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Abstract: Let {¢1,&s. ...} be a sequence of independent possibly differently distributed random
variables defined on a probability space (Q, , P) with distribution functions {Fz,, Fz,, .. .}. Let 77 be
a counting random variable independent of sequence {¢1, . ...}. In this paper, we find conditions
under which distribution function of randomly stopped sum S;; = ¢1 + {2 + ... + ¢, belongs to the
class of generalized subexponential distributions.
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1. Introduction

Let {&1, 2, ...} be a sequence of independent random variables (r.v.s) with distribution functions
(d.f.s) {Fél JEeyre .}, and let 57 be a counting random variable, that is, a nonnegative, nondegenerate
at 0, and integer-valued r.v. In addition, we suppose that the r.v. 7 and the sequence {1, >, ...} are
independent.

LetSp:=0,5,:=¢1+...+¢nforn € N, and let

i
Sy = Z Ck
k=1
be the randomly stopped sum of the r.v.s 1,Ca, .. ..

By Fs, we denote the d.f. of S;, and by F we denote the tail function (t.f.) of a d.f. F, that is,
F(x) =1— F(x) for x € R. It is obvious that the following equalities hold for positive x:

Fs, (x) = P(y = 0) + ilw — nP(S, < ¥)
Fs,(x) = i P(y = n)P(S, > x).
n=1

In this paper, we consider a sequence {1, (>, ...} of independent and possibly nonidentically
distributed r.v.s. We suppose that some of d.f.s of these r.v.s belong to the class of generalized
subexponential distributions OS, and we find conditions under which d.f. Fs, remains in this class.

We use the following three notations for the asymptotic relations of arbitrary positive functions
f and ¢ f(x)=o0(g(x)) means that ;ij%of(x)/g(x) = 0; f(x) ~ cg(x), ¢ > 0, means that
xli&}of(x)/g(x) = ¢;and f(x) =< g(x) means that

f(x)

o f(x)
0 < liminf < limsup —F=% < 0.
B g(n) S R g ()

The rest of the paper is organized as follows. In Section 2, we desribe class of generalized
subexponential distributions. Section 4 consists of some results on closure under randomly stopped
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sums for regularity classes related with generalized subexponential distributions. The main results of
the paper are formulated in Section 3. The proofs of the main results are given in sections 5 and 6.

2. Generalized subexponentiality

Let ¢ be a r.v. defined on a probability space (Q), F,P) with d.f. Fz.
o A df. Fz of a real-valued r.v. is said to be generalized subexponential, denoted Fz € OS, if
FzxF
lim sup M < 00,
X—»0c0 Fg(x )

where Fg  Fz denote the convolution of d.f. Fz with it self, i.e.

B+ Fr(x) = F2(x) = /jo Fe(x — y)dF:(y), x € R.

For distributions of non-negative r.v.s class OS was introduced by Kliippelberg [1] and later
for real-valued r.v.s was studied by Shimura and Watanabe [2], Baltrtinas et al. [3], Watanabe and
Yamamuro [4], Yu and Wang [5], Cheng and Wang [6], Lin and Wang [7], Konstantinides et al. [8],
Mikutavi¢ius and Siaulys [9] among others.

In [2], the class of distributions OS is considered together with other distribution regularity
classes. In that paper, several closedness properties of the class OS were proved. For example, it
is shown that the class OS is not closed under convolution roots. This means that there exist r.v.
such that n-fold convolution Pg "€ OSforalln > 2,but Fr ¢ OS. In [3], the simple conditions are
provided under which d.f. of the special form

X

Fr(x) =1 —exp{ - /q(u)du}

0

belongs to the class OS, where g is some integrable hazard rate function. For distributions of class
OS the closure under tail-equivalence and the closure under convolution are established in [4]. The
detailed proofs of these closures for non-negative r.v.s are presented in [1] and for real-valued r.v.s
in [5]. The closure under convolution tail equivalence means that in case of independent r.v.s ¢y, {2
conditions Fz, € OS, F, € OS imply that Fz, * Fz, = Fz 1z, € OS. The closure under tail-equivalence
means that conditions Fx, € OS, Fg, (x) < Fg,(x) imply Fr, € OS.

A counterexample, showing that Fz , Fz, € OS for independent r.v.s {1, {2 does not imply Fz ¢, €
OS can be found in [7]. Moreover in that paper, the closure under maximum is established which
means that Fz , Fz, € OS for independent r.v.s {1, §» imply Fz 1z, € OS. The authors of articles [8] and
[9] consider when the distribution of the product of two independent random variables ¢, 8 belongs to
the class OS. For instance in [9], it is proved that d.f. Fzg is generalized subexponential if Fz € OS and
f is non-negative and not-degenerated at zero.

