. Stochastic bounds for the lifetime of a used standby system

Let us consider independent and non-negative rvs Xj, Xy, ..., X;;, and denote by
X1(t), X(t), ..., Xn(t) the corresponding conditional rvs, so that X;(t) = [X;|X; > t], for
all t > 0 for which Ry, (t) > 0. Note that for the random vector Z = (Z1,Z,...,Zm),
the conditional rv [Z|Z € A] is a vector-valued rv whose joint distribution is equal with
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conditional join distribution of Z give Z € A, where A is a subset of R” for which P(Z €

A) > 0. The rv X;(t) has pdf

fx; () I[x > t]
Rx,(t)

Consider, now, the vector X(t) = (X1, Xy, ..., Xu|X1 > £, Xp > t,..., X, > ) which, since
X;’s are independent, it has joint cdf

fxip(x) = (4)

o = TG0 ©

i=1

Note that the ith marginal distribution of X(t) is the distribution of X;(t) provided
that Xy, Xy, ..., X, are independent. We can find that for any function ¢ : R” — R,

Elp(X)I[x > 4]

Elp(x(t)] = =*5 5

(6)

where t = (t,t,...,t) is a vector with size n and Fy is the joint reliability function of X. We
will utilize ¢(x) = Spx. Note that (S, x) () is equal in distribution with the conditional rv
S, x|S, x > t], where S, x =Y X;. The following lemma will be used in the sequel.

Lemma 4. Let X = (Xq,Xp,...,Xy) be a random vector, having joint pdf fx(x). Consider
Y =(Y1,Ys,...,Yy) as a random vector with joint pdf

I[Sny > tlfx(y)
fy(y) = P(ySn’X>_t)_’ @)

Then, (S, x)(t) =st S,, y, where =g means equality in distribution.

Proof. It is sufficient to show that R(s , )(1)(s) = Rs

X Y(s), for all s > 0. We can write

R(Sn,)_()(t) (S) = P(Sn)_( > S)

= P(Sn,X > s|Sn,X > t)

1 s <t
= Rs ,(s)
X
R @ s>t
nX

Rsn/ (s) = P(Sn,\_{ > s)
) P(S,x > tVs)
T PS>
1 - s <t
= Rs (s
Rs:’;-_(((t) 5>t

in which t Vs = max{t,s}. Thus, we proved the desired identity and, hence, the result
follows. 1
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The following result indicates that the lifetime of a used standby system of age ¢ with
n components is dominated in the sense of the usual stochastic order by the lifetime of a
standby system composed of used components plus (n — 1)t. Denote by X;; = [X; — | X; >
t] which is valid for all t > 0 for which Rx, (t) > 0 and note that X; is the random lifetime
of the ith component in the standby system, withi =1,2,...,n. Denote

Xi= (X1 —t,Xp—t,..., Xy —t|Xy >, Xy > t,..., X, > 1), t: P(X>t]) >0,

where I = (1,1,...,1) " is a vector with n components and X = (Xy, Xa,..., X,;) ". Notice
that the marginal distribution of the ith random element in X; corresponds with the
distribution of X;;,i = 1,2,...,n, provided that X, X, ..., X, are independent.

Theorem 5. Let X1, Xy, ..., X, be independent rvs which are non-negative and Xy ¢, Xo ¢, ..., Xut
be also independent, for a fixed t > 0. Then:

(S",X)t <gt S”rXt + (Tl — 1)1’. (8)

Proof. For n = 1, the result is trivial. Let us assume n = 2. From Lemma 4, they can be
founds rvs Y7 and Y, with joint pdf

I[S2y > t]fx(y)
fy(Y)—ZY—”

= , ¥i>0,i=1,2, 9
Y\, Rsz/)_((t) yl ( )
in whichy = (y1,y2), such that (S, x) () =st S, y- From (9), since X; and X, are indepen-
dent, Y7 has pdf ) )

fri (1) = fx (le)fxz((:)— 1)

Then:

Sr()  _ Ry (HRx, (= 1)
FawmWi)  Re,y (OI[yr > 1]
+o00 iy <t

Rx, (1)

fry(v1)

It is clear that T (o) is decreasing in y1, thus, Y7 <, Xj(t). Since <;, implies <y, thus
1 t

