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Abstract: The fundamental objective is to study the application of multivariate sets of data in 

Gaussian distribution. This paper examines broad measurements of structure for both Gaussian 

and non-Gaussian distributions, which shows that they can be described in terms of the infor-

mation-theoretic between the given covariance matrix and correlated random variables (in terms of 

relative entropy). In order to develop the multivariate Gaussian distribution with entropy and 

mutual information, several significant methodologies are presented through the discussion sup-

ported by illustrations, both technically and statistically. The content obtained allows readers to 

better perceive concepts, comprehend techniques, and properly execute software programs for 

future study on the topic's science and implementations. It also helps readers grasp the themes' 

fundamental concepts. Involving the relative entropy and mutual information as well as the po-

tential correlated covariance analysis based on differential equations, a wide range of information 

is addressed, including basic to application concerns. 

Keywords: multivariate Gaussians; correlated random variables; visualization; entropy; relative 

entropy; mutual information  23

24

1. Introduction 25

Understanding the ways knowledge concerning an external variable, or the recip- 26

rocal information of its parts, is distributed across the parts of a multivariate system can 27

assist characterize and infer the underlying mechanics and function of the system. This 28

goal has driven the development of several techniques for dissecting the elements of a 29

set of variables' combined entropy or for dissecting the contributions of a set of variables 30

to the mutual information about the variable of interest. In actuality, this association and 31

its modifications exist for any input signal and the widest range of Gaussian pathways, 32

comprising discrete-time and continuous-time pathways in scalar or vector forms. 33

   In a more general way, mutual information and mean-square error are the fun- 34

damental concepts of information theory and estimating theory, respectively. In contrast 35

to the MMSE, which determines how precisely each input sample can be restored using 36

the channel's outcomes, the input-output mutual information is an estimation of wheth- 37

er the information can be consistently delivered over a channel given a specific input 38

signal. An inactive functioning characterization for mutual information is provided by 39

the substantial relevance of mutual information to estimate and filtering. Therefore, the 40

significance of identity is not only obvious, but the link is also fascinating and merits an 41

in-depth explanation [1–3]. Relations between the MMSE of the approximation of the 42

output given the input and the localized actions of the mutual information at diminish- 43
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ing SNR are presented in [4]. [6] gives the idea about the probabilistic ratios of geometric 44

characteristics of signal detection in Gaussian noise. Furthermore, whether in a contin- 45

uous-time [5–7] or discrete-time setting [8] context, the likelihood ratio is difficult in the 46

relationship between observation and estimation [9]. 47

Considering the specific instance of parametric computation (or Gaussian inputs), 48

correlations relating to causal and non-causal estimation errors have been investigated 49

in [10, 11], involving the limit on the loss owing to the causality restriction is specified. 50

Knowing how data pertaining of an external parameter, or inversely related data within 51

its parts, distributes across the parts of a multivariate system can assist categorize and 52

determining the fundamental mechanics and functionality of the structure. This goal 53

served as the impetus for the development of various techniques for decomposing the 54

various elements of a set of parameters' joint entropy [12, 13] or to deconvolute the addi- 55

tions of a set of elements to the mutual information about a target variable [14]. These 56

techniques can be used to examine a variety of intricate systems, including those in the 57

physical distinctions domain, such as gene networks [15] or brain coding [16], as well as 58

those in the social domain, such as selection agents [17] and community behavior [18]. 59

They can also be used to analyze artificial agents [19]. Additionally, some new proposals 60

diverge more significantly from the original framework, either through the adoption of 61

novel principles, the consideration of the presence of detrimental elements linked to er- 62

roneous, or the implementation of joint entropy subdivisions in place of mutual infor- 63

mation [20, 21]. 64

    In the multivariate scenario, the challenges of breaking down mutual infor- 65

mation into redundancy and complimentary sections have nevertheless been signifi- 66

cantly increased. The novel redundancy determines that were initially developed are 67

only defined for the bivariate situation [24, 25], or allow negative components [26], 68

whereas measurements of coordination are more readily extended to the multivariate 69

case, especially when using the maximum entropy architecture [22, 23]. By either utiliz- 70

ing the associations between lattices formed by various numbers of parameters or uti- 71

lizing the multiple interactions between redundant lattices and information loss lattices, 72

for which collaborative efforts are more actually defined, the study in [27] established 73

two analogous techniques for constructing multivariate redundant metrics. The maxi- 74

mum entropy framework allows for a more straightforward generalization of the effi- 75

ciency measurements to the multivariate case [24, 25]. 76

    In the present study, we propose an extension of the bivariate Gaussian distri- 77

bution technique to calculate multivariate redundant metrics inside the maximum en- 78

tropy context. The importance of the maximum entropy approach in the bivariate sce- 79

nario, where it offers constraints for the actual redundancy, unique information, and ef- 80

ficiency terms under logical presumptions shared by additional criteria, acts as the mo- 81

tivation for this particular focus [24]. The maximum entropy measurements, specifically, 82

offer a lower limit for the actual cooperation and redundant terms and a higher limit for 83

the actual specific information if it is presumed that a bivariate non-negative disintegra- 84

tion exists and that redundancy can be calculated from the bivariate distributions of the 85

desired outcome with every source. Furthermore, if these bivariate distributions are 86

consistent with possibly having little interaction under the previous hypotheses, then 87

the maximum entropy decomposition returns not only boundaries but also the precise 88

actual terms. Here, we demonstrate that, under similar presumptions, the maximum en- 89

tropy reduction also plays this dominant role in the multivariate situation. 90

The remainder of this paper is organized as follows. A brief review of the geometry 91

of the Gaussian distribution is reviewed in Section 2. The consecutive three sections deal 92

with various important topics on information entropy with illustrative examples with 93

emphasis on visualization of the information and discussion. In Section 3, continuous 94

entropy/differential entropy is presented. In Section 4, the relative entropy (Kull- 95

back-Leibler divergence) is presented. Mutual information is presented in Section 5. 96

