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Abstract: The main goal of the paper is to use a generalized proportional Riemann-Liouville fractional
derivative (GPRLFD) to model BAM neural networks and to study some stability properties of the
equilibrium. Initially, several properties of the GPRLFD are proved such as the fractional derivative
of a squared function. Also some comparison results for GPRLFD are provided. Two types of
equilibrium of the BAM model with GPRLFD are defined. In connection with the applied fractional
derivative and its singularity at the initial time the Mittag-Leffler exponential stability in time of
the equilibrium is introduced and studied. An example is given illustrating the meaning of the
equilibrium as well as its stability properties.
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1. Introduction

One of the main qualitative properties of the solutions of differential equations is
stability. There are various types of stability defined, studied and applied to different
types of differential equation, esspecially to fractional differential equation. The stability
of Hadamard fractional differential equations is studied in [35]. The stability of Caputo
type fractional derivatives are studied by many authors and many sufficient conditions
are obtained (for example, see Mittag-Leffler stability in [24], the application of Lyapunov
functions in [9]). Concerning fractional differential equations with Riemann-Liouville
fractional derivatives the stability of linear systems is studied in [29], nonlinear systems in
[21], [26], Lyapunov functions are applied and comparison results are established in [14],
practical stability is studied in [5], existence and Ulam stability in [10]. Note the initial
condition for fractional differential equations with the Riemann-Liouville type fractional
derivative is totally different than the initial condition to ordinary differential equations or
to fractional differential equations with Caputo type derivatives. Some of the authors did
not take this into account and consequently the study of stability has a gap. Concerning
the basic concepts of the stability for Riemann-Liouville fractional differential equations
we note [4] where several up-to-date types of fractional derivatives are defined, studied
and applied to differential equations. Recently, the so called generalized proportional
fractional integrals and derivatives were defined (see, [22,23]). Similar to classical fractional
derivatives there are two main types of generalized proportional fractional derivatives:
Caputo type and Riemann-Liouville type. Several results concerning existence (see, for
example,[3], [12]), integral presentation of the solutions (see, for example, [19]), stability
properties (see, for example, [7],[1]) and applications to some models (see, for example,[7])
are considered with the Caputo type of generalized proportional fractional derivatives.
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Also there are some results concerning Riemann-Liouville type. Some existence results are
obtained in [20]. In [8,33] the oscillation properties of the fractional differential equations
with a generalized proportional Riemann-Liouville fractional derivative is studied. The
existence and uniqueness of a coupled system is studied in [2] in the case of three-point
generalized fractional integral boundary conditions. In this paper initially we prove some
comparison results for generalized proportional Riemann-Liouville fractional derivatives.
Also, we discuss the behavior of the solutions on small enough intervals about the initial
time. Some examples are given illustrating the necessity of excluding the initial time
when the stability is studied. The obtained results are a basis for studying a stability
property of the equilibrium of a model of neural networks. The models of neural networks
are important issues due to their successive application in pattern recognition, artificial
intelligence, automatic control, signal processing, optimization and etc. In the past decades,
several types of fractional derivatives are applied to the models of neural networks to
describe more adequately the dynamics of the neurons. Many qualitative properties
of their equilibriums are studied. In this paper we apply the generalized proportional
Riemann-Liouville fractional derivative to the BAM model of neutral networks. One of
the main properties of the applied fractional derivative is its singularity at the initial time.
In connection with this we define in an appropriate way an exponential Mittag-Leffler
stability in time excluding the initial time. Also, two types of equilibrium deeply connected
with the applied fractional derivative are defined. Sufficient conditions based on the new
comparison results are obtained and illustrated with examples. The rest of this paper is
organized as follows. In Section 2, some notes on fractional calculus are provided, the basic
definitions of the generalized proportional fractional integrals and derivatives are given in
the case when the order of fractional derivative is in the interval (0, 1) and the parameter
is in (0,1]. The connection with the tempered fractional integrals and the derivatives
is discussed. In Section 3, we prove some comparison results for generalized Riemann-
Liouville fractional derivatives. In Section 4, the model of BAM neural networks with
GPRLEFD is set up and studied. Two types of equilibriums are defined. These definitions are
deeply connected with the applied GPRLFD and its properties which are totally different
than the ones of ordinary derivative and the Caputo type fractional derivatives. Mittag-
Lefller exponential stability in time of both types of equilibriums is defined and studied.
Finally, an example is given to illustrate the theoretical results and statements.

