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Abstract: We firstly present two popular space discretization models of the Nonlinear Schrodinger
Equation in dark solitons motion : the Direct-Discrete model and the Ablowitz-Ladik model.
Applying the midpoint scheme to the space discretization models, we get two time-space
discretization models: the Crank-Nicolson method and the New-Difference method. Secondly,
we demonstrate that the solutions of the two space discretization models converge to the solution
of the Nonlinear Schrédinger Equation. Also, we prove that the convergence order of the two
time-space discretization models are O(h? + 72) in discrete Ly-norm error estimates. Finally, the
numerical experiments agree well with the proven theoretical results.
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1. Introduction

The Nonlinear Schrodinger Equation (NLSE) is one of the most widely used and completely
integrable models in nonlinear physics. It plays a crucial role in many physical fields [1-3], such as
nonlinear optics, solid state physics, quantum mechanics, optical fiber communication, etc. Therefore,
the study of such equations has a profound influence on the development of modern science.

Consider the original NLSE with the initial condition :
iw; + Wiy + a|w|?w =0,

1)
w(x,0) = wo(x),

where 4 is a real constant, w(x, t) is a complex-valued function; t € [0,00), x € R. NLSE is a class of
nonlinear partial differential equations, which produces a special form of solution — soliton solution.
When a > 0 and |wg(c0)| = 0, NLSE has bright solitons solution[4]; when a < 0 and |wy(e0)| = p,
NLSE has dark solitons solution [5,6]. The original NLSE has infinite conserved quantities, including:

+o0 +o0
0= [ (P -P)ix, = [ fww, - v} ix

where Q, P are charge and momentum, respectively. Utilizing central difference, we can approximate
the conserved quantities Q, P as follows:

S1=h Z(ZUJZD] — pz), Sy = Z(w]wJH — w]-ij)
] ]

Zakharov and Shabat et al. obtained the exact solution of the original NLSE (1) by using the inverse
scattering transformation method [6]. Here, we need to note that the above equation is idealized. But,
the actual physical systems has to consider the influence of dissipation and other conditions, making
it difficult to get an analytical solution. Consequently, many numerical methods have been found to
simulate such equations and study the properties of NLSE according to numerical results[7-14], such
as the finite difference, the finite element, or the polynomial approximation.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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As is well known, the solitons for the original NLSE maintain their original state after collision
with each other. Based on the above special properties, many people have devoted themselves to
studying conservative schemes for simulation. Zhu You-lan considered an implicit scheme and gave
its convergence [15]. Guo Ben-yu[16] gave the convergence of the Crank-Nicolson method and the
prediction-correction method under the error estimations. In [17-21], compact finite difference schemes
are proved to be convergent both in the discrete Ly-norm , and in discrete Lo-norm . For the important
space discretization models of NLSE, the Direct-Discrete model ( D-D model ) and the Ablowitz-Ladik
model ( A-L model ) can be transformed into the Hamiltonian form, respectively. In [22,23], Tang et al.
used the symplectic methods to simulate Hamiltonian system and proved that the solution of the D-D
model and the A-L model converge to the original NLSE .

The previous proofs of convergence were almostly about bright solitons motion. Given the
different parameters and conditions, it is difficult to directly apply the above convergence to dark
solitons motion. There is only a little literature about proving the convergence of dark solitons motion
(a <0, |Wy(c0)| = p). Hence, we give proof of convergence for the space discretization models of the
original NLSE in dark solitons motion, which provide theoretical support for numerical simulation.
The Crank-Nicolson method is actually obtained by applying the midpoint scheme in time to solve
the D-D model. Similarly, we will apply the midpoint scheme to the A-L model, then propose a new
difference scheme (called as New-Difference method) of the original NLSE . We will show that the
New-Difference method in the dark solitons motion is convergent and of high accuracy by numerical
experiment.