Conclusions are given in Section 6. 97
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2. Geometry of the Gaussian Distribution 98

In this section, the background relations on Gaussian distribution for different 99

parametric point of view has been discussed. The exploratory analysis's fundamental 100

objective is to identify "the framework" in multivariate datasets. Ordinary least-squares 101

regression and principal component analysis (PCA), respectively, offer typical meas- 102

urements for dependency (the predicted connection between particular components) 103

and rigidity (the degree of prominence of the probability density function (pdf) around a 104

low-dimensional axis) for bivariate Gaussian distributions. Mutual information, an es- 105

tablished measure of dependency, is not an accurate indicator of rigidity since it is not 106

invariant with an opposite rotation of the parameters. For bivariate Gaussian distribu- 107

tions, a suitable rotating invariant compactness measure is constructed and demon- 108

strated to reduce the corresponding PCA measure. 109

The Gaussian pdf (a) does not have a framework in either of the above-described 110

definitions and represents the independent variables without any settling around a low- 111

er-dimensional region. The Gaussian pdf (b), on the other hand, has greater variance 112

along one axis over another. Despite being independent, their combined pdf is small. 113

Although the variables are associated and therefore likewise characterized by depend- 114

ency, the Gaussian pdf (c) is equally focused around one dimension as is (b). 115

2.1. Standard Parametric Represenatation of an Ellipse 116

If the data is uncorrelated and therefore has zero covariance, the ellipse is not ro- 117

tated and axis aligned. The radii of the ellipse in both directions are then the variances. 118

Geometrically, a not rotated ellipse at point (0,0) and radii a and b for the 1x - and 2x 119

-direction is described by 120

2 2

+ 1
x y

a b

   
=   

   
(1) 121

Figure 1 represents the construction of single points of an ellipse is due to de La Hire. It 122

is based on the standard parametric representation. 123

124

125

Figure 1. Standard parametric represenatation of ellipse followed by de La Hire's point 126

construction. 127

128

The general probability density function for the multivariate Gaussian is given by 129

11
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where [ ]E=μ X , Cov( ) [( )( ) ]TE = = − −X X μ X μ  is symmetric, positive semi-definite 131

matrix. If   is the identity matrix, then the Mahalanobis distance reduces to the 132

standard Euclidean distance between X  and μ . 133

For bivariate Gaussian distributions with zero mean, the pdf can be expressed as 134

11
( ) ( )

21
( | , )

2 |Σ|

T

f e


− 
− −  − 
  =

X μ X μ

X x μ (3) 135

and mean and covariance matrix are given by 136

1

2

 
=  
 

μ



; 

2 2
1 12 1 1 2

2 2
12 2 1 2 2

    

    

   
    = =
      

(4) 137

respectively, where the linear correlation coefficient | | 1  . 138

Variance measures the variation of a single random variable, whereas covariance is 139

a measure of how much two random variables vary together. With the covariance we 140

can calculate entries of the covariance matrix, which is a square matrix. In addition, the 141

covariance matrix is symmetric. The diagonal entries of the covariance matrix are the 142

variances, however the other entries are the covariances. Due to this cause, the 143

covariance matrix is often called as the variance-covariance matrix. 144

2.2. The Confidence Ellipse 145

A typical way to visualize two-dimensional Gaussian distributed data is plotting a 146

confidence ellipse. The distance T -1=( ) ( )Md −  −X μ X μ  is a constant value referred to 147

as the Mahalanobis distance, which is a random variable distributed by the chi-squared 148

distribution, denoted as 2
k 149

T -1 2P[( ) ( ) ( )]=1-k  −  − X μ X μ (5) 150

where k  is the number of degree of freedom and   is the given probability related to 151

the confidence ellipse. For example, if 0.95, =  95% confidence ellipse is defined. Ex- 152

tension from Equation (1), the radius in each direction is the standard deviation 1 153

and 2  parametrized by a scale factor s, known as the Mahalanobis radius of the ellip- 154

soid: 155

2 2

1 2

1 2

x x
s

 

   
+ =   

   

(6) 156

The goal must be to determine the scale s such that confidence p is met. Since the data is 157

multivariate Gaussian distributed, the left hand side of the equation is the sum of 158

squares of Gaussian distributed samples, which follows a χ2 distribution. 159

A χ2 distribution is defined by the degrees of freedom and since we have two dimen- 160

sions, the number of degrees of freedom is also two. We now want to know the proba- 161

bility that the sum and therefore s has a certain value under a χ2 distribution.  162

This ellipse, also a probability contour, defines the region of a minimum area (or 163

volume in multivariate case) containing a given probability under the Gaussian assump- 164

tion. This equation can be solved using a χ2 table or simply using the relation 165

2ln(1 )s p= − − . The confidence interval can be evaluated through ( )1 0.5exp sp − −= . For 166
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1s = , we have ( )1 0.5 0.3935p exp= − − . Furthermore, typical values include 2.279s = , 167

4.605s = , 5.991s =  and 9.210s = for 0.68p = , 0.9p = , 0.95p =  and 168

0.99p = , respectively. The ellipse can then be drawn with radii 1 s  and 2 s . 169

