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Abstract: In the context of Kalman filters, the predicted error covariance matrix P k+1 and mea-

surement noise covariance matrix R are used to represent the uncertainty of state variables and 
measurement noise, respectively. However, in real-world situations, these matrices may vary with 
time due to measurement faults. To address this issue in CubeSat attitude estimation, an adaptive 
extended Kalman filter has been proposed that can dynamically estimate the predicted error covari-
ance matrix and measurement noise covariance matrix using an expectation-maximization approach. 
Simulation experiments have shown that this algorithm outperforms existing methods in terms of 
attitude estimation accuracy, particularly in sunlit and shadowed phases of the orbit, with the same 
filtering parameters and initial conditions.
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1. Introduction
Cube satellites (CubeSats) are being developed because they are capable of carrying 

out missions such as earth observation, astronomical physics etc., in place of large satellites 
[1,2]. Additionally, CubeSats which are predominant in the low earth orbit (LEO) have 15

been considered to be key enablers in global coverage and connectivity [3]. Furthermore, 16

they use commercial off the shelf (COTS) components, which reduces development and 17

production costs. A CubeSat is a standard cubic satellite with a side of 10 cm and a mass of 18

approximately 1 kg. Large CubeSats can be built using several cubic units, for instance, 2, 3 19

and 6 unit CubeSat. CubeSats have increased access to space by providing low launch cost 20

since they are a carried as secondary payloads in the launch vehicle. Although they are 21

relatively cheap to produce and launch, they have limitations in size, weight, and power 22

(SWaP) and this limits the size and performance of the subsystems [4]. 23

The attitude determination and control system (ADCS) is one of the satellite sub- 24

systems, and its key function is centered around steering the spacecraft to its intended 25

orientation. The ADCS can further be divided into two subsystems; attitude determination 26

and attitude control subsystems. The former uses sensors to compute the rotation of a 27

rigid body about its center of mass (attitude) while the latter uses actuators to reorient 28

the rigid body to the desired rotation. The desired orientation could be nadir pointing to 29

allow ground stations to telecommand, or sun pointing to maximize power generation. It 30

is evident in Fig.1 that the attitude determination system (ADS) serves as a reference for 31

control. 32

The ADS sensors are broadly categorized into reference and inertial sensors. The 33

reference sensors provide directional measurements of the satellite regarding another 34

celestial object in space, for instance, horizon sensors, sun sensors etc. [4]. Inertial sensors 35

are used to determine the rate of attitude change of an object about an inertial frame 36
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Figure 1. Attitude determination and control system

of reference [5]. These sensors typically include gyroscopes, which are used to measure 37

angular velocity. Since the ADS uses COTS components, the sensors are usually categorized 38

by high noise levels, which affect the systems’ accuracy. The accuracy of CubeSat attitude 39

estimation can also be influenced by the accumulated attitude error over time, which is 40

caused by the drifts of the inertial sensors used. 41

The attitude determination or estimation algorithms are used to process sensor mea- 42

surements to compute the attitude. The computed attitude can take several parameteri- 43

zations, for instance, it may be described using Euler angles, quaternions, axis angle or 44

directional cosine matrix (DCM) [6–8]. However, minimal parameterization such as Euler 45

angles, Rodriguez parameters and modified Rodriguez parameters (MRPs)are frequently 46

avoided in filter designs for the global attitude because they can fall victim of singularities, 47

but they are commonly used to define local error attitudes [9]. The most popular attitude 48

parameterization technique is the quaternion since they encounter no singularity problem. 49

The attitude determination algorithms or single frame methods use measurement 50

vectors provided by reference sensors to calculate an object’s orientation instantaneously. 51

These deterministic algorithms include triaxial attitude determination (TRIAD), Daven- 52

port’s q-method, quaternion estimator (QUEST) and single value decomposition (SVD) 53

[10,11]. These deterministic methods have been well-defined in [12], therefore we will 54

not go into detail here. Attitude estimation algorithms make use of vector measurements, 55

inertial measurements and previous attitude information to provide the current optimal 56

attitude estimate. The estimation process can be divided into filtering of sensor measure- 57

ments and computation of attitude from sensor observations [13]. As stated in [13,14], the 58

filtering process can be accomplished through various methods, such as particle filtering 59

and derivatives of the Kalman filter. 60

It is common to couple a magnetometer and a sun sensor to measure attitude in small 61

satellites such as CubeSat because each sensor cannot provide 3-axis attitude knowledge 62

independently [15–19]. When one vector is available, the satellite is free to rotate about 63

that vector, thus, at least two vectors are used [15]. When the satellite is in orbit, it passes 64

through regions where the sunlight is blocked by the earth, referred to as eclipse phase. 65

