Pre prints.org

Article Not peer-reviewed version

A Proof of Collatz Conjecture

HUANG Qingxue ~
Posted Date: 22 September 2023
doi: 10.20944/preprints202305.2161v2

Keywords: Number Theory,Collatz Conjecture

Preprints.org is a free multidiscipline platform providing preprint service that
is dedicated to making early versions of research outputs permanently
available and citable. Preprints posted at Preprints.org appear in Web of
Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons
Attribution License which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.



https://sciprofiles.com/profile/2951807

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 September 2023 doi:10.20944/preprints202305.2161.v2

Disclaimer/Publisher’'s Note: The statements, opinions, and data contained in all publications are solely those of the individual author(s) and

contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to people or property resulting
from any ideas, methods, instructions, or products referred to in the content.

Article

A Proof of Collatz Conjecture

HUANG Qingxue
School of Mathematical Sciences, Zhejiang University, Hangzhou, China; gxhuang@zju.edu.cn
Abstract: In 1937, German mathematician L. Collatz proposed the following conjecture: for any positive
integer, if it is even, divide it by 2, if it is odd, multiply it by 3 and add 1 to get an even number. Continuing
with the above rule, the final result will be 1. This paper gives a proof of this conjecture.
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§ 1. Introduction

In 1937, German mathematician L. Collatz proposed the following conjecture that for a definite
positive integer p, if p is even, divide it by 2,if p is odd, multiply it by 3 and add 1 to get an even
number.Continuing with the above rule, the final result will be 1.

Collatz conjecture has been studied by many people and has long been regarded as an unsolved
problem.See [1,2,3].This paper gives a proof of this conjecture.

§ 2. Preliminaries

Definition 2.1: Starting from a positive integer p, the process with the rule in introduction is
called a Collatz sequence.p is said to be successful if 1 is finally obtained.Otherwise,p is not
successful.

Remark: Any positive integer p can be written as that p = 2¢(2m-1),where m is a positive integer
and k is a positive integer or 0. When k > 0, p is even,and when k = 0, p=2m-1 is odd. If any odd
number is successful, then since the even number p = 2%(2m-1) is divided by 2 k times to get the odd
number 2m-1, the even number p = 2¥2m-1) is also successful. In other words, to prove that Collatz
conjecture holds, it is sufficient to show that any odd number is successful.

In this paper, the following discussion focuses on the Collatz sequence for odd numbers, and
the even numbers in the Collatz sequence are omitted.

Example: For a positive integer p = 44, its Collatz sequence is that 44, 22, 11, 34, 17, 52, 26, 13,
40, 20, 10, 5,16, 8,4, 2,1, 4, 2,1, ... By removing all even numbers, it becomes that 11, 17, 13, 5,
1,1...We will omit the duplicate odd number 1 later on.It becomes that 11, 17, 13, 5, 1. That is, the odd
number 11 is successful. This implies that odd 17, odd 13, odd 5, odd 1 are all successful. This also
implies that even 2k , even 2k X 5, even 2k X 13, even 2k X 17, even 2k X 11 are all
successful, wherek=1, 2, 3, ....

Definition 2.2: A sequence obtained by omitting all even numbers in a Collatz sequence starting
with an odd number p is called a Collatz odd sequence.p is said to be successful if 1 is finally
obtained.Otherwise,p is not successful.

Remark: Obviously,whether an odd number p is successful,and Definition 2.1 and Definition 2.2
are equivalent.

Definition 2.3: For two odd numbers p and q in a Collatz odd sequence, if 3p + 1= 2k q ,where k
>0 is a positive integer, then p is said to be a front odd number of q ,and q is said to be a back odd
number of p.
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In the previous example, because 11 X 3+1=17 X 2,wherek=1, so 11 is a front odd number
of 17, and 17 is a back odd number of 11. Similarly, because 17 X 3+1=13 X 22, where k=2, so
17 is a front odd number of 13, 13 is a back odd number of 17, etc.

Theorem 2.1: If p is a front odd number of g,then 4p+1 is also a front odd number of q. Further
if 3p+1 = 2kg,where k > 0 is a positive integer, then 3(4p+1)+1 = 2k2q.

Proof: Since p is a front odd number of g, there exists a positive integer k > 0,such that 3p+1 =
2kq. So 3(4p+1)+1 =12p+4=4(3p+l) =4 X 2kq=2<2q. W

Consider the sequence {an}:a1 ,a2,..., an,...,where a1 is an odd number, and an=4an1+1,n=2,34,....

Corollary 2.2: For the above sequence {an}, if the odd number a1 is a front odd number of the odd
number p, then each term in the sequence {an} is a front odd number of p.Further if 3a1 +1 = 2¥p,
then 3az +1=22p,... ,3an+1=2K20Dp wheren=2,34,....

Proof: This is a direct corollary of Theorem 2.1.1l

Theorem 2.3: For any odd number p,there is a back odd number g, and q is the unique back odd
number of p.

Proof: According to the rule of generating a Collatz odd sequence, it is immediate.ll

Theorem 2.4: In a Collatz odd sequence,if p is a front odd number of p, (Of course,p is also a
back odd number of p.) then it is only case that p =1.

Proof: Since p is a front odd number of p,there exists a positive integer k > 0,such that 3p+1 = 2p.
So 2kp -3p = p(2k -3) = 1,where p is odd.

Case 1: k =1. Then p(2-3) = -p = 1, which cannot be true.

Case 2: k> 1. Then 2k -3 is a positive integer,and p(2k -3) = 1.This equation can be true ,only if p
=landk=2. W

§ 3. Bijections between Odd Subsets and Sequence Sets

This paragraph gives two classification methods of the odd number set ,and gives a classification
of sequence sets of the odd number set,and gives a bijection between odd subsets and sequence sets.

The odd number set can be divided into three subsets {4n-1|n =1,2,3,...}, {4n+1|n is 0 or even}=
{8n+1ln=0,1,2,3,...},{4n+1In is odd}.They are disjoint with each other.

Definition 3.1:Write A ={4n-1In=1,2,3,...},B ={4n+1Inis 0 or even}= {8n+1In=0,1,2,3,...},C ={4n+1In
is odd}.