Y1 <ot Xa(t). (10)
By Equation (9), the conditional pdf of Y, given Y = y; is derived as:

fx,(y2)1[Say > 1]
Ry, (t —y1)

Froly, W2ly1) =

For any y; > 0, we show that Fro0W2)

is decreasing in y, > 0, as y; + y2 > t. We have

+o0 Y <ty1>t—y
fY2|Y1(y2|y1) .

fomy2) Rx, (1)

m y2>t,y1>t_y2,
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which is decreasing in y, > 0. Therefore, [Y2|Y; = y1] <, X»(t). Hence,
[Yo|Y1 = y1] <ot Xa(t). (11)

From Equations (10) and (11), using Theorem 6.B.3 in Shaked and Shanthikumar [27], one

gets:
(X1 + Xo[ X1+ Xp > ] = (S, x)(£) <ot Xa(t) 4+ Xa(t).

It is easily verified that 52 X(t) <st Sy X(t) , holds, if and only if, 52 X( ) —t <& S, Xt~ t.
So, (S,x)t <st SzX +t, i.e., (13) holds when n = 2. Finally, we prove the result by
induction. Suppose that for 1 = m > 2, it holds that (S, x): <s SmX, T (m —1)t. From
preservation property of <.; under a change in location of dlstnbutlons we have:

From (12), since for m = 2 the result was proved, thus an application of Theorem 1.A.3(b)
in Shaked and Shanthikumar [27] yields:

Sm+1,)_((t) st Sm,)_((t) + X1 (t)
Sst S X(p) T Xm1(t)
=st Sy X ()"
Equivalently, one can write: (S, 1 x)¢ <st 5,41 x, +mt . Hence, the proof is obtained.

In the context of Theorem 5 one may realize that, if in (13), t = 0, then <;; becomes
=,¢. Using Theorem 5, an upper bound for the mean residual lifetime (MRL) function of
a standby system can be provided. Since <, implies the expectation order, thus, from
Theorem 5,

where g X (t) = E[Y}! 4 X; — t| X1 X; > t] is the MRL function of a standby system with

independer_lt component lifetimes X1, X, ..., X;, and mx, (t) = E[X;] is the MRL function
of X; fori =1,2,...,n. The bound provided for the MRL function of a standby system is
valuable because the MRL function of the system which depends on the distribution of
convolution of n rvs, which has no closed form in many situation, does not have an explicit
formula. The rv X has a gamma distribution with the shape parameter a and the scale

u(denoteltb X; ~ G(a,M)). Let
y

us suppose that under consideration is a standby system with independent heterogenous
exponential component lifetimes Xy, X5, ..., X;, so that X; has mean )} (X; ~ Exp(Ay)),

parameter A whenever X has density fx(x) =

where A; > 0,i =1,2,...,n. Itis known that my, (t) = A L however, the S, X = Yl Xias
the random lifetime of the standby system, has a gamma distribution (S, x ~ G(n, g M)
with an indefinite MRL function. However,

L]
Z)T + (n—1)t, forall t > 0.

In the following example, the result of Theorem 5 is applied.
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Example 6. Suppose that X1 ~ G(2,3) and Xo ~ G(1/2,3) are two independent random
variables and assume that Xy ; and X5 ; are also independent. Note that X1 € ILR and X, € DLR.
Consider a two-units standby system. Using Theorem 5, an upper bound for the rf of the used
standby system with age t = 0.1 is derived. Specifically, it is shown that

(Sp, 300t = (X1 + Xa)i <ot Xop + X +1 =5, x +1

Since it is trivial that for all x < 0.1, one has P(S, x tt> x) = 1, thus for all x < 0.1,
P(s, x, tt> x) > P((S,x)t > x). Therefore, it is enough to show that P(S 2 X, 1> x) >
P((S, x)t > x), for all x > 0.1. It is seen that for t = 0.1

_ 00 3
Fx,+x,(0.14 x) _ fOJ_er uzexp(—3u) du
Fx,4x,(0.1) foe uzexp(—3u) du

P((SZ,X)t > x) =
On the other hand, for all x > 0.1, we can get

x - -
P(Sz)_(t +t> x) = /01 FXLO.] (x — x2)fX2,0.1 (Xz — 0.1)de + PX2,0,1 (x — 0.1),

in which the rf of X101 = [X1 — 0.1| X7 > 0.1] is acquired as

Py (x) = Fx,(0.14+x)  (143(0.1+x))exp(—3(0.1 +x))
o= TR 01y 1.3exp(—03) '

and, similarly, the rf of X501 = [Xp — 0.1| Xy > 0.1] is obtained as

1

Fo (v = Pe@1+) il w2 ep(-3udu
2,0.1 FXz (().1) fO—.i_loo u_% exp(—3u)du ’

and, consequently,

_(01+x)*%e><p( 3(x+01))
fxop1 (%) = fl U zexp —3u)du .