For low earth orbit satellites, they spend about 35 minutes of the orbital time in this phase 66

[20]. During this region, only one vector is available for computing the satellite’s attitude, 67

resulting in high attitude error. The high attitude error affects attitude control accuracy, and 68

this may result in loss of communication during overpasses. It is possible to use additional 69

auxiliary sensors during this phase, but due to the CubeSat’s limited mass and volume, 70

only minimal components are used. 71

In an attempt to make the attitude estimation process accurate during both sun and 72

eclipse phase, several methods have been employed. Authors in [21] propose the use of 73

magnetic field derivatives as the second vector in the QUEST aided multiplicative EKF 74

architecture to increase the accuracy of attitude estimation during the eclipse phase. Using 75

only magnetometer measurements, the proposed method can estimate rough attitude and 76

angular rate even during eclipse phases; therefore, it can also be used in case of gyroscope 77
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failure. In [22], it was found that the SVD-aided EKF outperformed the traditional EKF 78

during the eclipse phase. This improved performance was due to the capability of the 79

SVD-aided EKF to adapt the measurement error covariance matrix (R) when the ADS 80

lost sensor measurements. During the eclipse phase, when the satellite is in shadow and 81

the reference sensors may not be providing reliable measurements, the SVD-aided EKF 82

utilized an adaptation rule to update the R matrix. This adaptation allowed the filter to 83

effectively account for the loss of sensor measurements and adjust the covariance matrix 84

accordingly, leading to improved attitude estimation accuracy. This adaptive behavior of 85

the SVD-aided EKF during the eclipse phase was found to be a significant advantage over 86

the traditional EKF, which did not incorporate such adaptation. As a result, the SVD-aided 87

EKF demonstrated superior performance in terms of attitude estimation accuracy during 88

this challenging phase of the satellite’s orbit, as shown in the research findings by [22]. 89

In contrast, the research revealed that the SVD-aided EKF may exhibit poor performance 90

over a longer period of time (e.g., over 1000 seconds) compared to the traditional EKF, 91

particularly during extended eclipse phases. For instance, in the case of low Earth orbit 92

(LEO) CubeSats, the eclipse phase typically lasts for approximately 35 minutes (2100 93

seconds), as shown in [20]. As a result, the SVD-aided EKF may not be well-suited for 94

attitude estimation during such prolonged eclipse phases. Another paper [23] proposes 95

a prediction approach for estimating satellite attitude during the eclipse phase, and an 96

adaptive scheme that utilizes the SVD-aided EKF to determine the sun phase. However, 97

the study identified that the accuracy of the prediction algorithm was compromised due to 98

the prolonged duration of the eclipse period. 99

The SVD-aided EKF was developed as an attempt to enhance the performance of 100

the traditional EKF by incorporating measurement noise covariance matrix adaptation. 101

However, it has been observed that the SVD-aided EKF may face limitations in prolonged 102

eclipse phases. In response, further research has been conducted to develop improved 103

approaches that can make the EKF more adaptable to anomalies such as measurement 104

faults during extended eclipse periods. Researchers in [24], the authors present a technique 105

for computing satellite attitude estimation using an EKF with singular value decomposi- 106

tion (SVD) assistance. The algorithm also incorporates simultaneous adjustments of the 107

process and measurement covariance utilizing data obtained from magnetometers and 108

sun sensors. When the process noise increases or the spacecraft is in eclipse, SVD-aided 109

adaptive EKF performs better than SVD aided EKF. Authors in [25], propose a hierarchical 110

and efficient framework for satellite attitude determination that aims to compensate for 111

observation errors in raw attitude data. It includes a simplified adaptive Kalman filtering 112

module, a neural network-based system error compensation module, and a weighted 113

attitude smoothing module. The performance of the proposed framework, trained with 114

full matrix elements, was found to be comparable to the optimal accuracy when compared 115

with conventional algorithms. Another study in [26] introduces a novel algorithm called 116

adaptive iterated extended Kalman filter (AIEKF) for relative position and attitude estima- 117

tion, considering model uncertainty in a nonlinear stochastic discrete-time system with 118

unknown disturbance. The AIEKF algorithm employs Gauss-Newton iterative optimiza- 119

tion steps for maximum a posteriori (MAP) estimation, and incorporates a switch-mode 120

combination technique to achieve adaptability. The mean-square estimation error (MSE) 121

of the state estimate is derived, and it is proven that the AIEKF outperforms traditional 122

extended Kalman filter (EKF) or iterated extended Kalman filter (IEKF) in terms of MSE. 123

