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Abstract: The main goal of the paper is to use a generalized proportional Riemann-Liouville fractional 1

derivative (GPRLFD) to model BAM neural networks and to study some stability properties of the 2

equilibrium. Initially, several properties of the GPRLFD are proved such as the fractional derivative 3

of a squared function. Also some comparison results for GPRLFD are provided. Two types of 4

equilibrium of the BAM model with GPRLFD are defined. In connection with the applied fractional 5

derivative and its singularity at the initial time the Mittag-Leffler exponential stability in time of 6

the equilibrium is introduced and studied. An example is given illustrating the meaning of the 7

equilibrium as well as its stability properties. 8

Keywords: BAM neural networks, Mittag-Leffler type stability, fractional differential equations, 9

generalized proportional Riemann-Liouville fractional derivative. 10

MSC: 34A34, 34A08, 34D20 11

1. Introduction 12

One of the main qualitative properties of the solutions of differential equations is 13

stability. There are various types of stability defined, studied and applied to different 14

types of differential equation, esspecially to fractional differential equation. The stability 15

of Hadamard fractional differential equations is studied in [35]. The stability of Caputo 16

type fractional derivatives are studied by many authors and many sufficient conditions 17

are obtained (for example, see Mittag-Leffler stability in [24], the application of Lyapunov 18

functions in [9]). Concerning fractional differential equations with Riemann-Liouville 19

fractional derivatives the stability of linear systems is studied in [29], nonlinear systems in 20

[21], [26], Lyapunov functions are applied and comparison results are established in [14], 21

practical stability is studied in [5], existence and Ulam stability in [10]. Note the initial 22

condition for fractional differential equations with the Riemann-Liouville type fractional 23

derivative is totally different than the initial condition to ordinary differential equations or 24

to fractional differential equations with Caputo type derivatives. Some of the authors did 25

not take this into account and consequently the study of stability has a gap. Concerning 26

the basic concepts of the stability for Riemann-Liouville fractional differential equations 27

we note [4] where several up-to-date types of fractional derivatives are defined, studied 28

and applied to differential equations. Recently, the so called generalized proportional 29

fractional integrals and derivatives were defined (see, [22,23]). Similar to classical fractional 30

derivatives there are two main types of generalized proportional fractional derivatives: 31

Caputo type and Riemann-Liouville type. Several results concerning existence (see, for 32

example,[3], [12]), integral presentation of the solutions (see, for example, [19]), stability 33

properties (see, for example, [7],[1]) and applications to some models (see, for example,[7]) 34

are considered with the Caputo type of generalized proportional fractional derivatives. 35
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Also there are some results concerning Riemann-Liouville type. Some existence results are 36

obtained in [20]. In [8,33] the oscillation properties of the fractional differential equations 37

with a generalized proportional Riemann-Liouville fractional derivative is studied. The 38

existence and uniqueness of a coupled system is studied in [2] in the case of three-point 39

generalized fractional integral boundary conditions. In this paper initially we prove some 40

comparison results for generalized proportional Riemann-Liouville fractional derivatives. 41

Also, we discuss the behavior of the solutions on small enough intervals about the initial 42

time. Some examples are given illustrating the necessity of excluding the initial time 43

when the stability is studied. The obtained results are a basis for studying a stability 44

property of the equilibrium of a model of neural networks. The models of neural networks 45

are important issues due to their successive application in pattern recognition, artificial 46

intelligence, automatic control, signal processing, optimization and etc. In the past decades, 47

several types of fractional derivatives are applied to the models of neural networks to 48

describe more adequately the dynamics of the neurons. Many qualitative properties 49

of their equilibriums are studied. In this paper we apply the generalized proportional 50

Riemann-Liouville fractional derivative to the BAM model of neutral networks. One of 51

the main properties of the applied fractional derivative is its singularity at the initial time. 52

In connection with this we define in an appropriate way an exponential Mittag-Leffler 53

stability in time excluding the initial time. Also, two types of equilibrium deeply connected 54

with the applied fractional derivative are defined. Sufficient conditions based on the new 55

comparison results are obtained and illustrated with examples. The rest of this paper is 56

organized as follows. In Section 2, some notes on fractional calculus are provided, the basic 57

definitions of the generalized proportional fractional integrals and derivatives are given in 58

the case when the order of fractional derivative is in the interval (0, 1) and the parameter 59

is in (0, 1]. The connection with the tempered fractional integrals and the derivatives 60

is discussed. In Section 3, we prove some comparison results for generalized Riemann- 61

Liouville fractional derivatives. In Section 4, the model of BAM neural networks with 62

GPRLFD is set up and studied. Two types of equilibriums are defined. These definitions are 63

deeply connected with the applied GPRLFD and its properties which are totally different 64

than the ones of ordinary derivative and the Caputo type fractional derivatives. Mittag- 65

Lefller exponential stability in time of both types of equilibriums is defined and studied. 66

Finally, an example is given to illustrate the theoretical results and statements. 67

2. Some notes on Fractional Calculus 68

The main idea of fractional calculus is the generalization of the differential operator to 69

an operator with any real or complex number order. The most standard of these operators 70

are the Riemann-Liouville fractional integral and derivatives (for basic definitions and 71

properties see, for example, the classical books [13,28,32]). In the last decades many different 72

definitions were proposed. Some of them are equivalent to the classical ones, some of them 73

are generalizations. One of the ways to generalize the classical definitions is to include an 74

exponential factor in the kernel. For more information about the definitions of fractional 75

integrals and derivatives with exponential kernal, called tempered fractional integral and 76

derivative, and some applications to stochastic process, Brownian motion, etc. we refer the 77

reader to [31]. Recently, [22,23], generalized tempered fractional calculus was considered 78

by fractionalising the power of the exponential function and these were called generalized 79

proportional fractional ones. In this way, the used parameter in the exponential kernel 80

gives us more detailed information. 81

We recall some basic definitions and properties relevant to the generalized proportional 82

fractional derivative and integral. The terms and notations are adopted from [22,23]. 83
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Definition 1. [22] (The generalized proportional fractional integral) (GPFI) Let υ : [a, b] →
R, b ≤ ∞, and ρ ∈ (0, 1], q ≥ 0. We define the GPFI of the function υ by (aI0,ρυ)(t) = υ(t) and

(aIq,ρυ)(t) =
1

ρqΓ(q)

∫ t

a
e

ρ−1
ρ (t−s)

(t− s)q−1υ(s) ds, t ∈ (a, b]. (1)

Definition 2. [22] (The generalized proportional Riemann-Liouville fractional derivative) (GPRKFD) 84