3. Main results

In this section, we formulate two theorems which are the main assertions of this paper. The first
theorem deals to the case when the counting r.v. has a finite support.

Theorem 1. Let {1,Ca, ...} be a sequence of independent r.v.s, and 1 be a counting r.v. independent of
{&1,82,...}. If y is bounded, Fz, € OS, and for other indices k # 1 either Fz, € OS or Fg, (x) = O( Fg, (x)),
then d.f. of randomly stopped sum Fs, belongs to the class OS.

The case of unbounded support of counting r.v. is considered in the second theorem. In such a
case, to be Fg S OS we need the counting random variable to have a light tail.
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Theorem 2. Let {1, &1, &, ...} be independent random variables, where counting r.v. 1 be such that EeM < oo
forall A > 0. Then Fs, € OS, if Fg, € OS and one of the conditions below is satisfied:

F,
(i) P(y =1) >0 and limsup sup s (x) < o0
x—oo  k>1 Fgl (x)
F F
(11) 0 < liminfinf fgk(X) < lim sup sup 7§k7(x)
X—r 00 k21 Fé‘l (.x x—00  k>1 FC:] (x)

We will present the proofs of both theorems in section 6. According to the statements of these
theorems, many random variables with generalized subexponential distributions can be constructed.
We will demonstrate such constructions in section ??

4. Similar results for related regularity classes

In this section, we will describe several classes of distributions related to the class OS. For the
described classes, we will present some results on their closure with respect to a randomly stopped
sum. We note that for some classes, the closedness of the randomly stopped sum is studied only in the
case where the summands are identically distributed.

The class of generalized subexponential distributions is the direct generalization of

S= S,

720

where §(0) = S is the class of the subexponential distributions and {S(7y), ¥ > 0} are the convolution
equivalent distributions classes.
o A df. Fr of a non-negative r.v. { is said to be subexponential, denoted Fz € S, if

A d.f. Fz of a real-valued r.v. § is called subexponential if the positive part of d.f.

E (x) = F ()T o) (%)

belongs to the class S.

The class of subexponential distributions was introduced by Chistyakov [10] and later considered
by Athreya and Ney [11], Chover et al. [12,13], Embrechts and Goldie [14], Embrechts and Omey [15],
Cline [16] and Cline and Samorodnitsky [17] among others.

o A df. Fz of areal-valued r.v. § is said to be convolution equivalent with parameter v > 0, denoted
Fz € S(), if the following requirements are satisfyed

(i) Bx(y) = / " AR (x) < oo,

—00

Fe(x—y)

G ey LEXTY) oy
(ii) xlgrolo o) e’ forall y >0,
4
Fz * F,
(iii) lim éjig(x) = 2c¢ for some constant cz
X—00 Fg(x)

The study of class S(7) goes back to Chover et al. [12,13], Embrechts and Goldie [14], Kliippelberg
[18]. It is well known that F € S(vy) if and only if Fg € S(v), see Corollary 2.1(i) in [19], and the
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constant c¢ in the definition above is equal to I?g('y), see [19-21]. For v > 0 a standard example of d.f.
in S(v) is d.f. satisfying

F(x) o e x*

with parameters ¢ > 0,7 > 0,a > 1, see [22,23].
For the class S the following result is obtained in Theorem 3.37 of [24], see also [25-28].

Theorem 3. Let {(1,02, ... } bea sequence of independent real-valued r.v.s with common distribution Fz € S,
and let n be independent counting r.v. with expectation En, such that E(1 + €)" < co for some € > 0. Then

Fs, (x) ~ EnFy(x),
and Fg, € S.

For the class S(7y) with ¢ > 0 the following assertion is derived in Theorem C of [29], see also
[30-32] for related results.

Theorem 4. Let {(1,Co, . . . } independent real-valued r.v.s with common distribution Fz € S(7y), v > 0, and
let n be independent counting r.v. independent of {1,&a, ... }. If

:P(q = n)max { (Fz(y) +¢)",1} < oo

n

for some e > 0, then Fs, € S().