In Figure 1, the graph of SFs of (S 2X)f and S 2 X, i is plotted, which makes it clear that for
0.1<x<5 P(S2X +1>x) > P(Syx)t )whent—Ol

1.00-

0.75-

0.50-

0.25-

The SFs of (X1 +Xz)iand (X1)i+ (Xa)i+t

0.00-

3
Values of random variables (x)

Figure 1. Plot of the survival function of SZ,X, + t (solid line) and the survival function of (S, x )+ (dot-dashed
line) for t = 0.1 and for x € (0.1,5). ) B
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In the sequel of this section, the result of Theorem 5 is strengthened to the case
where the likelihood ratio order is used. However, in this case, the random lifetimes
of the components need to to have log-concave density functions which means that the
components lifetimes have to fulfill the ILR property. We first give the following technical
lemmas. The proof of the following lemmas, being straightforward, are omitted.

Lemma 7. Suppose that Y and Z are two rvs with pdfs fy and fz, respectively. The following
assertions hold:

(a) If Y has support Sy = (ly, +o0) and Z has support Sz = (Iz,+00), so that Iy > 17 then,
Y >, Z if, and only if, gg% is non-decreasing in s > ly.

B IFY >, Z, thenY —c¢ >y, Z — ¢, forc > 0.

Lemma 8. The following assertions hold true:

(a) For any non-negative rv W, for all t > 0 for which P(W > t) > 0, it holds that
Wi =5t W(t) — t where Wy = [W — (W > ] and W(t) = [W|W > £].

(b) For all t > 0, for which P(X; > t) > 0,i = 1,2,...,n it holds that Sn,X(t) =gt
S"rXt + nt. i

Theorem 9. Let X1, Xa, ..., Xy be non-negative independent rvs which are all ILR, and suppose
that Xq4, Xot, ..., Xu,t are independent, for a fixed t > 0. Then:

(Sn,}_()t <u Sn/Xt + (n—1)t. (13)
Proof. Fixt > 0. Firstly, we prove that
Y= Sn,)_((t) Zlr (Sn,)_()(t) =7,

in which S, ) = XLy Xi(t) and (S, x)(t) = (ZiLq Xi)(t) with X;(t) = [X;[X; > #]. Since
Iy = ntand Iz = t, thus by Lemma 7 it is enough to show that ggz; is non-decreasing in s

for all s > nt. One has

fs x (S)1ls >
fals) = = ——
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Denote S, _; x, =Y ! X;(t), and similarly, Sui1X = 1'.’;11 X;. Therefore, for all s > nt :
Fi(s) Re (8 0+mfxﬂ(t)(s*y)fsnfl)_(m(y)dy
fa(s) X T s = u)fs )y
R )_(<>f“fxn<s— Dfs, | x, 0
Ry 5 fx s )fs x W)y
CRex® Sy, O) lly < s ffx, (s - 0, X0
Rx(t) Jo fs x @) Jo (s =w)fs W)y
Rs (1) Iy <s —tlfx,(s —y) (v)
_ s, x B ps fs, x, W1l _ts fxu(s =9)fs Ee), (9
Rx,(t) Jo fs W) [ fxuls =9)fs,_ x (W)dy
where

Pu(t]s) = P(X, > S, = )
= P(Snfl)_( <s— t|5n,>_( = S)

s—t

= Js fs. LX18,x (yls)dy
R ACE )fs x W)dy
fo fras=w)fs ( )dy

Thus, from Eq. (14), one can write

s Rs (t)
ggsiz R Pt L0 (5)] (1)

where ®(y) = 20 ) and Y*(s) is an rv with pdf

n 1,X(
fsnil)_( (v
Iy <s—tfx.(s=yfs,  x )