Let υ : [a, b]→ R, b ≤ ∞, and ρ ∈ (0, 1], q ∈ (0, 1). Define the GPRLFD of the function υ by 85

(R
a Dq,ρυ)(t) =

1
ρ1−qΓ(1− q)

(
(1− ρ)

∫ t

a
e

ρ−1
ρ (t−s)

(t− s)−qυ(s) ds

+ ρ
d
dt

∫ t

a
e

ρ−1
ρ (t−s)

(t− s)−qυ(s) ds
)

, t ∈ (a, b].
(2)

Remark 1. The parameter q in Definitions 1 and 2 is interpreted as an order of integration and 86

differentiation, respectively. The parameter ρ is connected with the power of the exponential 87

function. In the case ρ = 1 the given fractional integral and derivative reduce to the classical 88

Riemann-Liouville fractional integral 89

a Iq
t υ(t) =

1
Γ(q)

∫ t

a
(t− s)q−1υ(s) ds, (3)

and the Riemann-Liouville fractional derivative 90

RL
a Dq

t υ(t) =
1

Γ(1− q)
d
dt

∫ t

a
(t− s)−qυ(s) ds, (4)

The relation between GPRLFD with the Riemann-Liouville fractional derivative is 91

given in the following Lemma. 92

Lemma 1. Let ρ ∈ (0, 1], q ∈ (0, 1), and υ ∈ C([a, b]), b ≤ ∞. Then 93

(aDq,ρυ)(t) = ρqe
ρ−1

ρ t
(

RL
a Dq

t

(
e

1−ρ
ρ t

υ(t)
))

, t ∈ (a, b]. (5)

Proof. From Eq. (2) and (4) we have 94

(R
a Dq,ρυ)(t) =

1
ρ1−qΓ(1− q)

(
(1− ρ)

∫ t

a
e

ρ−1
ρ (t−s)

(t− s)−qυ(s) ds

+ ρ
d
dt

e
ρ−1

ρ t
∫ t

a
e

1−ρ
ρ s

(t− s)−qυ(s) ds
)

=
1

ρ−qΓ(1− q)
e

ρ−1
ρ t d

dt

∫ t

a
e

1−ρ
ρ s

(t− s)−qυ(s) ds

= ρqe
ρ−1

ρ t
(RL

a Dq
t e

1−ρ
ρ t

υ(t)).

95

Remark 2. The equality (5) gives us an opportunity to apply some of the properties known in the 96

literature for Riemann-Liouville fractional derivatives to GPRLFD. However it does not allow us 97

to use directly properties of solutions of fractional differential equations with Riemann-Liouville 98

fractional derivatives to the ones with GPRLFD. That is why it is absolutely necessarily to study 99

independently differential equations with GPRLFD and to obtain sufficient conditions for some 100

qualitative properties of their solutions such as various types of stability. 101
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Define the set 102

Cq,ρ([a, b],Rn) = {υ : [a, b]→ Rn : for any t ∈ (a, b] there exists (RL
a Dq,ρυ)(t) < ∞}.

We will provide some results which are partial cases of the obtained ones in [23] and 103

which will be used in our further considerations. 104

Lemma 2. (semigroup property) (Theorem 3.8, Corollary 3.10, Theorem 3.11, Lemma 3.12 [23]) 105

If ρ ∈ (0, 1], Re(q) > 0, Re(β) > 0, and υ ∈ C([a, b]), b ≤ ∞, we have the following: 106

aIq,ρ
(

aIβ,ρυ
)
(t) = aIβ,ρ(aIq,ρυ)(t) =

(
aIq+β,ρυ

)
(t)

(R
a Dβ,ρ

aIq,ρυ)(t) = aIq−β,ρυ)(t), 0 < β < q,

(R
a Dq,ρ

aIq,ρυ)(t) = υ(t)

aIq,ρ(R
a Dq,ρυ)(t) = υ(t)− (aI1−q,ρυ)(a)

ρq−1Γ(q)
e

ρ−1
ρ (t−a)

(t− a)q−1.

(6)

Lemma 3. (Lemma 2 [19] ) Let ρ ∈ (0, 1], q ∈ (0, 1) and y ∈ C([a, b],R). 107

(i) Let there exist a limit limt→a+

(
e

1−ρ
ρ t

(t − a)1−qy(t)
)
= c < ∞. Then (aI1−q,ρy)(a) = 108

c Γ(q)
ρ1−q e

ρ−1
ρ a. 109

(ii) Let (aI1−q,ρy)(a+) = b < ∞. If there exists the limit limt→a+

(
e

1−ρ
ρ t

(t− a)1−qy(t)
)

, then 110

limt→a+

(
e

1−ρ
ρ t

(t− a)1−qy(t)
)
= bρ1−qe

1−ρ
ρ a

Γ(q) . 111

Lemma 4. [22, Example 4.4] The solution of the initial value problem (IVP) for the scalar linear 112

GPRLFDE 113

(RL
a Dq,ρu)(t) = ρqλu(t) + f (t), (aI1−q,ρu)(a+) = u0, q ∈ (0, 1), ρ ∈ (0, 1]

has a solution υ ∈ Cq,ρ([a, ∞)) given by 114

u(t) = u0ρ1−qe
ρ−1

ρ (t−a)
(t− a)q−1Eq,q(λ(t− a)q)

+ ρ−q
∫ t

a
Eq,q(λ(t− s)q)e

ρ−1
ρ (t−s)

(t− s)q−1 f (s)ds,

where Eq,q(t) is the Mittag-Leffler function of two parameters, λ ∈ R. 115

Corollary 1. RL
a Dq,ρ(e

ρ−1
ρ (t−a)

(t− a)q−1) = 0, t > a. 116

The proof of Corollary 1 follows from Lemma 4 with λ = 0, f (t) ≡ 0 and the equality 117

Eq,q(0) = 1
Γ(q) . 118

Proposition 1. ([22, Proposition 3.7]). RL
a Dq,ρ(e

ρ−1
ρ (t−a)

) = 1
ρqΓ(1−q) e

ρ−1
ρ (t−a)

(t− a)−q, t > a. 119

Remark 3. In Theorem 2.1 [17] it is proved that tempered fractional integrals and derivatives could 120

be theoretically expressed as an infinite series of classical Riemann-Liouville fractional integrals and 121

derivatives. The same is true for GPFI and GPRLFD. However the applications of infinite series 122

practically is very difficult. It requires independent study of differential equations with GPRLFD 123

and finding applicable sufficient conditions for properties of their solutions. 124
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3. Comparison results for GPRLFD 125

Lemma 5. Let υ ∈ C([a, b],R), a < b < ∞ be Lipshitz, and there exists a point T ∈ (a, b] such 126

that υ(T) = 0, and υ(t) < 0, for a ≤ t < T. Then, if the GPRLFD of υ exists for t = T with 127

q ∈ (0, 1), ρ ∈ (0, 1], then the inequality ( RL
a Dq,ρυ)(t)|t=T ≥ 0 holds. 128

Proof. Let H(t) =
∫ t

a e
ρ−1

ρ (t−s)
(t− s)−qυ(s) ds for t ∈ [a, b]. According to (2) we have 129

(R
a Dq,ρυ)(T) =

1
ρ1−qΓ(1− q)

(
(1− ρ)H(T) + ρ lim

h→0+

H(T − h)− H(T)
h

)
=

1
ρ1−qΓ(1− q)

lim
h→0+

(
(1− ρ)H(T) + ρ

H(T − h)− H(T)
h

)
.