2. Some notes on Fractional Calculus

The main idea of fractional calculus is the generalization of the differential operator to
an operator with any real or complex number order. The most standard of these operators
are the Riemann-Liouville fractional integral and derivatives (for basic definitions and
properties see, for example, the classical books [13,28,32]). In the last decades many different
definitions were proposed. Some of them are equivalent to the classical ones, some of them
are generalizations. One of the ways to generalize the classical definitions is to include an
exponential factor in the kernel. For more information about the definitions of fractional
integrals and derivatives with exponential kernal, called tempered fractional integral and
derivative, and some applications to stochastic process, Brownian motion, etc. we refer the
reader to [31]. Recently, [22,23], generalized tempered fractional calculus was considered
by fractionalising the power of the exponential function and these were called generalized
proportional fractional ones. In this way, the used parameter in the exponential kernel
gives us more detailed information.

We recall some basic definitions and properties relevant to the generalized proportional
fractional derivative and integral. The terms and notations are adopted from [22,23].
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Definition 1. [22] (The generalized proportional fractional integral) (GPFI) Let v : [a,b] —
R, b < oo,and p € (0,1],q > 0. We define the GPFI of the function v by (,Z%Fv)(t) = v(t) and

(T90) () =t / I ()1 (s) ds, t e (ab] )
‘ oTT(q) Jo ' o

Definition 2. [22] (The generalized proportional Riemann-Liouville fractional derivative) (GPRKFD)

Letv:[a,b] = R, b<co,andp € (0,1], g € (0,1). Define the GPRLFD of the function v by

(D100)(1) = e (1) [ €7 Ot = 9)Tu(s) ds

pl_qr<1 - 4) (2)
+ d ! E(t_s) —-1q
pE/u er (t—s)"Tu(s) ds), t € (a,b].

Remark 1. The parameter q in Definitions 1 and 2 is interpreted as an order of integration and
differentiation, respectively. The parameter p is connected with the power of the exponential
function. In the case p = 1 the given fractional integral and derivative reduce to the classical
Riemann-Liouville fractional integral

Jiv(t) = 1,(1q) /ut(t — )7 u(s) ds, (3)

and the Riemann-Liouville fractional derivative
RLDTu(t) = 1 4 /t(t —s) Tu(s) ds 4)
a t F(l — q) dt a !

The relation between GPRLFD with the Riemann-Liouville fractional derivative is
given in the following Lemma.

Lemma 1. Letp € (0,1],9 € (0,1), and v € C([a,b]), b < co. Then
et (RLpya (50
(«DMv)(t) =pTer " ,-Di|e* v(t) ||, te(ab] (5)

Proof. From Eq. (2) and (4) we have
1 Eop-1y _
(RDM) (1) = m((17,))/a e7 179 (£ — ) Tu(s) ds

d ety ftoeg
-I—pEeP Aeﬂ (t—s)"Tv(s) ds)
. 1 =1, d [t 1o,
T o T(1—gq)  dt )

p—1 1-p
= ple v '(K'Dle v "o (t)).
L]

Remark 2. The equality (5) gives us an opportunity to apply some of the properties known in the
literature for Riemann-Liouville fractional derivatives to GPRLFD. However it does not allow us
to use directly properties of solutions of fractional differential equations with Riemann-Liouville
fractional derivatives to the ones with GPRLFD. That is why it is absolutely necessarily to study
independently differential equations with GPRLFD and to obtain sufficient conditions for some
qualitative properties of their solutions such as various types of stability.
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Define the set
Cyo([a,b],R") = {v:[a,b] = R": forany t € (a,b] there exists (RED1Py) (1) < o0}

We will provide some results which are partial cases of the obtained ones in [23] and
which will be used in our further considerations.

Lemma 2. (semigroup property) (Theorem 3.8, Corollary 3.10, Theorem 3.11, Lemma 3.12 [23])
Ifp € (0,1], Re(q) > 0, Re(B) > 0,and v € C([a,b]), b < oo, we have the following:

o9 (oZPP0) (1) = TP (Z90) (1) = (W Z7°PP0) (1)

(RDPP,T9P0)(t) = ;T PPu)(f), 0<B<q,

(EDW,T%0) (1) = o(t) ©
T (RDI0) (1) = u(t) — L e gyt

P71 (q)
Lemma 3. (Lemma 2 [19]) Let p € (0,1], g € (0,1) and y € C([a, ], R).

1—
(i)  Let there exist a limit lim_,, (eTPt(t - a)l’qy(t)) = ¢ < co. Then (,Z'y)(a) =

I(q) %5ta
pi

(ii) Let (,Z'79°y)(a+) = b < oo. If there exists the limit lim; (e

c
1—
TPt(t - a)l”?y(t)), then

Ly

17
1-p e P
e (70 ) =

Lemma 4. [22, Example 4.4] The solution of the initial value problem (IVP) for the scalar linear
GPRLFDE

(a " DPu)(t) = pPAu(t) + f(1), (I'"9u)(a+) =uo, g€ (0,1), p € (0,1]
has a solution v € Cy 5 ([a, 0)) given by

p—1

u(t) = upp" e 7 " (t — )1 Eg 4 (A(t — a)")
t -1
070 [ EgqA(t =) s (=51 f(s)as,
a
where Eg 4(t) is the Mittag-Leffler function of two parameters, A € R.
—1
Corollary 1. RLpas (s =9 (¢ — g)1-1) =0, t > a.