Definition 3.2: (1)Write S1= {{an}la1€ A,and an=4an1+1,n=2,3,4,...}, where {an} is a sequence with
the first term a1 € A,and an=4an1+1n=2,34,....

(2)Write S2= {{an}la1 € B,and an = 4an1+1,n = 2,3,4,...}, where {an} is a sequence with the first term
a1€ B,and an =4an1+1,n=2,3/4,....

Examples: The first two sequences in S1  are the following {an} and {bn},where {an }:3,13,53,..., (a1
=3); {bn }:7,29,117,..., (b1=7).

The first two sequences in Sz are the following {an} and {bn},where {ax }:1,5,21,85,..., (a1 = 1); {bn
1:9,37,149,..., (b1=9).

Theorem 3.1: All terms (odd numbers) in all sequences of Si and S2 contain all odd numbers.
And each odd number must be in the only one of these sequences.

Proof: Note that all odd numbers can be divided into three subsets A,B,C. Any odd number in
A can be the first term a1 of some definite sequence {an}in S1.Similarly,any odd number in B can be
the first term a1 of some definite sequence {an}in Sa. So it is enough to prove that all terms of all
sequences in S1and Sz contain any odd number with the form 4n+1 (n is odd) in C, and that any odd
number in C must be in the only one of these sequences.

Let p=4nmi+1 € C, thatis any definite odd number in C, where ni is a definite odd number.
But all odd numbers can be divided into three subsets A,B,C.

Case 1: If m € A, then mni is the first term a1 of some definite sequence {an}in S1.By the
construction of the sequence {an} in S, p = 4n1 + 1 is the second term a2 of this definite sequence {an}
in S1.Similarly, if n1 € B, then p =4n:1 + 1 is the second term a: of some definite sequence {an} in S2.

doi:10.20944/preprints202305.2161.v2
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Case 2: If n1 € C, then there exists a definite odd number n2, such thatmi =4n2+ 1. If ;2 € A
(or € B), then according to Case 1, n1=4n2 +1 is the second term azof some definite sequence {an}in
Si(or S2), and p =4n1 + 1 is the third term as of this definite sequence {an}in Si (or S2).

Case 3:If n2 € C, then we are back to the beginning of case 2. Continuing, since p=4nm+1isa
definite odd number in C, and the odd number 1 € B and 3 € A ,Case 2 cannot occur
indefinitely.So, after finitely many case 2, we can always get some nk, so that nk1=4nk+1, mi >n2 >
.. >Nk, N2, nk1€ Candnk € A (or € B), where nk is the first term a1 of some definite sequence
{an}in S1 (or S2) ,nk1 is the 2nd term az of the sequence ,...n1 is the kth term ax,and p = 4n1 + 1 is the
k+1st term aw1 of the definite sequence {an}in S1(or S2). W

Note that all odd numbers can again be divided into three subsets : {én-31 n=1,2,3,...}, {én-11 n
=1,2,3,..}, {bn+11 n=0,1,2,3,...}.

Definition 3.3: Write D = {6n-1l n=1,2,3,...},E = {6n+11 n=0,1,2,3,...},and F ={6n-3| n=1,2,3,...}.
Since 6n-3 is divisible by 3,an odd number in F is also called a triple odd number.

Lemma 3.2: The odd number 4n-1 in A is a front odd number of the odd number 6n-1 in D, or
6n-1 is the back odd number of 4n-1,wheren=1,2,3,....

Proof: Since 3(4n-1) + 1 = 2(6n-1),the result holds. W

Note that B ={4n+1|n is 0 or even}= {8n+1In=0,1,2,3,...}.

Lemma 3.3: The odd number 8n+1 in B is a front odd number of the odd number 6n+1 in E, or
6n+1 is the back odd number of 8n+1,where n=0,1,2,3,....

Proof: Since 3(8n+1) + 1 = 22(6n+1),the result holds. W

Lemma 3.4: The triple odd number 6n-3 in F cannot be a back odd number of any odd number,
wheren=1,23,....

Proof: Suppose that 6n-3 is a back odd number of some odd number p=2m-1.Then 3(2m-1)+1 =
2¥(6n-3) holds for some positive integer k. At this point, the right side 2%(6n-3) of the equation is
divisible by 3, while the left side 3(2m-1)+1 of the equation is not divisible by 3. Contradiction. M

Theorem 3.5:There exists a bijection f1: f1 (D) =51, such that for any 6k-1 € D,f1(6k-1) = {an}
= {anlai=4k-l,an= 4an1+l n=234,..}€ S k=1.23,.., where all front numbers of 6k-1 are exactly
all terms of the sequence {an},and 3an + 1 =22"1(6k-1) (n=1,2,3,...);conversely, all terms of the sequence
{an} have the unique back number 6k-1.

Proof: By Lemma 3.2,for a definite positive integer k,the first term 4k-1 of the sequence {an} is a
front odd number of the odd number 6k-1.Then by Corollary 2.2, each term of {an} is a front odd
number of 6k-1,and 3an + 1 =221(6k-1) (n =1,2,3,...).We prove that any front odd numbers of 6k-1 is
contained in this sequence {an}.

If an odd number p is not in {an},then by theorem 3.1,p is a term of some other sequence {bn}.We
prove that p cannot be a front odd number of 6k-1.

Case 1:{ba} € S1.Then the first term of {bx} is bi,and b1 = 4s-1,where s is a definite positive integer
with s # k. As above, each term of {bx} is a front odd number of 6s-1.So,p is also a front odd number
of 6s-1.By Theorem 2.3,6s-1 is the unique back odd number of p.Since s # k,6k-1 cannot be a back odd
number of p.In other words,p cannot be a front odd number of 6k-1.

Case 2:{bn} € S2.Then b1 = 8s+1,where s is 0 or a definite positive integer.Then by Lemma 3.3,b:
=8s+1 is a front odd number of 6s+1.Then by Corollary 2.2, each term of {bx} is a front odd number of
6s5+1.S0,p is also a front odd number of 6s+1.SinceD N E=(J,6k-1 € Dand 6s+1 € E,6k-1+#6s+1.By
Theorem 2.3, 6k-1 cannot be a back odd number of p.In other words,p cannot be a front odd number
of 6k-1.

Therefore, any front odd numbers of 6k-1 is contained in this sequence {an}.So,for any odd
number 6k-1 in D,f1(6k-1) = {anla1=4k-1,an= 4an1+1 ,n=2,3,4,...},where k=1,2,3,....