*(yls) = — . 16
T TG, iy i

Since X; € ILR, foralli = 1,2,...,n thus from Theorem 1.C.53 in Shaked and Shan-
thikumar [27], we deduce that [X,[S, x = s1] <, [X"|Sn,X = sp], for all s7 < s5. Hence,
[XulS, x = s1] <st [Xu|S, x = s2], for all s; < s, which validates that

P, (t|s) is non-decreasing in s > nt, (17)

for all t > 0. From 16, we can write f*(y|s) = ¢1(y)¢2(s)E(y, s), in which

-1

) = s, @20 a6 = | [ (s —0)fs x| >0

and {(y,s) = Iy < s —t]fx,(s —y). Since X, is ILR, thus fx, (s —y) is TP in (y,s) €
(0,400) x (0,4+00). It is also plain to see that I[y < s —t] isalso TP, in (y,s) € (0, +0) X
(nt, 4+00). Hence, as the product of two TP, functions in a common domain is itself another
TP, function, thus ¢(y,s) is also TP, in (y,s) € (0,+0c0) x (nt,+oc0). From Lemma 3 in


https://doi.org/10.20944/preprints202306.0292.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 June 2023 d0i:10.20944/preprints202306.0292.v1

10 of 17

Kayid and Alshagrawi [15], f*(y|s) is TPy in (y,s) € (0, +o0) X (nt, 4c0). This reveals that
Y*(s1) <j, Y*(s2), forall s; <sp € (nt, +00), and consequently,

Y*(s1) <st Y¥(s2), forall s; <sp € (nt, +00). (18)

On the other hand, since X; € ILR, by Theorem 2.10 in Izadkhah et al. [12], the rv
X;(t) = [X;|X; > t] having weighted distribution with respect to X; with the weight
function w(x) = I[x > t] which is log-concave in x, for all t > 0, is also ILR. Now, by
Theorem 1.C.9 of Shaked and Shanthikumar [27], since X;(t) >, X; foralli=1,2,...,n,
thus Sn)_((t) > Sn)_(. That is

fsn_llx(t (v)

d(y) = is non-decreasing in y > 0. (19)

So, from (18), E[®(Y*(s))] is also non-decreasing in s € (nt, +c0). In view of (17) and Eq. (

15), it follows that ggz; isnon-decreasing in s € (nt, +00). Therefore, we demonstrate it that
SuX(t) Zir (S,,x)(t) which by Lemma 8(b) it further implies that SuX(r) T 1t 21 (S,x)(8)
By applying Lemma 7, by choosing ¢ = ¢, one gets S, X T (n—1)t >, (Sn,X)(t-) —t,
which by Lemma 8(a) yields S, x ;) + (n — 1)t 2, (S n,)_()_t' The proof is completed. 1

3. Comparison of a used standby system with a standby system composed of used
components

In this section, we make stochastic comparisons between lifetimes of a used standby
system with age ¢ and another standby system composed of used components each has
age t. We establish that when the (n — 1) ones of the n component lifetime distribution
have a general density function (with absolutely continuous distribution) and the nth
component is exponentially distributed, then the standby system with used components is
more reliable and has smaller risk than the used standby system.

Theorem 10. Let Xy, X3, ..., Xy be independent non-negative rvs with pdfs fx,, fx,,-- -, fX,r
respectively, so that
Spo1x, T2 Sy x (20)

fora fixed t > 0, in which S, | x = 2?:_11 Xjand S, X, = Z?:_ll Xit and that X, follows
exponential distribution with parameter A,,. Suppose that Xy, Xoy, ..., Xt where X;p = [X; —
tX; > t),i=1,2,...,narealso independent rvs. Then:

(S, x)t <ir S, %, (21)

where Sn,X =Y Xjand Sant =Y Xir

fs y ()

% is non-decreasing in s > 0. Let us write
t

Proof. We prove that Ta

nX

fox () R (0 L fr,ls=9)fs, W)y

f(sn)_()t(S) C R, () [ sty )fsnil)_((y)dy

Rs 5 (6) Jo ™ 1y < slfsc, (s +£=y)fs  y (v)dy

R, () [ fx, (s +t—v)fs x W)dy

n—1,
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Hence, it suffices to prove that
Jo =Ty <slfx, (s +t=y)dFs _ (¥)
=t is non-decreasing in s > 0. (22)
Jo™ fx s+t — s ()