170

Figure 2.  Relation of the confidence interval and the scale factor s. 171

172

The Mahalanobis distance accounts for the variance of each variable and the covar- 173

iance between variables. 174
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= − −  
−−  

 − − − −
= − + 

 −  

X μ X μ

(7) 175

Geometrically, it does this by transforming the data into standardized uncorrelated data 176

and computing the ordinary Euclidean distance for the transformed data. In this way, the 177

Mahalanobis distance is like a univariate z-score: it provides a way to measure distances 178

that takes into account the scale of the data. 179

In the general case, covariances 12 and 21  are not zero and therefore the 180

ellipse-coordinate system is not axis-aligned. In such case, instead of using the variance 181

as a spread indicator, we use the eigenvalues of the covariance matrix.  The 182

eigenvalues represent the spread in the direction of the eigenvectors, which are the 183

variances under a rotated coordinate system. By definition a covariance matrix is 184

positive definite therefore all eigenvalues are positive and can be seen as a linear 185

transformation to the data. The actual radii of the ellipse are 1  and 2  for the two 186

eigenvalues 1  and 2  of the scaled covariance matrix s  . 187

Based on Equations (3) and (7), the bivariate Gaussian distributions can be 188

represented as 189
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2 2
1 1 1 1 2 2 2 2

2 2 2
1 21 2

( ) ( )( ) ( )1 1
2

2 1
1 2

2
1 2

1
( , )

2 1

x x x x

f x x e

   


   

  

   − − − − 
− − +   −    =

−
(8) 190

Level surface of 1 2( , )f x x are concentric ellipses 191

2 2
1 1 1 1 2 2 2 2

2 2
1 21 2

( ) ( )( ) ( )
2

x x x x
c

   


  

− − − −
− + = (9) 192

where c  is the Mahalanobis distance possessing the following properties: 193

▪ It accounts for the fact that the variances in each direction are different. 194

▪ It accounts for the covariance between variables. 195

▪ It reduces to the familiar Euclidean distance for uncorrelated variables with unit 196

variance. 197

The length of the ellipse axes are a function of the given probability of the 198

chi-squared distribution with 2 degrees of freedom 2
2 ( )  , the eigenvalues 199

 1 2
T

=λ   and the linear correlation coefficient  . If 0.95, = 95% confidence 200

ellipse is defined by 201

  1 11 2
1 1 2 2 2

2 2

(0.05)
x

x x
x


  



− − 
− −   

− 
(10) 202

where 203

2
2 1 2-1

2 2 2 2
1 2 1 2 1

1

(1 )

  

     

 −
  =
 −  

204

As   denotes a symmetric matrix, the eigenvectors of   is linearly independent (or 205

orthogonal). 206

2.3. Similarity Transform 207

The simplest similarity transformation method for eigenvalue computation is the 208

Jacobi method which deals with the standard eigenproblems. In the multivariate 209

Gaussian distribution, the covariance matrix  can be expressed in terms of 210

eigenvectors 211

  1 11 T
1 2

2 2

0

0

T

T




−

  
  = = =  
    

u
UΛU UΛU u u

u

(11) 212

where  1 2=U u u are the eigenvectors of   and Λ  is the diagonal matrix of the 213

eigenvalues  1 2
T

=λ    214

1

2

0

0

 
=  
 

Λ



(12) 215

Replacing   by 1 1 1− − − = UΛ U , the square of the difference can be written as: 216

  1 11 1 2
1 1 2 2 2

2 2

(0.05)
x

x x
x


  



− − − 
− −  

− 
UΛ U (13) 217

as 1T −=U U . Denoting 218
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1 1 11

2 2 2

y x

y x





− −   
=   

−   
U (14) 219

the square of the difference can then be expressed as: 220

  1 1 2
1 2 2

2 2

0
(0.05)

0

y
y y

y






   
   

   
(15) 221

If the above equation is further evaluated, the resulting equation is the equation of an 222

ellipse aligned with the axis 1y and 2y in the new coordinate system. 223

2 2
1 2

2 2
2 1 2 2

+ 1
(0.05) (0.05)

y y

   
 (16) 224

The axes of the ellipse are defined by 1y axis with a length 2
1 22 (0.05)  and 2y axis 225

with a length 2
2 22 (0.05)  . 226

When =0 , the eigenvectors are equal to 1 1=  and 2 2=  . Also, U  matrix 227

whose elements are the eigenvectors of  becomes an identity matrix. The final 228

equation of an ellipse is then defined by 229

2 2
1 1 2 2

2 2
2 1 2 2

( ) ( )
+ 1

(0.05) (0.05)

x x 

   

− −
 (17) 230

It is clear from the equation given above that the axes of the ellipse are parallel to the 231

coordinate axes. The lengths of the axes of the ellipse are then defined as 2
11 22 (0.05)  232

and 2
22 22 (0.05)  . 233

The covariance matrix can be presented by its eigenvectors and eigenvalues: 234

 =U UΛ , where U is the matrix whose columns are the eigenvectors of   and Λ is 235

the diagonal matrix with diagonal elements given by the eigenvalues of  . 236

Transformation is performated based on the three steps involving scaling, rotation, and 237

translation. 238

1. Scaling 239

The coariance matrix can be written as 1 1− − = =UΛU USSU , where S is a 240

diagonal scaling matrix 1/2 T= =S Λ S . 241

2. Rotation 242

U is generalized from the normalized eigenvectors of the covariance matrix  . 243

cos( )  -sin( )

sin( ) cos( )