The structure of the paper is as follows: The attitude estimation and static algorithms 124

are presented in Section 1 in detail. Section 2 provides an introduction to the mathematical 125

models utilized for the presented CubeSat. The proposed filter adaptation method is 126

presented in Section 3. In Section 4, the simulation results of the adaptive EKF algorithm 127

for a hypothetical CubeSat are presented. In Section 5, a brief conclusion is given. 128
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2. Attitude Estimation Algorithms 129

In this section, we look at the singular value decomposition, extended Kalman filter 130

and their hybrid as they have been proved to be robust algorithms. 131

2.1. The SVD Algorithm 132

The SVD algorithm is a deterministic technique for computing the attitude matrix 133

that minimizes Wahba’s problem [11,27]. When more than two sets of measurements are 134

available, Wahba defined a problem aiming to minimize the loss between reference and 135

measured unit vectors. The loss function is 136

J(Abi) =
1
2

N

∑
k=1

wk|bk − Abirk|2, (1)

where wk is the non-negative weight, rk is a set of reference vectors in the reference frame 137

and bk is a set of measured vectors in the satellite body frame. An alternative way to 138

simplify the loss function is to use a matrix B given as, 139

B =
N

∑
k=1

wkbkrTk = USVT , (2)

where U and V are orthogonal matrices and S is a diagonal matrix with w entries. The 140

optimal attitude matrix is calculated using U and V matrices, the matrix has a maximized 141

trace and det(A) = 1; 142

Aopt = Udiag
[
1 1 det(U)det(V)

]
VT. (3)

To find the rotation angles of the satellite, a transformation matrix should be found from 143

the (3) first with the determinant of one. To examine the rotation angle error, the error 144

covariance matrix is defined as 145

Psvd = Udiag
[
(s2 + s3)

−1 (s3 + s1)
−1 (s1 + s2)

−1
]
, (4)

where s1 = S11, s2 = S22 and s3 = det U det VS33 When the satellite has only two sensors, 146

that is, the sun and magnetometer sensor, the SVD-method will fail when the satellite is 147

in eclipse because it requires at least two vectors to work properly. This draw back of 148

149algebraic methods led to the use of extended Kalman filters for attitude estimation. 

2.2. The Extended Kalman Filter 150

Various estimation techniques have been employed for determining the orientation of 151

satellites. Since Extended-Kalman filters (EKF) are appropriate for nonlinear state equations, 152

they can be used as alternative attitude estimators [28]. Nonlinear discrete time systems 153

can be defined as follows: 154

xk = f (xk−1, wk, k), (5)
155

zk = h(xk+1, k) (6)

where state vector x is involved in the system and measurement differential functions 156

denoted by f and h, respectively, y is the expected measurement, w and v is the process and 157

measurement noise with known covariance, respectively. Optimal linear state estimation 158

requires linearizing a nonlinear model about an operating point and applying it to the 159

linearized system. The first order extended Kalman filter uses Taylor series expansion to 160

linearize the system about xk−1, other terms are truncated after the first order terms [29]. 161

The EKF consists of two steps: prediction and measurement update, that is, 162

Prediction step 163

xk+1 = Fkxk−1, (7)
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Algorithm 1: The extended Kalman filter
Data: inputs: xk−1, Pk−1, Rk, Qk, zk
Result: Optimal state vector xk
Prediction Step:

1 Compute the Jacobian matrix of f (xk−1, k) to find Fi
k

2 xk+1 = Fi
kxk−1

3 Pk+1 = Fi
kPk−1(Fi

k)
T + Qk

Measurement update
4 Compute the Jacobian matrix of h(xk+1, k) to find Hi

k
5 zi

k = Hi
kxk+1

6 Update the Kalman gain Ki
k using (9)

7 Update the predicted state xk+1 to find the optimal state estimate x̂i
k ,using (10)

8 Pi
k = Pk+1 − Ki

kHi
kPk+1

164

Pk+1 = FkPk−1FT
k + Qk. (8)

The prediction step of the recursive extended Kalman filter computes the predicted 165

state vector and predicted error covariance matrix, denoted as xk+1 and Pk+1, respectively. 166

F is the state transition matrix, which is obtained by computing the Jacobian matrix of the 167

dynamic system nonlinear function f . The state transition can be defined using (15) since it 168

which shows the change of attitude information over time. 169

Measurement Update 170

In the measurement update step of the recursive extended Kalman filter, the estimated 171

state vector x̂k and error covariance matrix Pk are updated using the Kalman gain Kk and 172

the Jacobian matrix H of the differential function h(xk+1, k) in equation (6), evaluated at 173

xk+1. The mathematical formulation of the Kalman gain Kk and x̂k are given by 174