Conversely, by Theorem 2.3,for any sequence {an} = {anlai=4k-1,an= 4an1+1,n=2,3,4,...} in Sy,all
terms of the sequence {an} have the unique back odd number 6k-1.So,fr!({anla1 = 4k-1,an= 4an1
+1 n=2,34,...}) = 6k-1,where k= 1,2,3,.... To sum up,we obtain that f1(D) =Siis a bijection.ll

Examples:Take k = 1,f1(5) = {an}:3,13,53,213,.... Each term of {an} is a front odd number of 5 €
D.Take k = 2,f1(11) = {an}:7,29,117,469,.... Each term of {an} is a front odd number of 11 € D.etc.
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Theorem 3.6:There exists a bijection f2: f2 (E) =Sz, such that for any 6k+1 € E,f2(6k+1) = {an}
= {anla1=8k+l,an= 4an1+1,n=2,34,..}€ S2,k=1,2,3,.., where all front numbers of 6k+1 are exactly all
terms of the sequence {an},and 3an + 1 =22(6k+1) (n=1,2,3,...);,conversely, all terms of the sequence {an}
have the unique back number 6k+1.

Proof: Following the method proved in Theorem 3.5,the result holds. l

Examples: Take k = 0, f2(1) = {an}:1,5,21,85,....Each term of {an} is a front odd number of 1 €
E.Take k=1, f2(7) = {an}:9,37,149,597,....Each term of {an} is a front odd number of 7 € E.etc.

Corollary 3.7: There exists a bijection f: f (D U E) =S1 U Sz , where if an odd number p €
D,then define f(p)= fi(p)andif p € Ethen define f(p)= f2(p).

Proof: SinceD N E=@,and S1 N S2=J,by Theorem 3.5 and Theorem 3.6, it is immediate. W

4. Successful Odd Sequence Set H

This paragraph gives such an odd sequence set H that an odd number p is successful,if and only
if p is in a sequence of H.

Theorem 4.1: Let p be an odd number and q = 4p+1.Then

(1)ifp € E, thenq € D;

(2)ifp € D,thenq € F;

@)ifp € F,thenq € E.

Proof: (1) Since p € Elet p = 6k+1, where k is 0 or a definite positive integer. Then q = 4p+1 =
4(6k+1)+1 = 24k+5 = 6(4k+1)-1,s0q € D.

Since p € D,let p = 6k-1,where k is a definite positive integer.Then q = 4p+1 = 4(6k-1)+1 = 24k-3
=6(4k)-3,s0q € F.

(3) Since p € Flet p = 6k-3, where k is a definite positive integer. Then q = 4p+1 = 4(6k-3)+1 =
24k-11= 6(4k-2)+1,s0q € E.N

Remarks: For a sequence {an} € Si,a1=4k-1 € A. And all odd numbers in A are {4k-1}:3,7, 11,
15,19, 23, ...; where 3,15, ... € Fand7,19,... € E,and 11,23, ....€ D.

For a sequence {an} € Sz, a1 = 8k+1 € B. And all odd numbers in B are {8k+1}:1, 9, 17, 25, 33,
41,...; where 9, 33,...€ F,and 1, 25,...€ E,and 17,41, ..€ D.

That is, the first term a1 can be any one in three odd subsets D,E,F, whether the sequence {an} €
Sior{an}€ S2.

Theorem 4.2: Let {an} € Sior {an} € Sz, if a1 € E, then ask2 € E,ask1 € D,ask € F,where k =
1,2,3,..;

(2)ifa1 € F, thenax2 € Fax1 € Eax € Dwherek=1,23,..;

(3)ifar € D, thenas2 € D,ask1 € F,asx € E,wherek=1,23,....

Proof: This is a direct corollary of Theorem 4.1.H

Remark: According to Theorem 4.2, any term of a sequence {an} in S1 or S2 can belong to any one
in three odd subsets D,E,F.

Collatz sequences now under discussion are Collatz odd sequences, so the following definition
is given.

Definition 4.1: If px,px1,...,p1,1 is a Collatz odd sequence with k odd numbers other than 1, then
we say that px is k steps successful; and it is specified that the odd number 1 is 0 step successful.

Example: 11, 17, 13, 5, 1 is a Collatz odd sequence given in § 2. Then we have: odd 5 is 1 step
successful, 13 is 2 steps successful, 17 is 3 steps successful, and 11 is 4 steps successful.Specially,1 is 0
step successful.

Corollary 4.3: If p is a front odd number of q,p # 1 and q is k steps successful, then p is k+1 steps
successful. Specially,p =1 is 0 step successful.

Proof: This is a direct consequence of Definition 4.1.H

Note that in the following,f1,f2 and f are the three bijections given in Theorem 3.5, Theorem
3.6 and Corollary 3.7,where f (D) = f1 (D) = Syand f (E) = f2 (E) = S2.For simplicity,if R
is a sequence set,a sequence {an} € R,and ai€ {an} is a term of {an},then write ai € R.Ifai € R and
ai € D, thenwriteai € R N D,etc.

doi:10.20944/preprints202305.2161.v2
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In the following, by a recursive method, we construct such a sequence set H that an odd number
p is successful, if and only if p is in a sequence of H.

By Theorem 3.6 and Corollary 3.7,since 1 € E, f(1)= f2(1) = {an}:1,5,21,85,341,...€ S..

Write Hi={f(1)} = {f2(1)}={{an}:1,5,21,85,341,...}, where Hiis a sequence set,and there is exactly one
sequence in Hu.

In this sequence of Hi, since ai=1 € E, by Theorem 4.2,asx2 € E,as1 € D,ax € F,wherek =
1,2,3,...By Lemma 3.4, asc (€ F) has no front odd number,where k = 1,2,3,.... By Theorem 3.5,for a
definite asi-1 (€ D),there is the unique odd sequence {bn} € Si such that fi(ask1) = {bn},where k =
1,2,3,..,and each term of {bn} is a front odd number of ask.1. By Theorem 3.6,for a definite as2 (&
E),there is the unique odd sequence {cn} € Sz such that f2(ask2) = {cn},where k=1,2,3,...,.and each term
of {cn} is a front odd number of ask-.