 
=  
 

U
 

 
(18) 244

Note that U is an orthogonal matrix 1 T− =U U , and | | 1=U . Define the matrix with 245

rorartion and scaling =T US , 1( )T T T T −= = =T US S U SU . The covariance matrix can 246

thus be written as T = TT and T  =U U Λ being diagonal with eigenvalues i . Since 247

=T US , we have 1/2= = =Y TX USX UΛ X . 248

1 2 1 11

1 22 2 2

cos( ) cos( )( ) cos( )  -sin( )

( ) sin( ) cos( )sin( ) sin( )

x x

y y

u u t tx t

u ux t t t

  

  

       
= =       

           

(19) 249 
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The similarity transform is applied to obtain the relation 250

1 1 1=T T T T− − −  =X X Y U UY Y Λ Y , and the pdf of Y vector can be found to be 251

2
1

2

1

1
( )=

2

i

i

n

i i

f e


 

−

=


y

Y y (20) 252

The ellipse in the transformed frame can be represented as 253

2 2
1 2

1 2

y y
c

 
+ = (21) 254

where the eigenvectors are equal to 2
1 1=  and 2

2 2=  . 255

3. Translation 256

1 1 2 1( ) cos( )cos( ) sin( )sin( )x t t t    = − + (22) 257

2 1 2 2( ) sin( )cos( ) cos( )sin( )x t t t    = + + (23) 258

The eigenvalues  1 2
T

=λ   can be calculated through 259

2 2 2 2 2 2 2 2
1 1 2 1 2 1 2

1
( ) 4

2
        = + + − +

  
; 2 2 2 2 2 2 2 2

2 1 2 1 2 1 2
1

( ) 4
2

        = + − − +
  

260

and thus 261

2 2 2
1 2 1 2| | (1 )     =  = − (24) 262

From other view point for calculation of covariance matrix 263

1

2

0cos( )  -sin( ) cos( )  sin( )

0sin( ) cos( ) -sin( ) cos( )

T    

   

    
 = =     

    
UΛU 264

1 2

1 2

cos( )  - sin( ) cos( )  sin( )

sin( ) cos( ) -sin( ) cos( )

     

     

   
=    

  
265

2 2
1 2 1 2

2 2
1 2

cos ( )+ sin ( )  ( - )(sin( )-cos( ))

sin ( )+ cos ( )syms

 
 =
  

       

   
(25) 266

Claculation for the determinant of covariance matrix above gives the same result and the 267

inverse is 268

2 2
1 2 2 11

2 2
1 2 1 2

sin ( )+ cos ( )  ( - )(sin( )-cos( ))1

cos ( )+ sin ( )syms

−
 
  =

   

       

     
269

2 2

2 1 1 2

2 2

1 2

sin ( ) cos ( ) 1 1
sin( )cos( )

sin ( ) sin ( )
syms

 
 

   

 

 

  
+ −  

  
=  
 +
 
 

(26) 270

2.4. Simulation with a Given Variance-covariance Matrix 271 

Given the data ~ ( , )N X μ , an ellipse representing the confidence  p  can be 272 

plotted by calculating the radii of the ellipse, its center and rotation. Specify   (by 273 
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which U  can be obtained) and S  for generating the covariance matrix , thus   can 274 

be derived. The inclination angle is calculated through: 275 

2 2
12 1 2

2 2
12 1 2

1 2
1 1 12

0 0

/ 2 0

tan ( , )

if and

if and

else

  

    

  −

 = 



= = 


−

(27) 276

which can be used in calculation of U  277

cos( )  -sin( )

sin( ) cos( )

 
=  
 

U
 

 
(28) 278

and the covariance can be evaluated by: TT = =UΛU USSU if S  is specified. On the 279

other way, given the correlation coefficient  and variances for generating the 280

covariance matrix  , thus   can be obtained. 281

To generate the sampling points that meet the specified correlation, the following 282

procedure can be followed. Given two random variables 1X  and 2X , their linear 283

combination 1 2Y X X= +  . As for the generation of correlated random variables, if we 284

have two Gaussian, uncorrelated random variables 1X  , 2X  then we can create 2 285

correlated random variables using the formula 286

2
1 21Y X X = + − (29) 287

and then Y will have a correlation  with 1X : 288

12 1 2/ ( )   = 289

Based on the relation: X AZ = + , ~ (0,1)Z N , the following equation can be employed 290

to generate the sampling points for the scatter plots using the Matlab software: 291

* (2, ) * (1, )randn K ones K= +X A μ (30) 292

where the Cholesky decomposition of   has a lower triangular matrix for A , 293

T = AA and μ  is the vectors of mean values . 294

When =0 , the axes of the ellipse are parallel to the original coordinate system 295

and when 0  , axes of the ellipse are aligned with the rotated axes in the transformed 296

coordinate system. Figures 3 and 4 display ellipses drawn for various levels of confi- 297

dences. The plots provide illustration of confidence (error) ellipses with different confi- 298

dence levels (i.e. 68%, 2.279s = ; 90%, 4.605s = ; 95%, 5.991s = ; 99%, 9.210s = from 299

inner to outer ellipses), considering the cases where the random variables are (1) posi- 300

tively correlated 0  , (2) negatively correlated 0  , and (3) independent 0 = . 301

More specifically, in Figure 3, the position of ellipse with various correlation coefficient 302

given by the angel of inclination, specify   to obtain  , 12 1 2/ ( )   = : (a) 30 = , 303

0.55  ; (b) 0 = , 0 = ; (c) 501 = , 0.55  − , respectively. On the other hand, in 304