Kk =
Pk+1HT

k

HkPk+1HT
k + Rk

, (9)

175

x̂k = xk+1 + Kk(zk − zk) (10)
176

Pk = Pk+1 − KkHkPk+1. (11)

The differential function h can be deduced from the relationship between reference vectors 177

r and the satellite measured vectors b given by 178

b = Ar, (12)

where A is given by (20). The measured vector b is the expected measurement given a set 179

of references vector; therefore, it is similar to zk from (6). From here, the Jacobian matrix is 180

computed based on the resulting vector from (12) to get H. 181

Algorithm 1 provides a summary of the EKF algorithm, in which the variables N and 182

i are utilized to indicate the time window and iteration step, respectively. The inputs of 183

the filter are the initial state xk−1, state covariance matrix Pk−1, sensor measurements zk, 184

measurement, and process covariance matrices Rk and Qk, respectively. All the other inputs 185

except the sensor measurements are initialized based on assumptions, especially in the 186

absence of covariance data. In the Kalman filter, the state equation consists of kinematics 187

and the accuracy of attitude estimation is determined by how realistic the state model 188

is. Due to the numerous possible disturbances in space, establishing a good state model 189

is difficult. Satellites equipped with 3-axis rate gyros are capable of detecting rotational 190

motion without explicitly modeling disturbances. The rate gyros, however, have biases due 191

to temperature and other factors. As a result, it is generally advisable to estimate the gyro 192

drift rate biases with the attitude parameter. 193
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2.3. SVD aided EKF algorithm 194 

The EKF generally performs better than the algebraic methods such as the SVD, how- 195

ever it performs linearization at every stage as shown in algorithm 1. This computational 196

cost is eliminated by a hybrid algorithm that makes use of both the single frame method and 197

an estimation algorithm such as the SVD aided EKF[24]. The Extended Kalman Filter (EKF) 198

employs the Singular Value Decomposition (SVD) method to obtain a rough estimate of 199

the attitude, such as Euler angles, for state correction. Moreover, the estimation covariance 200

obtained from the SVD is used as the measurement noise covariance matrix in the filter, 201

which inherently makes it adaptive to noise increments in measurements. The SVD acts 202

as a preliminary filter, while the measurement model is linear and the system equations 203

remain nonlinear. In the SVD-aided EKF, the state prediction and measurement model are 204

expressed in discrete time as follows, 205

xk+1 = f [xk, k] + wk (13)

zk = Gxk+1 + vk, (14)

where G is the linear measurement matrix. The algorithm is summarized in algorithm 1. 206

Algorithm 2: The SVD aided EKF for attitude estimation
Data: inputs: xk−1, Pk−1, Qk, Bb, Bi, Sb, Si, ω, N, t
Result: Optimal state vector xk
Prediction Step:

1 Similarly as in Algorithm 1.
Measurement update

2 Compute B using Bb, Bo, Sb, So in (2).
3 Compute the optimal attitude matrix Aopt using (3).
4 Compute P from (4) and use it as Rk.
5 Convert Aopt to Euler angles using ϕ = arctan2(A32, A33), θ = − arcsin A31 and

ψ = arctan2(A21, A11)
6 Define the measurement vector zk using Euler angles and the angular velocity

components.
7 zi

k = Gi
kxk+1

8 Update the Kalman gain Ki
k using (9).

9 Update the predicted state xk+1 to find the optimal state estimate x̂i
k ,using (10).

10 Pi
k = Pk+1 − Ki

kHi
kPk+1

Unlike algorithm 1, algorithm 2 makes use of the environmental models’ data because 207

the SVD method uses a set of measured vectors and corresponding vectors in the ECI to 208

compute the rough attitude. The best estimate is computed using the attitude information 209

computed using the SVD method and gyroscope measurements instead of unprocessed 210

211

212

vector measurements.