By changing the variable y into y — t in the numerator in (22) one has

o Ty <slfx,(s+1t - Vs, x, W) f Iy <s+lfx,(s+2t=y)dks  (y-1)
0 fx s+t =y)dFs () 0 " fru(s+t—y)dFs o (y)

- fs (y—1)
[T fxu(s+2t —y) 72X,
=), > fal+i=y  fs 5

= E[®(s,Y"(s))],

dF*(yls)

—t)

fs v
frus42t—y) Tn1 Xy y— and Y*(s) is an rv with support [0, s + ¢]

where qD(S/ y) = I[y > t] fxn (s+t-y) fanX(y

having pdf

fru(stt=vlfs )
0 " fx(sHE=y)fs y (v)dy
exp(Au)fs, W)y <s+1
S exp(Aun)fs, 5 W)Ly <+ tldy’

fyls) =

Note that, since X, ~ Exp(Ay), thus for ally € [0,s + t] we have:

fx,(s+2t—y) Ily < s+ 2]
PN T A TY) o (—Ant) L S22 (At
Falrty) P oy TR
Therefore, forally € [0,s + ]
f5n71X (]/ - t)
D(s,y) = exp(—Ant)I[y > t]ﬁ is non-decreasing in y > 0. (23)
Sn—l,)_( y

Notice that f*(y|s) is TP, in (y,s) € (0,+0o0) x (0, +00), which means that Y*(s1) <,
Y*(sp), for all s < sy € [0,4+00) and, consequently, Y*(s1) <s Y*(s), foralls; < s; €
[0, +00). This is enough together with the non-parenthetical part of Lemma 2.2(i) in
Misra and van der Meulen (2003) to obtain E[®(s1, Y*(s1))] < E[®(sp, Y*(s2))], for all
s1 < sp € [0, +00) which fulfills (22) as a correct statement and, thus, the stochastic order
relation given is (21) stands valid. 1

The following example of a single unit system equipped with a cold-standby unit
which has an exponential lifetime distribution, fulfills the result of Theorem 10.

Example 11. Let we have a cold-standby system with size n = 2 heterogenous components with
lifetimes X and X5 so that Xy has an arbitrary lifetime distribution (Fx, (07) = 0) and X5 has an
exponential lifetime distribution with parameter Ay and we, further, assume that Xy and X are
independent. Then, since

Sux, Ht =1 Xup+t = Xa(t) 2 X4
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thus the likelihood ratio ordering in Equation (20) holds true for n = 2, and hence by Theorem
10, one concludes X1 1 + Xp >1, (X1 + X2)¢, forall t > 0. Let us suppose that Xy has a gamma
distribution with oy = 2 and Ay = 3 and X, has exponential distribution with Ay = 3 as the age
t = 5is chosen. By routine calculation, for all x > 0, one has

27x _ 27 _
fxl/t+X2,t(x) = 16 (5+ ) 3 ﬂnd f(X1+X2)t( ) 257(5+ )2 3X

In Figure 2, we plot the graph of the function LR given by

 fxyex,(X)  257x(10 + x)
T fxex (0 32(6+x)2

The function LR(x) is increasing with respect to x > 0, according to Theorem 10 as Figure 2
confirms it.

LR(x)

o

The likelihood ratio function
e

N

Time (t)

fy 4%, ()

Tty @ fort =5

Figure 2. Plot of the likelihood ratio LR(x) :=

Now, we prove another result to compare the lifetime of a used standby system with
the lifetime of another system composed of used components with respect to the usual
stochastic order. The following lemma is essential to our development.

Lemma 12. Let X = (X1, Xy, ..., Xn) be a random vector with non-negative random components
with joint pdf fx(x). Fix1 € {1,2,...,n}. Let Y = (Y1,Y2,...,Y,) be another random vector
with joint pdf

fx (t+ Sy y)

fy(y) = fx,(sn—y)()fx(y) (24)

fx, (t+S )
where c(t,1) = <XI"X

(S X_) ) < +o0. Then, Si =4 S Y where S zs an rv with pdf
1Y n ’

Tt s,y (5)

/

fo (=70t

Proof. We show that 551 x and S,y have the same cdf. It is notable that for any function
B : R — R, one has -