Figure 4, the position of ellipse with various values of correlation constant given the 305

angel of inclination, specify  to obtain  : (a) 0.95 = , 45 = ; (b) 0 = , 0 = ; 306

(c) 0.95 = − , 135 = , respectively. Rotation angle is measrued 0 180  with 307

respect to the positive axis. When 0  , the angle is in the first quadrant and 0  , the 308

angle is in the second quadrant. 309

310
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311

Figure 3. The position of ellipse with various correlation coefficient given by the angel of 312

inclination, specify   to obtain  , 12 1 2/ ( )   = :  (a) 30 = , 0.55  ; (b) 0 = , 0 = ; 313

(c) 501 = , 0.55  − , respectively. 314

315

316

Figure 4. The position of ellipse with various values of correlation constant given the angel of 317

inclination, specify   to obtain  :  (a) 0.95 = , 45 = ;  (b) 0 = , 0 = ; (c) 318

0.95 = − , 135 = , respectively.  319

320

In the following, two scenarios cases invloving more illustrations will be visited. 321

(1) Equal variances for two random variables with nonzero  : 322

Case 1: Fixed correlation coefficient. As a example, when 0.5= , and the variances 323

1 2  = =  are ranging from 2 ~ 5 , as shown in Figure 5. As can be seen, the contours 324

and the scatter plots are ellipses instead of circles. 325

2 2 2 2
1 12 1 1 2

2 2 2 2
21 2 1 2 2

4 0.5(4)(2) 4 4

0.5(4)(2) 2 4 2

    

    

       
        = = = =
             

326

Subplot (a) in Figure 6 shows the ellipses for 0.5 = with varying variances. In the 327

present and subsequent illustartions, 95% confidence levels are shown. 328

329

Case 2: Increasing correlation coefficient  from zero correlation. With fixed variance 330

1 2  = = , the contour will initially be a circle when 0 = and then an ellipse as    331

increases when 0  . Sbuplot (b) in Figure 6 provides the contours with scatter plots for 332

0,0.5,0.9,0.99 = , respectively when 1 2 2 = = . The eccestricity of the ellipses increases 333

with the increase of  . 334

335
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336

(a) (b) 337

338

(c) (d) 339

Figure 5. Equal variances 1 2  = = for a fixed 0.5= : (a) 2 = (b) 3 = (c) 4 = (d) 340

5 = . 341

342

343

   (a)                                         (b) 344

Figure 6. Ellipses for (a) 0.5 =  with varying variances 1 2 2 ~ 5  = = = ; (b) equal variances 345

1 2 2 = =  with varying 0;0.5;0.9;0.99 = . 346
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(2) Unequal variances for two random variables, 1 2  with fixed correlation 347

coefficient. 0.5 =  348

Case 1: 1 2  . The variation of three dimensional surfaces and ellipses are presented 349

in Figure 7 and Figure 8 (a) with the increase of 1 2/  , where 1 2 ~ 5 =  and 2 2 = . 350

Case 2: 2 1  . The variation of the ellipses are presented in Figure 8 (b) with the 351

increase of 2 1/  , where 2 2 ~ 5 =  and 1 2 = . Figure 9 shows the variation of 352

inclination angle as a function of 1 and 2 , for 0 = and 0.5= for providing 353

further insights on the variation of inclination angle   with respect to 1 and 2 . 354

355

356

357

(a) (b) 358

359

   (c)                                        (d) 360

Figure 7. 1 2  , 1 2  , 1 2/   increases 1 2 ~ 5 = , 2 2 =  for a fixed 0.5 = . 361

362
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363

(a) (b) 364

Figure 8. Ellipses for a fixed correlation coefficient when 1 2   for a fixed 0.5 = : (a) 1 2  , 365 

1 2/  increases where 1 2 ~ 5 = and 2 2 = ; (b) 2 1  , 2 1/  increases where 366

2 2 ~ 5 = and 1 2 = . 367

368

369

   (a)   (b) 370

Figure 9. Variation of inclination angle as a function of 1 and 2 , for (a) 0.5 = ; (b) 0 = . 371

372

(3) Variation of the ellipses for the various positive and negaive correlation. For a given 373

variance, when   is specified, thus the eigenvalues and the inclination angle are 374

obtained accordingly. Figure 10 presents results for the cases of 1 2   ( 1 4 = , 2 2 =  375

in this example) and 2 1    ( 1 2 = , 2 4 =  in this example) with various correlation 376

coefficients (namely, positive, zero, and negative) including 0,0.5,0.9,0.99= and 377

0, 0.5, 0.9, 0.99 = − − − . In the figure, 1 4 = , 2 2 =  are applied for the top plots; while 378

1 2 = , 2 4 = are applied for the bottom plots. On the other hand, 0,0.5,0.9,0.99= are 379

applied for the left plots; while 0, 0.5, 0.9, 0.99 = − − −  are applied for the left plots. 380

Furthermore, Figure 11 provides comparsion of the ellipses for various 1  and 2  for 381

the following cases: (i) 1 2 = , 2 4 = ; (ii) 1 4 = , 2 2 = ; (iii) 1 2 2 = = ; (iv) 1 2 4 = = , 382

while fived 0.5= .  383
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384

(a) (b) 385

386

(c) (d) 387

Figure 10. 1 2   ( 1 4 = , 2 2 = ) with (a) 0,0.5,0.9,0.99= ; (b) 0, 0.5, 0.9, 0.99 = − − − as 388

compared to 2 1   ( 1 2 = , 2 4 = ) with (c) 0,0.5,0.9,0.99= (d) 0, 0.5, 0.9, 0.99 = − − − . 389