3. System Model 
3.1. System Kinematics 213

The change in attitude of a satellite is modeled using the kinematics equation, which 214

describes rotational motion despite the cause. The kinematic equation of a satellite using 215

quaternions attitude representation is given by 216

q̇ =


q̇0
q̇1
q̇2
q̇3

 =
1
2


−q1 −q2 −q3
q0 −q3 q2
q3 q0 −q1
−q2 q1 q0


p

q
r

 (15)
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where p, q and r are the components of the angular velocity ! provided by the gyroscope 217

[30] and q0 is the scalar component of the quaternion. The kinematic equation is useful 218

when defining the state transition matrix in the extended Kalman filter. In this research, 219

quaternions are employed for attitude computation due to their mathematical advantages, 220

such as singularity avoidance and efficient numerical representation. However, for graphi- 221

cal presentation and visualization, Euler angles are used as they are more commonly used 222

in aerospace engineering and provide a more intuitive representation of attitude. This 223

choice allows for a clear and easy-to-understand presentation of the results in a familiar 224

format. The computed quaternion is converted to Euler angles using; 225

ϕ = arctan2(2(q0q1 + q2q3), 1 − 2(q2
1 + q2

2)),
θ = arcsin2(2(q0q2 − q3q1)),

ψ = arctan2(2(q0q3 + q1q2), 1 − 2(q2
2 + q2

3)).
(16)

2263.2. Environment Models
3.2.1. International Geomagnetic Reference Field (IGRF) 227

The IGRF denotes the main geomagnetic field generated by internal sources, primarily 228

inside the core of the earth [31]. The absence of electric currents on the surface allows 229

for the computation of the Earth’s geomagnetic field as the negative gradient of a scalar 230

potential, such that the magnetic field can be expressed as B = −δV. The potential function 231

is represented by a finite series expansion in terms of Gauss coefficients, gm
n and hm

n [32]: 232

B(r, β, α) = V(r, β, α, t) =a
N

∑
n=1

n

∑
m=1

( a
r

)n+1

[gm
n (t) cos mα + hm

n (t) sin mα]Pm
n (cos β).

(17)

Here, r, β, α, t is the radial distance from the Earth’s center, geocentric co-latitude, 233

longitude and time respectively. The variable a is the Earth’s radius. More information of 234

the spherical harmonic coefficients can be found in [31]. The latest version in the series, 235

IGRF-13, extends up to thirteen harmonic degrees. 236

2.2.2. PSA Sun Position Algorithm 237

The paper utilizes the PSA algorithm to calculate the solar vector in the inertial frame 238

due to its small computational footprint and high accuracy. It has been established that 239

when applied over a period ranging from 2020 to 2050, the maximum error in angular 240

deviation from the actual solar vector is only 35 arc-sec, with the algorithm maintaining 241

its computational structure and simplicity [33]. The PSA algorithm’s inputs consist of the 242

location’s latitude and longitude, along with the time specified in universal time (UT1), 243

encompassing year, month, day, hours, minutes, and seconds. The sun vector is given by 244

S =

sin ϑz sin γ
sin ϑz cos γ

cos ϑz

 (18)

where ϑ and γ is the zenith and azimuth angle. More information on how these angles are 245

obtained can be found in [33]. 246

3.3. Measurement Model 247

In this model, we assume that only zero-mean Gaussian white noise can corrupt the 248

sensor measurements. The measurement model for the vector observations can be given as 249

bi = Ari + µi, (19)
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A(q) =

q2
0 + q2

3 − q2
1 − q2

2 2(q0q1 + q2q3) 2(q0q2 − q1q3)
2(q0q1 − q2q3) q2

1 + q2
3 − q2

0 − q2
2 2(q1q2 + q0q3)

2(q0q2 + q1q3) 2(q1q2 − q0q3) q2
0 − q2

1 + q2
2 + q2

3

 (20)

where b is the sun and magnetic field vector observations in the body frame, r can either 250

be B or S modelled in the reference frame, µ is the Gaussian white noise and A is given by 251

(20). 252

For gyroscopes, the inherent sensor bias introduces errors throughout the attitude 253

determination process; therefore, these errors are also included in the state vector estimate. 254

The gyroscope mathematical model presented in this paper is 255

ω̂b = ωb + b + v, (21)

where gyroscope noise and bias of a satellite are represented by b and v, respectively, while 256

the true angular velocity of the satellite relative to the inertial frame is denoted by ωb. 257

3.4. Coordinate Systems 258

Several reference frames are used to describe the satellite’s attitude. This paper 259

employs three reference frames, each of which is defined by its fixed element or direction, 260

as well as by the location of its center or origin, that is, satellite body coordinate frame, orbit 261

referenced coordinate frame and Earth Centered Inertial (ECI) coordinate frame. These 262

263coordinate frames have been well explained in [14]. 