Write Hz= {fi(p)| p € Hi N D} U {fo(p)l p € H1 N E and p # 1 }.Note that (H1 N D)U
(Hi N E)y=Hi1 N (D U E) .By Corollary 3.7, H2={f(p)lp € Hi N (D U E) andp # 1}.(Note that
the removal of f(1) = f2(1) in Hz is to prevent the sequence that appeared in Hi from reappearing in
H2.)

Write Hs={fi(p)l p € Ha N D} U {fo(p)lp € H2N E}={f(p)lp € H2N (D U E)}.

Assume that the sequence set Hnx has been formed.

Write Hoa ={f(p)l p € Ha N (D U E)}.

Now the sequence sets Hi1 ,H2 ,Hs,...,,Hn,... have been constructed.

Write H= U;_; Hn.

Remark: To get an intuitive sense of the composition of the set H, several sequences in Hi,H2and
Hs are given here according to Theorem 3.5 and Theorem 3.6.

The unique sequence in Hi is f(1) = f2(1) = {an}:1,5,21,85,341,1365,....

Note that H2= {f1(p)| p € Hi N D} U {fz(p)l p € Hi1 N E and p #1 }.In the sequence {an} of
Hi,as =21 ,a6=1365,... (€ F)have no front odd number.Since p =5,341€ Hi N D,by Theorem 3.5,/
1(5) = {bn}:3,13,53,... € Ha,f1(341) = {bn}:227,909,3637,...€ Hz.And sincep=85 € Hi N Eand p=85=#
1,by Theorem 3.6,/2(85)= {bn}:113,453,1813,...€ Hz. And so on. And see Hs.Hs = {f1(p)| p € H2 N D}
U {f2(p)l p € H2 N E }.Because f1(5) = {bn}:3,13,53,... € Hz, where 3 (€ F) has no front odd
number,13 € H2 N Eand 53 € Hz: N D,so,by Theorem 3.6, f2(13) = {cn}: 17,69,277,...€ Hs,and by
Theorem 3.5,f1(53) = {cn}: 35,141,565,...€ Hs.Because f1(341) = {bn}:227,909,3637,...€ Hz, where 909
(€ F) has no front odd number, 227 € H> N D,and 3637 € Hz N E,so,by Theorem 3.5,f1(227) =
{cn}: 151,605,2401,... € Hs, and by Theorem 3.6,/2(3637) = {cn}: 4849,19397,77589,...€ Hs.Because f
2(85)= {bn}:113,453,1813,... € Hz,where 453 (€ F) has no front odd number,113 € H2 N D,and 1813
€ H: N E, so,by Theorem 3.5, f1(113) = {cn}: 75,301,1205,... € Hs,and by Theorem 3.6,f2(1813) = {cn}:
2417,9669,38677,... € Hs.And so on.

Theorem 4.4: (1) There are no identical sequences in all sequences of H = Uy_; Hn.And no two
different sequences in them have the same term.

(2) All terms of any sequence in Hx are n steps successful, wheren=1, 2, 3, ...,except for the odd
number 1 in Hi.

(3) If an odd number p is successful, then p must be in some sequence of the sequence set H.

Proof: (1) Induction. Because Hi= {f(1)} and Ho={f(p)| p € Hi N (D U E) andp # 1},s0 Ha
UH ={fp)lp € HHn (D UE }

Because Hi = {f(1)} is a sequence set = {{an}:1,5,21,85,341,1365,...},and it has not the same
term,so, there is no same odd numberinH: N (D U E) . Since f is a bijection,all sequences in H1 U
H: are not identical to each other.Then since H1 U H2 € S1 U Sz,by Theorem 3.1,no two different
sequences in Hi1 U H: have the same term.

Consider Hs={f(p)| p € H2 N (D U E)L.Then HiUH2UHs={f(p)| p € Hi N(D U E) }U{f
Pp)lp € Hn (D UE)}={/(plp e HUH2)N(DUE)}.Since no two different sequences in Hi
U H: have the same term,there is not the same odd number in (H1UH2) N (D UE).Since f is a
bijection,all sequences in Hi UH2U Hs are not identical to each other.By Theorem 3.1,no two different
sequences in Hi U H2UHs have the same term.

doi:10.20944/preprints202305.2161.v2
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Suppose all sequences in Uy, Hk are different from each other, and no two different sequences
have the same term.

Consider Hi={f(p)l p € Hn N (D U E)}.Then UXIH={f(p)l p € Hi N(D U BEX}U{f(p)!
pEHNDUE) U.U{f(p)lp € HN (D U E)}={f(p)l p € (U}, Hy)N(DUE)}.By the
inductive assumption,no two different sequences in Uj}_; Hx have the same term.So,there is no same

odd number in (U}-; Hx) N (DUE).Since f is a bijection,all sequences in U}] Hx are not identical to

each other.By Theorem 3.1,no two different sequences in U}X] Hx have the same term.

(2) Induction. First of all, all terms of the sequence in Hi are the front odd numbers of the odd
number 1. By Definition 4.1,all terms of the sequence in Hi are 1 step successful,except for the odd
number 1.

Consider any sequence {an} in H2.Then H2={f(p)| p € Hi N (D U E) and p # 1}.So,there is
a definite odd number g,such thatq€ Hi N (D U E),q # 1, and f(q) = {an}.Note that all terms of
{an} are all front numbers of q,and q € Hi,q # 1is 1 step successful.By Corollary 4.3, all terms of
{an} are 2 steps successful. Therefore,all terms of any sequence in Hz are 2 steps successful.

Assume that all terms of any sequence in Hn are n steps successfuln = 2.

Consider any sequence {bn} in Hr1.Then Haa={f(p)| p € Hn N (D U E) }.So,there is a definite
odd number g,such that q€ Hn N (D U E), and f(q) = {bn}.By the inductive assumption, ¢ € Hn
is n steps successful.Note that all terms of {bx} are all front numbers of q.By Corollary 4.3, all terms of
{bn} are n+1 steps successful. Therefore,all terms of any sequence in Hx+1 are n+1 steps successful.

(3) Firstly,the odd number p =1 is 0 step successful,Ll € Hi.Now let p # 1.Since the odd
number p is successful, there must exist some positive integer n,such that p is n steps successful.lt is
enough to prove that p must be in some sequence of Hx.