The proof of Corollary 1 follows from Lemma 4 with A = 0, f(¢) = 0 and the equality
1

Proposition 1. ([22, Proposition 3.7]). RLDI# (¢7 (=9)) — pﬂ"(ll—q)epTl(t_u) (t=a)™, t>a
Remark 3. In Theorem 2.1 [17] it is proved that tempered fractional integrals and derivatives could
be theoretically expressed as an infinite series of classical Riemann-Liouville fractional integrals and
derivatives. The same is true for GPFI and GPRLFD. However the applications of infinite series
practically is very difficult. It requires independent study of differential equations with GPRLFD
and finding applicable sufficient conditions for properties of their solutions.
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3. Comparison results for GPRLFD

Lemma 5. Let v € C([a,b],R), a < b < oo be Lipshitz, and there exists a point T € (a, b] such
that v(T) = 0, and v(t) < 0, for a < t < T. Then, if the GPRLFD of v exists for t = T with
q € (0,1), p € (0,1], then the inequality ( RbDVv)(t)|;=1 > 0 holds.

Proof. Let H(t) = f;e%(t_s)(t —5) Tv(s) ds for t € [a,b]. According to (2) we have
1 . H(T—h)—H(T)
Rpare - (-
GDY)T) = “=r (@ =pH(T) +p lim : ) "
B 1 . - H(T — h) — H(T)
e i (0-pm + ATHHD)
There exists a constant K > 0 such that0 > v(s) = v(s) —v(T) > K(s—T) fors € [T—h,T),
h > 0,and
DT o) ) ds > K [ e T T -1
/T_he (T—s)"v(s)ds > /T_he s s
lpr (8)
Ke » 1-p
= 2" (re—gh—Y_T(2-0)) = M®),
C?Vq(< i) =r2=g)) = M(b

where I'(., .) is the incomplete Gamma function and

_ T2—ght)—T(2—9)
lim

=0. 9
h—0+ h ©)

=1y,
Thus, usinge » (T —h—s)1 < (T —s)ifors € [T—h,T),h>0,p € (0,1],and v(s) <0
on [a,T) we get

H(T —h) — H(T) = /aT (eijl(Tfhfs)(T —h—s)T— e%(Tfs)(T — s)fq)v(s) ds

—/T 57 (T=9) (elf%ph(T—h—s)_q — (T—s)_q>v(s) ds
S (10)
+/ ev T7(T =)~ u(s) ds

p—1 p—1

T
> / (eT(T*h*@(T—h—s)—q —eT”*S)(t—s)—ﬂ)u(s) ds+ M(h)e 7 |
a
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Using (8), (9), and (10) we obtain

. p
hlga ((1 —p)H(T) + > (H(t) — H(T — h)))
> 1) [T

T T gy S T r g
+p lim
a h—0+ h

o

—1
Example 1. Consider v(t) = e 7 ' (t —2) fort € [0,2], p = 0.5. Note v(t) < 0fort € [0,2),
v(2) = 0and for any q € (0,1) we have

(XDrPv)(t) ! ) (0.5 /02 e~ (%) (s —2) e (2 —5) ds

2= g5ara = q

t
+ 0.5% /0 e ) (= 5) e 5 (s — 2) ds|t:2)

1 2 _ d t 3
:Wu—q)(_‘ﬂ/ (2-s) qu+$e4/ (t=9) (s —2)dsla)  (12)

0 0
1 22719 d e 't +2q9 —4)
- (- S+ 2 i)
0.571T'(1—9q) (2—gq)e* dt 2-3q+q
2—q _ 9.2
S | >0
0.579T(1—q) \ (2—q)e? (2—-3q+qg%)e?
Remark 4. A similar claim to Lemma 5 but for the Riemann-Liouville fractional derivatives is
proved in [14].

Lemma 6. Let g € C([to,b] x R, R), the functions p,v € Cy,([to,b], R) be Lipshitz and satisfy
the inequalities

1- -1
(DY) (1) < gt u), te (tob], tim (70— t0) () = s, 19
and
(REDTPV)(1) > g(tv(t)), t € (to,b], g%(ﬁﬂfmu—mlwm)=m§$.a@

Then if o < v the inequality u(t) < v(t), t € (to, b holds.