4. Adaptive EKF 264

During extended eclipse phases, it was noted that the traditional Extended Kalman 265

Filter (EKF) exhibited superior performance compared to other methods like the Singu- 266

lar Value Decomposition (SVD)-aided EKF. However, if the accuracy of the process and 267

measurement noise covariance matrices is compromised, the EKF may produce substantial 268

estimation errors, despite outperforming other algorithms in prolonged eclipses. As a 269

result, there is a great need for developing an adaptive EKF that is compatible with in- 270

accurate covariance matrices. Firstly, we discuss how each covariance matrix affects the 271

performance of the extended Kalman filter (EKF). The process noise covariance matrix Qk 272

can cause inaccurate prediction of the error covariance matrix Pk+1 in (8) which directly 273

affects the computation of the Kalman gain K as shown in (9). Finally, the optimal estimate 274

xk and the estimated error covariance matrix are derived from the incorrect Pk+1 and K as 275

seen in (10) and (11), respectively. Additionally, it is clear that an imprecise measurement 276

noise covariance matrix Rk can lead to an imprecise Kalman gain, resulting in inadequate 277

state estimation. It is apparent that P and R directly affects the state estimate as compared 278

to Q. In this paper, a P and R adaptive filter is proposed for attitude estimation. The filter 279

performance will be compared to the SVD aided EKF in the sun and eclipse phases, which 280

281performs better than the conventional EKF in attitude estimation. 

4.1. Expectation Maximization 282

There is usually inadequate information for training Bayesian networks; for example, 283

it is difficult to accurately determine noise covariance matrices in a Kalman filter [34]. 284

Such latent parameters can explicitly be estimated using the expectation maximization 285

(EM) algorithm, which is an iterative algorithm used in unsupervised learning. The EM 286

algorithm is an approach to find the maximum likelihood (ML) estimates of the latent 287

variables in a statistical method. It is used to find the maximum likelihood estimate of the 288

parameters, given the observed data. The algorithm consists of two steps: the Expectation 289

step, where the expectation of the log-likelihood function is calculated, given the current 290

estimates of the parameters, and the Maximization step (M-step), where the parameters 291

are updated to maximize the expected log-likelihood [35]. The algorithm iterates between 292
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Algorithm 3: The Expectation Maximization Algorithm

1. Initialization: σk
2. E-step:

Compute Q(σk, σi
k)

3. Maximization:
Calculate, σk+1 = arg max Q(σk, σi

k)

4. If convergence has not been reached, proceed to update the variable k by
incrementing it by 1, and return to step 2.

these two steps until convergence, at which point the parameters are considered to be the 293

maximum likelihood estimates. The goal of this paper is to use the joint log-likelihood 294

function to estimate inaccurate noise covariance matrices Pk and Rk based on the available 295

measurements z1:k (i.e., measurements taken from time 1 to k) and the unknown state 296

vector xk, that is, 297

Lσk (xk, zk) = log pσk (xk, zk), (22)

where σk = [Pk, Rk]. The joint log-likelihood function contains the natural logarithm 298

function log and the probability density function p, which depends on the parameter σ. To 299

obtain an approximate maximum likelihood (ML) solution for the parameter σk, we employ 300

the expectation-maximization (EM) algorithm, which maximizes the joint log-likelihood 301

function, such that 302

σ̂k = arg max Lσk (xk, zk)

≜ arg max log pσk (xk, zk),
(23)

where σ̂k is the ML estimate of σk. It is impossible to solve the complete data log-likelihood 303

function Lσk (xk, zk) due to the unavailable xk. The EM algorithm addresses the problem 304

by approximating the joint likelihood function in (23) as its minimum variance estimate 305

Q(σk, σi
k), such that [36,37] 306

Q(σk, σi
k) ≜Eσki [Lσk (xk, zk)|zk]

=
∫

Lσk (xk, zk)pσk (xk|zk)dxk,
(24)

where σi
k is an approximation of σ̂k at the ith step. 307

The EM algorithm takes advantage of this property to generate a series of values σk, 308

where k = 1, 2, . . . , with the aim of successively improving the accuracy of the maximum 309

likelihood (ML) estimate. The algorithm is summarized in Algorithm 3. During the E-step, 310

the complete data log-likelihood’s expectation is evaluated, which relies on the current 311

312

313

estimates σi
k and measurements z1:k. Following this, the M-step maximizes the computed 

Q(σk, σi
k) utilizing an arithmetic technique.

