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Abstract: Nonnegative matrix factorization (NMF) has been shown to be a strong data representation
technique, with applications in text mining, pattern recognition, image processing, clustering
and other fields. In this paper, we propose a hypergraph regularized L, smooth nonnegative
matrix factorization (HGSNMF), by incorporating hypergraph regularization and L, smoothing
constraint terms into the standard NMF. The hypergraph regularization term can capture the intrinsic
geometry structure of the high dimension space data more comprehensively than simple graph,
the L, smoothing constraint may yield a smooth and more accurate solution to the optimization
problem. The updating rules are given using multiplicative update techniques, and the convergence
of HGSNMF is theoretically investigated. The experimental results on four different data sets show
that the proposed method has better clustering effect than the related state-of-the-art methods in the
vast majority of cases.

Keywords: hypergraph regularization; L, smooth; nonnegative matrix factorization; data clustering
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1. Introduction

Data representation plays an important role in information retrieval [1], computer vision [2],
pattern recognition [3], and other applied fields [4,5]. The dimensions of data matrices are extremely
high in these practical applications. The high-dimensional data can cause not only storage difficulties
but also possible dimensional curse. Therefore, it is necessary to find an effective and low-dimensional
representation of the original high-dimensional data matrix. Matrix factorization is one of the
important data representation techniques, and the typical matrix decomposition methods mainly
includes: principal component analysis (PCA) [6], linear discriminant analysis (LDA) [8], singular
value decomposition (SVD) [7], nonnegative matrix factorization (NMF) [9,10], and so on.

NMEF has been gained popularity through the works of Lee and Seung published in Nature [9] and
NIPS [10]. It has been widely applied in clustering [11-13], face recognition [14,15], text mining [16,17],
image processing [18-20], hyperspectral unmixing (HU) [21,22], and other fields [23-26]. Several
NMF versions are presented in order to improve data representation capabilities, by introducing
with different regularization terms or constraints into the NMF model. For example, by considering
the orthogonality of the factor matrices, Ding et al. [12] presented orthogonal nonnegative matrix
tri-factorizators (ONMF) approach. By incorporating the graph regularization term into NMF, Cai et al.
[2] presented the graph regularized nonnegative matrix factorization (GNMF) , where a simple nearest
neighborhood graph is constructed by considering the pairwise geometric relationships between
two sample points. However, the models did not take into account the high-order relationships
among multiple sample points. Shang et al. [27] presented a graph dual regularization nonnegative
matrix factorization (DNMF) approach, which simultaneously considers the intrinsic geometry matrix
structures of both the data manifold and the feature manifold. But, DNMF neglects the high-order
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relationships among multiple sample points or multiple features. To solve the problem of DNME,
Zeng et al. [28] presented the hypergraph regularized nonnegative matrix factorization (HNMF),
which incorporates the hypergraph regularization term into NMF and constructs a hypergraph by
considering high-order relationships among multiple sample points. But, HNMF is unable to produce
a smooth and precise solution because it does not take into account the smoothness of the basis matrix.
Recently, Leng et al. [29] proposed the graph regularized L, smooth nonnegative matrix factorization
(GSNMF) by incorporating the graph regularization term and L, smoothing term into NMF, which
considers the intrinsic geometric structures of the sample data and may produce a smooth and more
accurate solution of the optimization problem with the addition of graph regularization term and the
L, smoothing constraint. However, in GSNMEF, only the pairwise relationships between two sample
points are considered, and the high-order relationships among multiple sample points are ignored.

In this paper, by incorporating hypergraph regularization and L, smoothing constraint terms
into the standard NMF, we propose first a hypergraph regularized L, smooth nonnegative matrix
factorization (HGSNMF). The hypergraph regularization term considers the high-order relationships
among multiple samples. The L, smoothing constraint term takes into account the smoothness of
the basis matrix, which has been proven it is significant in data representation [30-32]. To solve the
optimization problem of the HGSNMF model, we offer an effective optimization algorithm using
multiplicative update technique and theoretically prove the convergence of the HGSNMF algorithm.
Finally, we conduct comprehensive experiments on four data sets to demonstrate the effectiveness of
the proposed method.

The main contributions of this work can be summarized as follows:

1) Considering the complex relationships into pairwise ones in simple graph will inevitably lead
to loss of the important information. Therefore, we construct the hypergraph regularization term to
better discover the hidden semantics and simultaneously capture the underlying intrinsic geometric
structure of high-dimensional spacial data samples. In the construction of a hypergraph, each vertex
of the hypergraph represents a data sample, and each vertex with its k nearest neighboring samples
forms a hyperedge. Each hyperedge represents the similarity relation among a group of samples with
higher similarity.

2) We consider the L, smoothing constraint of the basis matrix, which not only removes the noise
of the basis matrix to make it smooth, but also obtains a smooth and more accurate solution to the
optimization problem by combining the advantages of isotropic and diffusion anisotropic smoothing.

3) We solve the optimization problem using an efficient iterative technique and conduct
comprehensive experiments to empirically analyze our approach on four data sets, the experimental
results validate the effectiveness of our proposed method.

The rest of the paper is organized as follows. In Section 2, we introduce some related works
including NMF and hypergraph learning. In Section 3, we propose the novel HGSNMF model in
details, as well as its updating rules and prove the convergence of the HGSNMF method. In addition,
we analysis the complexity of the proposed method. In Section 4, we conduct extensive experiments to
validate the proposed method. At last, we conclude this paper in Section 5.

2. Related work

2.1. Nonnegative matrix factorization

Given a nonnegative matrix X = [xq, X, ...,X;] € RT*", each columnx; € R (i =1,2,...,n) of X
represents a data point. The purpose of NMF is to decompose a nonnegative matrix into two low-rank
nonnegative factor matrices B € R’/*" and C € R’*", the product of which is an approximation of the
original matrix. Specifically, the objective function of NMF is

min||X — BC||2,

1)
st.B>0,C>0
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where || - || is the Frobenius norm of a matrix, B is the basis matrix, and C is the coefficient matrix
(also called encoding matrix). Obviously, the objective function is convex for B or C, but nonconvex
for both B and C. Therefore, it is difficult to find the global minimum. To get a local optimal minimum,
Lee et al. [10] proposed iterative multiplicative updating technique to solve the problem (1) as follows:

B. (XC )ik
ik T
(BCC' )i
(BT X)g
(BTBC),;’

ij — Ck]'

where B is the transpose of B.

