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Abstract: The study considers building a dynamic model of profit maximization for the car-sharing
system and its verification on the example of implementing such a system in Astana (Republic of
Kazakhstan). The region, bounded by the administrative boundaries of Astana, was divided into
subregions by covering the region with regular hexagons placed side by side. A dataset was built
with information on 1168 trips to Astana from January to March 2023. The Kepler visualization
service constructed maps of the beginning and end of trips in the region and a map of trips binding
to the hexagonal grid cells. Each cell of the grid corresponds to a specific sub-region, for which the
quantitative parameters necessary for solving the profit maximization problem in the car-sharing
system are calculated. Stations with cars will be placed in the cells of the grid, which will be available
to car-sharing service customers. Based on the collected data, a dynamic (four periods per day) and
static profit maximization model in the car-sharing system was built. Modeling was carried out
based on the built models in the example of Astana. It was established that using a dynamic model
of profit maximization in the car-sharing system increases the profit by 3.7%.
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1. Introduction

The sharing market has been growing dynamically, especially in the last decade. In
2019, the sharing market was valued at nearly $400 billion. Moreover, in 2024, according
to some estimates, the global market value of the sharing economy may reach more than
1.5 trillion dollars. The annual growth rate is more than 30% [1]. According to some
estimates, the sharing market will add 160 to 572 million euros to the economy of the
European Union in the next few years [2]. Some analytical calculations regarding the
growth of the sharing market are described in [3]. The changes associated with the rapid
development of the sharing market are a crucial aspect of the evolution and
transformation of transport systems. The paper [4] investigated how the sharing market
potentially leads to reduced emissions, congestion, etc. This has a positive effect on the
development of cities, which leads to an increase in the quality of life of the residents of
these cities.

One of the essential components of the sharing market is car sharing. The basis of the
car-sharing system is the client's short-term use of the car for a fixed fee. The client can
travel by car without being tied to the movement of public transport for sufficiently long
distances. An essential advantage of using the car-sharing service is that the client pays
only for the time using the car and does not pay for its maintenance, insurance, parking,
etc. The cost of using car sharing is generally lower compared to using taxi services. In
addition to car sharing, micro-sharing systems are being considered. However, such
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systems are designed for different sectors of customers and have their characteristics,
which are not considered in this work.

In order to make a profit, the owner of the car-sharing system must calculate the total
costs of car maintenance, the costs of transporting cars to different parts of the city, etc.
That is, many components of the system must be calculated, which determine the price
policy of the owner and the system of restrictions for the user. The task of managing a car-
sharing system is complex. The influence of various factors can quickly lead to an
imbalance of the system, inevitably leading to its possible unprofitability. Management
should occur in real-time and in different regions of the city network in different ways.
When building a car-sharing system, several problems arise at the same time. The first of
them is the division of regions into subregions according to specific criteria, which would
simplify the management of system parameters. Next, you need to calculate the
characteristics that determine the balance of the system and ensure their calculation in
dynamics. The second task is to build a model for maximizing the profits of the car-
sharing system, taking into account the specified characteristics and distribution into
subregions.

The study aims to build a dynamic optimization model for maximizing the profit of
the car-sharing service. For this, you need to solve two problems:

- build the optimal division of the region into subregions following the features of
the location of the city infrastructure and the needs of system users;

- define and adjust the parameters that will be integrated into the dynamic profit
maximization model for each subregion.

2. Literature review

Building an effective car-sharing system and organizing an excellent car-sharing
service is an urgent task for both the user and the owner. From the owner's point of view,
such a system can be profitable, given the dynamics of market development in this
direction in recent years. Also, the potential profitability of the system is determined by
the peculiarities of the region in which it is implemented and the client's needs in the work
of the car-sharing service. From the customer's point of view, such a system is an excellent
alternative to own transport, taxi services, and public transport. The functioning of the
car-sharing system within a specific region has a positive effect on reducing traffic jams,
reducing air pollution, increasing revenues to the regional budget, etc. [5]. This obviously
has a positive effect on improving the comfort of the region's residents.

