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Abstract: The results of measuring the capacity of a thin-film solid-state lithium-ion battery (SSLIB) 

2Ti | Si @ O @ Al | LiPON | LiCoO | Ti  at different charge currents are reported. It is shown that the 

dependence of the capacitance on the current density follows the Peukert's law, which is 
characterized by a low value of the Peukert’s exponent in the region of low currents and a high 
value of the exponent in the region of high currents. A capacity model for a SSLIB based on the 
balance of diffusion and migration currents is proposed and the dependence of the capacity on the 
charge current is derived. The obtained dependence is well approximated by Peukert's law with an 
exponent of 1.39, which is intermediate between the exponents for lithium-ion batteries with liquid 
electrolyte and SSLIBs. 

Keywords: all-solid-state lithium-ion batteries; Peuckert’s law; battery model; Peuckert’s exponent 
 

1. Introduction 

Solid-state thin-film lithium-ion batteries (SSLIB) are an important, and at the same time very 
specific, type of rechargeable chemical power source [1] In the last decade simultaneously with the 
expansion of the scope of SSLIB application was observed a steady growth in the number of studies 
aimed at increasing their capacity. Some types of SSLIB, including thin-film structures 

2Ti | Si @ O @ Al | LiPON | LiCoO | Ti  and x 2 5Ti | Si@ O@ Al | LiPON | Li V O | Ti , were the objects of our 

recent studies [2–4]. SSLIB tested at room temperature, under various charge-discharge rates. With 
an increase in the charging current, was observed a reduction in the capacitance, well described by 
the Peukert’s law [5] 

AQ
Iα

=  (1)

where Q is the battery discharge capacity, I is the discharge current, A is empirical constant, and α is 
Peukert’s exponent. For lithium-ion batteries this parameter varies between 1.00 and 1.28 [6]. 
However, SSLIB is characterized by a sharper decrease in capacitance with increasing current and, 
accordingly, a higher value of the Peukert exponent 1.9α= . Peukert's law, empirically withdrawn in 
1987 and valid for a narrow range of currents and temperatures [6‒9], remains in the spotlight to this 
day, since it is directly related to the actual problem of battery control. For batteries operating in 
extreme conditions, such as in vehicles, an adequate model is required that can predict the behavior 
of the battery in any circumstances [10]. To build and implement a battery control algorithm, a 
method for estimating the state of charge (SoC) is needed, since all parameters of the battery model 
depend on this factor. Plenty of works are devoted to this issue, a review of which can be found e.g. 
in [11,12]. A number of approaches to estimating SoCs, for example, [13] are based on the calculation 
of ampere-hours, which requires an accurate determination of the Peukert’s law parameters. 
Therefore, the number of studies devoted to modeling lithium-ion batteries and calculating the 
parameters of the Peukert's equation continues to grow steadily. 
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As a rule, battery models that follow Peukert's law are phenomenological in nature, i.e. based 
on experimental regularities. In this paper, we consider a simplified battery model based on the 
equations for the balance of diffusion and drift flows of charge carriers in a stationary mode. As will 
be shown below, the current balance condition is a certain ratio of lithium ions concentrations at the 
anode and cathode, which decreases with increasing current density. 

2. Experimental 

The below derivation of the SSLIB model is based on the experimental regularities of SSLIB 
charge-discharge. The experimental cells were manufactured according to the technology described 
in previous works, for example, in [3] and with a due account for differences in density of LiCoO2 
and Si@O@Al, as well as in thickness of their layers. Therefore, the change in potential of negative 
electrode in the course of galvanostatic cycling was negligible. Figure 1 shows galvanostatic charge 
and discharge curves for 2Ti | Si @ O @ Al | LiPON | LiCoO | Ti  cell recorded at room temperature 

with various currents. Since the discharge capacity noticeably changes with the variation in current, 
Figure 1 is presented in two panels ‒ panel a displays data at relatively small currents, from 12 to 240 
μA (which corresponds to C-rate from 0.09 to 1.77 C), panel b shows data at currents from 600 to 2400 
μA (C-rate from 4.24 to 17.7 C). 

 

Figure 1. Charge and discharge curves for 2Ti | Si @ O @ Al | LiPON | LiCoO | Ti  cell at currents: 

1 – 12 μA, 2 – 30 μA, 3 – 60 μA, 4 – 120 μA, 5 - 240 μA, 6 – 600 μA, 7 – 1200 μA, 8 – 1800 μA, 9 – 2400 
μA. Battery area is 2.2 cm2. Capacities (µA∙h) at different C-rates make: 1 — 89, 2 — 78, 3 — 69, 4 — 57, 
5 — 44, 6 — 14, 7 — 3,7, 8 — 1,7, 9 — 0,95. 