2.2. Hypergraph Learning

Simple graph only considers the pairwise geometric relationship between data samples, the
complex internal structure of the data samples could not be efficiently used. To remedy this defect, the
hypergraph takes into account the high-order geometric relationships among multiple samples, which
can better capture potential geometric information of the data [33]. Thus, hypergraph learning [34-38]
is an extension of simple graph learning theory.

The hypergraph G = (V,E) consider the high-order relationships among multiple vertices
and is made up of a non-empty vertex set V = {v1,v,,...,v,} and a non-empty hypergraph set
E ={ey, e, ...,em}. Each element v; € V is called a vertex, and each element ej€ Eisa subset of V,
which is known as a hyperedge of G. G is a hypergraph defined on V if ¢j #,forj=1,2,...,M,and
egUeyU---Uey =V.

When constructing a hypergraph, we generate the hyperedge by calculating the Euclidean distance
between the k nearest neighbors of each vertex. The parameter k is manually set. An incidence matrix
Hec ]R‘fl *IElis used to describe the incidence relationship between a vertex and a hyperedge, which is
formalized as H(v,¢) = 1if v € ¢, and H(v, ¢) = 0 otherwise.

Figure 1 gives an illustration the simple graph, the hypergraph G = (V,E) and an incidence
matrix. In the undirected simple graph, if a vertex is in the k nearest neighbors of another
vertex, the two vertices are joined together by an edge. The hypergraph G = (V,E) considers
the high-order relationships among multiple vertices and is made up of a non-empty vertex set
V = {v1,v,03,04,05,06,07,08} and a non-empty hypergraph set E = {e; = {vy,03,04},65 =
{v3,v4,05,06},e3 = {ve,v7,08}}. In Figure 1, the solid nodes stand for the vertices, the node sets
marked by the solid line segment and the node sets marked by the ellipses denote the hyperedges.
Furthermore, each vertex is connected with at least one hypheredge in hypergraph, which is associated
with a weight, and each hyperedge can have multiple vertices.
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Figure 1. An illustration the simple graph, the hypergraph G and an indication matrix.
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Each hyperedge ¢ can be assigned with a positive number w(e) that presents the weight of the
hyperedges. The degree of a vertex v and the degree of a hyperedge can be expressed as d(v) =
Y. w(e)H(v,e) and §(e) = Y. H(v,e), respectively. According to [34], the unnormalized hypergraph
ecE veV

Laplacian matrix can be expressed as
LHyper =D,-S )

where S = HWD, 'H', H is an incidence matrix, W is a diagonal weight matrix composed of w(e),
D, and D, denote the diagonal matrices composed of d(v) and J(e), respectively.

Recently, Wang et al. [21] presented hypergraph-regularized sparse NMF (HGLNMTF) for
hyperspectral unmixing with incorporates the sparse term into HNMFE. HGLNMF considers the
sparse of the coefficient matrix, and the hypergraph can simulate the higher-order relationship
between multiple pixels by multiple vertices in its hyperedges. Wu et al. [39] presented nonnegative
matrix factorization with mixed hypergraph regularization (MHGNMEF), by considering higher-order
information among the nodes into consideration. Some scholars apply nonnegative matrix factorization
to multiple perspectives, Zhang et al. [40] presented semi-supervised multi-view clustering with dual
hypergraph regularized partially shared nonnegative matrix factorization(DHPS-NMF). Huang et al.
[41] presented diverse deep matrix factorization with hypergraph regularization for multi-view data
representation. To some extent, these approaches focus more on the multiple vertices hypergraph,
which reflects the higher-order relationships between the multiple vertices, but they ignore the
base matrix or its smoothness. To overcome this deficiency, by fully considering the higher-order
relationships of multiple vertices and the smoothness of the basis matrix, we propose the following
hypergraph regularized L, smooth nonnegative matrix factorization.

3. Hypergraph Regularized L, Smooth Nonnegative Matrix Factorization

In this section, we will describe the proposed HGSNMEF approach in detail and the iterative
updating rules of two factor matrices. Then the convergence of the proposed iterative updating rules
is proved. Finally, the calculation cost of this method is given.

We first give the construction of the hypergraph regularization term. Given a nonnegative
data matrix X = [xq,Xp,...,x,] € R}™", we expect that if two data samples x; and x; are close, the
corresponding encoding vectors ¢; and ¢; in the low-dimensional space are also close to each other.
Constructing the hypergraph for the coefficient matrix, we encode geometrical information by linking
each data sample with its k nearest neighbors and denoting their hypergraph connections with heat
kernel weight

C— o |]2
we) = X exp(— i, ®

x]'€€i

n
where § = % izl x%@ |[x; — xj|| denotes the average distance among all the vertices.
=1 x;€e;

With the above defined weight matrix w(e), the hypergraph regularization of the matrix C can be
caculated by the following optimization problem:

33 L L Sl - g

ecEijee
= Tr (C(DU - S)CT)
= Tr(CLpype,C '),
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where Tr(-) denotes the trace of a matrix, Ly e is the hypergraph Laplacian matrix of the hyergraph
G and defined by (2).

3.1. The Objective Function

To discover the intrinsic geometric structure information of a data set and produce a smooth and
more accurate solution, we propose the HGSNMF method by incorporating hypergraph regularization
and the L, smoothing constraint into NMF. The objective function of our HGSNMF is defined as

follows:
min O = min |[X — BC| % + aTr(CLpype,C ) + 21| [BJ|},
’ (4)
st. B>0,C>0,
1
m,r P
where B is the basis matrix, ||B||, = Y (Bj)| ,0<p<2andp # 1, B is the ith row and

i=1,j=1

jth column entry of matrix B, and C is the]coefficient matrix, « and y are the positive regularization
parameters for balancing the reconstruction error in (4). Hypergraph regularization term and L,
smoothing regularization term are presented in the second term and the third term, respectively. The
hypergraph regularization term can more effectively discover the hidden semantics and simultaneously
capture the underlying intrinsic geometric structure of the high-dimensional space data. The L,
smoothing constraint of the basis matrix not only removes the noise of the basis matrix to make
it smooth, but also obtains a smooth and more accurate solution to the optimization problem by
combining the advantages of isotropic and diffusion anisotropic smoothing. Then, we will give the
detailed derivation of the updating rules, the theoretical proof of convergence and the analysis of the
computational complexity of the HGSNMF method, and provide more comparative experiments.