Building an optimization model of profit maximization for car-sharing services must
be completed and requires a separate study. The creation of such a model is closely related
to the requests of the system owner. Therefore, parameters that affect the owner's profit
should be reflected in the model, considering regional characteristics, demand, and
customer needs. Also, the maximization model depends on the type of car sharing, which
exerts influence and profitability of the system in different regional and geographical
conditions. In particular, work [6] describes the system of car sharing using electric cars.
This study found that such a system still needs to be fixed since electric cars need a long
time to charge. This leads to a decrease in the profitability of such a system over time
compared to a traditional car-sharing system. The paper [7] describes the model of the use
of electric car sharing and micro-mobility, as well as the potential impacts that these types
of car sharing exert. However, the problem of maximizing the profitability of such systems
needs to be described. The positive impact on the development of city infrastructure and
the improvement of the quality of life of city residents is determined by the effective
functioning of such a car-sharing system, which is beneficial for the system's owner.
Otherwise, there is no point in investing in developing this type of service.

For the effective functioning of the car-sharing system, operational decisions must be
made constantly. Some of them require solving relevant optimization problems. In
particular, the work [4] describes the profit maximization model of the car-sharing system
and the mathematical programming method for finding its solution. In this model, cars
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do not move without the participation of customers. In [8], a simulation model for
evaluating options for such movements was developed. However, the specified model is
static and does not consider the change in demand for cars in different parts of the region
and the time of day. This is important for a rational calculation of the potential profit of
the system, taking into account the built-in restrictions. The paper [9] describes a mixed
integer programming model for establishing the sequence of actions for moving cars in a
car-sharing system. In works [10, 11], a system for optimizing the movement of vehicles
is considered.

The work [12] describes the problem of maximizing the profit of the car-sharing
system, which considers car maintenance costs. Integer programming was used to solve
the problem. The problem of linear programming for maximizing the profits of the car-
sharing system is described in [13]. An overview of scientific studies on modeling and
optimization for the car-sharing system is described in [14]. In [14], the authors classify
the literature into three categories: strategic, tactical, and operational, according to the
level of decisions made in optimization tasks. Optimization models and solution methods
proposed in existing studies are considered for each category. In particular, in the category
of studies on state strategic planning, the critical publications that aim to maximize profits
are works [15-17]. It is described in works in the category of making operational decisions
on managing the car-sharing system to optimize profits [18-20]. The problem of profit
maximization related to the relocation of cars is described in works [21-23]. Related
problems must also be solved, such as user verification [24-26] and the problem of
managing a complex transport system [27].

This study considers building a profit maximization model for a car-sharing service
for the capital of the Republic of Kazakhstan, Astana. Regional aspects and needs of
customers in this region determine the need to develop this kind of service. Moreover, it
is about the development of car-sharing services. Microservices in this region may be less
popular due to the significant distances that city residents travel daily. This is related to
the vastness of the city and the peculiarity of the location of urban infrastructure facilities.

3. Methods and Data
3.1. Basic Concepts

Ensuring the effective functioning of the car-sharing system depends on many
internal and external factors, including geographical features of the region, economic
parameters, restrictions, and conditions under which the system is implemented. The
theory of sets was used to formalize the parameters that can influence the maximization
of profits of the car-sharing system. The hexagonal tessellation method was used to cover
the area of the region. The theory of discrete optimization was used to create a profit
maximization model. This study continues the authors' study published in the paper [5].

This study builds a profit maximization model of the car-sharing system for Astana,
Republic of Kazakhstan. There is no accessible information about trips within the city of
Astana. A separate task in the study was the collection of data on trips within the city of
Astana at different times of the day. This is necessary to implement a dynamic model of
profit maximization of the car-sharing system.

3.2. The method of selecting subregions using hexagonal tessellation

The first task for building a dynamic model of profit maximization of car-sharing
services is to build an optimal division of the region into sub-regions following the
features of the location of city infrastructure and the needs of system users. Also, this task
is related to presenting and storing geo-informational data.

Methods of presenting and storing geo-informational data were investigated in [5].
This is necessary for selecting sub-regions in the region where the car-sharing system is
implemented. For each subregion, it is fashionable to calculate the parameters, highlight
the restrictions, and place the stations. This has a qualitative effect on the support of
operational decisions on the management of this system. It was established that a rational
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way of presenting data is to cover the region with a grid. Moreover, the properties of the
objects will be stored in the grid cell that covers them.