Quantitative dependence of discharge capacity Q on current I can be seen in Figure 2. It is 
noteworthy that Figure 2 shows only discharge capacity because it turned out that charge capacity 
was very close to discharge one (the Coulombic efficiency was close to 100%). Here this dependence 
is presented in bi-logarithmic coordinates to check an applicability of Peuckert equation (1). One can 
see that Q(I) dependence in this case is well described by two linear segments. At glance, both obey 
Peuckert equation however real situation is more complicated. Indeed, the exponent α in eq. (2), 
which determines the slope of the curve, in a low currents segment (from 12 to 120 μA) is equal to 
0.2, whereas for the slope of high-currents segment (from 360 to 2400 μA) the exponent is as high as 
1.9. 
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Figure 2. The dependence of discharge capacity on current Q(I) for 

2Ti | Si @ O @ Al | LiPON | LiCoO | Ti  cell at room temperature. 

3. Anode charge model 

To derive an equation that describes the dependence of capacity on current, an expression is 
needed that relates the battery capacity to the lithium concentration at the anode-electrolyte interface. 
This expression can be derived from the simplified SSLIB model shown in Figure 3. The figure shows 
the distribution of lithium atoms in the anode and in the electrolyte. If in systems with a liquid 
electrolyte and a porous anode, the reduction of lithium ions occurs in almost the entire volume of 
the anode, then in SSLIB, the reduction of Li ions takes place inside the δ-layer at the anode-LiPON 
interface (Figure 3). The reduction rate of lithium ions can be written as I Ic (0, t) /δ τ , where Ic (0, t)  is 

the ion concentration at the anode, δ is the layer thickness on the order of the lithium ion radii, and 

Iτ  is the relaxation time of the ion concentration due to reduction at the anode. The reduced atoms 

can diffuse into the anode, creating a current of density Anj , and into the electrolyte, creating a 

leakage current. Although we are not aware of any studies on the diffusion of atomic lithium in 
LiPON, there are a number of experimental facts indicating this phenomenon. For example, a leakage 
current in M|LiPON|M structures [14]. 

 

Figure 3. Stationary distribution of lithium ions concentration in the electrolyte and the instant 
distribution of lithium atoms in the anode. 
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Under the condition Ic (0) const=  (Figure 3) the rate of lithium atoms generation at the anode 

will be constant. However, in this case, the anode current can change due to the redistribution of the 
flows of lithium atoms into the anode and into the electrolyte. The flow of atoms into the anode can 
be found from the balance condition at the electrolyte-cathode interface (Figure 3) and the rate of 
lithium atoms oxidation at the cathode which is as follows  

A I An
A I

c (d, t) c (0) jδ δ
= −

τ τ
, (2)

where Aτ  is the relaxation time of the nonequilibrium concentration of lithium atoms as a result of 

their oxidation at the cathode, and Anj  is the flux density of lithium atoms into the anode. From 

relation (2), one can express the concentration of lithium atoms on the cathode 

A A
A I An

I
c (d, t) c (0) jτ τ

= −
τ δ

 (3)

Next, one can write an expression for the flux density of atoms in the electrolyte 

A A
E E

c (0, t) c (d, t)j D
d
−

= ,  (4)

where DE is the diffusion coefficient of lithium atoms in the electrolyte, and substitute equation (3) 
into (4) 

E A A
E A I An

I

Dj c (0, t) c (0) j
d
 τ τ

= − + 
τ δ 

 (5)

The flow of atoms reduced at the anode-electrolyte interface deep into the anode can be 
represented as the difference between the rate of reduction of lithium ions and the flow of atoms into 
the electrolyte 

An I E
I

j c (0) jδ
= −

τ
 (6)

With regard to (5), expression (6) transforms into the equation 

E A A
An I A I An

I I

Dj c (0) c (0, t) c (0) j
d
 τ τδ

= − − + 
τ τ δ 

 (7)

which allows to find the flux density of lithium atoms into the anode 

1
E A E

An I A
I

D Dj c (0) 1 c (0, t)
d d

−
τδ  

= − + τ δ 
 (8)

and formulate the boundary condition at the anode-electrolyte interface 

1
A E A E

A I A
Ix

c (x, t) D DD c (0) 1 c ( , t)
x d d

−

=

∂ τδ  
= − + ∂ τ δ 

  (9)

where it is considered that A Ac (0, t) c ( , t )=  . 

Condition (9) allows us to formulate the boundary value problem on lithium atoms diffusion in 
the anode as follows 
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2
A A

2

1
A E A E

A I A
Ix

A

x 0

A

c cD ;
t x

c D DD c ( ) 1 c ( , t);
x d d

c 0;
x

c (x,0) 0.