1—
Proof. Suppose the contrary. Since, yg < vg and the functions er (-to) (t—to) " 7u(t) and

1p
er tO)(t — o)1 77v(t) are continuous, there exists a point T € (to, b] such that u(t) <
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v(t), t € [ty,T) and u(t) = v(7). According to Lemma 5 for v = p—v, a = ty we
obtain 0 = (7, u(1)) — g(t,v(7)) > (REDYu)(t)|t=r — (REDIPV)(H) 1= = (D" u —
v) () ]t=r > 0.

The obtained contradiction proves the claim. O

In the case when the initial condition contains the generalized proportional fractional
integral we obtain the following result.

Corollary 2. Let ¢ € C([to,b] x R,R), the functions p,v € Cy,([to,b],R) be Lipshitz and
satisfy the inequalities

(REDTPu)(t) < gt (1)), t € (to,b], (T ") (H)li=t, = o, (15)
and
(REDTPv)(t) > g(t,v(t), L€ (to,b], (14T~ Pv)(t)|i=ty = vo- (16)

Then if po < v the inequality u(t) < v(t), t € (to, b holds.
Corollary 3. Let the functions p,v € Cg,([to, b],R) be Lipshitz and satisfy the inequalities
(i DM u)(t) < (5 DYv)(1), t € (to,b],

o Leg _ e _
Jim, (e p (7t (4 o)1 qy(t)) < Jlim, (e ph) (gl qv(t)).

(17)

Then the inequality u(t) < v(t), t € (to,b] holds.

Lemma 7. Let the function v € Cq,([to, b], R) and v? € Cq([to, b], R). Then the inequality
(REDIPV2) (1) < 20 () (REDMv) (1), t € (to,b]. (18)

holds.

Proof. Fixapoint T € (to,b] and define the function u(s) = (v(T) —v(s))? foralls € [t, T].

The function (—p(s)) satisfies all the conditions of Lemma 5 for v = —v, a = t; and we

obtain ( fFDI (—u)(t)|;=1 > 0, i.e. applying Definition 2 we get

(D0 (Dl = sy Jim (1= r(n) +p T =) <o, 9

-1
where H(t) = ftﬁ ePT(t_S)(t —3s) Tu(o) do, t € [ty,b].
Define the functions

o
Pt = | 579 (1 _ ) y(s) ds, £ € [to, ]
to
and o
W(t) :/ EPT(t*S)(t—S)_qu(s) ds, t € [to,b].

to

According to Definition 2 we have

({ELDq'pv)(t) N Pl_qul —q) ((1 —P)P(H) + phliI& = hli —F0
(20)
1 . P(t —h) — P(t)
- P (1 —q) hli}r(l)l-i- ((1 —P)P() +p h
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and

! im ((1—p)W(t)—Q—pw(t_h})l_w(t)).

RLDIPy2Y(4) = — ]
(i PTVE)(E) PTIT(1— q) hoos

(21)

vA(s) = 2v(T)v(s) = (V(T) = v(s))* —=v2(s) = p(s) = v*(s) < p(s), s € [to, T],  (22)

(23)
Then
(RLDIPV2)(T) — 20(T) (REDIPv)(T)
- mhgr& (- p)(W(T) ~2e(T)P(T))
T =h) — W(DP(T =) = (W(T) = o(D)(T))
h
= gy dim (4P W(T) —20(T)P(T) 4)
4 p VLT =) Zu(T)R(T = ) — (W(T) — (T)P(T))
o H(T — ) — H(T)
< mhg%:_ ((1 p)H(T) +p h )

= (i Du)(T) <0.
Since T € (to, b] is an arbitrary point, the claim is proved. [

Corollary 4. Let the functions v; € Cqp([to,b],R) and v} € Cqp([to,b],R), i = 1,2,...,n.

Then the inequality
n n
(i D" Y vi (1) <2} vi(t) ("D y())(1), t € (to,b]. (25)
i=1 i=1
holds.

Remark 5. Note several authors ([25],) used the inequality (25) for the Riemann-Liouville frac-
tional derivative to prove the main results, citing the results from [9,15] which concern the Caputo
fractional derivative.
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4. BAM neural networks modeled by GPRLFD

The general model of the fractional-order BAM neural networks with the GPRLFD is
described by the following state equations

(0" DM x;)(t) = —a;(t)x;(t)) + i bij() fi(ye(t)) + Iit), t>0,i=12,...,n,
1 (26)
(6" D9y;) (1) = —¢;(t)y;(t)) +];1d‘,k(t)gk(yk(t)) +Ji(t), t>0,j=12,...,m,

where x;(t) and y;(t) are the state variables of i-th neuron in the first layer at time ¢
and the state variables of j-th neuron in the second layer at time ¢, respectively, n and
m are the numbers of units in first and the second layer in the neural network, 8L D7#
denotes the GPRLFD of order g € (0,1), p € (0,1], fi(u) and g;(u) denote the activation
functions, b; x(t),d;k(t) : [0,00) — R denote the connection weight coefficients of the
neurons, a;(t), cj(t) : [0,00) — (0, ) represent the decay coefficients of signals at time ¢,
and [;(t), J;(t) denotes the external inputs of the first and the second layers respectively at
time ¢.
The initial conditions associated with the model (26) can be written in the form