An urgent task is to choose a method of covering the region with a grid. A simple
method is administrative, when streets, district boundaries, geographic objects, etc,
determine cell boundaries. This method accurately reflects the data about the region, but
the disadvantage is the complex shape of the cell boundaries. Keeping the region's
boundary as broken requires significant amounts of data, and the variety of cell
boundaries significantly complicates algorithms for their processing. Methods of
tessellation with uniform grids allow for solving this problem. The basis of tessellation
methods is covering the region with a grid, each cell of which has the shape of a regular
n-gon, particularly a triangle, square, or hexagon [28].

The frameworks H3 from Uber [29] and 52 from Google [30] were analyzed to cover
the region with geometric shapes of different areas. As a result of the comparison, it was
established that both frameworks could be used to cover any region and provide an
opportunity to choose a grid scale within vast limits. A significant difference between the
H3 and S2 frameworks is the shape of the grid. The main advantage of covering with a
hexagonal grid is that the distance between the centers of neighboring cells is constant.
This property significantly simplifies algorithms for finding the shortest paths between
cells. First, you need to specify the region's borders to cover the map with hexagons using
the H3 framework. The data on the boundaries of the regions provided by the GADM
service [31] were used. The Kepler service [32] was used to visualize the coverage.

3.3. Mathematical model of the profitability of the car sharing system

Let us consider the parameters that must be determined for the effective functioning
of the car-sharing system. Since the car-sharing system functions cyclically, that is, every
day in the system, depending on the type of system, cars may be relocated to those areas
that are in demand by users at the appropriate time. Let T be the number of periods into
which one iteration of the cycle of the car-sharing system is divided. We will assume that
after the completion of the iteration, the system returns to the initial state. The system's
initial state can be determined by relocating a certain number of cars to certain areas. As
the demand for car-sharing services in these areas changes, the system's initial state
changes in a new cycle. We will assume that one cycle iteration is divided evenly into T

periods (t;,t.,), i= 0,T -1, that is, we will determine the state of the car-sharing system
at moments in time <to, tl,...,tT> .

Let the car-sharing system be implemented in region R. Let us divide region R into
subregions (Iy,",,...,1,;) . The distribution can be performed by the hexagonal tessella-
tion method. For each subregion r,, j= 0,n-1 for the corresponding period (t;,t.,),
i= O,T——l, we calculate the following parameters:

- K;(t.;) —the number of occupied cars in the subregion r,, j=0,n-1;

- k;(t,,;) - the number of free cars in the subregion r,, j=0,n-1;

- C,(t,;) - the number of cars that traveled from the subregion r, to the

subregion r,, j=0,n-1, q=0,n-1, j#q;
- Pj, (ti,1)— the probability of a car trip from the subregion r, to the subregion r,,

j=0,n-1, gq=0,n-1, j=q;
- g (t,,) — maintenance costs (repair, washing, etc.) of cars in the subregion r,
j=0,n-1;

- P, (t,;) — the cost of a car trip from the subregion r; to the subregion r_,

j=0,n-1, q=0,n-1, j=q;


https://doi.org/10.20944/preprints202305.1354.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 May 2023 d0i:10.20944/preprints202305.1354.v1

L, (t.;) — expenses for a car trip from the subregion r, to the subregion r,,

j=0,n-1, q=0,n-1, j#q.
The cost of a car trip from the subregion r, to the subregion r, for the relevant pe-

riod (t,t.,), i= 0,T-1 can be calculated using the formula:
P (tia) = 7(tia)-Uyq,
where u,, is the length of the route when traveling from the subregion r; to the
subregion r,, t(t,,) is the fare for travel to the neighboring subregion for the relevant
period (t.t,,,), i= 0,T—1. When using the hexagonal tessellation method, the adjacent

subregion is defined by a hexagon whose side is directly adjacent to the hexagon that
defines the current subregion.
Expenses for a car trip from the subregion r; to the subregion r, for the relevant

period (t;,t;,,), i=0,T—1 can be calculated using the formula:

L].q( 1) =B G ( |+1)'ujqf
where B is the coefficient considers the fuel cost for travel to the neighboring sub-
region.
After calculating the system of parameters, it is possible to determine the objective
function that will determine the maximization of the car-sharing system implemented in
the specified region:

n-1n-1T7T-1 n-1n-1T7T-1 n-1T-1
ij (ti+l)_ qu |+l gj |+1 — max, (1)
j=0 =0 i=0 j=0 =0 i=0 j=0 i=0
n-1n-17-1
where P, (ti,1) is the income received from all trips from each sub-region
j=0 q=0 i=0
r; tothesubregion r, for the complete cycle of the car-sharing system, i.e., for the period
(tO ! tT 1 ) 4
n-1n-1T7T-1

r, for the Complete cycle of the car-sharing system, i.e., for the period ( t,);
9;(t.;) is the car maintenance costs in each subregion r; for the complete

cycle of the car-sharing system, i.e., for the period (t,,t;_,).

The task is to find the optimal distribution of cars in all subregions at the initial
moment. Such distribution can be determined based on statistical data on customers' trips
in these subregions at specific points in time. For example, you can cover a region with
hexagons, and for each hexagon corresponding to the corresponding subregion,
determine the number of taxi orders in the morning period. Next, you can distribute the
cars available in the car-sharing system proportionally across these subregions. That is, at
the initial moment, the distribution of cars takes place according to the following

formulas:
n-1
k(t)="7, 2)
=0
n-1

k; (

j=0

,i=0T-1, 3)

j |+1

where 7 is the total number of cars that are available, k;(t,) is the number of free
cars at the initial time point in the subregion r;, j=0,n-1, k;(t ( 1) is the number of free

cars at the initial time point in the subregion r,, j=0,n-1 for the period (t;,t,.,).

At the following points in time, the distribution of cars will be determined according
to the formulas that determine the restrictions on the use of free cars in the subregions. In
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particular, the number of cars that customers can use for trips from a subregion r; to

other subregions cannot exceed the number of free cars in this subregion:

n-1 n-1 n-1
D Cy (i) =k (t)+D.Cy(t)-D.Cy (t;), i=0,T-1, s=0,n-1, (4)
q=0 q=0 q=0

Cy(t)=0, q=0,n-1, j=0,n-1, (5)

where C,; (t;)=0 is the condition that determines that at the initial moment, cars do

not make trips;
k,(t;) is the number of free cars in the subregion r, for the period (t.t.,),

i i+l
i=0T-1,s=0,n-1;

C,, (ti,1) is the number of cars that left the subregion r, to the subregion r, for the

period (t.t.,);

C,(t;) is the number of cars that left the subregion r, to the subregion r, for the
period (t_.t);

C, (t;) is the number of cars that left the r, to the subregion r, for the period

(tt).
The relationship between the a priori probability of a car trip from the subregion r,
to the subregion r, and the number of free cars in the subregion r, is defined by the

function C, (t,,) =f(psq (tis) K (1, )) . Analytically, such a function is difficult to de-

scribe, so it is fashionable to use simulation modeling to find it. The trips of each free
vehicle from each subregion over period (t_,,t,,) are simulated. We generate K(t;)

times a pseudorandom number from the interval [0,1). If the number falls into a gap
[0, Py (tM)) , then we simulate a car trip to the subregion r,, if the number falls into a gap

[Pa(ti1) P (tis)+Ps; (ti.1)), then we simulate a car trip to the subregion r,, etc, if the

g-1 q
number falls into a gap {Z P, (tisr): Z Py, (tiﬂ)j , then we simulate a car trip to the subre-
u=1 u=1

n-1
gion r,, etc,, if the number falls into a gap [Z Py, (t”l),l] , then we simulate a car trip to

u=l
the subregion r, . After carrying out the simulation modeling procedure, we get the
integer linear programming problem (1)—(5). To find a solution to this problem, you can
use the CPLEX application [33].

4. Results

4.1. Collection of Data

Car-sharing systems are developed in the EU, USA, Canada, and Japan. At the same
time, there is a sufficient amount of data to analyze and improve these systems
considering the changes that are taking place. This research was focused on building a
model of profit maximization in the region, for which there needs to be more information
on passenger transportation in free access. Therefore, data collection was a separate task.