Induction. Look at n=1.Let p be 1 step successful. Then p # 1.And let Collatz odd sequence of
p be p,1.Then p is a front odd number of 1.Note that Hi={f(1)} = {{an}:1,5,21,85,341,...},and f is a
bijection,so,all front odd numbers of 1 belong to Hi.So,p € Hu.

Look at n =2.Let p be 2 steps successful. And let Collatz odd sequence of p be p ,p1,1.Then the
odd number p1is 1 step successful,and p1 # 1.As above,p1 € Hi and p1 # 1.Because p1 has the
front odd number p,sopr € D U Eandpr € HiN (D U E) and p1 # 1.Note thatHz> ={f(q)| q
€ Hhn (D U E) andq # 1},then f(p1) € Hz,where f(p1) is a sequence of H2.And f(p1) contain
all front odd numbers of p1,and p is a front odd number of p1.So,p € f(p1) € He.

Assume that the result holds for n = k,that is, if the odd number p is k steps successful, then p
€ H«

Now let n = k+1,that is, the odd number p is k+1 steps successful.And let Collatz odd sequence
of the odd number p be p,px,px1,...,p1,1. Then the odd number pxis k steps  successful. By inductive
assumption, p« € Hk.Because p« has the front odd number p,sopx€ D U Eandpx € Hc N (D U
E) .Note that Hia ={f(q)l q € H« N (D U E) },then f(px) € Hw1, where f(px) is a sequence of
Hia.And f(px) contain all front odd numbers of px,and p is a front odd number of px.So,p € f(px) €
Hi.H

§ 5. Possibility of Not Successful Odd Sequence Set

Remark: From Theorem 4.4, it follows that every term of every sequence in H = Up_; Hn is
successful, and every odd number that is successful must be in one of these sequences of H. Therefore,
to prove that all odd numbers are successful, it is sufficient to show that every odd number is in one
of these sequences of H.

Lemma 5.1: (1) If p is a front odd number of g,and the odd number q is not successful, then the
odd number p is also not successful.

(2) If r is a back odd number of q,and the odd number q is not successful,then the odd number r
is also not successful.

Proof: (1) First, since q is not successful, q # 1. Assume that the odd number p is successful,then
there exists a positive integer k,such that p is k steps successful. And by Theorem 2.3, q is the unique
back odd number of p. Then, by Definition 4.1, k> 1,and q is k-1 steps successful. Contradiction.
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Assume that the odd number r is successful,then there exists a positive integer m, such that r
is m steps successful, so q is m+1 steps successful. Contradiction. ll

By Theorem 3.1, any odd number is a term of only one sequence in S1 U S.

Lemma 5.2: If an odd number p is not successful,and p is a term of some sequence {an} in S1 U
Sy,then all terms of {an} are not successful.

Proof: From Theorem 4.4, it follows that all odd numbers in the sequence set H are successful.
Since the odd number p is not successful, p is not in H.And the odd number p is a term in some
sequence {an}.Since H is the sequence set, that sequence {an} is also not in H. In the other words, all
terms of {an} are not in H. By Theorem 4.4, all terms of {an} are not successful. ll

Remarks:(1)In a Collatz odd sequence,if there is a situation like q1,q2,...,qx,qi,where qi,qz,...,qx are
different from each other,and the odd number q: recurring,then we call these k odd numbers to form
a k-cycle.In fact,it is impossible to have such a k-cycle in a successful Collatz odd sequence.Because
there must be a positive integer s for a successful odd number qiso that qi is s steps
successful,so,there is a Collatz odd sequence qi,ps1,ps2,...,p1,1.

Assume qi is in a k-cycle qi,qz,...,qr,qi.Then qi has a Collatz odd sequence qi,qz,...,qr,pypr
1,..,p1,1,where q2= ps,...,qr = prv1,1 = r = kr is a definite integer.Then grhas 2 back odd numbers
gr+1and py,where if r = k then gr+1= g1 = qi,and if r = 1,then pt = ps1.By Theorem 2.3, this is impossible.

(2)Assuming that p1is not successful,and p1is in a k-cycle p1,pa,...,px,p1.Then by Theorem 2.3,
Collatz odd sequence of these k odd numbers is the k-cycle,and any one of these k odd numbers can
not appear in other j-cycle.And these k odd numbers are not successful.

(3)Let p be a front odd number of q.Then there exists a positive integer i,such that 3p+1 = 2iq.If i
=1,then q = Bp+1)/2>p.Ifi = 2then q= (3p+1)/2' < p.Note that any odd number is a term of some
sequence in S1 U $2.By Theorem 3.5,for any sequence {an} = {anlai= 4k-1,an= 4an1+l n=2,34,..}E
S1,3an + 1 =221(6k-1) (n=1,2,3,...),where any term of {an} is a front odd number of 6k-1.And when n
=],thatis,i=2n-1=1,6k-1>a1.Whenn = 2,thatis,i=2n-1 = 3,6k-1 <an.And by Theorem 3.6,for any
sequence {an} = {anla1= 8k+1,an= 4an1+l n=2,34,..}€ S5z3an + 1 =22(6k+1) (n = 1,2,3,...),where any
term of {an} is a front odd number of 6k+1.When n=1,2,3,...,thatis,i=2n = 2,6k+1 <an.

Lemma 5.3:(1)There are no 2-cycles in Collatz odd sequences.

(2)There are no 3-cycles in Collatz odd sequences.

Proof: (1)Suppose that there is a 2-cycle qi,qz,q: in Collatz odd sequences.Let qi < q2.Because q:
is a front odd number of q,s0 there is a positive integer i,such that 3qi+1 = 2iq2.By Remark(3) above,i
= 1,that is,3qi+1 = 2q2.And because qz is a front odd number of qi,so there is a positive integer j,such
that 3q2+1 = 2iqui.e,(3q2+1)/2) = q1.By Remark(3) above,since q2> q1,j = 2.But (3q1+1)/2 = qz.When j =
2,(3q2+1)/21 =(3((3q1+1)/2)+1)/22 = (9q1+5)/8 > qu.When j = 3,(3q2+1)/20 = (3((3q1+1)/2)+1)/23
(9q1+5)/16 < q1.That is to say, (3q2+1)/2] # q1.So,there are no 2-cycles in Collatz odd sequences.