(OIlf”"pxi)(t)h:O = x?, (OIlfq'pyj)(t)h:O = y?, i=12...,n,j=12,...,m (27)

Remark 6. According to Lemma 3 the initial conditions (27) could be replaced by initial conditions
of the type

. g ) = 0P : g ) - 0P
tim (&7 'Fx(n)) = o oL Jim (o7 'y(1)) = o) @

The goal of this paper is to study a special type of stability of the model (26) with
initial conditions (27) or their equivalent (28).

Initially we will consider an Example to discuss some properties of the solutions of
equations with the generalized proportional Riemann-Liouville fractional derivative.

Example 2. Consider the initial value problem for the scalar differential equation with GPRLFD

FDu)(t) = —u(t), (T u)(04) = g
where g € (0,1), p € (0,1]. According to Lemma 4 with A = —f%, f(t,u) =0, the solution is
given by
o1 t
u(t;up) = upp' e’ *tqflgq,q(—(ﬁyi).

For any nonzero initial value we have limy_,o4 u(t; 1g) = o0 and lim;_,e0 u(t; 119) = 0. Then for
any € > 0 there exists T = T(e,uq) such that |u(t; ug)| < € for t > T, but we could not find a
nonzero initial value g such that |u(t; ug)| < € fort > 0.

The above example illustrates that any type of stability for differential equations
with GPRLEFD has to be defined in a different way than the ones for ordinary differential
equations or for the differential equations with the Caputo type fractional derivative. The
initial time has to be excluded. Some authors do not exclude the initial time (it is usually 0)
and they do not note that for order g € (0,1) of the Riemann-Liouville fractional derivative
of a constant depends on the expressions ¢ ~7 and #1~! which are not bounded for points
close enough to the initial time 0 (see, for example [30], [6], [36]). Note the main concepts
of stability of Riemann-Liouville fractional derivative are discussed and studied in [4].

We now introduce the class A of Lyapunov-like functions which will be used to
investigate the stability of the model (26).
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Definition 3. Let A C R", 0 € A. We will say that the function V(x) : A — R belongs to the
class A(A) if V(x) € C(A) and it is locally Lipschitzian.

Remark 7. Lyapunov functions could be applied with the quadratic function V(x) = Y1 4 xl.z, X =
(x1,x2,...,xn) for which Corollary 4 could be applied.

Note some authors when applying Lyapunov functions to fractional differential equa-
tions use the equality (E)LD’?M)(t) = sign(v(t))(ﬁ)Lqu)(t) (see, for example (31)[37]).
However this equality is not true for all continuous functions v.

Example 3. Let v(t) =t —1, t € [0,2],9 = 0.3, ty = 0. Then for t € (1,2) we get

1 d gt _
RLH0.3(p _ 1] — 03y,
o Delf—1| r(0.7) dt/o(t 5) s~ 1lds

t(t —5) "3sign(s — 1) (s — 1)ds

_

S—

—
e
N
N~—

1 —03 f -03 )
_/O (t—s) (s—l)ds+/1(t—5) (s —1)ds)

t

N 1
=
—
—_ O =
3
Sa B =
VS

S—

(t—s)"%%(s — 1)ds = sign(t — 1) (g;LD?S(t - 1)).

—
—
e
N
~—

In connection with above remark and example we will use the quadratic function as a
Lyapunov function.

We will define the equilibrium of the neural network (26),(27). Usually, the equilibrium
is a point, whose derivative is zero, and satisfies an appropriate algebraic equation. In
the case when the generalized proportional derivatives (Caputo or Riemann-Liouville
type) is taken for a nonzero constant, then the result is not equal to zero (which is true for
the ordinary derivative and the Caputo derivative). For generalized proportional Caputo

-1
fractional derivative the equilibrium is defined by Ce'7 ! and studied for some types of

stability in [7]. In the case of the Riemann-Liouville fractional derivative the equilibrium is
defined as a constant in [6], but since gLDfl = r(tl;_qq), the algebraic system (12) [6] could
not be satisfied for all t > 0 since the right hand side part does not depend on ¢ but the left
hand side part depends on the variable ¢ ~7 which has no bound as f — 0+.

A similar situation occurs with the GPRLFD. We will study the stability behaviour of

the model (26) in several cases.

4.1. General case of the model

Consider the model (26) in the general case when at least one of the of the coefficients
and the external inputs in both layers are variable in time.