We note that in the theorems 3 and 4 r.v.s in the sequences {1, &, . .. } are identically distributed.
However, there are related regularity classes for which similar results can be obtained in cases where
r.v.sin {G1,&, ... } are not necessarily identically distributed. Here we discuss two such classes.

e A df. Fr of areal valued r.v. { is said to be dominatedly varying, denoted Fz € D, if

F:
lim sup E(yx) < o0
X—00 Fg(x)

for all (o, equivalently, for some) y € (0,1).
o A df. Fzof areal valued r.v. { is said to be exponential-like-tailed, denoted Fz € L(), if

Fx(x —
lim M =V
X—00 F§<x)

forally > 0.

Class of dominatedly varying d.f.s D was introduced by Feller [33] and later considered in
[4,34-39] among others. The class of long-tailed d.f.s £(0) was introduced by Chistyakov [10] in
the context of branching processes. The class £(y) with v > 0 was introduced by Chover et al.
[12,13]. Later the various properties of long-tailed and exponential-like-tailed d.f.s were considered in
[1,19,24,29,38,40,41] for instance. Here we recall only that £(0) "D C S and S(7y) C L(7).

The following assertion on FS,7 € D is presented in Theorem 4 of [42].
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Theorem 5. Let {1, (2, ...} be a sequence of independent real-valued r.v.s with common d.f. F; € D, and let 1
be a counting r.v. independent of {C1, 8o, ...} Then Fs, € D if EnPtl < oo for some

— Fe(xy)
p> ]Fg : yh_r}r;o 10gy10g11;r_1>1£f Fo(x 0

In the inhomogeneous case, when sumands are not necessary identically distributed, the following
statement is obtained in Theorem 2.1 of [43].

Theorem 6. Let {(1,(o, ...} be a sequence independent nonnegative r.v.s, and let n be a counting r.v.
independent of {C1, 8o, ... }. Then Fs, € D if the following three conditions are satisfied:
(i) Fg, € D for some s e supp(n) := {n € No : P(y = n) > 0},
(i) lim sup sup F Z Fg(x) <
X—00 n>

(iii) EgP ! < oo for some p > ]Fé .

Examples of conditions for the function Fg, to belong to the class £(y) are given in the theorems
below. Theorem 7 proved in [42] present conditions for the homogeneous case for class £ = £(0),
while Theorem 8 proved in [44] gives conditions for the inhomogeneous case for class £(vy) with y > 0.

Theorem 7. Suppose that {&1,82, ...} are independent nonnegative r.v.s with common distribution Fz € L,
and let n be a counting r.v. independent of {&1,&>,...}. If

Fy(6x) = o(v/x Fg(x))
forany 6 € (0,1), then Fs, € L.

Theorem 8. Let {&1,8, ...} be a sequence of independent r.v.s such that for some v > 0

sup Falxty) e W — 0
1l Fg(x) xve

for each fixed y > 0, and let n be a counting r.v. independent of {¢1,&2,...}. If

Py =k+1)
Pl =K) ko

then Fs, € L(7).

In the context of the randomly stopped sums the class OS was considered by Shimura and
Watanabe [2]. In Proposition 3.1 of that paper the following assertion is presented.

Theorem 9. Let {(1,Co, ...} be a sequence of nonnegative independent r.v.s with common d.f. Fz, and let  be
a counting r.v. such that

P(y >1) >0, sup{x}l: ZIP(n:k)xk<oo}:oo,
k=0

Then F; € OS ifand only if Fs, (x) = Fg(x).

From the information presented, it can be seen that our main theorems 1 and 2 in fact are
inhomogeneous versions of the formulated theorem 9.
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5. Auxiliary lemmas

In this section, we will present and prove some auxiliary lemmas that will be applied to the
derivations of the main theorems 1 and 2.

Lemma 1. Let X and Y be two real valued r.v.s with corresponding d.f.s Fx and Fy. The following statements
hold:

(i) Fx € OS ifand only if sup FXfo(x) < .
xeR x(x)

(ii) If Fx € OS and Fy(x) xfooFX(x)’ then Fy € OS.
(iii) If Fx € OS and Fy € OS, then Fx * Fy € OS.
(iv) IfFx € OS, then Fx € OL i.e. limsup Ex(x-1) _ g

xoseo Fx(¥)

(v) If Fx € OS and Fy(x) = O(Fx(x)), then Fx * Fy € OS and Fx * Fy(x) xfwfx(x).

Proof. A large part of the properties of the class OS listed in Lemma 1 can be found, for instance, in
[1,2,4,5]. However, for the sake of exposition completeness, we present the full proof of the formulated
lemma.