This paper is organized as follows. In Section 2, we present the space discretization models
and the time-space discretization models for the original NLSE in dark solitons motion, and give
some conservation invariants of these models. We confirm the convergence of the space discretization
models and the time-space discretization models in Section 3 and Section 4, respectively. In Section 5,
we obtain the error order of the space discretization models and the time-space discretization models
to test the convergence. In order to further demonstrate the convergence of these models, we get the
numerical solutions of these models and check the preservation of the invariants. Finally, we give
some conclusions in Section 6.

2. Different Discretization Models

In this section, we present the space discretization models and the time-space discretization
models for the original NLSE. The Direct-Discrete model and the Ablowitz-Ladik model discretize the
original NLSE in space, while the Crank-Nicolson method and the New-Difference method discretize
in time and space simultaneously.

2.1. The space discretization models

Give two classical models of space discretization:
(1) Direct-Discrete model ( D-D model ) :

Aw® N w1 _ow () 4 w(=1)
1

+aWOPw® =,
2
dt h )

WO (0) = Wy(Ih),

By setting W() = p(!) 4-ig("), D-D model can be directly rewritten as a Hamiltonian system, and has
two invariants, that is, the energy and the charge:

0= [P ¢ =an

1
212 &
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_ a 2 2
g D[P+ (1) -] = B
1
(2) Ablowitz-Ladik model ( A-L model ):
1 I+1 1 -1

idw() N wi+) _ow @ L w(-1) N E|W(1)|2(W(l+1) Wiy =g

W) (0) = Wy(h)
where h is the space step-size and w() (t) =W(lh,t)forl =---,-1,0,1,- -+ . A-L model has infinite

invariants [6], and the first two invariants are [24]:
F = Ew(lﬂ)w(l)
1

a2
F = ih T WEHDREO )2 12y w0
]

I

where U() = 1 — ‘12L2|W(l) |>. The above models can be converted to Hamiltonian system, then
simulated by symplectic method [22,24].

2.2. The time-space discretization models

Appling the midpoint scheme to the D-D model and the A-L model in time, we get the following
two models: the Crank-Nicolson method and the New-Difference method. Before introducing the
two models, we give some definitions: the time step-size and space step-size of these models are T, I
respectively, and x; = jhGj=----101,--+),t, =nt(n=0,1---N).

We write the exact solution of the original NLSE as w? = w(x]-, ty), the numerical solution as
W]” = W(x]-, ty), and define:

ntl _yn i — v Vit =V
1 -1
o= T syn— T syn_ 1 71
j T j n j n
Vi v
nty i oun _ _ 1
Vi t= e &V =0V = 5 (Vi -2V 4+ V)

Let define that:

(U, V") = ny upve, IV, = (v v, VY|, = m]deIVj"II
]
j=--—1,01,---

Then, the two difference schemes for the original NLSE are as follow:
(1) Crank-Nicolson method

a
8
j=----101,---,n=01---N ()

. 1
i W! + §5§(W}Z+1 + W) + |W]?1+1 1 W]”|2(I/V]?1+1 + W) =0

WP = Wo(x;)
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(2) New-Difference method
; Lo mt A\ on+3 2 ooty n+}
i6yW}' + Eo‘x(wjﬂ + W)+ §|Wj WL +WP) =0
j=----101,---,n=01---N )
W]Q = Wo(x;)
Note that W" = (-, W" , WI, W}, - )T, |W"|2 = diag(- -, [W" [, |[Wg|?, [W}2,
-+ +), then equation (5) can be rewritten as:
1
i W+ O3 W W) §|W”+% PMW™3 =0,n=1---N ©)
where:
1
1 0 1
M = e 7)
1 0 1
1 0

In numerical experiments section, in order to test the convergence of the numerical solutions of
the above models , we will give the preservation of the conserved quantities’approximation given in
Section 1.

3. The Convergence of the Space Discretization Models

In this section, we give the proof of convergence for the two space discretization models in dark
solitons motion. Suppose that local item M;(t) = M(Ih,t)(I =---,-1,0,1,---),

Adw® D) —2gp() 4 gp(-1)
=1 +

Mit) == 2

+ a|w [Fw) (8)

Lemma 1. Suppose that w(x,t) is the solution of the original NLSE, the local item M;(t)(I =
-+ ,=1,0,1,-- ) of D-D model is O(h?).