390

391

Figure 11. Comparsion of the ellipses for various (i) 1 2 = , 2 4 = ; (ii) 1 4 = , 2 2 = ; (iii) 392

1 2 2 = = ; (iv) 1 2 4 = = , while fived 0.5= . 393
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3. Continuous Entropy/Differential Entropy 394

Differential entropy (also referred to as continuous entropy) is a concept in infor- 395

mation theory that began as an attempt by Claude Shannon to extend the idea of (Shan- 396

non) entropy, a measure of average surprisal of a random variable, to continuous proba- 397

bility distributions. Unfortunately, Shannon did not derive this formula and rather just 398

assumed it was the correct continuous analog of discrete entropy, but it is not.[1]: [181– 399

218]. The actual continuous version of discrete entropy is the limiting density of discrete 400

points (LDDP). Differential entropy (described here) is commonly encountered in the 401

literature, but it is a limiting case of the LDDP and one that loses its fundamental associ- 402

ation with discrete entropy. 403

In the following discussion, differential entropy, and relative entropy are measured 404

in bits, which is used in the definition. Instead, if ln is used, it is then measured in nats, 405

and the only difference in the expression is the 2log e factor. 406

3.1. Entropy of a Univariate Gaussian Distribution 407

If we have a continuous random variable X  with a probability density function 408

(pdf) ( )Xf x , the differential entropy of X in bits is expressed as 409

2 2( ) [log ( )] ( ) log ( )X X Xh X E f x f x f x dx= − = − (30) 410

Let X  be a Gaussian random varialbe 2~ ( , )X N   411

2
1

21
( )=

2

x

Xf x e







− 
−  

  412

The differential entropy for this univariate Guassian distribution can be evaluated 413

2

2

2

2

( )

2
2

2
2

( )

[log ( )]

( ) log ( )

1
( ) log

2

1
log (2 )

2

X

X X

x

X

h X

E f x

f x f x dx

f x e dx

e







 

−
−

= −

= −

 
 = −
  
 

=





(35) 414

Figure 12 shows the differential entropy as a function 2  for the univariate Gaussian 415 

variable, which is concave downward and grows first very fast and then much slower at 416 

high values of 2 . 417
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418

Figure 12. The differential entropy as a function 2 for a univariate Gaussian variable. 419

3.2. Entropy of a Multivariate Gaussian Distribution 420

Let X  follows a multivariate Gaussian distribution ~ ( , )N  X , as given by 421

Equation (2), then the differential entropy of X  in nats is 422

2 2( ) [log ( )] ( ) log ( )h E f f f d= − = −X X XX x x x x (36) 423

and the differential entropy is given by (Appendix B) 424

2
1

( ) log ((2 ) | |)
2

nh e= X (37) 425

The above calculation involves the evaluation of expectation of the Mahalanobis 426

distance as (Appendix C) 427

1[( ) ( )]TE n−−  − =x μ x μ                          (38) 428

For a fixed variance, the normal distribution is the pdf that maximizes entropy. Let 429

 1 2X X=X
Ｔ

be a 2D Gaussian vector, the entropy of X can be calculated to be 430

( )2 2
1 2 2 2 1 2

1
( ) ( , ) log (2 ) | | log (2 1 )

2
h h X X e e    = =  = −X (39) 431

with covaraince matrix 432

2 2
1 12 1 1 2

2 2
12 2 1 2 2

    

    

   
    = =
      

433

If 1 2  = = , this becomes 434

2 2
1 2 2( , ) log (2 1 )h X X e  = − (40) 435

which is a function of 2 concave downward, and grows first very fast and then much 436

slower for high 2 values, shown as in Figure 13. 437

438
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439

(a)                                                 (b)   440

Figure 13. Differential entropy for the bivariate Gaussian distribution (a) as function of 2 and 441

2 , (b) as function of 2 when 1 2 1 = = . 442

443

3.3. The Differential Entropy in the Transformed Frame 444

The differential entropy is invariant to a translation (change in the mean of the pdf) 445

( ) ( )h X a h X+ = 446

and 447

2( ) ( ) log | |h bX h X b= + 448

For a random variable vector, the differential entropy in the transformed frame remains 449

the same as the one in the original frame. It can be shown in general that 450

2( ) ( ) ( ) log | | ( )h h h h= = + =Y UX X U X (41) 451

For the case of multivariate Gaussian distribution, we have 452

( )2 2 2 2 2

1

1 1 1
( ) log (2 ) | | log (2 ) log | | log (2 ) log

2 2 2 2 2

n
n

i

i

n n
h e e e   

=

=  = +  = +X 453

It is known that the determinant of the covariance matrix is equal to the product of its 454

eigenvalues: 455

1

| |
n

i

i



=

 = 456

For the case of bivariate Gaussian distribution, 2n= , we have 457

2

2 2
1 2

1 2

2 2
1 2

1 2

1
2

2

1

1 1

2 2

1 2

1

2

1 2

1
( )=

2

1 1

2 2

1

2

i

i

i i

f e

e e

e



 

 

 

   

  

−

=

− −

 
− + 

 
 



= 

=

y

Y

y y

y y

y

          (42) 458

It can be shown that the entropy in the transformed frame is given by 459
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2

2 2 2 2 1 2
1

2
( ) log (2 ) log ( ) log (2 ) log ( )

2
i

i

h e e    
=

= + = + Y 460

Detailed derivation are provided in Appendix D. As discussed, the determinant of the 461

covariance matrix is equal to the product of its eigenvalues 462

1 2

2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
1 2 1 2 1 2 1 2 1 2 1 2

2 2 2
1 2

| |

1 1
( ) 4 ( ) 4

2 2

(1 )