As part of the project based on which this study was carried out, cars were purchased
with the appropriate equipment for recording the number of transportation, the route of
transportation of passengers, and other necessary parameters. These cars were used on a
test basis to transport passengers in Astana in the mode of taxi service from January 30,
2023 to March 11, 2023. Data were collected on 1,168 transportation within the
administrative boundaries of Astana. Settlements that are satellites of the city of Astana
should have been considered. For each transportation, several parameters were fixed:

- the time and coordinates of the start of the trip;

- the time and coordinates of the end of the trip;
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- the cost of the trip;

- the number of passengers.

This mode of transportation allows you to obtain essential indicators since
transportation is not fixed by specific routes, as in public transport. Passengers with
average wealth also use this mode of transportation. This category of city residents is
considered in the car-sharing system for which the model is being built in this study. The
obtained results make it possible to identify the subregions of the city in which the most
calls for cars are made, the subregions of the city where the transportation service users
move the most, and at what time of day. Other recorded parameters are essential for
building a dynamic model of profit maximization of the car-sharing system considering
regional characteristics.

4.1. The results of building a dynamic model of profit maximization of the car-sharing system in
the city of Astana

Collected data on trips within the city of Astana in the taxi service mode from January
30, 2023 to March 11, 2023 were processed. Figure 1 shows a city map in administrative
boundaries, visualized using Google maps. In total, information on 1168 trips was pro-
cessed. All trips were divided into four groups, depending on the start time of the trip:

- A (trip start recorded from 5:00 am to 11:00 am);

- B (trip start recorded from 11:00 am to 5:00 pm);

- C(the start of the trip is fixed from 5:00 pm to 11:00 pm);

- D (the start of the trip is fixed from 11:00 pm to 5:00 am).

The number of trips in each group is shown in Table 1. Most trips were recorded
between 11:00 am and 5:00 pm (group B). The fewest trips were recorded between 11:00
pm and 5:00 am (group D).

Table 1. Number of trips in each group A,B,C,D

Groups Number of trips
A 300

B 403

C 362

D 103

All 1168

Astana’
AcTaHa ;..

Figure 1. Map of the city of Astana in administrative boundaries (visualized using the Google
maps service)


https://doi.org/10.20944/preprints202305.1354.v1

d0i:10.20944/preprints202305.1354.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 18 May 2023

The coordinates of the start and stop of trips in these groups are visualized using the
python language's mathplotlib library and shown in Fig. 2 and Fig. 3.

a) Taxi Pickup Locations (Morning) b) Taxi Pickup Locations (Day)
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Figure 2. Coordinates of the start of trips in groups A,B,C,D

a) Taxi Dropdown Locations (Morning)

b) Taxi Dropdown Locations (Day)
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Figure 3. Coordinates of the end of trips in groups A,B,C,D
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As can be seen from the visualization, the distribution of boarding and disembarking
points differs significantly at different periods of the day. The coordinates of the start and
end of the trips were tied to the corresponding cells of the hexagonal grid. The probability
of a trip is calculated as the ratio of the number of trips from subregion r; to subregion

r, to the total number of trips in the region in one day. Using the Kepler visualization

service [32], a hexagonal tessellation of the selected region (the city of Astana, Republic of
Kazakhstan) was constructed and visualized based on the collected dataset for the period
from January 30, 2023 to March 11, 2023 (Fig. 4). The number of trips related to the corre-
sponding cell is displayed in colors. The lighter the color of the cell, the greater the number
of trips. Accordingly, the probability of ordering a car in this subregion will be greater.
This information is essential for placing stations with cars in the appropriate sub-regions
and determining the number of cars in each subregion at a particular time.

Legend

h3_id

value

Figure 4. Map of car trips concerning the cells of the hexagonal grid in the city of Astana, built
based on a dataset collected using the Kepler visualization service

As can be seen from the visualization, the hexagonal grid evenly covers almost all of
Astana. The number of trips for each cell varies from 1 to 10. It can also be established that
the number of trips to cells located in the city center exceeds the number of trips to cells
located on the outskirts.