3.2. Optimization method

The objective function O in (4) is not convex in both B and C, so it is unrealistic to find the global
optimal solution. Thus, we can only obtain the local optimal solution by using iterative method.
There are multiplicative update, projective gradient, alternating direction multiplier and dictionary
learning algorithm for solving optimization problems. Because the multiplicative update algorithm has
the advantages of convergence, and simple operation and small computation, we use multiplicative
update algorithm to solve optimization problems. We can turn the objective function into the following
unconstrained objective function by using the Lagrange multiplier:

L =|[X — BC||} + aTr(CLpype,C" ) + 2| B[P — Tr(YB') — Tr(ACT),

where Y = [Yy], A = [Ayj], Yix and Ay; are the Lagrange multiplier for the constrains By > 0 and
Cyj > 0, respectively.
Taking the partial derivatives of L with respect to B and C, respectively, we have that

oL

5 = 2BCC" —2XC' +2upBP~1 -,
oL _ 2B'BC — 2B X +2aCL A
E = - + 2o Hyper — £}

By using the Karush-Kuhn-Tucker (KKT) conditions g—é =0, g—é =0, Yy By =0and Ay - G =0,
we obtain that

-
(BCC')yBy + upBl, By — (XCT)yBy =0, (5)
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(B BC);Cyj + &(CLyper)4jChj — (B X)4;Crj = 0. (6)
According to (5) and (6), we can obtain the following updating rules for B and C,
g g up g
Ty,
By + By ﬁxc Ji o 7)
(BCC ' )ik + pupB;;
and
BTX)y; +a(CS)y;
ij%ij (T )k] ( )k] ) ®)
(B BC)k]' + DC(CDy)kj
respectively.

3.3. Convergence Analysis

In this subsection, we give the convergence proof of our proposed HGSNMF in (4) using the
updating rules (7) and (8). First of all, we introduce some related Definitions and Lemmas.

Definition 1. [10]G(x, x") is an auxiliary function of F(x), if G(x, x) satisfies the condition
G(x,x') > F(x), G(x,x) = F(x).
The auxiliary function plays an important role due to the following Lemma.
Lemma 1. [10] If G is an auxiliary function of F, then F is nonincreasing under the updating rule

t+1

X = argn}in G(x,x"). )

To prove the convergence of HGSNMF under the updating step for B in (7), we fix the matrix

C. For any element Bj; in B, we use Fj to denote the part of the objective function O, which is only
relevant to Bj;. The first and second derivatives of F(B;;) are given as follows

Fi = (ao> =2(BCC" —XC ")y + 2up(By )P !
ik

0B
and
- @) _
Fy = (am) =2(CCM )+ 2up(p — 1)(By )P 2,
ik
respectively.

Lemma 2. The function

G(x,Bfy) = F(Bjy) + F'(Bj) (x — By) + (x — B,)? (10)

is an auxiliary function of Fy(x), which is only relevant to Bj.
Proof. Since from Taylor series expansion, we have that

Fye(x) =F(Bf)) + F'(Bf) ) (x — Bj) + (CC )e(x — B)?

11
+up(p—1)(Bi)P ) (x — B> -
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Clearly, G(x,x) = Fy(x). By Definition 1, we just need to prove that G(x, B,) > Fy(x). By comparing (10)
with (11), we can find that G(x, Bl ) > Fy(x) is equivalent to

(BCCT)j + up(BY )P

B > (CCh )+ pp(p — 1) (B2, (12)
ik

SinceB>0,C>0,0<p <2,andp # 1, we have
r
(BCC )y = Y, BL(CCT)j+BL(CCT )i > B (CCT )
1=1,1#k

and
p(Bi)P ! > p(p—1)(By)P !
So (12) holds, which implies G(x, Bl ) > Fy(x). O

Theorem 1. The objective function O in (4) is nonincreasing under the updating rule of (7).

Proof. Replacing G(x,x') in (9) by (10), we can obtain the updating rule
F'(B)
(BCCT)zk +2up(Bj)P~
3 (XC )i
" (BCCT )i+ up(Bl)P

Bt+l — B
(13)

Since (10) is an auxiliary function of Fy., Fy. is nonincreasing under the updating rule of (7). O

Next, we fix the matrix B. For any element Cy; in C, we use F;; to denote the part of the objective
function O, which is only relevant to Cy;. By calculation

_ 00

and
(%0 .
ij: 32 k‘ZZ(B B)kk+2‘x(LHyper)jj'
]

Lemma 3. The function

(BTBC + aCDy, )y
Cj;

G(x, Cltcj) = F(Cltq‘) + FI(CIt(j)(x - Cltq') + (x — Cltcj)z (14)

is an auxiliary function of Fyj(x), which is only relevant to Cy;.

Proof. Since from Taylor series expansion, we have that

Fj(x) = F(Crtq> + FI(Cth)(x - Cltcj) + ((BTB)kk + a(Layper)jj) ( X — Cth)z- (15)
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Clearly, G(x,x) = Fij(x). According to Definition 1, we only need to prove that G(x, C,tcj) > Fj(x). By
comparing (14) with (15), we see that G(x, C,tcj) > Fy;(x) is equivalent to

(BTBC+aCDy, )y
<}

> (B"B)ik + &(Lzyper) j- (16)

Since B > 0, C > 0, we have

n
(B'BC)yj= ), Cjy(B"B)i + Cp;(B'B) > Cii(B'B)i
1:1,1;&]
and
n
(CDy )yj l ;# Cjy(Dy)ij + Cj(Dy)j; > Cjii(Dy — S)j; = Ciii(Layper) -
=Ll7]

So (16) holds, which implies G(x, C,t(].) > FRj(x). O
Theorem 2. The objective function O in (4)is nonincreasing under the updating rule of (8).