Proof of Lemma 1. w!!)(¢) satisfies the original NLSE, so
inl) +ol) ¢ alw® 2w® =0
Substituting into equation (8), we obtain that

w1 —2gp() (-1 W)
Mi(t) = 12 ( - - S5 ) = 1By(1)

According to Taylor’s expansion, w(*+1) — 2w() 4 (-1) = hzw,((l,z + %w,(cl,zxx +O(K®), and

1 1
. o) + 20l o) W) Wl
= W2 TR T 12

+O0(h?) 9)

So, the local item M;(t) is of order O(h?). O
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Theorem 1. Assume that Wy(x) is the initial condition of D-D model (a < 0), and all derivative of the initial
condition with respect to x satisfies:

(1) Wo( o) and Wy(+o0) exist, and |W0(:|:oo)| =p,

@) [ W2 — pPldx < +ooand [ 2 Wo(x) Pdx < +oo

when h — 0, the solution of D-D model converges to the solution of the original NLSE (a < 0).

Proof of Theorem 1. Suppose that w(x, t) is the solution of the original NLSE, W) (t) = W(Ih,t) is
the solution of D-D model, and w'!) (t) = w(Ih, t).
Subtracting equation (2) from equation (8), we get

Zi(w(l) B W(l)) N w(l+1) — Wi+l _ z(w(l) _ W(l)) + w(l*l) —wi-1)

dt h2 (10)
—l—u|w(l)|2w(l) — a|W(l)|2W(l) = M
Let error term ¢; = w) — W(l)(l =-..,-1,0,1,---), then
28y B 22 (R 4 WO R)e + wD WD) = My (11)

dt h?

Multiplying equation (11) by & ( the complex conjugate of ¢; ) summing up for all /, then taking the
equations’ imaginary part, we can obtain that

m[iZél(%)} + Im[Zél i _?le + 8171} +a1m[2(|w(l)|2 + (WD P)es,
1 1 1

+ Y wWO2] = 1m[ ¥ Mg
1 1

Simplify above equation, then

g(sz\z) = tm(_ Mz —atm Yo W (12)
1 1

NI~

Scaling equation (12):
Wim( M) < LIMllal < 5 (Zh4|31|2+2|81|)
l
(2)Suppose that Hw()||oo = mlax|w ()] < C [W(H)||o = mlax|W(l)(t)| < C, we get

Ime <C22|sl|2.
1
Then we have(C, C; are constants)

d
Z(Tlal) < i+ (1 —20C) ¥ Jei? (13)
ENT 1
Multiplying both sides of inequality (13) by space step-size 1 > 0, and defining ||.|| as |[e(t)||*> =
sl t en, we get
(e(t =h Z h g
d
a7 (lel[?) < Gt + (1= 2aC2) [ Je] 2 (14)

We can obtain that -

e
e(DI? < g5 zexp {T(1-24c?)} (a < 0) (15)
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where 0 <t < T. So, given a simulation time T, the solution of D-D model converges to the solution of
original NLSE when i — 0. O

Remark: Instead of using condition ||W/||?> < C to prove convergence in bright solitons motion in [22],
we use condition ||W||« < C to prove the above conclusion in dark solitons motion.

Theorem 2. Suppose that w(x, t) is the solution of the original NLSE in dark solitons motion
(a < 0and |[wy(c0)| = p), W (t) = W(Ih, t) is the solution of A-L model and w'") (t) = w(lh, t). One can
get that

||e(T)|[* < exp(CT) DA (16)

Therefore, given a simulation time T, the solution of A-L model converges to the solution of the original NLSE
(h —0).