(7)

There exists a constant K > 0 such that 0 > v(s) = v(s)− v(T) ≥ K(s−T) for s ∈ [T− h, T), 130

h > 0, and 131∫ T

T−h
e

1−ρ
ρ s

(T − s)−qυ(s) ds ≥ −K
∫ T

T−h
e

1−ρ
ρ s

(T − s)1−q ds

=
Ke

1−ρ
ρ T

( 1−ρ
ρ )2−q

(
Γ(2− q, h

1− ρ

ρ
)− Γ(2− q)

)
≡ M(h),

(8)

where Γ(., .) is the incomplete Gamma function and 132

lim
h→0+

Γ(2− q, h 1−ρ
ρ )− Γ(2− q)

h
= 0. (9)

Thus, using e
ρ−1

ρ h
(T − h− s)q < (T − s)q for s ∈ [T − h, T), h > 0, ρ ∈ (0, 1], and υ(s) < 0 133

on [a, T) we get 134

H(T − h)− H(T) =
∫ T

a

(
e

ρ−1
ρ (T−h−s)

(T − h− s)−q − e
ρ−1

ρ (T−s)
(T − s)−q

)
υ(s) ds

−
∫ T

T−h
e

ρ−1
ρ (T−s)

(
e

1−ρ
ρ h

(T − h− s)−q − (T − s)−q
)

υ(s) ds

+
∫ T

T−h
e

ρ−1
ρ (T−s)

(T − s)−qυ(s) ds

≥
∫ T

a

(
e

ρ−1
ρ (T−h−s)

(T − h− s)−q − e
ρ−1

ρ (T−s)
(t− s)−q

)
υ(s) ds + M(h)e

ρ−1
ρ T .

(10)
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Using (8), (9), and (10) we obtain 135

lim
h→0+

(
(1− ρ)H(T) +

ρ

h
(H(t)− H(T − h))

)
≥ (1− ρ)

∫ T

a
e

ρ−1
ρ (T−s)

(t− s)−qυ(s) ds

+ ρ
∫ T

a
lim

h→0+

e
ρ−1

ρ (T−h−s)
(T − h− s)−q − e

ρ−1
ρ (T−s)

(T − s)−q

h
υ(s) ds

+ lim
h→0+

M(h)
h

ρe
ρ−1

ρ T

= (1− ρ)
∫ T

a
e

ρ−1
ρ (T−s)

(T − s)−qυ(s) ds + ρ
∫ T

a

d
dT

(
e

ρ−1
ρ (T−s)

(T − s)−q
)

υ(s) ds

= (1− ρ)
∫ T

a
e

ρ−1
ρ (T−s)

(T − s)−qυ(s) ds

+
∫ T

a

(
(ρ− 1)e

ρ−1
ρ (T−s)

(T − s)−q − qρe
ρ−1

ρ (T−s)
(t− s)−1−q

)
υ(s) ds

= −qρ
∫ T

a
e

ρ−1
ρ (T−s)

(T − s)−1−qυ(s) ds > 0.

(11)

136

Example 1. Consider υ(t) = e
ρ−1

ρ t
(t− 2) for t ∈ [0, 2], ρ = 0.5. Note υ(t) < 0 for t ∈ [0, 2), 137

υ(2) = 0 and for any q ∈ (0, 1) we have 138

(R
0Dq,ρυ)(t)|t=2 =

1
0.51−qΓ(1− q)

(
0.5

∫ 2

0
e−(2−s)(s− 2)−qe−s(2− s) ds

+ 0.5
d
dt

∫ t

0
e−(t−s)(t− s)−qe−s(s− 2) ds|t=2

)
=

1
0.5−qΓ(1− q)

(
− e−2

∫ 2

0
(2− s)1−q ds +

d
dt

e−t
∫ t

0
(t− s)−q(s− 2) ds|t=2

)
=

1
0.5−qΓ(1− q)

(
− 22−q

(2− q)e2 +
d
dt
(

e−tt1−q(t + 2q− 4)
2− 3q + q2 )|t=2

)
=

1
0.5−qΓ(1− q)

(
− 22−q

(2− q)e2 + 2−q 4− 2q2

(2− 3q + q2)e2

)
> 0.

(12)

Remark 4. A similar claim to Lemma 5 but for the Riemann-Liouville fractional derivatives is 139

proved in [14]. 140

Lemma 6. Let g ∈ C([t0, b]×R,R), the functions µ, ν ∈ Cq,ρ([t0, b],R) be Lipshitz and satisfy 141

the inequalities 142

(RL
t0
Dq,ρµ)(t) < g(t, µ(t)), t ∈ (t0, b], lim

t→t0+

(
e

1−ρ
ρ (t−t0)(t− t0)

1−qµ(t)
)
= µ0

ρq−1

Γ(q)
, (13)

and 143

(RL
t0
Dq,ρν)(t) ≥ g(t, ν(t)), t ∈ (t0, b], lim

t→t0+

(
e

1−ρ
ρ (t−t0)(t− t0)

1−qν(t)
)
= ν0

ρq−1

Γ(q)
. (14)