 

             

  

 = 

     = + + − + + − − +          

= −

(43) 463

and thus the entropy can be presented as 464

2 2 2 2 2 2
1 2 2 2 1 2 2 1 2

1 1
( , ) log (2 ) | | log (2 ) (1 )) log (2 1 )

2 2
h Y Y e e e        =  = − = − (44) 465

The result confirms the statement that the differential entropy remains unchanged in the 466

transformed frame.  467

4. Relative Entropy (Kullback-Leibler Divergence) 468

In this section, various important issues regarding the relative entropy 469

(Kullback-Leibler divergence will be delivered. Despite the aforementioned flaws, there 470

is a possibility of information theory in the continuous case. A key result is that defini- 471

tions for relative entropy and mutual information follow naturally from the discrete case 472

and retain their usefulness. 473

The  relative entropy is a type of statistical distance that provides a measure of how 474

one probability distribution fX  is different from a second, reference probability 475

distribution gX , denoted as 476

2

( )
( || ) ( ) log

( )
KL

f
D f g f d

g
= 

X
X

X

x
x x

x
(45) 477

Detailed derivation is provided in Appendix E. The relative entropy between two 478

Gaussian distributions with different means and variances are given by 479

22 2
2 1 1 2

22 2
21 2

1
( || ) ln + + 1 log

2
KLD f g e

   

 

    −
 = −         

(46) 480

Notice that the relative entropy here is measured in bits where 2log  is used in the 481

definition. In stead, if ln is used, it would be measured in nats. The only difference in the 482

expression is the 2log e  factor. Several conditions are discussed. 483

(1) If 1 2  = = , 
2

1 2
2

1
( || ) log

2
KLD f g e

 



− 
=  

 
, which is 0 when 1 2 = . 484
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485

(a) (b) 486

Figure 14. Relative  entropyas a function of   and 1 2 − when 1 2  = = : (a) three 487

dimensional surface; (b) contour with entropy gradient. 488

(2) If 1 2 1 = = , 2
1 2 2

1
( || ) ( ) log

2
KLD f g e = −  , which is a even function with a 489

minimum value of 0 when 1 2 = . 490

491

(a) (b) 492

Figure 15. Variations of relative entropy when 1 2 1 = = : (a) three dimensional surface as a 493

function of 1  and 2  (b) as a function of 1 2 − .  494

- If 2 0 = , 2
1 2

1
( || ) log

2
KLD f g e= , it is a function of 1  concave upward. 495

- If 1 0 = , 2
2 2

1
( || ) log

2
KLD f g e= , it is a function of 2  concave upward. 496

(3) If 1 2 = , 
2 2
2 1

22 2
1 2

1
( || ) ln + 1 log

2
KLD f g e

 

 

  
 = −  

    
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498
(b)  (b) 499

Figure 17. Relative entropy as a function of 1 and 2 when 1 2 = : (a) the three dimensional 500

surface; (b) contour with entropy gradient. 501

- When 2 1 = , 2
1 22

1

1 1
( || ) ln + 1 log

2
KLD f g e



  
= −    

   

502

- When 1 1 = , ( )2
2 22

2

1 1
( || ) ln + 1 log

2
KLD f g e



 
= −  

  

503

504

(a)   (b) 505

Figure 18. Variations of relative entropy as a function of (a) 1  when fixed 2 1 =  and (b) 2 506

when fixed 1 1 = , respectively ( 1 2 = ).  507

Sensitivity analysis of the relative entropy due to change of variances and means. 508

The gradient of ( || )KLD f g  given by  509

1 2 1 2

1 2 1 2

( , , , )KL KL KL KL KLD D D D D   

   

     
=  

     x
510

can be calculated where the calculation deals with partial derivatives where the cahin 511

rule is involved. Based on the relation
1

ln
d

x
dx x

= , we have 512
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2 2
2 32 1
2 12 2

1 11 2

2
ln ( 2) =

 
 

  

−
  
  =  − − 

     

513

and the following derivatives are obtained. 514

(1) 
2 2
2 1 1

2 22 2 2
1 1 11 2 2

1 1
ln log log

2

KLD
e e

  

    

     
 = +  = −    

          

515

(2) 
2 2 2 2 2
2 1 1 2 1 1 2

2 22 2 2 3 3
2 2 21 2 2 2 2

( ) ( )1 1
ln + + log log

2

KLD
e e

      

      

     − −
 =  = − −    

          

516

(3) 
2

1 2 1 2
2 22

1 1 2 2

1
log log

2

KLD
e e

   

   

   − −
=  =          

 517

(4) 
2

1 2 2 1
2 22

2 2 2 2

1
log log

2

KLD
e e

   

   

   − −
=  =          

 518

For optimality for each of the above cases, we have 519

1

2
1 12

1
0KLD 

 


= − =


when 

2 2
1 2 = 520

2 2
1 1 2

3 3
2 2 2 2

( )1
0KLD   

   

 −
= − − =


 when 2 2 2

2 1 1 2( )   = + − 521

1 2
22

2

log 0e
 



 −
 = 

 
 

when 1 2 =  522

2 1
22

2

log 0e
 



 −
 = 

 
 

when 1 2 =  523

5. Mutual Information 524

Mutual information is one of many quantities that measures how much one 525

random variables tells us about another. It is a dimensionless quantity with (generally) 526

units of bits, and can be thought of as the reduction in uncertainty about one random 527

variable given knowledge of another. The mutual information ( ; )I X Y between two 528

variables with joint pdf ( , )XYf x y is given by 529

( , ) ( , )
( ; ) log ( , )log

( ) ( ) ( ) ( )