Part (i). If Fx € OS, then

lim sup M < 00 (1)

X— 00 Fx(x)

according to definition. This estimate implies that Fx(x) > 0 for each x € R. In addition, the inequality
(1) gives that

Fy x Fx(x) <
Fx(x)
if x > xp; for some M and x ;.

If x < x4, then, obviously, Fx(x) > Fx(xp) and Fx * Fx(x) < 1.
Therefore, for each x € R we get that

BoFx(x) _ 1 N
Fx(x) S {M,FX<xM)}<

because Fx (x1) > 0. The last estimate finishes the proof of the part (i) because the condition

FX * Fx(x)
sup —=———

< oo
ek Fx(x)

implies (1) obviously.

Part (ii). The condition Fy(x) =< Fx(x) implies

X—r00
lim inf EY(X) >0 and limsup 5Y<x> < 0. (2)
x—oo Fy(x X—00 Fx(x)
It follows from this that .
Fy(x)
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for some M and x). If x < xp, then

il < =
Fx(x) = Fx(xm)

because Fx € OS. According to the derived estimates

Fy(x) 1 _ ~
P () {M Fx<xM>} —C=e
Therefore for each x € R
By (x) = ﬁig jy§P (x~9)dFr(y) < C [ Fx(x—y)dFy(y)

This estimate implies that

lim sup M < C2lim sup Fx* Fx (x)
x>0 Fy(x) x—eo  Fy(x)
C lim sup Xf (x) 1 — < 0
x—00 Fx(x)  liminf Bx®)
x—oo Fx(x)

due to the assumption Fx € OS and the first inequality in (2). The last estimate gives that d.f. Fy
belongs to the class OS. Part (ii) of the lemma is proved.

Part (iii). According to part (i) we have that

Fx * F Fy x F
supLX() C1 < o0 and supLY() =0y < oo
xeR FX( ) xeR FY(x)

Let X1, X2, Y1, Y2 be independent r.v.s. Suppose that X;, X, are distributed according to the d.f

Fx, and Y1, Y, are distributed according to the d.f. Fy. For each x € R we get
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((Fx* Fy)*)2(x) = (Fx x Fy) * (Fx * Fy)(x) = P(X1 + Y1 + Xo + Y2 > x)

— P+ X+ Vi Y0) > x) = /P(X1+X2>x—y)dP(Y1+Y2<y)

o —

_ / BB =Yg - pyap(vi + s < y)
Fx(x—y)

<G / Fx(x — y)dp(lﬁ + Y, < y) = ClP(Xl +Y+Y, > x)

e

_c, [ BxB(x—y)
—q [ xiixTy)
Fy(x —y)

Fy(x —y)dP(X; < y)

<CGG / Fy(x —y)dFx(y) = C1CoFx * Fy(x).

Hence
sup ((Ex * Fy)*)?(x)
xeR  Fx * Fy(x)
implying that Fx * Fy € OS by part (i). Part (iii) of the lemma is proved.
Part (iv). Due to the part (i)

< GG

In addition, for x > 2, we obtain

When x is large enough we have F(x) — F(1) > 0, and, therefore,

fx(x—l) < Fx*Px(x) 1
Fx(x) — Fx(x) Fx(x)—Fx(1)’

Hence

lim sup Px(x=1) < ,CS
x—eo Fx(x) Fx(1)

and part (iv) of the lemma is proved.

Part (v). Since Fy(x) = O(Fx(x)), we have

<M, x> xpy,
with certain constants M and x;. If x < x), then

Fy(x) 1 oo
Fx(®) ~ FxCm)
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because Fx € OS implies Fx(x);) > 0. From the both above inequalities it follows that
) EY(X) < max {M, 1} =Cy
veR Fx(x) Fx(xm)
Consequently, for x € R we get
Foefy(x) = [ Fr(x—p)dFu(y) <G [ Fxlx—y)dFx(y)
= C4Fx * Fx(x) < C5Fx(x) 3)

with some positive constant Cs, where the last step in the above derivation follows from part (i) of the
lemma.
On the other hand, there exists a real b € R for which

Fy(b) =1 - Fy(b) >

N —

For this b, we get

(b,00) (b,0)

— Fx(x—b)Ey(b) > %m)w

Hence,

liming 2D S Ly Ex(x = b)) 4)
X— 00 FX(X) 2 x> FX(X)

In part (iv) of the lemma we proved that Fx € OL. It is easy to verify that

Fxe OL & limsupFX(x(_l) < oo Fy(x— b)xx Fx(x) foreachb € R.

x—00 x(x) e
Therefore, the estimate (4) implies that

liming X)) 5)
X— 0 FX(x)

From (3) and (5) inequalities it follows that Fx * Fy(x) = Fx(x). Moreover by part (ii) of the lemma

—> 00

Fx * Fy € OS. This finish the proof of the last part of the lemma. O

Lemma 2. Let {1, Cy...} be a sequence of independent r.v.s, for which Fz, € OS, and for others indices k > 2
either Fz,_ € OS or Fg, = O(Fg, (x)). Then Fs, € OS foralln € N.