The average fare in Astana taxi services is about $1.2 per passenger boarding and
about $0.1 per kilometer of travel. The mass tab of grid cell eight was chosen during the
hexagonal tessellation of the Astana region using the H3 framework. At this scale, the
hexagon's side size is 461 meters. As a result, we get that the value of the tariff
0,15<1(t)<0,3. The {3 coefficient in the profit maximization model can be estimated between
0.05 and 0.07. When building a dynamic profit maximization model, it was assumed that
[3=0.06.

5. Discussion

5.1. Findings

The dynamic profit maximization model for the car-sharing system was built. Data
on passenger trips in the taxi service mode were also collected to adjust this model to the
region where the system is being implemented (Astana). The region bounded by the ad-
ministrative borders of the city of Astana was covered by a hexagonal grid, each cell of
which defines a separate subregion. For this, the H3 framework [29] was used to choose
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different scales for the required number of subregions. Several parameters reflecting
changes in customer behavior in dynamics were calculated for each subregion. A visuali-
zation of the movement of taxi service customers in the city at different times of the day
was carried out. The dynamic model of profit maximization of the car-sharing system is
built based on calculated parameters. The model built in this way considers the change in
the demand for trips of customers of the car-sharing system during the day.

The two cases were considered to verify the results of developing a dynamic model
of profit maximization of the car-sharing system. The first case concerns finding the max-
imum profit of the car sharing system for the city of Astana if the data on the time of the
customers' trips are not taken into account, but the coordinates of the start and end of the
trips are taken into account. To find the maximum profit of the car-sharing system, the
model (1)-(5) with the value of the parameter T=1 was applied. In this case, the system
ceases to be dynamic and becomes static. The second case concerns finding the maximum
profit of the car-sharing system for the city of Astana if the data on the start and end times
of the trip, as well as the coordinates of the trips, are taken into account. For this, model
(1)-(5) is used. All trips are grouped into four periods: A (the start of the trip is fixed from
5:00 am to 11:00 am), B (the start of the trip is fixed from 11:00 am to 5:00 pm), C (the start
of the trip is fixed from 5:00 pm to 11:00 pm), D (the start of the trip is fixed from 11:00 pm
to 5:00 am). That is the value of the parameter T=4. Each case was considered for a different
number of cars available in the car-sharing system (y = 1, ...,20). The initial allocation of
cars was carried out based on collected data on customer trips to Astana (Fig. 3). The re-
sults of calculating the profit of the car-sharing system in the city of Astana based on static
(T=1) and dynamic (T=4) models are shown in Table 2.

Table 2. Calculation of the profit of the car-sharing system based on static and dynamic models of
maximization in the city of Astana

Y T=1 T=4 Difference
1 1207 1291 6,5%

5 4824 4954 2,6

10 8227 8427 2,4%

20 15665 16201 3,3%

As a result, it was established that using a dynamic profit maximization model
increases it by an average of 3.7%.

5.2. Limitations and future research lines

The built dynamic model is unidirectional. That is, costs for the distribution of cars
by subregions after the completion of the trip cycle are not taken into account in the model.
These costs, as shown in [8], will be non-zero. The limitations of the built dynamic model
are that the number of periods and subregions should be small. This is explained by the
complexity of calculations, which will grow exponentially for discrete optimization. The
work did not focus on selecting the optimal method for solving problems (1)—(5), which
is the subject of further research.

6. Conclusions

The method of covering the region with geometric shapes, which divides the region
into subregions, is described. For this problem, the rational choice was to cover the region
with regular hexagons, which are placed side by side. A dataset with information about
trips to the village was built. Astana. Constructed maps of the start and end of trips in the
region and a map of trips bound to the hexagonal grid cells using the Kepler visualization
service. Each cell of the grid corresponds to a specific sub-region, for which quantitative
parameters are calculated: the number of free cars in the sub-regions, the probability of a
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car trip from one sub-region to another, the costs of car maintenance and operation, the
income from the trip.

The objective function of profit maximization in the dynamic model was determined,
and the restrictions were established considering the peculiarities of passenger
transportation in Astana. The simulation was carried out based on the constructed profit
maximization model for the car-sharing system using the example of Astana. For this, 2
cases were considered. The first case corresponds to the static model (T=1), and the second
corresponds to the dynamic model (T=4). It was established that using a dynamic model
of profit maximization in the car-sharing system increases the profit by 3.7%.
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