XY XY
XY

X Y X Y

f x y f x y
I X Y E f x y dxdy

f x f y f x f y

 
= = 

 
  (47) 530

The mutual information between the random variables X and Y has the following 531

relation 532

( ; ) ( ; )I X Y I Y X= (48) 533

where 534
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( ; ) ( ) ( | ) 0I X Y h X h X Y= −  (49) 535

and 536

( ; ) ( ) ( | ) 0I Y X h Y h Y X= −  (50) 537

implying that ( ) ( | )h X h X Y and ( ) ( | )h Y h Y X . The mutual information of a 538

random variable with itself is the self information, which is the entropy. High mutual 539

information indicates a large reduction in uncertainty; low mutual information indicates 540

a small reduction; and zero mutual information between two random variables, 541

( ; ) 0I X Y = , meaning that the variables are independent. In such case, ( ) ( | )h X h X Y= 542

and ( ) ( | )h Y h Y X= . 543

Let’s consider the mutual information between the correlated Gaussian variables X 544

and Y given by 545

2 2 2 2 2 2
2 2 2

2
2

( ; ) ( ) ( ) ( , )

1 1 1
log (2 ) log (2 ) log (2 ) (1 )

2 2 2

1
= log (1 )

2

x y x y

I X Y h X h Y h X Y

e e e       



= + −

= + − −

− −

(51) 546

Figure 19 presents the mutual information versus 2 , where it grows first much 547

slower and then very fast for high values of 2 . If 1 =  , the random variables X and 548

Y  are perfectly correlated, the mutually information is infinite. It can be ceen that 549

( ; ) 0I X Y =  for 0 =  and that ( ; )I X Y → for 1 → . 550

551

552

Figure 19. Mutual information versus 
2 between the correlated Gaussian variables. 553

On the other hand, consider the additive white Gaussian noise (AWGN) channel 554

shown as in Figure 20, the mutual information is given by 555

2 2 2

2 22 2

2 ( )1 1
( ; ) ( ) ( | )= log log 1

2 22

x n x

n n

e
I X Y h Y h Y X

e

   

  

   +
= − = +      

   

     (52) 556

where ( | ) ( ) ( , ) ( )h Y X h N h X Y h X= = − , and 557

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.5

1

1.5

2

2.5

3

2

I(
X

,Y
)

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 26 May 2023                   doi:10.20944/preprints202305.1909.v1

https://doi.org/10.20944/preprints202305.1909.v1


23 of 28 

( )2 2
2

1
(Y) log 2 ( )

2
x nh e  = + ; 2

2
1

( | ) ( ) log (2 )
2

nh Y X h N e = = 558

Mutual information for the additive white Gaussian noise (AWGN) channel is shown in 559

Figure 21, including the three-dimensional surface as a function of 2
x and 2

n ;, and 560

also in terms of the the signal-to-noise-ratio 2 2SNR /x n＝  . It can be seen that The 561

mutual information grows first very fast and then much slower for high values of the 562

signal-to-noise ratio. 563

564

 

2~ (0, )xX N  Y X N= +

2~ (0, )nN N 

565

Figure 20. Schematic illustration of the additive white Gaussian noise (AWGN) channel. 566

567

Figure 21. Mutual information for the additive white Gaussian noise (AWGN) channel: (a) the 568

three-dimensional surface as a function of 2
x and 2

n ; (b) in terms of the the 569

signal-to-noise-ratio. 570

571

6. Conclusions 572

This paper intends to serve to the readers as a supplement note on the geometric 573

interpretation of the multivariate Gaussian distribution and its entropy, relative entropy, 574

and mutual information. The illustrative examples are employed to provide further in- 575

sights into the geometric interpretation of the multivariate Gaussian distribution and its 576

entropy and mutual information, enabling the readers to correctly interpret the theory 577

for future design. The fundamental objective is to study the application of multivariate 578

sets of data in Gaussian distribution. This paper examines broad measurements of 579

structure for Gaussian distributions, which shows that they can be described in terms of 580

the information-theoretic between the given covariance matrix and correlated random 581

variables (in terms of relative entropy). To develop the multivariate Gaussian distribu- 582

tion with the entropy and mutual information, several significant methodologies are 583

presented through the discussion supported by illustrations, both technically and statis- 584

tically. The content obtained allows readers to better perceive concepts, comprehend 585

techniques, and properly execute software programs for future study on the topic's sci- 586
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ence and implementations. It also helps readers grasp the themes' fundamental concepts. 587

Involving the relative entropy and mutual information as well as the potential correlated 588

covariance analysis based on differential equations, a wide range of information is ad- 589

dressed, including basic to application concerns. 590
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Appendix A. Derivation of the differential entropy for the univariate Gaussian 600

distribution 601
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Appendix B. Derivation of the differential entropy for the multivariate Gaussian 610

distribution 611
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The calculation involves the evaluation of expectation of the Mahalanobis distance. 613

614

Appendix C. Evaluation of expectation of the Mahalanobis distance 615
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A special case for 1n =  618
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620

Appendix D. Derivation of the differential entropy in the transformed frame 621
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The eigenvalues i  are the diagonal elements of the covariance matrix, namely 624

variances, in the transformed frame. When =0 , the eigenvectors are equal to 2=i i  . 625

626

627

628
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632

Appendix E. Derivation of the Kullback–Leibler divergence between two normal 633

distributions 634
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636

where the equality 2 2log ( ) log ln( )e =    was used. 637
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