Proof of Theorem 2. Through the similar method in [23], we can deduce
|le(T)[|> = [|w(T) = W(T)||*> < exp(CT)Dh*, (17)
Then, the above conclusion can be obtained. [

4. The Convergence of the Time-space Discretization Model

In this section, we give the proof of convergence for the time-space discretization models in dark
solitons motion. Let the truncation error be ¢7, then:

+ 1
0w + 52( ”+1+w) |wn 2|2( ]+1 +w ):(p]fl, a8)
]‘:..._1,0,1,..., n=1---N

Lemma 2. Set U", V", the following equalities hold:
(1)(5?Um, vmy = —(sUr,6vr) [20] ;
(2)(M€n+%,£n+%) _ (ME‘”"'%,E’H'%) =0;
Proof of Lemma 2.
(Men-&-%len—i-j) _ (Mén-i-% —n+%)
ntl ol ntl _n+3 +3\ n+l
=Y T8 - Z( gLl g e g *

1 1 1 1 1
= (e g - iy G e )
]

O

Lemma 3. The convergence order of the truncation error ||g"| |%2 is O(h* + 1%).
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Proof of Lemma 3. For equation (18), according to Taylor’s expansion:
0, T
10410} l[at ]+2'8t2w +0(12));
2 12 1,09 1, o
L g2 (ot 4y = R S vy 2 n
2% ) = 52 T e T2 9l T aT apan
+O0(h1) +0(7%);
w3 = w2+ im( ])aizm(w'?)+rRe(wv)aiRe(w7)+O(T2>;
”*2 n+iy 9 20 4 1,9 2, 3y.
(wi " +w;_y?) = 2w +Taw +ha2 wi + 57 atzw +O(h°T) +O(7);
we get,
0 T 9 0 10 ot 1
no__ w" =l 2 wh+ Z.
o = il55) + ra] +OWII+ [0 + gTaguf + i S + g
ot ]
T28t28 i +O(K21) + 0(T)] + [|w 2 + tIm(w )a Im(w}') + TRe(w}) (19)
9 Re(w!) + O(x2)) 22! +Taw”hza—2w 12 ® o) + 0(2)
ot ot /7 9x? 25 o2
From the original NLSE, we can obtain:
i—wf +a—2w i+ alwj |2w”—
ot ox? B
9™ s + g ey ) =0

Substituting them into equation (19), we get that (p]’.l is of order O(h? + 72) or H(p”||%2 is of order
on*+*). O

Lemma 4. (Gronwall’s inequality [25]) Suppose that {ej};?io is a sequence of nonnegative real numbers
satisfying

n
eni1 Sa—k/ﬂzejr, n>0 (20)
j=0

where & >, B and T are positive constants. We then have the inequality
ens1 < (a+ TPeg)ePr 1T (21)

Theorem 3. Suppose that w7 is the solution of the original NLSE in dark solitons motion (a < 0 and
|wo(o0)| = p), W]-" is the solution of the Crank-Nicolson method. If the time step T is sufficiently small, we can
get

le"][7, < O(h* + ) (22)

Then the Crank-Nicolson method is of order O(h* 4+ T2) in discrete Ly-norm error estimates.
Proof of Theorem 3. Using the similar method in [16] , We can prove
2 4, .4
eIz, < O™ +77)

Then this theorem holds. [
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Theorem 4. Suppose that w7 is the solution of the original NLSE in dark solitons motion (a < 0 and
|wo(o0)| = p), W' is the solution of the New-Difference method. If T is sufficiently small, we can get

"7, < O(h* + %) (23)
so the New-Difference method’s convergence order is O(h* 4 t2) in discrete Ly-norm.
Proof of Theorem 4. Let ¢" = w" — W", and w" satisfy:
¢ = iow + %5§(w;?+1 +wl) + %|w"+% PMw" 2, n=1---N (24)
Subtracting equation (6) from equation (24), we obtain (n =1--- N):
@' = ide" + %5%(5"“ + &)+ 2 [[w MWD — (W MW (25)

Taking the inner product of equation (25) with "2, and taking the inner product of equation
(25)’s conjugate with £+, then subtracting the obtained two equations, we obtain

(@", " 2) — (§",&"T2) = IL + I, + 11
where
I =(ibe", e"*2) — (—idye", 8" 1)

112 2
Loy Pl — e,

T o T

1
I =3 [(0}(e"! +e"), gt 1) — (s2(2" 4+ &"),8""%)] = 0( From Lemma 2)
115 :% [(|wn+% |2Mwn+%len+%) _ (lwn—i-% |2M wn+%lzn+%) _ (|Wn+% |2Mwn+%’