Proof. Replacing G(x,x') in (9) by (14), we can obtain the updating rule

1 _ FI(Ct )
citl=ct. - ct
kj ki “ki2(BTBC + szDv) )
ot (B"X + «CB)j;
Y(BTBC +aCDy)y;’

Since (14) is an auxiliary function of Fyj, Fyj is nonincreasing under the updating rule of (8). [

Similar to NME it is known from Theorem 1 and Theorem 2 that the convergence of the model (4)
can be guaranteed under the updating rules of (7) and (8).

Now the specific procedure for finding the local optimal B and C of HGSNMF is summarized in
Algorithm 1.

Algorithm 1 HGSNMF algorithm.

Input: Data matrix X = [xq,Xp, - - -, Xz| € R}*". The number of neighbors k. The algorithm
parameters r, p and regularization parameters «, . The stopping criterion €, and the maximum
number of iterations maxiter. Let Ag = 1le — 5.
Output: Factors B and C;
1: Initialize B and C;
2: Construct the weight matrix W using (3), and calculate the
matrix Dy, S;
3:fort=1,2,--- , maxiter do

4:  Update B! and Update C' according to (7), (8), respectively.
5: Compute the objective function value O of (4) to denote A;.
6 if lAhal e
' Arq ’
Break and return B, C.
7:  endif
8: endfor

3.4. Computational Complexity Analysis

In this section, we analyze the computational complexity of the proposed HGSNMF method in
comparison to other methods. The fladd, flmlt and fldiv denote a floating-point addition, multiplication
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and division, respectively. The “O” notation denotes the computational cost. The parameters n, m, r
and k denote the number of sample points, features, factors and nearest neighbors to construct an edge
or hyperedge, respectively.

According to the updating rules, we calculate the arithmetic operations of each iteration in
HGSNMF and summarized the results of the proposed HGSNMF. From Table 1, it shows that the
overall costs of our proposed HGSNMF are O(mnr).

Table 1. Computational operation counts for each iteration in NMF, GNMF, HNMF, GSNMF, HGLNMEF, and

HGSNMF
fladd flmlt fidiv overall
NMF 2nmr + 2(m + n)r? 2nmr+2(m + n)r* + mr + nr mr+nr  O(mnr
GNMF 2nmr+2(m + n)r® + nr + 3n 2nmr+2(m + n)r m—+2n+nk)r mr+nr O(mnr
HNMF 2nmr+2(m +n

m-+2n+nk)r  mr+nr  O(mnr

( ) i

( )
+nr+3n 2nmr+2(m + n)r?

( ) 2

( )

( Y2+ (m42n+nk)r  mr4nr  O(mnr

( )r?
GSNMF 2nmr+2(m 4+ n)r? + nk+3n +mr 2nmr+2(m + n)r
HGLNMF  2nmr+2(m + n)r? +nk +3n+mr  2nmr+2(m + n)r
( )r?

+
+
+
+
+
HGSNMF 2nmr+2(m +n)r* +nk+3n+mr 2nmr+2(m+ n)r- +

)
( ) )
(m+2n+mnk)r mr+nr O(mnr)
(m+2n+mnk)r mr+nr O(mnr)
( ) )
( ) )

4. Numerical Experimental

In this section, we compare the results of data clustering on four popular data sets to estimate
the performance of the proposed HGSNMF method with the related state-of-the-art methods, such as
K-means, NMF [9], GNMF [2], HNMF [28], GSNMF [29], HGLNMF [21]. All tests will be done on the
computer with a 2-Ghz Intel(R) Core(TM) i5-2500U CPU and 8-GB memory 64-bit MATLAB R2015a in
Windows 10. The stopping criterion shows in with € = 107, and the maximum number of iterations
is set to 10%.

4.1. Data Sets

The clustering performance is evaluated on four widely used data sets, including
COIL20 (https:/ /www.cs.columbia.edu/CAVE/software/softlib /coil-20.php), YALE
and ORL (https://www.cad.zju.edu.cn/home/dengcai.Data/data.html), and  Georgia
(https:/ /www.anefian.com/research/face-reco.htm). The important statistical information of
the four data sets is listed in Table 2, with more details given as follow. 1) COIL20. The data set
contains 32 x 32 gray scale images of 20 objects viewed at varying angles, and each object has 72
images.

2) ORL. The data set contains 32 x 32 gray face images of the 40 human subjects taken at different
times, different light conditions, different facial expressions, and different facial details, and each object
has 10 images.

3) YALE. The data set contains 32 x 32 gray scale images of the 15 individuals viewed at different
facial expression or configuration, and each object has 11 images.

4) Georgia. The data set contains 32 x 32 gray face images of the 50 people with cluttered
background for each object, and each object has 15 colors JPEG images.

Table 2. Statistics of the four data sets

Datasets Samples Features Classes

COIL20 1440 1024 20
YALE 165 1024 15
ORL 400 1024 40

Georgia 750 1024 50
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4.2. Evaluation Metrics

Two popular evaluation metrics are used to evaluate: the clustering accuracy (ACC) and the
normalized mutual information (NMI) [42], which evaluate the clustering performance by comparing
the obtained cluster label of each sample with the label provided by the data set. ACC is defined as
follows

¥ 6(ri, map(q:))

AcCC = =1 ,
n

where 7; is the correct label provided by the real data set, and g; is the clustering label obtained by the
clustering result, n is the total number of documents, é(x, y) is the delta function that equals one if
x = y and equals to zero otherwise, and map(-) is a mapping function that maps each cluster label g;
to a given equivalent label from the data set. The Kuhn-Munkers algorithm [43] is used to find the best
mapping.

Suppose two clusters C and C’ are given, then the mutual information metric MI(C,C’) can be
defined as follows
/

MI(C C/) = Z p(c C’)log plei C])
7 - i, . 7,
c;€CcieC’ ! plei) - P(C})

where p(c;) and p(c;-) denote the probabilities that a sample arbitrarily selected from the data set
belongs to the clusters c; and c;. , respectively, and p(c;, c;) denotes the joint possibility that this
arbitrarily selected image belongs to the cluster c; as well as c} at the same time. The Normalized
Mutual Information (NMI) is as defined follows

no_ MI(C, C’)
NMI(C,C) = H(C), H (T’

where C is a set of the true labels, and C’ is a set of clusters obtained from the clustering algorithms.
H(C) and H(C') are the entropies of C and C’, respectively.