Then if µ0 < ν0 the inequality µ(t) < ν(t), t ∈ (t0, b] holds. 144

Proof. Suppose the contrary. Since, µ0 < ν0 and the functions e
1−ρ

ρ (t−t0)(t− t0)
1−qµ(t) and 145

e
1−ρ

ρ (t−t0)(t− t0)
1−qν(t) are continuous, there exists a point τ ∈ (t0, b] such that µ(t) < 146
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ν(t), t ∈ [t0, τ) and µ(τ) = ν(τ). According to Lemma 5 for υ = µ − ν, a = t0 we 147

obtain 0 = g(τ, µ(τ))− g(τ, ν(τ)) > ( RL
t0
Dq,ρµ)(t)|t=τ − ( RL

t0
Dq,ρν)(t)|t=τ = ( RL

t0
Dq,ρµ− 148

ν)(t)|t=τ ≥ 0. 149

The obtained contradiction proves the claim. 150

In the case when the initial condition contains the generalized proportional fractional 151

integral we obtain the following result. 152

Corollary 2. Let g ∈ C([t0, b] × R,R), the functions µ, ν ∈ Cq,ρ([t0, b],R) be Lipshitz and 153

satisfy the inequalities 154

(RL
t0
Dq,ρµ)(t) < g(t, µ(t)), t ∈ (t0, b], (t0I1−q,ρµ)(t)|t=t0 = µ0, (15)

and 155

(RL
t0
Dq,ρν)(t) ≥ g(t, ν(t)), t ∈ (t0, b], (t0I1−q,ρν)(t)|t=t0 = ν0. (16)

Then if µ0 < ν0 the inequality µ(t) < ν(t), t ∈ (t0, b] holds. 156

Corollary 3. Let the functions µ, ν ∈ Cq,ρ([t0, b],R) be Lipshitz and satisfy the inequalities 157

(RL
t0
Dq,ρµ)(t) < (RL

t0
Dq,ρν)(t), t ∈ (t0, b],

lim
t→t0+

(
e

1−ρ
ρ (t−t0)(t− t0)

1−qµ(t)
)
< lim

t→t0+

(
e

1−ρ
ρ (t−t0)(t− t0)

1−qν(t)
)

.
(17)

Then the inequality µ(t) < ν(t), t ∈ (t0, b] holds. 158

Lemma 7. Let the function ν ∈ Cq,ρ([t0, b],R) and ν2 ∈ Cq,ρ([t0, b],R). Then the inequality 159

(RL
t0
Dq,ρν2)(t) ≤ 2ν(t)(RL

t0
Dq,ρν)(t), t ∈ (t0, b]. (18)

holds. 160

Proof. Fix a point T ∈ (t0, b] and define the function µ(s) = (ν(T)− ν(s))2 for all s ∈ [t0, T]. 161

The function (−µ(s)) satisfies all the conditions of Lemma 5 for υ = −ν, a = t0 and we 162

obtain ( RL
t0
Dq,ρ(−µ)(t)|t=T ≥ 0, i.e. applying Definition 2 we get 163

( RL
t0
Dq,ρ(µ)(t)|t=T =

1
ρ1−qΓ(1− q)

lim
h→0+

(
(1− ρ)H(T) + ρ

H(T − h)− H(T)
h

)
≤ 0, (19)

where H(t) =
∫ t

t0
e

ρ−1
ρ (t−s)

(t− s)−qµ(σ) dσ, t ∈ [t0, b]. 164

Define the functions

P(t) =
∫ t

t0

e
ρ−1

ρ (t−s)
(t− s)−qν(s) ds, t ∈ [t0, b]

and

W(t) =
∫ t

t0

e
ρ−1

ρ (t−s)
(t− s)−qν2(s) ds, t ∈ [t0, b].

According to Definition 2 we have 165

(RL
t0
Dq,ρν)(t) =

1
ρ1−qΓ(1− q)

(
(1− ρ)P(t) + ρ lim

h→0+

P(t− h)− P(t)
h

)
=

1
ρ1−qΓ(1− q)

lim
h→0+

(
(1− ρ)P(t) + ρ

P(t− h)− P(t)
h

) (20)
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and 166

(RL
t0
Dq,ρν2)(t) =

1
ρ1−qΓ(1− q)

lim
h→0+

(
(1− ρ)W(t) + ρ

W(t− h)−W(t)
h

)
. (21)

Note 167

ν2(s)− 2ν(T)ν(s) = (ν(T)− ν(s))2 − ν2(s) = µ(s)− ν2(s) ≤ µ(s), s ∈ [t0, T], (22)

and 168

W(T)− 2ν(T)P(T) =
∫ T

t0

e
ρ−1

ρ (T−s)
(T − s)−q

(
ν2(σ)− 2ν(T)ν(σ)) dσ

≤
∫ T

t0

e
ρ−1

ρ (T−s)
(T − s)−qµ(σ) dσ = H(T),

W(T − h)− 2ν(T)P(T − h) =
∫ T−h

t0

e
ρ−1

ρ (T−h−s)
(T − h− s)−q

(
ν2(σ)− 2ν(T)ν(σ)) dσ

≤
∫ T−h

t0

e
ρ−1

ρ (T−h−s)
(T − h− s)−qµ(σ) dσ = H(T − h).

(23)

Then 169

(RL
t0
Dq,ρν2)(T)− 2ν(T)(RL

t0
Dq,ρν)(T)

=
1

ρ1−qΓ(1− q)
lim

h→0+

(
(1− ρ)(W(T)− 2ν(T)P(T))

+ ρ
(W(T − h)− ν(T)P(T − h)− (W(T)− ν(T)P(T))

h

)
=

1
ρ1−qΓ(1− q)

lim
h→0+

(
(1− ρ)(W(T)− 2ν(T)P(T))

+ ρ
(W(T − h)− ν(T)P(T − h))− (W(T)− ν(T)P(T))

h

)
≤ 1

ρ1−qΓ(1− q)
lim

h→0+

(
(1− ρ)H(T) + ρ

H(T − h)− H(T)
h

)
= (RL

t0
Dq,ρµ)(T) ≤ 0.

(24)

Since T ∈ (t0, b] is an arbitrary point, the claim is proved. 170

Corollary 4. Let the functions νi ∈ Cq,ρ([t0, b],R) and ν2
i ∈ Cq,ρ([t0, b],R), i = 1, 2, . . . , n. 171

Then the inequality 172

(RL
t0
Dq,ρ

n

∑
i=1

ν2
i (·))(t) ≤ 2

n

∑
i=1

νi(t)(RL
t0
Dq,ρνi(·))(t), t ∈ (t0, b]. (25)

holds. 173

Remark 5. Note several authors ([25],) used the inequality (25) for the Riemann-Liouville frac- 174

tional derivative to prove the main results, citing the results from [9,15] which concern the Caputo 175

fractional derivative. 176
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4. BAM neural networks modeled by GPRLFD 177

The general model of the fractional-order BAM neural networks with the GPRLFD is 178

described by the following state equations 179

(RL
0 Dq,ρxi)(t) = −ai(t)xi(t)) +

m

∑
k=1

bi,k(t) fk(yk(t)) + Ii(t), t > 0, i = 1, 2, . . . , n,

(RL
0 Dq,ρyj)(t) = −cj(t)yj(t)) +

n

∑
k=1

dj,k(t)gk(yk(t)) + Jj(t), t > 0, j = 1, 2, . . . , m,
(26)

where xi(t) and yj(t) are the state variables of i-th neuron in the first layer at time t 180

and the state variables of j-th neuron in the second layer at time t, respectively, n and 181

m are the numbers of units in first and the second layer in the neural network, RL
0 Dq,ρ