(2)And suppose that there is a 3-cycle q1,q2,q3,q: in Collatz odd sequences.Let qi1 < qzand qi <
qs.The following are divided into two cases.

Case 1: q2> qa.Since q1 < qz.and q1 is a front odd number of qz,by Remark(3) above,3qi+1
2qz,i.e,(3qi+1)/2 = q2.Since q2> g3,and q2 is a front odd number of qs,3q2+1 = 2igs,i.e,(3q2+1)/2i = gs,where
i = 2.Since g3> qi,and s is a front odd number of q1,3qs+1 = 2iqi,i.e,(3qs+1)/2i = qi,where j = 2.But
(3qr1)/2 = (3qr+1)/22= (3( (BqrrL)/2)1)/22 = (3( (Baz1)/22)+1)/22 = (9qz+7)/16 = (((3qr+1)/2)+7)/16 =
(27q1+23)/32 < qi.(Note that because small odd numbers must be successful,and odd numbers in k-
cycle are all not successful,so,we can set qi > 99.) That is to say,(3qs+1)/2i # qi.Contradiction.

Case 2: q2 < ga.Since q1 < qzand qi is a front odd number of q2,by Remark(3) above,3qi+1 =
2q2,i.e,(3q1+1)/2 = q2.Since q2< gs,and qz is a front odd number of g3,3q2+1 = 2q3,i.€,(3q2+1)/2 = g3.Since
s> qi,and qs is a front odd number of q1,3qs+1 = 2iqyi.e,(3qs+1)/2! = qi,where i = 2.But (3qst+1)/2i=
(3((3qz+1)/2)+1)/2t = (9q2+5)/2i =(9((Bqu+1)/2)+5)/2*1 = (27q1+19)/2i+2,

wherei = 2.And wheni=2,(3qs+1)/2i= (27q1+19)/2#2 = (27q1+19)/16 > qu.wheni = 3,(3qs+1)/2i=
(27q1+19)/2#2 = (27q1+19)/32 < qi,where set 1 > 99. That is to say,(3qs+1)/2! # qu.

Contradiction.

So,there are no 3-cycles in Collatz odd sequences.
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Remark:The same method can be used to prove that there are no 4-cycles,5-cycles,etc.But there
are too many cases to consider,and it will not go on.Later,in Theorem 5.5,we will prove that the k-
cycle does not exist.

Remark:Suppose that an odd number qi is not successful. Then a Collatz odd sequence
qu92...,qn,...can be obtained,where g is the unique back odd number of qii = 1,2,3,...By Lemma
5.1,each odd number in the Collatz odd sequence is not successful.In this point,there exist two cases
for the Collatz odd sequence q1,qz,...,qn,...

Case 1:All odd numbers of the Collatz odd sequence qi,qz,...,qn,... are different from each other.

Case 2:qu,q...,qkqw1,qe2 are different from each other,and qws is an odd number in
q1,qz,...,qx2,such as,qws = qa.Then q3,q4,...,qw2,qs is a k-cyclek = 4.(k = 4 is because the non-
existence of 2-cycle and 3-cycle has been proved in Lemma 5.3.)And the Collatz odd sequence
q1,92--,qn,-.. is changed to q1,q2,93,...,qk qk+1,qk+2,G3, .., qk, qk+1,qk+2,G3,...,by Theorem 2.3,here this k-cycle
keeps appearing repeatedly.For convenience,in the following, the Collatz odd sequence has been
replaced with ri,12,q1,92,G3,...,q,q1,q2,953,-.., G qL,-...

Now,As with the construction of the sequence set H,from not successful Collatz odd sequence
qy,92-.,qn,..., the following series Gn of sequence sets is constructed.In the above Case
2,q1,92-..,qn,-..has been replaced with q1,q2,9s,...,qxq1,92,93,--, Gk, q1,---

The following construction is unified for Case 1 and Case 2.In the construction of Gn, for Case
2,when n =ik + m,let qn=qmwherei=0,1,2,.,.m=12,.. k.

Firstly, we construct a sequence set Gu.

Note that each odd number in the Collatz odd sequence q1,qz,...,qn,...is not successful, and qzis
the unique back odd number of q;.

Write Gu = {f(q2)} = {{an}},where {an} € S1 U Syall terms of {an} are all front odd numbers of
qzand the odd number q1is a term of {an}.

Write Ge={f(p)l p € Gu N (D U E)L.

Write G ={f(p)l p € G2 N (D U E)}.

Assume that the sequence set Gin has been formed.

Write Ginn = {f(p)l p € Gin N (D U E)}.

Denote G1= U= Gin.

And construct a sequence set Ge.

Note that gs is the unique back odd number of qe.

Write Gz21= {f(q3)} = {{bn}},where the odd number q2is a term of {bx}.

Write Gz={f(p)l p € Gz N (D U E)}.

Write G ={f(p)| p € G2 N (D U E)}.

Assume that the sequence set Gzn has been formed.

Write Gon = {f(p)l p € Gn N (D U E)}.

Denote G2= Uy~ Gon.

So on and so forth.

Suppose again that Gn= Uy, Gnk has been constructed.In the construction of Gn,for Case 2,when
n =ik + mlet gn=qmwherei=0,1,2,... m=1,2,. k.

At this point, Gn1 has only one sequence, denoted {cn},and gn € {cn}.qn+1 is the unique back odd
number of gn.

Write Gne11 ={f(qn+2)}= {{dn}}.where the odd number gn+1is a term of {dn}.

Write Graz={f(p)l p € Gn1x N (D U E)}.

Write Gris={f(p)| p € G2 N (D U E).

Assume that the sequence set Gn+1x has been formed.

Write Gria = {f(p)l p € Gnax N (D U E)}.

Denote Gn:1= UL, Gneik.

Now Gn has been constructed recursively, wheren=1,2,3,....

Remark:For r1 and r2 mentioned in Case 2,because 12 is a front odd number of qi,and r1is a front
odd number of rzand q1 € Gu,so,r2 € f(q)) € Gz and n€ f(r2) € Gu.In other words, r1 and r2
are all in Gu.
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The following Theorem 5.4 is valid for both Case 1 and Case 2.

Theorem 5.4:(1) Any term of all sequences in the set Gn is not successful,where n=1,2,3,....