; B L le(t+Sn,>_()
E[ﬁ<sn,)_()] = C(t,l)E<ﬁ<Sn'>—() le(Sn,)_() . (25)
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For all s > 0, one one hand we can derive

Fs x&) [ fx(t+8,%)
Y (1) E( fx,(S,x) "’)‘(SS)

On the other hand, for all s > 0, one has

1 § le (t + 5,) / /
t,l) 0 le (S,) fSn’)_( (S ) ds

- an)_((s) s fX’(t_i_s/)fSn')_((S/)
oot Joo fx () FSn,)_((S)

Fsz(S) fx,(t+5,x)
= C(t_,l) < le(Sn,)_()_ | Sn,)_( < S).

The proof of the result is complete. 1

P(S;)_( <8)= c(

ds’

We introduce some notation before stating the result. Let f(t) be the density of the rv

Z which is differentiable. The function 177 (t) = — % is well-known as the Glaser’s eta
function which is very useful in the study of the shape of the hazard rate function and the

mean residual life function (see, e.g., Glaser [10] and Gupta and Viles [11]).

Theorem 13. Let X1, Xy, ..., Xy, be independent rvs which are non-negative whose densities are
differentiable and Xy, Xo4, . .., Xyt be also independent, for a fixed t > 0. Then if there exists an
1€{1,2,...,n} such that

@) 75 (%) =15 (%) = 11, (¢ +x) = 11x,(x), forall x > 0;
(i) nx, (_t +x) —1x, (x5 is increasing in x > 0;
(i) nx,(t+x) —nx,(x) < n7x,(t +x) — 17x,(x), for every i = 1,2,...n and for all x > 0;

we have
(S, %)t <st Sy X, (26)

fs

S nX(tH)fxl (%)
Proof. Under the assumption (i), it is found that W

from Theorem 3.2.(a) of Misra et al. [21], (Sn,X)f §,_r S; X and, therefore, (Sn,X)f <st S;X.
N fx, (%) -
fx, (%)
log-concave function in x > 0. By Lemma 12 and the Equation (24), there exist non-negative

rvs Y1 and Y, with joint pdf

is decreasing in x > 0. Thus

Suppose now that n = 2. Note that the assumption (ii) is equivalent to being a

fx (t+ 52,y)

f(Yl,Yz)(]/lfyZ) = jfxl(—)c(if_,l)f(xl’x2) (v1,v2), (27)

52,}_7

so that 512 X =st Y1 + Y,. By 27, since X7 and X are independent, thus Y; follow pdf

- Y

fx, (t+ 11 +X2)>
Y /..  ~ N\ 7 1

fyl(y)—Cofxl(y)E( et %) )Y > 0;
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where Cp is the normalizing constant. Suppose that Xll- is an rv with pdf f,,(x) =

fX’ t+x fX (x) for every i = 1,2. We can then write

M) _ - E(fxl(“r]/l +X2)fx,(y1))
fxi (1) fx,(y1 +X2) fx, (t+y1) )’

fx, (Hx) .

in which C; is the normalizing constant. This ratio is decreasing in y>0 since le ) isa
I

log-concave function in x > 0. This is equivalent to saying that Y7 <, Xi, and therefore,
Y) <q XI. (28)
Once again, in spirit of (27), given that Y; = y, the conditional pdf of Y, is derived as

fx,(F+ 11 +y2) fx, (y2)

fx, (1 +X2) Y\
fx, (11 +y2)E<W>

oy, W2lyr) =

For any fixed y; > 0, the log-concavity of f)}z(( )) in x > 0, implies that %(yyzzl)yﬂ is
X2
decreasing in y, > 0; that is [Y|Y1 = y3] <j, X} Thus,
Ya|Y1 = y1] <ot X5 (29)

Now, taking into accounts the ordering relations in (28) and (29) and using Theorem 6.B.3
in Shaked and Shanthikumar [27], we get Sl <s S Xz, where S =Y Xll- , for every

;=
nX
n=1,2,.... We use the induction method and assume that

s;)_( Sst Sn)_(l (30)

holds true forn = m > 2, 1ie, an X <st Sm,Xl‘ From known properties of the usual

stochastic order
1
5 m+1,X Sst s, m,X + Xm+1 <st S XZ + Xm+1 Sm-l—l,)_(l’

which means that (30) stands valid for n = m + 1. Thus, we proved that S! \, <4 S .
p nX nX