182

denotes the GPRLFD of order q ∈ (0, 1), ρ ∈ (0, 1], fi(u) and gj(u) denote the activation 183

functions, bi,k(t), di,k(t) : [0, ∞) → R denote the connection weight coefficients of the 184

neurons, ai(t), cj(t) : [0, ∞) → (0, ∞) represent the decay coefficients of signals at time t, 185

and Ii(t), Jj(t) denotes the external inputs of the first and the second layers respectively at 186

time t. 187

The initial conditions associated with the model (26) can be written in the form 188

(0I1−q,ρxi)(t)|t=0 = x0
i , (0I1−q,ρyj)(t)|t=0 = y0

j , i = 1, 2 . . . , n, j = 1, 2, . . . , m. (27)

Remark 6. According to Lemma 3 the initial conditions (27) could be replaced by initial conditions 189

of the type 190

lim
t→0+

(
e

1−ρ
ρ tt1−qxi(t)

)
= x0

i
ρq−1

Γ(q)
, lim

t→0+

(
e

1−ρ
ρ tt1−qyi(t)

)
= y0

i
ρq−1

Γ(p)
. (28)

The goal of this paper is to study a special type of stability of the model (26) with 191

initial conditions (27) or their equivalent (28). 192

Initially we will consider an Example to discuss some properties of the solutions of 193

equations with the generalized proportional Riemann-Liouville fractional derivative. 194

Example 2. Consider the initial value problem for the scalar differential equation with GPRLFD

(RL
0 Dq,ρu)(t) = −u(t), (0I1−q,ρu)(0+) = u0,

where q ∈ (0, 1), ρ ∈ (0, 1]. According to Lemma 4 with λ = − 1
ρq , f (t, u) ≡ 0, the solution is

given by

u(t; u0) = u0ρ1−qe
ρ−1

ρ ttq−1Eq,q(−(
t
ρ
)q).

For any nonzero initial value we have limt→0+ u(t; u0) = ∞ and limt→∞ u(t; u0) = 0. Then for 195

any ε > 0 there exists T = T(ε, u0) such that |u(t; u0)| < ε for t > T, but we could not find a 196

nonzero initial value u0 such that |u(t; u0)| < ε for t ≥ 0. 197

The above example illustrates that any type of stability for differential equations 198

with GPRLFD has to be defined in a different way than the ones for ordinary differential 199

equations or for the differential equations with the Caputo type fractional derivative. The 200

initial time has to be excluded. Some authors do not exclude the initial time (it is usually 0) 201

and they do not note that for order q ∈ (0, 1) of the Riemann-Liouville fractional derivative 202

of a constant depends on the expressions t−q and tq−1 which are not bounded for points 203

close enough to the initial time 0 (see, for example [30], [6], [36]). Note the main concepts 204

of stability of Riemann-Liouville fractional derivative are discussed and studied in [4]. 205

We now introduce the class Λ of Lyapunov-like functions which will be used to 206

investigate the stability of the model (26). 207
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Definition 3. Let ∆ ⊂ Rn, 0 ∈ ∆. We will say that the function V(x) : ∆→ R+ belongs to the 208

class Λ(∆) if V(x) ∈ C(∆) and it is locally Lipschitzian. 209

Remark 7. Lyapunov functions could be applied with the quadratic function V(x) = ∑n
i=1 x2

i , x = 210

(x1, x2, . . . , xn) for which Corollary 4 could be applied. 211

Note some authors when applying Lyapunov functions to fractional differential equa- 212

tions use the equality (RL
t0

Dq|ν|)(t) = sign(ν(t))(RL
t0

Dqν)(t) (see, for example (31)[37]). 213

However this equality is not true for all continuous functions ν. 214

Example 3. Let ν(t) = t− 1, t ∈ [0, 2], q = 0.3, t0 = 0. Then for t ∈ (1, 2) we get 215

RL
0 D0.3

t |t− 1| = 1
Γ(0.7)

d
dt

∫ t

0
(t− s)−0.3|s− 1|ds

=
1

Γ(0.7)
d
dt

∫ t

0
(t− s)−0.3sign(s− 1) (s− 1)ds

=
1

Γ(0.7)
d
dt

(
−
∫ 1

0
(t− s)−0.3 (s− 1)ds +

∫ t

1
(t− s)−0.3 (s− 1)ds

)
6= 1

Γ(0.7)
d
dt

∫ t

0
(t− s)−0.3(s− 1)ds = sign(t− 1)

(
RL
0 D0.3

t (t− 1)
)

.

(29)

In connection with above remark and example we will use the quadratic function as a 216

Lyapunov function. 217

We will define the equilibrium of the neural network (26),(27). Usually, the equilibrium 218

is a point, whose derivative is zero, and satisfies an appropriate algebraic equation. In 219

the case when the generalized proportional derivatives (Caputo or Riemann-Liouville 220

type) is taken for a nonzero constant, then the result is not equal to zero (which is true for 221

the ordinary derivative and the Caputo derivative). For generalized proportional Caputo 222

fractional derivative the equilibrium is defined by Ce
ρ−1

ρ t and studied for some types of 223

stability in [7]. In the case of the Riemann-Liouville fractional derivative the equilibrium is 224

defined as a constant in [6], but since RL
0 Dq

t 1 = t−q

Γ(1−q) , the algebraic system (12) [6] could 225

not be satisfied for all t ≥ 0 since the right hand side part does not depend on t but the left 226

hand side part depends on the variable t−q which has no bound as t→ 0+. 227

A similar situation occurs with the GPRLFD. We will study the stability behaviour of 228

the model (26) in several cases. 229

4.1. General case of the model 230

Consider the model (26) in the general case when at least one of the of the coefficients 231

and the external inputs in both layers are variable in time. 232

4.1.1. Variable in time equilibrium 233

Applying Corollary 1 with a = 0 we will define the equilibrium of (26): 234

Definition 4. The function U∗(t) = (x∗(t), y∗(t)) : (0, ∞)→ Rn+m, where x∗(t) = Ce
ρ−1

ρ ttq−1
235

and y∗(t) = Ke
ρ−1

ρ ttq−1 with C = (C1, C2, . . . , Cn), K = (K1, K2, . . . , Km), Ci = const, i = 236

1, 2, . . . , n, Kj = const, j = 1, 2, . . . , m, is called an equilibrium of the model of fractional order 237