4.1.1. Variable in time equilibrium
Applying Corollary 1 with a = 0 we will define the equilibrium of (26):

-1
Definition 4. The function U*(t) = (x*(t),y*(t)) : (0,00) — R"™™, where x*(t) = Ce' a1

p-1

and y*(t) = Ke ¢ a1 with C = (C1,Co,...,Ch), K = (Ky,Ky,...,Ky), C; = const,i =
1L,2,...,n K; = const,j =1,2,...,m, is called an equilibrium of the model of fractional order
BAM neural networks (26) if the equalities

o1 U o1
a;(H)Cie @ 17 = Y b (B fi(Kee # 9T+ L(E), 120, i=1,2...,n
k=1 (30)

-1 n -1
bj(t)K]-ethtq_l = Z dj,k(t)gk(Ckethtq_l) + ]](t), t>0, j=12...,m
k=1
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hold.

1—
Note that lim;_,o4 (eTPttl_qU*(tD = U% where U° = (C,K) and therefore, the

equilibrium U*(t) is a solution of the model (26), (27) with xg = ( ) and yp = K ( )

Let U*(t) be an equilibrium of (26) defined by Definition 4. Cons1der the Change of
variables u(t) = x(t) — x*(t),v(t) = y(t) —y*(t), t > 0, in system (26). Then we obtain

(gLDq’Pui)(t):—ai(t)u +Zb1k Fk t Uk )), t>0,i=1,2,...,n,
31)
(gLDq’pU]')(t) +Zd]k Gk(t uk( )), t>0,j=12,...,m,

where F;(t,u) = fi(u —|—y;.k(t)) —fj(y]’.‘(t)),Gi(t,u) =gi(u+x7(t) —gi(xf(t),i=12,...,n,
ji=12,...,mfort >0, ueR.
The initial conditions associated with the revised model (31) can be written in the form

- T .
(0T"P1;) (£)|—o = 20 — clpl(q), i=12...n,

q
T
W 0) (Olo =58 = Ky D, = 1,2,

(32)

Note the system (31) has a zero solution (with zero initial values).

Definition 5. Let « € (0,1) and p € (0,1]. The equilibrium U*(t) of (26) is called Mittag-
Leffler exponentially stable in time if there exists T > 0 such that for any solution U(t) =
(x(£),y(t)) of (26), (27) the inequality

lu(e) —ur ()l < :( 0 — uO%

p-1
)eA o' Epg(—At), > T,

holds, where v° = (x%,4°), A > 0 is a constant, E(s) > 0, £(0) = 0, is a given locally Lipschitz
function.

Remark 8. The Mittag-Leffler exponential stability in time of the equilibrium (x*(t), y*(
(26) implies that every solution (x(t),y(t)) of the model (26) satisfies lim;_oo || x(t) — x*(¢)|| =
limy 00 |y (t) — y*(£)|| = O for any initial values.

Theorem 1. Let the following assumptions hold:

1. g€ (0,1)andp € (0,1].

2. The functions a;,c; € C(Ry,(0,00)),b;;,d;;,1;,]; € CRy,R), i = 1,2,...,n, j =
1,2,...,m

3. The activation functions f;,g; € C(R,IR), and there exist positive constants p;,1; i =
1,2,...,n, such that |f;(v) — fi(w)| < yl|v—w\ and |gj(v) — gj(w)| < njlv —w| for
vbwelk,i=12,...,nj=12,..

4.  There exist constants C;, Kj,i = 1,2, ...n, j=1,2,...,m,such that the algebraic system
(30) is satisfied for all t > 0.

5. There exist constants A;, ui>0,i=12...,nj=12...,m, such that the inequalities

m

2a0;(t) = ) |b;

k=1

1712|d, W>A, t>0, i=12,...,n
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2cj(t)—2|d]k y12|b1] N >pj, £>0, j=1,2,...,m

hold.
-1
Then, the equilibrium U* () = (C1,Cy, ..., Cy, K1, Ko, .. .,Km)ePTtt‘?’1 of model (26) is Mittag-
Leffler exponentially stable.
Remark 9. Condition 4 of Theorem 1 guarantee the existence of the equilibrium U*(t) of (26).

Proof. Consider the Lyapunov function V(x,y) = 0.5 " ; x7 + 0. 5% 1y] xeR"ye
R™.