Proof. If n = 1,then the statement is obvious because S; = §;. If n = 2, then two options are
possible Fz, € OS or Fz, = O(Fg, (x)). In the first case Fs, = Fz,  Fz, € OS according to the part (iii)
of Lemma 1. In the second case Fs, € OS by the part (v) of the same lemma.

Letnow n > 2. Denote

K ={ke{2.,n}:F(x) = O(Fs(x))}
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Initially assume that the set K is empty. In such a case, Fz, € OS forallindicesk € K¢ = {1,2,3,...,n}.
By the part (iii) of Lemma 1 we get that F5, € OS.
Let now the index set K = {ky,ky, ...k;} C {1,..n} is not empty. Since

Fr, () = O(Fg, (1)),

part (v) of Lemma 1 implies that

Fgy % F(fk] € 0S, (6)
and
Fgl * ngl (x) = Ff-l (x) (7)
According the relation (7)
Fg, (x) Fg (%)
lim sup & < limsup f b ! < o0

x—v00 Fgl * ngl (x) X—y00 Fgl (X)

because f‘:kz (x) = O(Fg, (x)). This means that

f‘:kz (X) = O(Fgl * ngl (x))
Hence according to (6) and part (v) of Lemma 1 we get
Fy * Fékl * FCkz = (Fg, Fékl) * Pékz € 0S,

and
Fg, * ngl * ngz (x) < Fg, ngl (x).
Continuing the process we obtain
;
F := Fg, *EF% =Fgy # Fg #Fg *.xFg € oS,

and

Fr, * ngl * ngz * .ok Fg (%) < Fr ngl * ngz .ok Fg o (x).

For the remaining indices k € K¢ = {2,3,..,n} \ {ki,kz, ... k;} d.f. Fr, € OS. By the part (iii) of
Lemma 1 we get
Fice := Hng € OS.
keKe

Using part (iii) of Lemma 1 again we derive that
Fs, = Fxc * Fxe € 0S.
This finish the proof of Lemma 2. O

Lemma 3. Let {1,03, ... be a sequence of independent random variables for which Fz, € OS and

F
lim sup sup jki(x)

< o0 (8)
x—e0 k>1 Fe (%)
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Then there exists a constant C for which
Fs,(x) <C" 'Fg, (x) )
forall x € Rand foralln > 2.
Proof. The condition (8) implies that

F
sup =2 () < Ge

k>1 Fl:l (X)

for all x > A with some positive constants Cg and A. If x < A,then

Fe (x 1 1
supj"( ) < < < 0.

k1 Fe (%) h Fg (%) b Fg, (A)

Therefore, for each x € R

F,
sup 7@',((36) < max< Cq, = L = Cy. (10)
k=1 Fe (x) Fz (A)

In addition, the part (i) of Lemma 1 gives that

B Fay (1) < GoFe, (1) )

for all x € R with some positive constant Cg.
We will prove the inequality (9) with constant C = C; Cg. If n = 1, the inequality (9) holds
evidently because Fg, (x) = Fg (x). If n = 2, then by (10) and (11) for x € R we have

Fs,(x) = / Fg,(x —y)dFs (y) < C7 / Fg (x —y)dFg (y)

Suppose now that the inequality (9) holds forn = m > 2, i.e.