BAM neural networks (26) if the equalities 238

ai(t)Cie
ρ−1

ρ ttq−1 =
m

∑
k=1

bi,k(t) fk(Kke
ρ−1

ρ ttq−1) + Ii(t), t ≥ 0, i = 1, 2 . . . , n

bj(t)Kje
ρ−1

ρ ttq−1 =
n

∑
k=1

dj,k(t)gk(Cke
ρ−1

ρ ttq−1) + Jj(t), t ≥ 0, j = 1, 2 . . . , m
(30)
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hold. 239

Note that limt→0+

(
e

1−ρ
ρ tt1−qU∗(t)

)
= U0 where U0 = (C, K) and therefore, the 240

equilibrium U∗(t) is a solution of the model (26), (27) with x0 = C Γ(q)
ρ1−q and y0 = K Γ(q)

ρ1−q . 241

Let U∗(t) be an equilibrium of (26) defined by Definition 4. Consider the change of 242

variables u(t) = x(t)− x∗(t), v(t) = y(t)− y∗(t), t ≥ 0, in system (26). Then we obtain 243

(RL
0 Dq,ρui)(t) = −ai(t)ui(t) +

m

∑
k=1

bi,k(t)Fk(t, vk(t)), t > 0, i = 1, 2, . . . , n,

(RL
0 Dq,ρvj)(t) = −bj(t)vj(t) +

n

∑
k=1

dj,k(t)Gk(t, uk(t)), t > 0, j = 1, 2, . . . , m,
(31)

where Fj(t, u) = f j(u+ y∗j (t))− f j(y∗j (t)), Gi(t, u) = gi(u+ x∗i (t))− gi(x∗i (t)), i = 1, 2, . . . , n, 244

j = 1, 2, . . . , m for t > 0, u ∈ R. 245

The initial conditions associated with the revised model (31) can be written in the form 246

247

(0I1−q,ρui)(t)|t=0 = x0
i − Ci

Γ(q)
ρ1−q , i = 1, 2 . . . , n,

(0I1−q,ρvj)(t)|t=0 = y0
j − Kj

Γ(q)
ρ1−q , j = 1, 2, . . . , m.

(32)

Note the system (31) has a zero solution (with zero initial values). 248

Definition 5. Let α ∈ (0, 1) and ρ ∈ (0, 1]. The equilibrium U∗(t) of (26) is called Mittag-
Leffler exponentially stable in time if there exists T > 0 such that for any solution U(t) =
(x(t), y(t)) of (26), (27) the inequality

‖U(t)−U∗(t)‖ ≤ Ξ
(∥∥∥∥v0 −U0 Γ(q)

ρ1−q

∥∥∥∥)eλ
ρ−1

ρ tEq,q(−λtq), t ≥ T,

holds, where v0 = (x0, y0), λ > 0 is a constant, Ξ(s) ≥ 0, Ξ(0) = 0, is a given locally Lipschitz 249

function. 250

Remark 8. The Mittag-Leffler exponential stability in time of the equilibrium (x∗(t), y∗(t)) of 251

(26) implies that every solution (x(t), y(t)) of the model (26) satisfies limt→∞ ‖x(t)− x∗(t)‖ = 0, 252

limt→∞ ‖y(t)− y∗(t)‖ = 0 for any initial values. 253

Theorem 1. Let the following assumptions hold: 254

1. q ∈ (0, 1) and ρ ∈ (0, 1]. 255

2. The functions ai, cj ∈ C(R+, (0, ∞)), bi,j, dj,i, Ii, Jj ∈ C(R+,R), i = 1, 2, . . . , n, j = 256

1, 2, . . . , m. 257

3. The activation functions fi, gj ∈ C(R,R), and there exist positive constants µi, ηj i = 258

1, 2, . . . , n, such that | fi(v) − fi(w)| ≤ µi|v − w| and |gj(v) − gj(w)| ≤ ηj|v − w| for 259

v, w ∈ R, i = 1, 2, . . . , n, j = 1, 2, . . . , m. 260

4. There exist constants Ci, Kj, i = 1, 2, . . . , n, j = 1, 2, . . . , m, such that the algebraic system 261

(30) is satisfied for all t ≥ 0. 262

5. There exist constants λi, µj > 0, i = 1, 2, . . . , n, j = 1, 2, . . . , m, such that the inequalities

2ai(t)−
m

∑
k=1
|bi,k(t)| − η2

i

m

∑
j=1
|dj,i(t)| ≥ λi, t ≥ 0, i = 1, 2, . . . , n
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2cj(t)−
n

∑
k=1
|dj,k(t)| − µ2

j

n

∑
i=1
|bi,j(t)| ≥ µj, t ≥ 0, j = 1, 2, . . . , m.

hold. 263

Then, the equilibrium U∗(t) = (C1, C2, . . . , Cn, K1, K2, . . . , Km)e
ρ−1

ρ ttq−1 of model (26) is Mittag- 264

Leffler exponentially stable. 265

Remark 9. Condition 4 of Theorem 1 guarantee the existence of the equilibrium U∗(t) of (26). 266

Proof. Consider the Lyapunov function V(x, y) = 0.5 ∑n
i=1 x2

i + 0.5 ∑m
j=1 y2

j , x ∈ Rn, y ∈ 267

Rm. 268

Let U(·) = (x(·), y(·)) ∈ Rn+m be a solution of (26), (27) and let X(t) = x(t) − 269

x∗(t), Y(t) = y(t)− y∗(t), t ≥ 0 where U∗(·) = (x∗(·), y∗(·)). 270

Then according to Corollary 4 we get 271

(RL
0 Dq,ρV(X(·), Y(·)))(t) = 0.5

n

∑
i=1

(RL
0 Dq,ρX2

i (·))(t) + 0.5
m

∑
j=1

(RL
0 Dq,ρY2

j (·))(t)

≤
n

∑
i=1

Xi(t)(RL
0 Dq,ρXi(·))(t) +

m

∑
j=1

Yj(t)(RL
0 Dq,ρYj(·))(t)

=
n

∑
i=1

(
−ai(t)X2

i (t) +
m

∑
k=1

bi,k(t)Xi(t)Fk(t, Yk(t))

)

+
n

∑
j=1

(
−cj(t)Y2

j (t) +
n

∑
k=1

dj, k(t)Yj(t)Gk(t, Xk(t))

)

≤
n

∑
i=1

(
−ai(t)X2

i (t) +
m

∑
k=1
|bi,k(t)|0.5(X2

i (t) + F2
k (t, Yk(t))

)