Let U(-) = (x(-),y(:)) € R"™ be a solution of (26), (27) and let X(t) = x(t) —
x*(8),Y(t) = y(t) —y*(t), t > O where U*(-) = (x*(-), y"("))-

Then according to Corollary 4 we get

(EEDIVIX0), YO = 05 Y (-DIXE)) (1) +05 Y (EDIY2())(0)
i =1
< ixl( Y(REDIPX; () (t) + ZY )6 DTPY;())(t)

- Z (‘”i<t>X?(f) + )% bk (1) Xi (1) Fie(t, Yk(t))>

+ i <—c )+ Zd], (£) G (t, X (t )))

j=1
< 2( )+ 2 b (D]05(X2(t >+P,3<t,Yk<t>>> >
i=1
+Z<—ci —I— 2 |d]k |05 ( )‘f’G]%(ter(t)))
j=1
<y <—a,~(t) +0.5 Y |big(t)| + 0572 Y |dj,i(t)|> X7 (t)
i1 k=1 j=1
n Z(—c +05Z | (£)] + 0507 Zlbz] )Y]‘z(t)
j=1
< —V(X(),Y()),
where v = min;—;o ]‘:1,2,...,m{/\ir ﬂj}-
Also, we have
Jim (e IV (X (1), Y(t ))) =05 lim <e1?”t1“7<ix?+ i’”]‘z»
B L ‘ 1 1 ’ 34
-os . (+h ) “’52(%@ ) o
0 q) 2 plfq
~03(55) (o -wpa]) < i

1

where 1y = ’;(—;;(H uol" H) o0 = (x0,49), U° = (C,K).
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Consider the scalar equation (8.D%Pu(-))(t) = —yu(t) with the initial condition
(0Z'~%Pu)(t)|s=0 = ug. According to Lemma 4 it has a solution
N P t
u(t) = ugp™ e » "t Eq,q(_'Y(E)q)-
Since lim;_,e0 #9171 = 0 there exists T = T(q) > 0 such that -l <1fort>T.
According to Corollary 3 we obtain for t > T
2=2 r 21y t
P < 0 oL(q) ) t
V(X(t),Y(t) <u(t) < v’ — U’ =% e Eg y(=)7).
(X(#),Y(£)) < u(t) 0 R (= (p))
Thus, the equilibrium U* (-) is Mittag-Leffler exponentially stable with E(u) = £ rz(;z)q u?.

O

4.1.2. Constant equilibrium

We define the equilibrium of the model (26) as a constant vector in the form V* =

(C1,Co oo, Cogm)-
From Eq. (5) using CAS Wolfram Mathematica we obtain

o-1, 1p, r(_q/ﬂt)
1)) =pres (80] (7)) = o 1o =i ) e

where I'(a,x) = || xoo t*~le~tdt is the upper incomplete gamma function. It is clear that
I(—g, 520 , T(—g 520
lim; g 1“(7@ = oo and lim;_,e 1_(7_‘;) =0forg € (0,1) and p € (0,1].

Based on (35) we will define the constant equilibrium of (26):

Definition 6. The constant vector V* = (C1,Cy, ..., Cpqm) is called a constant equilibrium of
the model of fractional order BAM neural networks (206) if the equalities

T(—q,5Lt) .
Ci| A—p)1 l_ﬁ + a;(t szk Mfi(Coyi) +L(t), t 20, i=12...,n

k=1

I(—q, 1) "
Cori| A—p)7 |1~ r(iﬁ;) +bj(t) =k_21dj,k(t)gk(ck) +Ji(t), t=0, j=12...,m
(36)
hold.

1-p
Note that lim; o+ (e byl V*) = 0 and therefore, the equilibrium V* is a solution

of the model (26), (27) with xy = yg = 0.

Let V* be a constant equilibrium of (26) defined by Definition 6. Consider the change
of variables u;(t) = x;(t) — C;, vj(t) = y;(t) — Cy4j, t > 0, in system (26). Then applying
(35) and (36) we obtain

(gLD‘Wui)(t) +2blk Fk Uk ), t>0,i=12,...,n,
(37)
(D7) (t) = )+ Zd]k )Gr(ug(t)), t>0,j=1,2,...,m

where Fj(u) = fj(u + Cuyj) — fi{(Cusj), Gi(u) = gi(u +C;) = &i(Ci),u e R,i=1,2,...,n,
i=12,....muelk
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Note the system (31) has a zero solution (with zero initial values).

Definition 7. Let « € (0,1) and p € (0,1]. The constant equilibrium V* of (26) is called
Mittag-Leffler exponentially stable in time if there exists T > 0 such that for any solution
U(t) = (x(t),y(t)) of (26), (27) the inequality

-1
jue) = v <g([[o°)])e" 7 Eqa(—t7), £> T,

holds, where v° = (xO,yO), A > 0is a constant, Z(s) > 0, E(0) = 0, is a given locally Lipschitz
function.

Theorem 2. Let the conditions of Theorem 1 be satisfied. Then, the constant equilibrium V* =
(C1,Co, ..., Chim) of model (26) is Mittag-Leffler exponentially stable.

The proof is similar to the one in Theorem 1 so we omit it.