−

=

=

∂ ∂
= 

∂ ∂ 


∂ τδ   = − +   ∂ τ δ 


∂ = ∂


= 


   

(10)

The solution of the boundary value problem (10), sought for by the Fourier method, is 

2
n

A2
k D t

A n n
A I

n 1I E I n n n

2sin(k ) kdc (x, t) c ( ) 1 cos x e
D k sin(k )cos(k )

−∞

=

 
 τδ   = + −    τ τ +    

 

 


 (11)

where nk  is the nth root of the equation k tg(k) A⋅ = , defining the spectrum of eigenvalues of the 

Sturm-Liouville problem. Here E A A EA D / D ( d D )= δ δ + τ  is a so-called controlling parameter of 

the order of unity, DA is lithium diffusivity coefficient in the anode. 
Solution (11) allows to find the time-dependence of the anode charge 

( )

2
n

A2
k2 D t

I A n

n 1I E n n n n

qSc ( ) 2 sin (k )dQ(t) 1 e
D k k sin(k ) cos(k )

−∞

=

 
 δ τ  = + −   τ δ +   

 

    
(12)

Charging curve (12) is shown in Figure 4 for current density 2109 m А / cm , which corresponds 

to curve 5 in Figure 1 a. The remaining values of the model parameters are given in the caption to the 
figure. According to (12), the dependence of the total charge on the battery parameters has the form 

A
I

I E

qS dQ c ( )
D

 τδ
= + 

τ δ 
   (13)

where the complex of parameters I I chSq c ( ) / Iδ τ =  in (13) has the meaning of the charge current. 

It should be mentioned that model (13) describes only a certain section of the charge curve, on 
which the process can be considered stationary. In real cells, there are a number of factors, absent in 
model (10), that limit the value of the total charge. State of equilibrium (13) is reached only in the 
dissipative system, in this case it is a diffusion flow of lithium atoms in the direction of the cathode. 
Without leakage, i.e. at Aτ → ∞  and/or ED 0→  within the framework of the idealized model, the 

state of equilibrium is not achieved. Since the leakage current in this model has a sense of all real 
limiting factors, its parameters obtained by fitting (13) to the experimental results can be 
overestimated. 

Solution (13) yields the dependence of the total charge Q on the only variable Ic ( )  which is 

the concentration of lithium ions at the anode-electrolyte interface. This allows finding Ic ( )  

dependence on the charging current density and obtaining the relationship between the SSLIB charge 
and the current density. 
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Figure 4. Charging curve (12) at charge current density 2109 m А / cm  and equation parameters 
28

I
3.0 1c 3 cm0( ) −⋅= ; 101.3 10 m−δ = ⋅ ; I 0.57 sτ = ; 601 m.0 1 −⋅= ; 15 2 1

ED 1 m s.5 10 − −⋅⋅=

; 15 2 1
AD 1 m s.0 10 − −⋅⋅= ; A 0.001 sτ = ; 6.0d 1 m10−⋅= . 

4. Dependence of the lithium concentration at the anode-electrolyte interface on the charge 

current density 

Since below is considered the transport of lithium ions through the electrolyte and all the 
following equations refer to the segment [0,d] in Figure 3, the notation c(0)  instead of Ic ( )  is 

used. The current density through the electrolyte is the sum of the drift and diffusion currents 

E
DD E E

U dcj qD
d dx

= σ +
ε

 (14)

where Eσ  is the ionic conductivity of the electrolyte, U is the potential difference across the 

electrolyte layer, ε  is the permittivity of the electrolyte, d is the thickness of the electrolyte layer, q 
is the lithium ion charge; DE is the diffusion coefficient of the lithium ion, c is the concentration of 
lithium ions. Considering the relations E cqσ = µ  and E BD k T / q= µ  expression (14) can be written 

in the form 

El
DD B

U c dcj q k T
d dx

= µ + µ
ε

 (15)

Within the framework of a simplified model, the concentration gradient can be represented as 

dc c(d) c(0)
dx d

−
≈  (16)

while the concentration c can be set equal to the average value of the concentration in the electrolyte 
c [c(0) c(d)] / 2= + . Then the current density through the electrolyte (15) takes the form 

El
DD B

B B

qU qUj k Tc(d) 1 1
d 2 k T 2 k T

    µ
= − ρ+ +    

ε ε    
 (17)

where c(0) / c(d)ρ =  is the ratio of the lithium ions concentrations at points 0 and d. can It can be 

express from equation (17) as 

El
DD B B

B

j d / k Tc(d) (qU / 2 k T 1)
qU / 2 k T 1

µ − ε +
ρ =

ε −
 (18)

On the other hand, the current density through the electrolyte must be equal to the density of 
the electron current through the anode 
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pEl
DD

U U
j

SR
−

=  (19)

where Up is the voltage of the potentiostat. Expressing U from (19) and substituting it into (18) yields 

El El
DD B p DD B

El
p DD B

dj / k Tc(d) q(U j SR) / 2 k T 1
q(U j SR) / 2 k T 1

µ − − ε −
ρ =

− ε −
 (20)

Thus, relations (13) and (22) set up the dependence of the charge on the charging current 

El El
DD B p DD B

0 El
p DD B

dj / k Tc(d) q(U j SR) / 2 k T 1
Q(j) Q

q(U j SR) / 2 k T 1
µ − − ε −

=
− ε −

 (21)

where 

A
0

I E

qS dQ c(d)
D
 τδ

= + 
τ δ 
  (22)

The experimental (Figure 1) and theoretical (23) dependences of the capacitance on the current 
density are compared in Figure 5. 