4.3. Performance Evaluations and Comparisons

To evaluate the performance of our proposed method, we choose K-means, NMF, GNMF, HNMEF,
and GSNMF as the comparison clustering algorithms.

1) K-means: The K-means performs clustering in the original data, we want to know whether
low-dimension data can improve clustering performance on high-dimension data.

2) NMF [9]: The original NMF represented the data by imposing nonnegative constraints on the
factor matrices.

3) GNMEF [2]: Based on NMEF, it constructs local geometric structure of original data space as
regularization term.

4) HNMEF [28]: It incorporates the hypergraph regularization term into NMFE.

5) GSNMF [29]: It incorporates both graph regularization and L, smoothing constraint into NMF.

6) HGLNMEF [21]: It incorporates both hypergraph regularization and L | sparse constraint into
NMF.

7) HGSNMF: We proposed the hypergraph regularized L, smooth nonnegative matrix
factorization by incorporating hypergraph regularization term and L, smoothing constraint into
NMF.

The general clustering number k is fixed, and we described the experiment as follows.
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In NMF, GNME HNMF, GSNMF, HGLNMF, and HGSNMF, we initialize two low-rank
nonnegative matrix factors using a random strategy in experiments. Next, we set the dimensionality of
the low-dimensional space to the number of clusters, and use the classical K-means method to cluster
the samples in the new data representation space.

For NMF, GNMF, HNMF, GSNMF, HGLNMF, and HGSNMF, we use the Frobenius norm as
the reconstruction error of the objective function. In GNMF and GSNME, the heat kernel weighting
scheme is used to generate the 5 nearest neighbors graph for constructing the weight matrix. In
HNME HGLNMF, and HGSNME, the heat kernel weighting scheme is used to generate the 5 nearest
neighbors graph for constructing the weight matrix in hypergraph. In GNMF and GSNME, the graph
regularization parameter are all set to 100, in HNMF and HGLNMEF, the hypergraph regularization
parameter are all set to 100, and in GSNME, set the parameter p = 1.7. In HGSNMF, the parameter
a and B tune from {100,500, 1000} for COIL20, {0.1,10,500,1000} for YALE, {1,10,100} for ORL,
{500,1000} for Georgia; the parameter p tune from {0.3,0.5,1.1} for COIL20, {0.1,0.5,1.1,1.3} for
YALE, {0.1,1.2,1.5} for ORL, {0.5,0.6} for Georgia, and the best results are reported.

For K-means, we repeat K-means clustering 10 times on original data. For NMF, GNMF,
HNMEF, GSNMF, HGLNMF, and HGSNME, we first repeat NMF, GNMF, HNMF, GSNMF, HGLNME,
and HGSNMF 10 times on original data and then repeat K-means clustering 10 times on this
low-dimensional reduced data, respectively. We reported the average clustering performance and

standard deviation in Tables 3-10, where the best results are by bold numbers.

Table 3. Normalized mutual information (NMI) on COIL20 data set.