_ 1
enta) - (|w”+% |2MW”+7,E”+%)(where ' =w"'—W")]

Q

2 [((|wn+% |2 _ |Wn+% |2)Mwn+%’€n+%) _ ((|W"+% |2 _ |Wn+% |2)M W”Jr%,

N

D=

EE) (W PME R, ) - (W PMET e

)]
:a”m((|wn+% |2 _ |Wn+% |2)Mwn+§,8n+§)
According to ((p",£”+%) — ((ﬁ",é”*%) = 2ilm(¢", €'+1), it follows that:

112, 11e12, 1
=21 noehts
T ) (26)

_ aIm((lwnJr% |2 _ |wn+% |2)Mwn+%,8n+%)

For the first term in the right side of Equation (26), using the Cauchy-Schwardz inequality , we get

1 1
2m(g", " 7) < |lg"|[7, + E(IIS”HH%Z +1€"17,) (27)
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For the second term in the right side of Equation (26), we assume that there’s a constant C, making
the exact solution of the original NLSE to meet:

[lw"||L, <C,0<n <N (28)
We can get that

1m((|wn+% |2 o |wn+% ‘2)Mwn+%, €n+%)

1, _ _
= 1" ;[ZRe(w}“rl + w;?)(s}?“ +eh) — |€;]7+1 + s?’|2]1m(w;7j11 +wl
"~ (29)

)

Tl ) el < 20 Y G+ )
j=1

<263 (I3, + Ile"[3,)

From Equations (26), (27) and (29), we can obtain that:

1€ 117, — 1"117, < tllg"llE, +Cr(lle"11E, + [1e"][7,) G0

1
where C = —2aC} + 3 > 0. Since ||:~:0||%2 =0, then,

n

le™[1Z,
m=0

n
(1 -colle™i, <t ) "7, +2Ct
m=0

1
AsTt—0,s0Ct < 5 according to Lemma 4, we have:

|le"]|7, < O(h* + 1) (31)
O

5. Numerical Experiments

In this section, we will present the numerical experiment results to test the proved theorems.
Consider the initial condition of the original NLSE for one-dark soliton

1+ 2120 pAM(x—x0)

ZU(x,O) =p 1+ eMa—10)

(32)

where the exact solution is obtained

2 1 +ei296/\(x7x0+77-t)
1 _’_e)\(xfonriy-t)

w(x, t) = pe'® (33)

and A = v/ —2apsind, n = \/—2apcosf,a = —2,0 = 0.72,0 = 0.75, xy = 0.0.

5.1. Errors and convengence order

In the subsection, we give the convergence order of the space discretization models and the
time-space discretization models by Experiment 1 and Experiment 2.
Experiment 1: We use the midpoint scheme to simulate D-D model and A-L model, and choose a
fixed minimum time step-size T = 0.0005 in order to reduce error caused by difference in time as much
as possible. Then, comparing the solution of the space discretization models with the exact solution
(33) of the original NLSE, we can obtain error ||¢(T)||?> and the corresponding convergence order at
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time t = 1.6 with different space step-size & = 0.4,0.2,0.1,0.05. Finally, we plot “log(||e(T)||?)” with
respect to “log(h)” in Figure 1. Table 1 and 2 and Figure 1 indicate that the order of ||¢(T)||? is O(h*).
So, we come to the conclution that the convergence of the D-D model and the A-L model is O(h?) in
the defined norm , which fits the results of Theorem 1 and Theorem 2 very well.

Table 1. Errors and convengence order of D-D model at time t = 1.6.

h T ||e(T)||? x 106 Order
0.4 0.00005 8.804684
0.2 0.00005 0.546416 4.01416
0.1 0.00005 0.034090 4.00359
0.05 0.00005 0.002130 4.00086

Table 2. Errors and convengence order of A-L model at time ¢ = 1.6.

h T ||e(T)||? x 10* Order
0.4 0.00005 5.709740
0.2 0.00005 0.354637 4.01251
0.1 0.00005 0.022128 4.00330
0.05 0.00005 0.001382 4.00083
-1 1
2l ,
2 ,
3+ -
aF ,
L —dx ,
) y Y=4x
< <
C:-S r i qw -4 4
E E
—~ 6k i —
s ,
2k ,
o ,
8l ,
9l i 7+ |
1a 12 4 o8 o5 os 14 12 4 o5 o5 o4
log(h) log(h)
(a) D-D model (b) A-L model

Figure 1. Errors and convengence order at time ¢ = 1.6.