+
m

∑
j=1

(
−ci(t)Y2

j (t) +
n

∑
k=1
|dj,k(t)|0.5(Y2

j (t) + G2
k (t, Xk(t))

)

≤
n

∑
i=1

(
−ai(t) + 0.5

m

∑
k=1
|bi,k(t)|+ 0.5η2

i

m

∑
j=1
|dj,i(t)|

)
X2

i (t)

+
m

∑
j=1

(
−cj(t) + 0.5

n

∑
k=1
|dj,k(t)|+ 0.5µ2

j

n

∑
i=1
|bi,j(t)|

)
Y2

j (t)

≤ −γV(X(t), Y(t)),

(33)

where γ = mini=1,2,...,n, j=1,2,...,m{λi, µj}. 272

Also, we have 273

lim
t→0+

(
e

1−ρ
ρ tt1−qV(X(t), Y(t))

)
= 0.5 lim

t→0+

(
e

1−ρ
ρ tt1−q

(
n

∑
i=1

X2
i +

m

∑
j=1

Y2
j

))

= 0.5
n

∑
i=1

(
x0

i
ρ1−q

Γ(q)
− Ci

)2

+ 0.5
m

∑
j=1

(
y0

j
ρ1−q

Γ(q)
− Kj

)2

= 0.5
(

ρ1−q

Γ(q)

)2(∥∥∥∥v0 −U0 Γ(q)
ρ1−q

∥∥∥∥)2

< u0
ρ1−q

Γ(q)
,

(34)

where u0 = ρ1−q

Γ(q)

(∥∥∥v0 −U0 Γ(q)
ρ1−q

∥∥∥)2
, v0 = (x0, y0), U0 = (C, K). 274
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Consider the scalar equation (RL
0 Dq,ρu(·))(t) = −γu(t) with the initial condition

(0I1−q,ρu)(t)|t=0 = u0. According to Lemma 4 it has a solution

u(t) = u0ρ1−qe
1−ρ

ρ ttq−1Eq,q(−γ(
t
ρ
)q).

Since limt→∞ tq−1 = 0 there exists T = T(q) > 0 such that tq−1 ≤ 1 for t ≥ T. 275

According to Corollary 3 we obtain for t ≥ T

V(X(t), Y(t)) < u(t) ≤ ρ2−2q

Γ(q)

(∥∥∥∥v0 −U0 Γ(q)
ρ1−q

∥∥∥∥)2

e
1−ρ

ρ tEq,q(−γ(
t
ρ
)q).

Thus, the equilibrium U∗(·) is Mittag-Leffler exponentially stable with Ξ(u) = ρ2−2q

Γ(q) u2. 276

277

4.1.2. Constant equilibrium 278

We define the equilibrium of the model (26) as a constant vector in the form V∗ = 279

(C1, C2, . . . , Cn+m). 280

From Eq. (5) using CAS Wolfram Mathematica we obtain 281

(aDq,ρ1)(t) = ρqe
ρ−1

ρ t
(

RL
a Dq

t

(
e

1−ρ
ρ t
))

= (1− ρ)q

1−
Γ(−q, 1−ρ

ρ t)

Γ(−q)

 (35)

where Γ(a, x) =
∫ ∞

x ta−1e−tdt is the upper incomplete gamma function. It is clear that 282

limt→0
Γ(−q, 1−ρ

ρ t)
Γ(−q) = ∞ and limt→∞

Γ(−q, 1−ρ
ρ t)

Γ(−q) = 0 for q ∈ (0, 1) and ρ ∈ (0, 1]. 283

Based on (35) we will define the constant equilibrium of (26): 284

Definition 6. The constant vector V∗ = (C1, C2, . . . , Cn+m) is called a constant equilibrium of 285

the model of fractional order BAM neural networks (26) if the equalities 286

Ci

(1− ρ)q

1−
Γ(−q, 1−ρ

ρ t)

Γ(−q)

+ ai(t)

 =
m

∑
k=1

bi,k(t) fk(Cn+k) + Ii(t), t ≥ 0, i = 1, 2 . . . , n

Cn+j

(1− ρ)q

1−
Γ(−q, 1−ρ

ρ t)

Γ(−q)

+ bj(t)

 =
n

∑
k=1

dj,k(t)gk(Ck) + Jj(t), t ≥ 0, j = 1, 2 . . . , m

(36)

hold. 287

Note that limt→0+

(
e

1−ρ
ρ tt1−qV∗

)
= 0 and therefore, the equilibrium V∗ is a solution 288

of the model (26), (27) with x0 = y0 = 0. 289

Let V∗ be a constant equilibrium of (26) defined by Definition 6. Consider the change 290

of variables ui(t) = xi(t)− Ci, vj(t) = yj(t)− Cn+j, t ≥ 0, in system (26). Then applying 291

(35) and (36) we obtain 292

(RL
0 Dq,ρui)(t) = −ai(t)ui(t) +

m

∑
k=1

bi,k(t)Fk(vk(t)), t > 0, i = 1, 2, . . . , n,

(RL
0 Dq,ρvj)(t) = −bj(t)vj(t) +

n

∑
k=1

dj,k(t)Gk(uk(t)), t > 0, j = 1, 2, . . . , m,
(37)

where Fj(u) = f j(u + Cn+j)− f j(Cn+j), Gi(u) = gi(u + Ci)− gi(Ci), u ∈ R, i = 1, 2, . . . , n, 293

j = 1, 2, . . . , m, u ∈ R. 294
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Note the system (31) has a zero solution (with zero initial values). 295

Definition 7. Let α ∈ (0, 1) and ρ ∈ (0, 1]. The constant equilibrium V∗ of (26) is called
Mittag-Leffler exponentially stable in time if there exists T > 0 such that for any solution
U(t) = (x(t), y(t)) of (26), (27) the inequality

‖U(t)−V∗‖ ≤ Ξ
(∥∥∥v0

∥∥∥)eλ
ρ−1

ρ tEq,q(−λtq), t ≥ T,

holds, where v0 = (x0, y0), λ > 0 is a constant, Ξ(s) ≥ 0, Ξ(0) = 0, is a given locally Lipschitz 296

function. 297

Theorem 2. Let the conditions of Theorem 1 be satisfied. Then, the constant equilibrium V∗ = 298

(C1, C2, . . . , Cn+m) of model (26) is Mittag-Leffler exponentially stable. 299

The proof is similar to the one in Theorem 1 so we omit it. 300

4.2. Partial case - constant coefficient and constant inputs in the model 301

Let all coefficients in both layers as well as the external inputs are constants, i.e. ai(t) ≡ 302

ai, cj(t) ≡ cj, bi,k(t) ≡ bi,k, dj,k(t) ≡ dj,k, Ii(t) ≡ Ii, Jj(t) ≡ Jj, i = 1, 2, . . . , n, j = 1, 2, . . . , m. 303