F,S'" (x)
Fgl (x)

After choosing n = m + 1, from this assumption and from (10), (11) we get

<C"™ 1l xeR

s, (x) = [ Fs,(x —y)dF, 1(y) <C" ' [ Fy(x —y)dFy, 11
Fs,.,(x) Fs, (x —y)dFg,+1(y) < C" ' [ Fe (x —y)dFz, 41(y)

[e9)

=Ccm! / Fzp1(x —y)dFs (y) <C™ICy / Fe, (x —y)dFg (v)

According to the induction principle, the inequality (9) holds for all # € N. Lemma 3 is proved. [

6. Proofs of the main results

In this section, we present proofs of the main results op the paper.
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Proof of Theorem 1. suppose that P(7 € {0,1,...,L}) =1 for some L € N. We have
p— L p—
Fs, (x) = ZlP(W =n)Fs,(x), x €R.
n—=
Let
L* =max{k € {1,2,..,L} : P(y = k) > 0}.
Foreachx € R _ B
Fs (x P(y = L*)F
Fs . (x) Fs . (x)
On the other hand
L*-1
Fs,(x)= ) P(1=L"—k)P(Sp: & > x) (13)
k=0

For any random variable {y, k € {1,2,...,L*}, there exists a negative number —ay, for which P(&; >
—ai) = 1/2. We have

P(Spe—1 > x) =P(Spe_1 —ags > x —aps, Gpr > —aps) + P(Spe_q > x,81- < —ag+)
< P(SL* > X — aL*) +P(5L*—1 > x)]P’(CL* < —lZL*)

From this we derive that
]P)(SL*,l > x) < Z]P(SL* > X — LIL*)

for each x € R. Similarly,
P(SL*—Z > x) < ZP(SL*,l >x— IZL*,l) < 4P(SL* >X—darpx_1 — LZL*)

also for each real number x. Continuing the process we obtain

k=1
P(SL*_]( > X) < 2kp (SL* > x — Z lej)
=0

forallx € Rand forallk =1,2, ..., L* — 1. After inserting the obtained estimates into inequality (13),

we get that
B -1 L k-1
Fs,(x) < ) P(y=L"—k)2"P(Sp» > x— ) ar-—;)
k=0 j=0
L*-1
<SPS >x—a*) ) 2kP(y = L* —k)
k=0
= C"Fg,. (x —a"),
where
L*—1 L*
C*= Y 2*P(y=L"—k), and a* =) 4,
k=0 j=2

Consequently, for all x _
fsﬂ (x) 3 C*FEL* (x —a*)
FSL* (x) FSL* (x)

(14)
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By Lemma 2 and part (iv) of Lemma 1 we have that Fs , € OS C OL. Therefore

By (12) and (14) we have,that
Fs, (x) < Fs, (x)
Therefore Fs, € OS together with Fs,, by the part (ii) of Lemma 1. Theorem 1 is proved. O
Proof of Theorem 2. Part (i) Whereas

[e)

Fs,(x) =} P(y =n)Fs,(x),

n=1

by Lemma 3 for all real numbers x we obtain

Fs”(x) _ }El Cr1P(n = n)Fg (x)
fgl(x) = Fgl(x)

< EeSl < o, (15)

where C is some positive constant.
On the other hand

Fs, () > P(y = )T, (v).
Hence under conditions of part (i), we have that Fg , (%) = Fg, (x). Therefore Fg , € OS according to
part (ii) of Lemma 1. Part (i) of Theorem 2 is proved.

Part(ii). If P(y = 1) > 0, then assertion of this part follows from the proved part (i). Since
EeM < oo for each A > 0, the inequality (15) implies that

. Fs, (x)
limsup = < o0
X—»00 Pgl (X)

(16)

In addition, conditions of part (ii) of the theorem give that

F
inf 77@;((95) >A
k>1 F§1 (x)

for all x > x5 and some positive A. If x < x,, then

F F - — ~

nf L) e B0 5 S AR, (k)= 5 0

k=1 Fg (x) ~ k=1 Fg (xa)

due to the assumption Fr, € OS. The derived inequalities imply that
fék (x) Z éfgl (x)

for some positive constant C,and forallx € R, k € {1,2,...}.
Using the last estimate we get
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Similarly,
— 7 FS (X -y
Fo(x) = [ 22 =0Ty (x =) dF, ()
3 o Fe(x—y 41 &1
~ ~ 2i
> CFg (0)F§1 * Fz, (x)=C (Fgl (0)) Fe, (x), xR
Continuing process we obtain
~ = -1
Fs, (x) > C (Fe,(0))" ' F, (x)
forallx e Randn € {2,3,...}.
Therefore,
Fs, (x P(y = L)Fs.
lim inf fS"( ) > liminf u
X—00 F§1(x) X—00 F§1 (x)
NS T L-1
>P(n = L)C(Fg(0)) >0, (17)

where L = min{n >2:P(y = n) > 0}.
The derived inequalities (16) and (17) imply Fs, (x) = Fg, (x). By part (ii) of Lemma 1 we get
X—00
Fs, € OS. Theorem 2 is proved.
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