Since the assumption (iii) means that fy, (t + x) fx, (x)/ fx,(x)fx, (t + x) is decreasing in
x > 0, thus an application of Theorem 3.2.(a) of Misra et al. [21] implies that Xll < X},
so X! <y X! foralli =1,2,...,n. Note that X! =g X;;,i = 1,2,...,n where X;; =«
[X; —t|X; > t] is the residual hfetime after age t > 0. From Theorem 1.A.3.(b) in Shaked

and Shanthikumar [27] it follows that Sn X' <& S X, Hence, the result is proved. 1

The next example clarifies that the property that a standby system composed of used
components has a greater reliability than a used standby system is fulfilled in the context
of DLR lifetime components distribution.

Example 14. We consider components with heterogenous independent lifetime distributions.

Suppose that X; ~ G(a;,A),i = 1,2,...,n. Note that as X1, X, ..., X, are independent rvs,

)\): 1“,x21 1“, 1—Ax
T(Cl )

a; <1foralli=1,2,...,nand that ) = max1<l<n{1x }+. Therefore,

. We assume that

consequently, S, x ~ G(LiLy i, A), thus fs (x) =

L, S S LW
X X

)

nx,(x) =


https://doi.org/10.20944/preprints202306.0292.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 5 June 2023 d0i:10.20944/preprints202306.0292.v1

15 of 17

For all x > 0, it is seen that
s, (143) = 1, o) = HEL ) &
> 2 g 040) = o) (32)

Thus, the assumption (i) in Theorem 13 holds true. It is further observed that 17x, (t +x) — 17x,(x) =

Ef((’tjrlx))t which is an increasing function in x > 0, that is, the assumption (ii) in Theorem 13 is

satisfied. Since a; < wy, foralli =1,2,...,n, thus the assumption (iii) in Theorem 13 is also valid,
and consequently, (Y7 Xi)r <st Liq Xit-

4. Concluding Remarks

With this work we have achieved two goals. The first is to develop some stochastic
upper bounds on the random lifetime of a cold standby system that is not fresh or new
and has age t, having been in operation and still functioning by time ¢. Two well-known
stochastic orders, namely the likelihood ratio order and a weaker stochastic order, the usual
stochastic order, were applied to obtain the stochastic upper bound. The interesting point
is that the reliability function of the lifetime of the used cold standby system with # units
is always dominated (without any further assumptions) by the reliability function of the
lifetime of a cold standby system with (# — 1) units consisting of used components with
common age t, provided that the lifetimes of the used components are shifted ¢ times, as is
the case, for example, in the burn-in process. For example, may be the case in the burn-in
process, where a product is put into use for a time interval of length ¢ before being handed
over to the customer, is a realistic situation. However, the domination of this stochastic
upper bound over the lifetime of the cold standby system used in terms of the likelihood
ratio order requires the further assumption that the components have the ILR property.
The second objective was to find conditions under which the lifetime of a used cold standby
system with an age of t is dominated by the lifetime of a cold standby unit with used
components, each with an age of ¢, in terms of the likelihood ratio order and the usual
stochastic order. In general, and as confirmed by our research as a whole, it is found that
the use of cold standby units that were previously in use for an equally long period of time
(e.g., t) is preferable to a used cold standby system with age t because it satisfies larger
stochastic lifetimes. Therefore, a cold standby system with components Xj ;, Xp4, ..., Xyt
that has random lifetime X; ; + X5 ¢ + ... + X}, + is more reliable than a used cold standby
system with random lifetime (X; + X5 + ... + X;;)¢ in most situations. We hope that the
research conducted in this study will be useful to engineers and system designers.

In the future study, we will use the hazard rate order and the reversed hazard rate
order to determine new bounds on the reliability function and the cumulative distribution
function, respectively, of a second-hand cold standby system. We will look for conditions
under which the lifetime of a used cold standby system of age ¢ is dominated by the lifetime
of a cold standby unit with used components each of age ¢, in terms of new stochastic orders.
Stochastic comparisons between the inactivity times of cold standby systems according
to known standard stochastic orders are another problem that can be studied in future
work. The importance of the loss caused by further inactivity of engineering systems may
motivate us to conduct the above study to design an optimal cold standby unit with less
stochastic inactivity.
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