GicG: c..cGn c..., whereGiis a proper subset of Git1,i=1,2,3,....

Proof:(1)Induction for Grx,where n = 1,2,3,.... Firstly,consider Gn1.Since g is not successful, and
gn € {cn},(see Gni.)by Lemma 5.2,any term of the unique sequence {cn} in Gn1 is not successful. The
result holds for k =1.

Consider Grz = {f(p)l p € Gm N (D U E)}.Let f(q) = {bn}(€ S1 U S2) be any sequence in
GrzThenq € Gu N (D U E),and all term of {bn} are all front odd numbers of q.Since q € Gni,qis
not successful. And by Lemma 5.1(1),all term of {bn} are not successful.So the result holds when k = 2.

Assume that the result holds for k =1, that is, any term of any sequence in Gi is not successful.

Consider Grin= {f(p)| p € Gn N (D U E)}.Let f(q) = {dn}(€ St U S2) be any sequence in
Gnin.Thenq € Gni N (D U E),and all term of {dn} are all front odd numbers of q.Since q € Gni,by
inductive assumption,q is not successful. And by Lemma 5.1(1),all term of {dxn} are not successful.So
the result holds when k = i+1.

(2) First prove that G1 € Gz . Look back at the construction of Gz.Note that Gi1= {f(q2)}

= {{an}}, where {an} € S1 U Sz,and the odd number qiis a term of {an}.Gz1= {f(qs3)} = {{bn}},where
{bn} € S1 U Szand the odd number qzis a term of {bn}. G2 = {f(p)l p € Ga N (D U E)}.Since q2
€ {bn} € Gzrand f(q2) = {an},(any term of {an} is a front odd numbers of q2.)qz € Gz N (D U
E).Thus f(q2) € Gz,i.e, Gu c GzBecause Gz ={f(p)l p € Gu N (D U E)land Gzs={f(p)l p €
Gz N (D U E)}, and(Gin N (D U E))c (G2 N (D U E)),50,Gi2 € Gz3.By analogy,it follows that
Gz C Gat,...,,.Gin C G2, etc.

Since G1=GnUGnU...UGnU..G=Ga1UG2U...UGxnUGznm U ... So Gi € G2.0bviously,Gr is a
proper subset of Gz. By analogy, Gzc Gsc...c Gnc ...H

Theorem 5.5:Case 2 cannot exist,that is,there are no k-cycles in not successful Collatz odd
sequence.

Proof: Firstly,for Case 2,by Theorem 5.4,G1 € G2 c ... € Gks1,where Gi is a proper subset of Gi,i
=1,2,...,k.50,G1 is a proper subset of Gk+1, On the other hand, consider the constructions of Gk+1 and
Gi.Note that Giat = {f(qe2)}, where qi2 = q2.50,Gr1 = {f(q2)}.But Gur = {f(q2)},50,Gr11 = Gi.And
because Gr2={f(p)lp € G11 N (D U E)}={f(p)lp € Gu N (D U E)},and G={f(p)l p €
Gu N (D U E)}, s0,Gi2 = GuzBy analogy,Gkai = Gi,where i = 3,4,5,...Thus,G1 = U;—;Gin =
Up=1 Gein= Gia. Contradiction. Case 2 cannot exist. ll

Next, we just need to discuss Case 1.Consider Gu first.

Theorem 5.6:If q1,q2,...,qn,...is the Collatz odd sequence in the construction of Gn,where all odd
numbers of the Collatz odd sequence are different from each other,then

(1)q2 € Gii,wherei=1,2,3,....

(2)There are no identical sequences in the sequence set U;Z; Gii,and no two different sequences
in Ui, Gii have the same term.

Proof:(1)Firstly,Gi1= {f(q2)} = {{an}},where all terms of {an} are all front odd numbers of qz.Because
qzis not successful,so,q27 1, and by Theorem 2.4,q2 ¢ Gi1.Suppose that q2is a term of some sequence
{dn} in some Gi,where i = 2 is a definite integer.Since Gii = {f(p)| p € Guia N (D U E)}there
exists a definite odd number s € Gii1 N (D U E),such that f(s) = {dn},and all terms of {dn} are all
front odd numbers of s.But qs is the unique back odd number of q2 (€ {dn}),s0,qs=s € Gui1.By
analogy,q: € Giiz...,q € Gi,qn € Gu.But Gu={f(q2)} = {{an}},where all terms of {an} are all front
odd numbers of q2.50,qz2is a back odd number of gi#1(E {an}).Then gi+1 has two back odd number
q2,qi2(# qz),wherei = 2.By Theorem 2.3,this is impossible.

(2)Induction.First prove that the result holds for G U Gu.Note that Gu = {f(q2)} = {{an}}= {f
P)!p € {gt N (D U E)land Gz={f(p)l p € Gu N (D U E)|.So,Gu U Gu={f(p)l p € (g}
U Gu)n (D U E)}By (1),q2 ¢ GuAnd ({g2t U Gu) N (D U E) has not the same odd
number.Because f is a bijection,so,there are no identical sequences in the sequence set Gn U
GuzThen since Gi1 U Gz € S1 U Sz,by Theorem 3.1,no two different sequences in Gu U Gz have
the same term.
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Consider Gz = {f(p)l p € Gz N (D U E)L.Then UL, Gu = {f(p)l p € ({qg}U Gu)N (D U
E)) U {f(p)l p € G2 N (D U B)} = {/(p)! p E(1q:}U GnU Giz) N (D U E)}By (1),q: & Gun U
G12.And because there is no same odd number in Gi1U Giz,s0, there is no same odd number in ({q2}
U GuU Grz) N (D U E).Because f isabijection,so,there are no identical sequences in the sequence
set Ui3=1 Gii.Then by Theorem 3.1,no two different sequences in U?=1 G1i have the same term.

Assume there are no identical sequences in the sequence set UjL; Gi,and no two different
sequences in U}, Gii have the same term,i e.there is no same odd number in U}, G1i.

Note that U G = {f(p)| p €({q2} U(UL,61)) N (D U E)}.By (1),q2 € UG By the
inductive assumption, there is no same odd number in U}, Gu.So,there is no same odd number in
(g2t U (U1 Gu)) N (D U E).Because f is a bijection,so,there are no identical sequences in the
sequence set U™ Gii.Then by Theorem 3.1,no two different sequences in U Gii have the same
term.H

The same method can be used to prove the following Theorem 5.7.