4.1.1. E Step 314

The EM algorithm approximates the joint likelihood function as it minimum variance 315

estimate as shown in (24). To determine the minimum variance estimate, we compute the 316

joint log likelihood log pσk(xk, z1:k) and the second posterior PDF pσk (xk|zk). Firstly, the 317

joint log likelihood in (22) is written as the product of the conditional likelihood, such that, 318
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pσk (xk, z1:k) = pσk (zk|xk, z1:k)pσk (xk|z1:k)p(z1:k)

= pσk (zk|xk)pσk (xk|z1:k)p(z1:k)
(25)

where pσk (zk|xk, z1:k) = pσk (zk|xk) since expected measurement zk is only dependent on 319

state xk as shown in (6). It is worth noting that the probability distribution p(z1:k) of the 320

sensor measurements is typically not dependent on the current state error and measurement 321

noise covariance matrix σk. This is because the measurements are generally assumed 322

to be independent of both the state error covariance matrix and the measurement noise 323

covariance matrix, which together determine the joint distribution of the state estimates and 324

the measurements [37]. In the EKF model, the predicted PDF pσk (xk|z1:k) is approximated 325

as Gaussian, that is, 326

pσk (xk|z1:k) = N(xk; xk+1, Pk−1). (26)

The symbol N(.; µ, ∑) represents the Gaussian probability density function (PDF) with 327

mean vector µ and covariance matrix ∑, and xk+1 is obtained using equation (7). At this 328

stage Pk−1 is considered inaccurate because of Qk. The likelihood PDF of the measurement 329

model in (8) is given by 330

pσk (zk|xk) = N(zk; h(xk+1, k), Rk). (27)

The joint log-likelihood function can be computed using (25)-(27). The logarithm of the 331

normal distribution N(zk; h(xk+1, k), Rk) is: 332

log N(zk; h(xk+1, k), Rk) = −0.5 log |Rk| − 0.5[zk − h(xk+1, k)]TR−1[zk − h(xk+1, k)]. (28)

The logarithm of the normal distribution N(xk; xk+1, Pk−1) is: 333

log N(xk; xk+1, Pk−1) = −0.5 log |Pk+1| − 0.5(xk − xk+1)
TP−1

k+1(xk − xk+1). (29)

Putting everything together: 334

log pσk (xk, z1:k) =− 0.5|Rk| − 0.5[zk − h(xk+1, k)]TR−1[zk − h(xk+1, k)]

− 0.5|Pk+1| − 0.5(xk − xk+1)
TP−1

k+1(xk − xk+1) + dσk ,
(30)

where |.| is the determinant operation of a matrix. After determining the joint 335

likelihood in (30), the posterior PDF is computed. At the i + 1th step, the state vector 336

xi
k estimate and corresponding state estimation error covariance matrix Pi

k have been 337

calculated. From here, the nonlinear measurement is function is linearized using the 338

intermediate state estimate xi
k, that is, 339

h(xk, k) = h(x̂i
k, k) + Hi

k(xk+1 − x̂i
k), (31)

where Hi
k is the Jacobian matrix of the measurement function at xi

k. The second posterior 340

PDF pσi
k
(xk|z1:k) is approximated as Gaussian by using measurement update of the EKF, 341

such that, 342

pσi
k
(xk|z1:k) = N(xk; xi+1

k , Pi+1
k ) (32)

where Pi+1
k and xi+1

k are obtained using Pi
k and xi

k, respectively given as, 343

Ki+1
k = Pi

k+1(H
i
k)

T[Hi
kPi

k+1(H
i
k)

T + Ri
k]
−1 (33)
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xi+1
k = xk+1 + Ki+1

k [zk − (h(x̂i
k, k) + Hi

k(xk+1 − x̂i
k))] (34)

344

Pi+1
k = Pi

k+1 − Ki+1
k Hi

kPi
k+1 (35)

To obtain the minimum variance estimate, equations (30) and (32) are substituted into 345

equation (24). The resulting expression is 346

Q(σk, σi
k) = −0.5|Rk| − 0.5tr(AkR−1

k )

− 0.5|Pk+1| − 0.5tr(BkP−1
k+1) + dσk

(36)

where tr is the trace of a matrix. The matrices Ak and Bk are given by 347

Ak =
∫
[zk − h(xk+1)][zk − h(xk+1)]

TN(xk; xi+1
k , Pi+1

k )dxk (37)
348

Bk =
∫
(xk − xk+1)(xk − xk+1)

TN(xk; xi+1
k , Pi+1

k )dxk. (38)

Ak represents the squared Mahalanobis distance between the prediction and the observa- 349

tion, and Bk can be seen as an intermediate step in the calculation of the expected value. 350

The measurement is further linearized at xi+1
k such that, 351

h(xk, k) = h(x̂i+1
k , k) + Hi+1

k (xk+1 − x̂i+1
k ), (39)