 

Figure 5. a - The experimental dependence of capacity on current density (dots). The solid line is the 
theoretical dependence (23). b - The same curves on a logarithmic scale. Parameters of equation (23):

0Q 7.3 A h= µ ⋅ ; 2 8 3c (d ) 0 .22 10 m −= ⋅ ; 
12 2 1 11.96 10 m V s− − −µ= ⋅ ; 

6d 10 m−= ; 

101.3 10 m−δ= ⋅ ; T 300 K= ; I 0.57 sτ = ; A 0.001 sτ = ; 83ε = ; pU 5V= ; R 3717= Ω . 

Gudging by the shape of graphs in Figure 5, it is rather difficult to determine to what extent the 
experimental and theoretical dependences correspond to Peikert's law. Therefore, it is expedient to 
compare them with a hyperbolic function 

AQ( j)
jα

=
β +

 (23)

for which the fitting gives the following values 2hA )79 ( A A m.5 α − αµ ⋅ ⋅= ⋅ , 20.922 A mα − αβ = ⋅ , 

1.39α= . The experimental points and approximating functions (23) and (25) are shown in Figure 6. 

Regarding the fact that the Peukert’s law in the form Q A/ jα=  has a singularity at the point j 0= , 
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its representation in the form (25) is more correct. Thus, basing on the graphs shown in Figure 6, it 
can be concluded that Peiker's law is valid for SSLIB. 

 

Figure 6. Experimental dependence of the 2 i| LiPOTi | LiCoO Si @ O @N Al | T|  cell capacity on 

the density of the charging current (blue diamonds). The red curve is the theoretical dependence (23). 
The green curve is the graph of the approximating dependence (25). 

5. Summary 

As shown above, the dependence of SSLIB capacitance on the density of the charging current 
(Figure 2) obeys Peukert's law. This dependence contains two sections from 12 to 120 µA and from 
360 µA to 2.4 mA, which correspond to the Peukert’s exponents 0.2 and 1.9. To explain the reasons 
for the decrease in SSLIB capacitance, a simple model based on the balance of conduction currents 
and diffusion transfer of lithium ions is proposed. The model qualitatively describes the decrease in 
capacitance with increasing charging current density. 

An obvious condition for the high capacitance of SSLIB is a high lithium concentration at the 
anode boundary, i.e. high degree of electrolyte polarization. For typical values of the SSLIB 
parameters, the model predicts a decrease in polarization, characterized by the parameter ρ, with 
increasing current (Figure 5a). At the same time, in the region of typical values of the SSLIB 
parameters, there is a good agreement between the characteristics of the experimental cell and the 
model. 

The I 0.57 sτ =  looks somewhat overestimated, which may be due to the fact that Si@O@Al is 

a hole semiconductor. In this case, the lithium reduction goes through an intermediate stage of 
electron-hole pair generation. The electron reduces lithium, while the hole transport the charge to the 
down collector, where it recombines with Ti electrons. In this case, the time of lithium ions 
concentration relaxation will be rather longer than in the direct Li+ reduction by conduction electrons. 

It should be mentioned once more that model (23) is rather idealized. Partly due to the fact that 
excessive detailing of the model always veils the phenomenon under study. In present case, 
idealization leads to the fact that the model Peukert’s exponent 1.39 is an intermediate for the above 
obtained values 1 0.2α =  and 2 1.9α = . By selecting parameters (23), primarily the permittivity, one 

can achieve a better approximation of the curve in Figure 2 separately in the region of low and high 
current density. 

The main reason why the Peukert’s exponent for SSLIB is higher than its typical values for 
conventional batteries is the flat shape of the anode-electrolyte interface. In batteries with liquid 
electrolyte, this boundary repeats the porous structure of the anode, so the reduction of lithium ions 
actually occurs inside the anode. As a consequence, all the above relations, which are valid at all 
points of the flat interface, become local for porous electrodes and liquid electrolyte. 

In this case, the current balance equations can be obtained by averaging the local currents over 
the interface surface. Obviously, the averaged dependencies will differ from relation (23). Note that 
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model (23) can be generalized to the case of a liquid electrolyte if parameter δ in (24) is replaced by 

the diffusion length of the lithium atom in the anode A A IDλ = τ . 
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