k K-means NMF GNMF HNMF GSNMF HGLNMF HGSNMF
4 65.13+16.60 69.63+15.76 72.864+14.86 79.53+13.65 73.79+13.51 79.52+13.64 84.45+15.24
6 67.70+£9.79  69.65+11.27 72.794+10.70 80.72+10.58 68.63+£10.00 80.76+10.54  83.84 +-8.37
8 70.56+5.89 69.44+8.78 71.53+£8.60 80.94+ 7.35 73.55+7.28 81.08+7.38 81.85+8.11
10 76.021+7.12 70.13+6.95 76.014+5.48 82.994+ 5.84 76.3615.92 83.00+5.75 83.83 +5.41
12 73.21+4.82 70.91+£5.50 77.12+5.68 82.16+ 5.03 75.70+5.33 82.31+£5.08 83.75+5.31
14 74.10£4.31 70.41+4.66 77.064+4.75 82.20+4.24 76.884+4.63 82.214+4.19 83.69 +4.78
16 74.854+3.65 72.70+4.04 79.384+4.52 84.05+ 3.95 79.041+4.27 83.99+3.97 85.83 +4.28
18 73.28+3.08 71.49+3.00 78.03+3.65 84.61+ 3.15 79.36+3.47 84.70+3.16 85.74 + 3.30
20 73.83+£2.52 71.95+£2.76 79.20+£3.05 84.08+ 2.79 78.844+2.76 84.05+2.71 85.15 + 3.52
Avg. 72.0 71.70 76.00 82.36 75.80 82.40 84.24
Table 4. Clustering accuracy (ACC) on COIL20 data set.
k K-means NMF GNMF HNMEF GSNMF HGLNMF HGSNMF
4 71.45+14.82 72.354+16.50 73.414+14.85 75.78+17.88 75.33+15.74 75.77+£17.88 81.31 £19.19
6 67.05+10.72 68.87£11.80 69.65+12.61 74.42+13.78 68.04+10.78 74.444+13.78 77.30+11.89
8 64.56+64.56 65.39+995 64.35£10.93 71.06x11.77 67.36+£9.73  70.71+11.75 71.43+11.74
10 67.381+9.76 63.271+7.96 66.76+7.47  70.73£10.04 67.07£8.44 70.611+5.75 73.39 +-8.96
12 63.73+7.09 63.19+7.02 66.81+8.30 68.63+ 8.43 65.81+8.43 69.00+5.08 71.50 + 8.22
14 62.48+6.42 60.01+6.16 65.18+7.57 68.04£8.33 64.21+7.77 68.03+8.18 83.69 £ 7.88
16 61.784+5.69 62.181+6.43 65.47+7.25 69.09+7.62 66.031+7.50 68.8517.66 70.31 +8.24
18 59.15+6.18  59.68+5.44  63.39+6.86  69.29+6.51 65.84+6.70  69.65+6.59  70.85+ 6.35
20 58.18+5.43 59.11+4.60 63.86+£6.24 68.68 +6.52  63.95£6.00 68.56+6.34 68.19+6.83
Avg. 63.97 63.78 66.54 70.64 67.07 70.63 72.63
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Table 5. Normalized mutual information (NMI) on YALE data set.
k K-means NMF GNMF HNMEF GSNMF HGLNMEF HGSNMF
3 40.18+23.03 28.96+11.71 28.81+£12.06 36.08+£12.82 37.80+£16.40 36.12+12.89 41.36 +13.07
5 35.72+12.87 38.23£10.25 38.48+£10.02 39.37+8.83  40.01£10.61 39.35+8.85 41.91+10.34
7 4318 £6.55 38.38+6.51  38.17£7.57  39.07+6.84  39.33+£6.46  39.384+5.23 42.324+7.39
9 42.22+798 41.80+3.87 40.56+5.00 38.93+5.05  38.85+4.88  39.184+5.23 40.21+4.35
11 39.80+4.40  41.82+4.45  42.05+4.25 43.88+430 44.08+4.62  44.04+4.61 45.06 +4.70
13 44134+4.63  44.17+3.03 44594343  44.24+3.12 44534280  44.29+3.07 47.54+3.84
14 44344384 43274292  43.3143.10 44.21+3.39  44.8243.02 44214332  46.82+3.85
15 44484292  43914+290  44.36+£2.72 4537+ 238 45324262  4547+235  47.60 £ 3.06
Avg. 41.76 40.07 40.04 41.40 41.84 41.51 44.10
Table 6. Clustering accuracy (ACC) on YALE data set.
k K-means NMF GNMF HNMF GSNMF HGLNMEF HGSNMF
3 62.24+1491 59.30+8.16  59.12+8.11 61.49+£8.20 62.64+11.14 61.91+8.61 64.82+10.06
5 50.24+10.66  54.15+8.92 53.784+8.27 54.95+7.83 54.82+9.04 54.84+7.82 56.84 +8.79
7 4943+6.26  47.40+£6.33 46.92+6.90 47.21+6.81 46.65+6.14 47.444+6.62 49.87 £7.32
9 4440+7.02 44.87£4.30 43.12+4.87 42.48+545 42.15+474 42.814549  43.68+4.98
11 39.12+4.80  41.37+£5.06  41.74+4.65 43.43+5.00 43.07+£5.29 43.504+5.12  44.19+5.20
13 40.41+4.81 41.184+3.73  41.11+4.10 40.76+£3.83  41.05+3.61 40.78+3.91 43.57 +£4.17
14 39.46+4.26  39.05+4.21 38.27+£3.72 39.92+421 40.03+3.75 39.94+422 4197 +4.33
15 38.52+3.30  38.72+£3.51  38.67+3.21 40.25+3.39 39.52+3.14 40.44+3.24 41.86 +3.37
Avg. 45.41 45.76 45.34 46.31 46.24 46.46 48.35
Table 7. Normalized mutual information (NMI) on ORL data set.
k K-means NMF GNMF HNMF GSNMF HGLNMF HGSNMF
5 66.24+12.00 67.184+12.07 68.81+11.16 68.58+12.77 66.51+13.18 68.97+13.01 68.98 +12.29
10 70.22+6.63 73594590 73.72+7.10 72.11+£6.70  71.95+5.92 72.394+6.59 73.294+6.55
15 68.46+4.21 75.23+5.01 76.14+5.18  75.26+5.62  75.67+527  7526+5.62  76.54 +5.42
20 69.87+4.75  74214+4.34  7444+478 75244425  75.4943.76 75.46+4.19 76.00 +4.08
25 71.13+3.48  75.514+2.69 75.884+3.13  76.03+3.29  76.10£3.17  76.064+3.12  76.91+3.22
30 71.03£2.81 75.34+3.12 75.55+2.81 74.60+£2.67 75.89+£2.78  74.69+2.65 75.88+2.80
35 71.07+1.82  75.07+2.23 7496+2.06  74.46+1.87  75.85+2.18 74.52+1.91 75.96 +2.35
40 71.45+2.06  75.054+1.90 75.26+1.82  74.54+1.87  75.40+1.91 74.54+1.91 76.07 +1.77
Avg. 69.93 73.90 74.35 73.85 74.11 73.99 74.95
Table 8. Clustering accuracy (ACC) on ORL data set.
k K-means NMEF GNMF HNMEF GSNMEF HGLNMF HGSNMEF
5 67.32+1491 68.12+12.11 68.76+£12.31 68.70+£12.27 67.36£12.72 68.97+13.01 69.30 +12.15
10  62.724+10.66 66.11+8.02 65.85+9.86  64.05+7.87  6459+7.22  64.46+£7.82 65.42+7.50
15 56.19+5.80  63.55+6.85 64.84+6.96  63.99+7.44  6459+7.32  63.99+7.44  65.89 +7.38
20 55.29+6.25  61.214+5.83 61.56+6.21 62.44+587  62.67+£5.30  62.52+5.57  62.80 £5.73
25 54.15+450  60.58+3.98 61.01+4.84  61.31+4.66  61.16£4.96  61.32+4.80 61.91+5.22
30 52.52+4.29  58.57+4.67  58.88+4.52  58.074+442 59.91+4.08 58.38+4.28 59.50+4.20
35 51.30+£3.20  57.83+£3.62 57224346  56.954+3.28 58.79+3.58 57.05+3.21 58.35+4.06
40 50.68+3.43  56.57+3.39  56.73£3.15  55.88+£3.32 57204346  55.88+3.37 57.36 +3.38
Avg. 56.27 61.57 61.86 61.42 62.03 61.57 62.57
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Table 9. Normalized mutual information (NMI) on Georgia data set.
k K-means NMF GNMF HNMF GSNMF HGLNMF HGSNMF
5 67.05+11.33 59.40+11.79 63.00+12.27 60.93+11.93 64.46+10.83 60.99+11.94 68.18 +-9.19
10 67.824+748 60254893  61.24+851 57.48+10.50 61.59+10.12 57.63+10.67 65.91+9.15
15 64.64+£5.32  60.57+4.39  62.46+4.85 61.89+5.12  64.02+£5.72  61.9945.02  68.55+ 5.08
20 67.12+4.30  60.60+3.71  62.58+3.91  60.98+3.81  64.44+3.18  61.08+3.82 68.91+2.93
25 66.30+3.31  59.31+2.73  61.35+2.62  61.33+3.22  64.83+2.98  61.32+3.68 69.44 + 2.87
30 66.01£3.13  60.26+2.56  63.20£2.25  60.52+3.04  64.61£2.97  60.47+2.99  69.61 1+ 2.87
35 65.10+2.13  59.93+2.33 63.31+1.80 59.21+2.21  63.27+2.37  59.20+2.22  68.70 £1.95
40 66.06+2.20  59.58+2.34  62.84+1.82  58.61+2.38  63.57+1.98  58.62+2.48  69.18 £1.69
45 66.17£1.35  59.99+1.75  62.92+1.55  58.22+1.90  62.92+1.66  58.25+1.99 69.07 +1.41
50 66.36+1.32  59.05+1.56  62.11+1.51  58.19+1.33  63.18+1.24  58.19+1.25 69.18 £1.13
Avg. 66.26 59.90 62.50 59.74 63.69 59.77 68.47
Table 10. Clustering accuracy (ACC) on Georgia data set.
k K-means NMF GNMF HNMF GSNMF HGLNMF HGSNMEF
5 68.73£11.50 66.68+£10.96 69.52+11.15 68.00£10.33 69.76+10.50 67.68+£10.47 73.12 +10.04
10 61.71+8.56  57.79+848  59.25+8.44  55.73+9.09  59.0748.94  55.834+9.23  61.97 +9.39
15 55.38+6.27  53.33+4.41  55.05£5.38  55.07+5.41  56.08+£6.15 55214538  59.40 +6.31
20 55.14+£5.07  50.554+4.58  52.30+4.60  50.224+4.45  54.93+4.36  50.37+4.40 57.50+4.29
25 51.82+4.40  46.8jv+3.59  48.50+3.42  48.25+4.38  52.10+4.09 48.311+4.30  55.52 +4.06
30 49.67+4.12  45.20+3.49  48.31+£3.13  45.82+3.48  50.17+3.82  45.6843.33  54.18 £ 3.67
35 47.80+3.28  43.78+3.12  47.09+292  4257+3.03  47.1943.31  42.5343.02 5217 +2.96
40 47.88+3.28 41934295  4535+2.81  40.47+3.26  46.27+3.02 40414345  51.524+2.90
45 47394226  41.07+2.52  43.93+2.44  38.53+249 44344250  38.58+2.59  50.40 +2.50
50 46.18+2.19  38.94+2.22  42.14+240  37.24+192  43.784+2.32  37.26+190  49.62+2.45
Avg. 53.17 48.61 51.14 48.19 52.37 48.19 56.54