Experiment 2: In order to determine the convergence order of Crank-Nicolson method and
New-Difference method , we choose the space step-size i = 0.4,0.2,0.1,0.05 and the time step-size
t = 0.008,0.004,0.002,0.001. Then, we can calculate the truncation error||e" | |%2, where ||£”||%2 =
Hw"H%2 — [|W"| |%2 Due to h : T = K ( K is fixed ), we choose to plot “log(| |£"||%2)” with respect to
“log(h)” in Figure 2. Tabel 3-4 and Figure 2 indicate that the convergence order of the Crank-Nicolson
method and the New-Difference method is O(h? + 72) in Ly-norm, which is also in good agreement
with the results of Theorem Tables 3 and 4.
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Table 3. Errors and convengence order of Crank-Nicolson method at time f = 1.6.

h T [le"] |%2 x 10° Order
0.4 0.008 9.490216
0.2 0.004 0.589315 4.01295
0.1 0.002 0.036771 4.00331
0.05 0.001 0.002297 4.00083

Table 4. Errors and convengence order of New-Difference method at time ¢ = 1.6.

h T |le"]]7, x 10* Order
0.4 0.008 5.730127
0.2 0.004 0.355952 4.01223
0.1 0.002 0.022211 4.00323
0.05 0.001 0.001388 4.00082
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Figure 2. Errors and convengence order at time t = 1.6.
5.2. Numerical simulation of dark solitons motion

Experiment 3: We take the spatial interval x € [—125,75] and temporal interval from t = 0 to t = 40
with two different pairs of integration parameters:

h=04, T=0.02 (34)

The numerical solutions for the Crank-Nicolson method and the New-Difference method are drawn in
Figures 3 and 4. From the figure, we can see that the two methods simulate the motion of the one-dark
soliton very well .
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Figure 3. The numerical solutions for the Crank-Nicolson method.
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Figure 4. The numerical solutions for the New-Difference method.
5.3. Preservation of invariants

In order to further demonstrate convergence, we check the preservation of the invariants of these
models. Here, we take h = 0.4,7 = 0.02,0 < t = nt < 40, and set err(A)(t) = A(t) — A(0) for any
invariant A.

Experiment 4: For D-D model, we give the preservation of the invariants E; and Q;. For A-L model,
the invariants F; and F, have both the real part and the imaginary part, so we persent the real and
imaginary part of invariants F; and F, ( F,, = FR,, + iF1,,), respectively. Figure 6 shows that the space
discretization models have a good simulation effect from the trend of the invariants’error , which
further confirms the convergence of these models.

Experiment 5: We use the conserved quantities” approximation S1 and Sy ( Sy = SRy, +1S1,,) of the
original NLSE to test the convergence of the time-space discretization models. As the imaginary part SI;
of 51 and the real part SR; of S; are zero, we only present the evolutions of the rest SRy and SI. Figure 5
shows that the time-space discretization models can maintain the conserved quantities’approximation
S1 and Sy well, which further illustrates the convergence of these models .
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6. Conclusions

In dark solitons motion (2 < 0, |Wp(o0)| = p), we have proved that the solutions of the D-D model
and the A-L model converge to the solution of the original NLSE when & — 0, and their convergence
order are O(h?) in the defined norm. Our results of numerical experiments are in good agreement
with the ones of theory. We use the midpoint scheme to solve the D-D model and the A-L model , then
get the Crank-Nicolson method and the New-Different method. Through theoretical proof, we show
that the two schemes are of order O(h? + 72) in discrete Lo-norm error estimates. The corresponding
numerical experiments also fit the proven theories well.
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