Theorem 5.7:If q1,qz,...,qn,...is the Collatz odd sequence in the construction of Gn,where all odd
numbers of the Collatz odd sequence are different from each other,then forn=2,34,...,

(1)gn+1 € Gni,wherei=1,2,3,....

(2)There are no identical sequences in the sequence set U;2; Gni,and no two different sequences
in U4 Gni have the same term.ll

§ 6. Final Results

In order to make a comparison between the sequence sets H and G, another construction
method of H is introduced here.

Let the odd number qibe k steps successful. And let qi,qz,...,.qx1 (here set qx1=1)be the Collatz
odd sequence.

Next the following series Ti of sequence sets is constructed,wherei=1,2,... k.

Firstly, we construct a sequence set T1.

Note that each odd number in the Collatz odd sequence qi,qz,...,qx,1 is successful,and q: is the
unique back odd number of qi.

Write Ti1= {f(q2)} = {{an}},where {an} € S1 U Sz,and the odd number qiis a term of {an}.

Write Tz = {f(p)| p € Tu N (D U E)}.

Assume that the sequence set T1in has been formed.

Write Tina = {f(p)l p € T N (D U E)}.

Denote T1= Up-; Tin

Note that g3 is the unique back odd number of qa.

Write T21= {f(qs3)} = {{bn}},where {bn} € S1 U Sz,and the odd number qzis a term of {bn}.

Write T2 ={f(p)| p € Ta N (D U E)k.

Assume that the sequence set Tzn has been formed.

Write Ton1 = {f(p)l p € T2a N (D U E)}.

Denote T>= U;-; Ton.

So on and so forth.

Suppose again that Ti = Uy, Tin has been constructed,where i = 3,4,... k-2.

At this point, Tii has only one sequence, denoted {cn},and qi € {cn}.qin1 is the unique back odd
number of g

Write Tin = {f(qir2)}= {{dn}},where {dn} € S1 U Szand the odd number gi+1is a term of {dn}.

Write Tinz = {f(p)l p € Tina N (D U E)}L

Assume that the sequence set Ti«1j has been formed.

Write Tiju = {f(p)l p € Tirj N (D U E)}.

Denote Ti+1 = U;';l Tisj.

And consider i = k-1.Then qi2 = qui= 1,Ting = Tia = {f(qi2)} = {f(1)},where f(1) is the odd
sequence {en}:1,5,21,85,341,...,qiv1 = qx is a term of {en}.

Write Te={f(p)| p € Tu N (D U E)andp # 1}

Assume that the sequence set Ty has been formed,wherej = 2.
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Write Tk = {f(p)l p € Ty N (D U E)L

Denote Tx= UjZ; Tk.

Remarks:(1)Note that Tx = H,that is,the sequence set H in § 5 can also be constructed by the
above method,and this process is the same as the generation process of Gn.

(2)See § 5.Consider the constructions of Gi and Gz.G11= {f(q2)},and Gz1= {f(qs)} = {{bn}}, where the
odd number q2is just a general odd number in the sequence {bn} of G21, orin Gz N (D U E).Gu=
{f(q2)} grows in the front odd number direction (let's say) to obtain a Gi. While there are infinitely
many odd numbers in Gz N (D U E),and G: is obtained by growing the infinitely many odd
numbers of Gz N (D U E) in the front odd number direction.Where each odd number in Ga1 N
(D U E)also generates a sequence set equivalent to G1.Thus,G: is "infinitely many times" larger than
Gr.

Similarly, for n = 3,4,...,Gn is "infinitely many times" larger than Gn-1.It can also be obtained for i
=1,2,..,k-1,Tiis "infinitely many times" larger than Ti.

(3)By the constructions of Gn and Ti the difference between sequence set Gn and the sequence set
Tiis that all terms of all sequences in Ti are successful,so when it grows in the back odd direction (let's
say ),it stops at odd number 1 to obtain Tk = H; while all terms of all sequences in Gn are not successful,
so as n increases infinitely, Gn is endlessly expanding at a great speed. From Theorem 4.4, we know
that the sequences in H are not identical to each other,and no two sequences have the same term (odd
number).So H can be regarded as a set of odd numbers.Similarly,from Theorem 5.7, Gn can also be
regarded as a set of odd numbers. From the above, it is obtained that as a set of odd numbers, H is a
definite set of odd numbers, and as n increases infinitely, rlll_rgo Gr is an indeterminate set of odd

numbers.

Theorem 6.1: Any odd number is successful.

Proof: Let the set of all odd numbers be Q.Consider H as a set of odd numbers. By Theorem
4.4,the set of all successful odd numbers is H.Suppose there is an odd number that is not
successful.And let the set of all not successful odd numbers be G. then GNH =0,and GUH =Q.

From Theorem 5.4 and Theorem 5.7,suppose there is an odd number that is not successful,then
the sequence set Gn ,which is regarded as the set of odd numbers, can be obtained. And it is known
that any odd number of Gn is not successful. And from the above remark (3), 111_{130 Gn is an

indeterminate set of odd numbers. Because Gnc G,wheren=1,2,3,...,s0 lim Gnc G,and the set G of
n—-oo

all odd numbers, those are not successful ,is also an indeterminate set of odd numbers.And the sets
of odd numbers H and Q are both definite sets of odd numbers. So the equation G U H = Q does not
hold, contradiction.Thus,G = J, H = Q,and any odd number is successful.

Remark:Treat each odd number in the set H as a vertex.Then connect an edge between any two
odd numbers (vertices) in H that have a front and back odd number relationship.In particular,connect
an edge between odd number 1 and any other odd number in the odd number set Hi except for odd
number 1.At this point,H can be regarded as a tree with an odd root 1.We call it the H-tree.This H-
tree contains all odd numbers.Because any triple odd number has no front odd number,each odd
number in the triple odd number set F is a leaf of this H-tree.

Theorem 6.2: Any positive integer is successfuli.e.,Collatz conjecture holds.

Proof: See Remark at the top part of §2.H

Problem:For any odd number p,how to get a integer k with a formula,so that p is k-steps
successful,or,p € Hxin H.
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the paper in its current form.
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