From these experimental results in Tables 3-10, we have the following conclusions.

1) The clustering performance of the proposed HGSNMF method on all of the data is better than
that of the other algorithms in most cases, which show that the HGSNMF method can find more
discriminative information for data. For COIL20, YALE, ORL, and Georgia, the average clustering
ACC of the HGSNMF method is more than 1.99%, 1.89%, 0.54%, and 3.37% higher than the second-best
method, respectively, and the average clustering NMI of the HGSNMF method is more than 1.84%,
2.26%, 0.6%, and 2.21% higher than the second-best method, respectively,

2)The HGSNMF method is better than the HNMF method in most cases, because the L, smoothing
constraint can combine the merits of isotropic and anisotropic diffusion smooth and more accurate
solution.

3)The HGSNMF method is also better than the GSNMF method in most cases, which indicate that
the hypergraph regularization term can better discover the underlying geometric information than
simple graph regularization term.

For the different cluster numbers on YALE and Geogria data sets, we examine the calculation
time based on NMF, GNMF, HNMEFE, GSNMEFE, and HGSNME. In these experiments, we choose the
aforementioned identical conditions including parameters and iteration times. From Tables 11 and 12,
NMF has the smallest calculation time since it does not have regularization term. HNMF, GSNMF,
and HGSNMF extend GNMF by adding hypergraph regularization, L, smoothing constraint, and the
above two terms respectively, the computation time of HNMF, GSNMF, and HGSNMEF is more than
GNME. However, the computation time of HGSNMEF is less than HNMF in most cases, which shows
the computational advantage of HGSNMF under the L, smoothing constraint. On the YALE data
set, the computation time of HGSNMEF is smaller than GSNMF, which indicates that the hypergraph
regularization term speeds up the convergence of the proposed HGSNMF method.
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Table 11. Comparisons of computation time on the YALE.

k NMF GNMF HNMF GSNMF HGLNMF HGSNMF

3 0.88 1.15 2.51 3.14 4.08 3.15

11 522 9.21 20.75 21.31 35.62 14.77
13 1029 17.63 41.12 42.18 67.89 28.70
14 1213  20.64 49.80 46.75 80.06 35.45
15 1339 2252 55.35 54.18 96.94 43.62

Table 12. Comparisons of computation time on the Georgia.

k NMF GNMF HNMF GSNMF HGLNMF HGSNMF

10 9.19 25.39 47.79 35.77 69.7 45.07
15 1694 4036 94.57 67.58 134.67 88.01
20 2457 5696 123.30 89.73 183.88 120.07
25 4084 9097 233.04 151.94 312.03 201.96
30 55.86 11443  343.62 196.97 429.94 214.84

4.4. Parameters Selection

There are three parameters in our proposed HGSNMF algorithm: regularization parameters «, ,
and p. When «, u and p are 0, the proposed HGSNMF method reduces to the NMF [9]; when y and p
are 0, the proposed HGSNMF method reduces to the HNMF [10]. In the experiments, we set k = 5
for all graph-based and hypergraph-based methods on all data sets. In order to test the effect of each
varying parameter, we fix the other varying parameters as subsection 4.3.