4.2. Partial case - constant coefficient and constant inputs in the model
Let all coefficients in both layers as well as the external inputs are constants, i.e. a;(t) =

a;, C]‘(t) =cj, bi/k(t) = bi,kr d]',k(t) = d]‘,k, Ii(t) =1, ]](t) = ]], i=12,...,nj=12,...,m
Then for variable in time equilibrium the algebraic system (30) reduces to

p=1, 1 1 =1y 1 .

a;Cie ¢ "t17" = Zbi,kfk(Kke P+ L, >0, i=1,2...,n,
p—1 kjl o—1 (38)
P2y Pt g— .

b]K]e Pl :kzldj'kgk(Cke e 1)+]j, t>0, j=12...,m.

The system (38) could have a solution (C1,Cy, ..., Cp, Ky, ..., Ky), i.e. the model (26) could
have a variable in time equilibrium.
For constant equilibrium the algebraic system (36) reduces to

T(—q, 5) i
C(l-p)|1- —72" ) =—aiCi+ Y bixfi(Coux) + 1, £ >0, i=1,2...,n
I'((—9) k=1
T(—q, )

n
= —ben+f+kZldj,kgk(Ck) ], >0, j=1,2...,m
(39)

If there is no external inputs, i.e. I; = 0, J; = 0 and fi(0) =0, g]'(O) =0,i—1,2,...,n,j=
1,2,...,m, then the system (39) has a zero solution Cy = 0, k = 1,2,...,n+m, ie. the
model (26) has a zero equilibrium.

If there is external inputs, i.e. at least one of [;, J; are nonzero, then the system (39) has
no solution, thus the model has no constant equilibrium.
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5. Examples
Example 4. Consider the following BAM neural networks of two layers with two neurons with the

GPRLFD:
(BLDMPx1 ) () = —xq (t) + _ 0 g5
0 1+ e () !
RLya,0 _ 01y B Et# p=1,
(0" D"Px2)(t) <1+€ P >x2(t) er g +er
RLy,p _ el - 1 1 o1y
D" y)() <1+0'5e ' )yl(t) ¢’ 14 e—xl(t) + 1 4 e—x2(t) +05(e 7 1)
RLD&Py Y (1) = — a o1
B0 ) = - (1547 Yial0) - s 405,
(40)

el p—1 p—1
with coefficients a1(t) =1, ax(t) =1+e ¢ L) =1+05e 7 ', cp(t) =15+e 7 ', the
activation functions fi(u), gx(u) = ﬁ >0, k=1,2,u € R, are equal to the sigmoid function
with up = . = 0.25, the external inputs are given by

p-1 p-1
L(t) = =005 L(t)=e? ', Ji(t) =05(e # ' —1), Jo(t) = 0.5,
and
B = {bjx(t)} o0 D = {di(t)} T
= . frd -1 = =
z,k( ) 0 —ePTt ’ zk( ) 0 1
Then the algebraic system (30) reduces to
| b1
al(t)Cle et = = + Il(t), t>0,
1 + eleeT -1
el g1 by
ay(t)Cae P 177 = T + D(t), t >0,
1 7K2€ 0 -
o1, e : @)
C1 (t)Kle Pl = d1,1 (t) o + dl,z(t) o1 + ]1(t),
14eCer ol 14eCer ol
p—1 1 1
ca(t)Kqe # -1 = dpq(t) P +dao(t) = + Ja(t), t > 0.
14eGer vt 14eCoe 7 17!

The system (41) has a zero solution C; = C; = K3 = Ky = 0.
Then, for p € (0,1], g € (0,1), system (40) has the equilibrium U*(t) = (0,0,0,0).
Also, condition 5 of Theorem 1 is satisfied because of the inequalities

2a1(t) = [b11(8)] = [bro(t)| — i ldi (£)] = m3ldaa ()] > Ay = 1.8375, >0,
2ay(t) = ba (1)| = [b2a ()] — nildi2(8)] — m3ld22(H)] > A2 = 1.875, >0,
2¢1 () = |d1a ()] = [di2(8)] = i3 1baa (B)] + p3|baa ()] > 1 = 099375, >0,

205 (t) — |doi (t)| — |dap ()| — 3012 (H)| + p3|bop(H)| > 2 =1, >0,

According to Theorem 2 the zero equilibrium of (40) is Mittag-Leffler exponentially stable, i.e. every
solution (x1(-),y2(+), y1(-), y2(-)) of (40) with the initial condition

(0T "xi) (D=0 = 2, (0T "y (D=0 =¥}, ij=12,
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satisfies the inequality

2-2q 0.99375

q
p1 ")

VA 30+ 930 + 50 < s

with v = min(1.8375,1.875,0.99375,1).

()2 + (9% + W) + (1)) Eqga(—
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