Then for variable in time equilibrium the algebraic system (30) reduces to 304

aiCie
ρ−1

ρ ttq−1 =
m

∑
k=1

bi,k fk(Kke
ρ−1

ρ ttq−1) + Ii, t ≥ 0, i = 1, 2 . . . , n,

bjKje
ρ−1

ρ ttq−1 =
n

∑
k=1

dj,kgk(Cke
ρ−1

ρ ttq−1) + Jj, t ≥ 0, j = 1, 2 . . . , m.
(38)

The system (38) could have a solution (C1, C2, . . . , Cn, K1, . . . , Km), i.e. the model (26) could 305

have a variable in time equilibrium. 306

For constant equilibrium the algebraic system (36) reduces to 307

Ci(1− ρ)q

1−
Γ(−q, 1−ρ

ρ t)

Γ((−q)

 = −aiCi +
m

∑
k=1

bi,k fk(Cn+k) + Ii, t ≥ 0, i = 1, 2 . . . , n

Cn+j(1− ρ)q

1−
Γ(−q, 1−ρ

ρ t)

Γ(−q)

 = −bjCn+j +
n

∑
k=1

dj,kgk(Ck) + Jj, t ≥ 0, j = 1, 2 . . . , m

(39)

If there is no external inputs, i.e. Ii = 0, Jj = 0 and fi(0) = 0, gj(0) = 0, i− 1, 2, . . . , n, j = 308

1, 2, . . . , m, then the system (39) has a zero solution Ck = 0, k = 1, 2, . . . , n + m, i.e. the 309

model (26) has a zero equilibrium. 310

If there is external inputs, i.e. at least one of Ii, Jj are nonzero, then the system (39) has 311

no solution, thus the model has no constant equilibrium. 312

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 23 May 2023                   doi:10.20944/preprints202305.1659.v1

https://doi.org/10.20944/preprints202305.1659.v1


Version May 20, 2023 submitted to Axioms 15 of 17

5. Examples 313

Example 4. Consider the following BAM neural networks of two layers with two neurons with the 314

GPRLFD: 315

(RL
0 Dα,ρx1)(t) = −x1(t) +

0.1
1 + e−y1(t)

− 0.05,

(RL
0 Dα,ρx2)(t) = −

(
1 + e

ρ−1
ρ t
)

x2(t)− e
ρ−1

ρ t 1
1 + e−y2(t)

+ e
ρ−1

ρ t,

(RL
0 Dα,ρy1)(t) = −

(
1 + 0.5e

ρ−1
ρ t
)

y1(t)− e
ρ−1

ρ t 1
1 + e−x1(t)

+
1

1 + e−x2(t)
+ 0.5(e

ρ−1
ρ t − 1)

(RL
0 Dα,ρy2)(t) = −

(
1.5 + e

ρ−1
ρ t
)

y2(t)−
1

1 + e−y2(t)
+ 0.5,

(40)

with coefficients a1(t) = 1, a2(t) = 1 + e
ρ−1

ρ t, c1(t) = 1 + 0.5e
ρ−1

ρ t, c2(t) = 1.5 + e
ρ−1

ρ t, the
activation functions fk(u), gk(u) = 1

1+e−u > 0, k = 1, 2, u ∈ R, are equal to the sigmoid function
with µk = ηk = 0.25, the external inputs are given by

I1(t) = −0.05, I2(t) = e
ρ−1

ρ t, J1(t) = 0.5(e
ρ−1

ρ t − 1), J2(t) = 0.5,

and 316

B = {bi,k(t)} =
[

0.1 0

0 −e
ρ−1

ρ t

]
, D = {di,k(t)} =

[
−e

ρ−1
ρ t 1

0 −1

]
.

Then the algebraic system (30) reduces to 317

a1(t)C1e
ρ−1

ρ ttq−1 =
b1,1

1 + e−K1e
ρ−1

ρ ttq−1
+ I1(t), t ≥ 0,

a2(t)C2e
ρ−1

ρ ttq−1 =
b2,2

1 + e−K2e
ρ−1

ρ ttq−1
+ I2(t), t ≥ 0,

c1(t)K1e
ρ−1

ρ ttq−1 = d1,1(t)
1

1 + e−C1e
ρ−1

ρ ttq−1
+ d1,2(t)

1

1 + e−C2e
ρ−1

ρ ttq−1
+ J1(t),

c2(t)K2e
ρ−1

ρ ttq−1 = d2,1(t)
1

1 + e−C1e
ρ−1

ρ ttq−1
+ d2,2(t)

1

1 + e−C2e
ρ−1

ρ ttq−1
+ J2(t), t ≥ 0.

(41)

The system (41) has a zero solution C1 = C2 = K1 = K2 = 0. 318

Then, for ρ ∈ (0, 1], q ∈ (0, 1), system (40) has the equilibrium U∗(t) = (0, 0, 0, 0). 319

Also, condition 5 of Theorem 1 is satisfied because of the inequalities

2a1(t)− |b1,1(t)| − |b1,2(t)| − η2
1 |d1,1(t)| − η2

2 |d2,1(t)| ≥ λ1 = 1.8375, t ≥ 0,

2a2(t)− |b2,1(t)| − |b2,2(t)| − η2
1 |d1,2(t)| − η2

2 |d2,2(t)| ≥ λ2 = 1.875, t ≥ 0,

2c1(t)− |d1,1(t)| − |d1,2(t)| − µ2
1|b1,1(t)|+ µ2

2|b2,1(t)| ≥ µ1 = 0.99375, t ≥ 0,

2c2(t)− |d2,1(t)| − |d2,2(t)| − µ2
2|b1,2(t)|+ µ2

2|b2,2(t)| ≥ µ2 = 1, t ≥ 0,

According to Theorem 2 the zero equilibrium of (40) is Mittag-Leffler exponentially stable, i.e. every 320

solution (x1(·), y2(·), y1(·), y2(·)) of (40) with the initial condition 321

(0I1−q,ρxi)(t)|t=0 = x0
i , (0I1−q,ρyj)(t)|t=0 = y0

j , i, j = 1, 2,
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satisfies the inequality√
x2

1(t) + x2
2(t) + y2

1(t) + y2
2(t) ≤

ρ2−2q

Γ(q)

(
(x0

1)
2 + (x0

2)
2 + (y0

1)
2 + (y0

2)
2
)

Eq,q(−
0.99375

ρq tq)

with γ = min(1.8375, 1.875, 0.99375, 1). 322
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