Firstly, we adjust the parameter « for GNMF, GSNMF, HNMF, and HGSNMF methods. In
HGSNME, for k = 4, we set y = 100 and p = 1.1 in HGSNME, for k = 8, we set ¢ = 1000 and p = 0.3
on COIL20 data set; for k = 11 and k = 14, we set 4 = 1000 and p = 0.5 on YALE data set; for k = 20,
weset y = 1and p = 1.5, for k = 40, we set ¢ = 100 and p = 1.5 on ORL data set; for k = 15, we
set y = 500 and p = 0.6, for k = 20, we set ¢ = 1000 and p = 0.5 on Geogria data set. Figure 2
demonstrate the accuracy and the normalized mutual information varying with respect to a on four
data sets. As can be seen from the Figure 2, HGSNMF performs better than other algorithms in most
cases. We can see that the performance of HGSNMF is relatively stable with respect to the parameter «
on some data sets.
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Figure 2. Performance comparison of GNMF, HNMF, GSNMF, and HGSNMF for varying parameter o
on COIL20, YALE, ORL, and Georgia data sets.

Next, we adjust the parameter y, for GSNMF and HGSNMEF on four data sets, and set « = 100 and
p = 1.7 in GSNMF. In HGSNMF, for k = 6, we set « = 1000 and p = 1.1, for k = 12, we set « = 1000
and 0.5 on COIL20 data set; for k = 3, we set &« = 500 and p = 0.1, for k = 15, we set &« = 500, « = 1000
and p = 0.5 on YALE data set; for k = 15, we seta« = 10, p = 0.1, for k = 25, weset y = land p = 1.2
on ORL data set; for k = 5 and k = 30, we set 4 = 1000 and p = 0.6 on Georgia data set. As can be
seen from Figure. 3, HGSNMEF performs better than GSNMF in most cases on four data sets, and the
performance of HGSNMEF is stable with respect to the parameter y on some data sets.


https://doi.org/10.20944/preprints202305.1498.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 22 May 2023 do0i:10.20944/preprints202305.1498.v1

16 of 20

coiL20

—— |
078
074 —a— st
—#—HGShuE|

ORL Georgia

—a—cewr
—#—HGSNF|

Clustering ACC
Clustering ACC
Clustering ACC

0100 500 1000 1500 2000 o o1 10 i  so om0 1m0 200 o1 T 0 100 500 1000 o100 ) 1000 1500 2000
u u u u
colL20 ORL Georgia
o7
084 e 3 0785
—5— e
s s
—+—rosiw .
o8 —a—GeiF o7z
—— voswr o8 —
H H 8
8
Z 076 z <
£ £ 07
058
o8
o1s
064 056
010 500 1000 1500 2000 o o1 10 0 so w0 200 o1 T 10 100 500 1000 o 10 500 1000 1500 2000
u u u u
- conzo YALE oRL Georgla
054 %3
082
o7 A
—a—cowr 0s2
—+—reswr]
088
9 9 9 s
E < osts o oewe g oo
g < s s —+— vaswr
Lo £
H H 5o
o 06 o o
4 048,
o8t
062 0.4
o8 o
0100 500 1000 1500 2000 o1 T 10 100 500 1000 010 ) 1000 1500 2000
u u u u
o4 coiL20 08 YALE 077 ORL 07 Georgia
—— —— E——
™ / %—*///\ e
——csir
08 —— voswur
056
_ _ozs e , —5—cewr
Som s s S vasm
] H s Ep s
Lot £ g
z 3 Zoe
Sore o o
o8
0
o7
07 058
088 078 0s6
o100 500 1000 1500 2000 o o1 10 0 so w10 200 o1 T 0 100 500 1000 o 100 500 1000 1500 2000
u u u u

Figure 3. Performance comparison of GSNMF and HGSNMF for varying parameter y on COIL20,
YALE, ORL, and Georgia data sets.

Finally, we consider the variation of parameter p. In HGSNMEF, for k = 8, we set « = y = 1000,
for k = 10, we set &« = 1000 and p = 500 on COIL20 data set; for k = 3, we set « = 0.1 and # = 500 ; for
k =5, weseta = 0.1 and y = 1000 on YALE data set; for k = 5, we set « = u = 10, for k = 15, we set
« =10 and u = 1 on ORL data set; for k = 35, and k = 45, we set « = 500 and y = 1000 on Georgia
data set. As show in Figure 4, the performance of HGSNMF is relatively stable and very good with
respect to the parameter p varying from 0.1 to 2 on some data sets.
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Figure 4. Performance comparison of GSNMF, and HGSNMF for varying parameter p on COIL20,
YALE, ORL, and Georgia data sets.

4.5. The Converage Analysis

As described in Section 3, the converge of the proposed HGSNMF method is theoretically proved.
In this section, we analyze the convergence of the proposed method through experiments. Figure 5
shows the convergence curves of our HGSNMF method on all four data sets. As can be seen from
Figure 5, the objective function is monotonically decreasing and tends to converge after 300 iterations.
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Figure 5. The relative residuals versus the number of iterations for HGSNMF on four data sets.
5. Conclusion

In this paper, we proposed a hypergraph regularized L, smooth constrain NMF method for data
representation, by incorporating hypergraph regularization term and L, smoothing constraint into
NME. The hypergraph regularization term can better capture the intrinsic geometry structure of the
high dimension space data more comprehensively than simple graph, the L, smoothing constraint may
produce a smooth and more accurate solution to the optimization problem. We present the updating
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rulers and prove the convergence of our HGSNMF method. Experimental results on four real-world
data sets show that our proposed method can achieve better clustering effect than other state-of-the-art
methods in most cases.
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Abbreviations

The following abbreviations are used in this manuscript:

PCA Principal component analysis

LDA Linear discriminant analysis

SVD Singular value decomposition

NMF Nonnegative matrix factorization

HU Hyperspectral unmixing

ONMF Orthogonal nonnegative matrix tri-factorizators

GNMF Graph regularized nonnegative matrix factorization

DNMF Graph dual regularization nonnegative matrix factorization
HNMF Hypergraph regularized nonnegative matrix factorization
GSNMF Graph regularized L, smooth nonnegative matrix factorization
HGLNMF Hypergraph regularized sparse nonnegative matrix factorization

MHGNMF  nonnegative matrix factorization with mixed hypergraph regularization
DHPS-NMF  Dual hypergraph regularized partially shared nonnegative matrix factorization
HGSNMF Hypergraph regularized L, smooth nonnegative matrix factorization

the ACC Accuracy

NMI Normalized mutual information
MI Mutual information
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