Equation (39) is substituted in (37) thus Ak is computed as 352

Ak = [zk − h(x̂i+1
k , k)][zk − h(x̂i+1

k , k))]T + Hi+1
k Pi+1

k (Hi+1
k )T. (40)

From there Bk can be computed as 353

Bk = Pi+1
k + (x̂i+1

k − xk+1)(x̂
i+1
k − xk+1)

T (41)

4.1.2. M Step 354

The M-step entails maximizing Q(σk, σi
k) regarding σk, such that 355

σi+1
k ≈ arg maxQ(σk, σi

k). (42)

At maximum point, σi+1
k satisfies 356

δQ(σk, σi
k)

δσk
|
σk=σi+1

k
= 0. (43)

Since σk = [Pk−1], Rk], (43) becomes a partial derivative problem, that is, δQ(σk ,σi
k)

δPk−1
and 357

δQ(σk ,σi
k)

δRk
. The partial derivative can be calculated by exploiting (36) as 358

δQ(σk, σi
k)

δPk−1
= −0.5P−1

k−1 + 0.5P−1
k−1BkP−1

k−1 (44)

359

δQ(σk, σi
k)

δRk
= −0.5Rk −−1 +0.5R−1

k BkR−1
k (45)

where Ak and Bk are given by (37) and (38), respectively. Substituting (44) and (45) in (43) 360

yields 361

−0.5(Pi+1
k−1)

−1 + (Pi+1
k−1)

−1Bk(P
i+1
k−1)

−1 = 0 (46)
362

−0.5(Ri+1
k )−1 + (Ri+1

k )−1Ak(R
i+1
k )−1 = 0, (47)
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therefore, the error and measurement noise covariance matrices are defined as Pi+1
k−1 = Bk 363

and Ri+1
k = Ak, respectively. 364

4.2. P and R adaptive EKF 365 

The proposed adaptive Extended Kalman Filter (EKF) algorithm involves two primary 366

steps: the time update and the iterated measurement update. In the time update, the 367

predicted state vector xk+1 and the nominal predicted state error covariance matrix Pk+1 are 368

calculated using equations (7) and (8), respectively. The algorithm requires several inputs, 369

including the initial state vector xk−1, state error covariance matrix Pk−1, measurement 370

covariance matrix Rk, process noise covariance matrix Qk, and the number of iterated 371

measurements N. The prediction step only computes the state vector and error covariance 372

matrix, considering the system model kinematics and the previous state error covariance 373

matrix. The nominal predicted error covariance matrix Pk+1 serves as an appropriate 374

initial value for P0
k+1, as it includes the information on the state transition matrix F, process 375

noise covariance matrix Q, and the previous estimation error covariance matrix Pk−1. The 376

for loop estimates the optimal state vector xk, predicted error covariance matrix Pk, and 377

measurement noise covariance matrix Rk in an adaptive manner. 378

Algorithm 4: P and R adaptive EKF for attitude estimation

Inputs: xk−1, Pk−1, R̃k, Qk, Bb, Sb, ω, N, t
Prediction Step:

1. xk+1 = Fkxk−1 + Bω

2. Pk+1 = FkPk−1FT
k + Qk

Measurement update

3. Initialize at i = 0, P(0)
k+1 = Pk+1,

R0
k = R̃k, x0

k+1 = xk+1

for i = 0 : N − 1
4. Compute the Jacobian matrix of h(xk+1, k) to find Hi

k

5. Ki
k =

Pi
k+1HiT

k
Hi

kPi
k+1(H

i
k)

T+Ri
k

6.
[
Bb Sb

]
7. xi

k = xk+1 + Ki
k(zk − h(x)− Hi

kxk+1)

8. Pi
k = Pk+1 − Ki

kHi
kPk+1

9. Compute Jacobian matrix Hi=1
k with updated states estimates xi

k
10. Ak = [zk − h(x)][zk − Hi

kxk+1]
T + Hi+1

k Pi
k(H

i+1
k )T

11. Bk = Pi
k + (xi

k − xk+1)(xi
k − xk+1)

T

12. Pi+1
k = Bk, Ri+1

k = Ak

end for
13. P̂k = Pi+1

k , R̂k = Ri+1
k

Outputs:xk, P̂k, R̂k

5. Results and Analysis 379

In the simulations, a CubeSat in a low Earth orbit is considered, with a princi- 380

pal moment of inertia of J = diag
[
0.0071 0.0035 0.0035

]
kg.m2. The spacecraft is as- 381

sumed to be tumbling, and its initial state is arbitrarily chosen as x0 = [0.03rad − 382

0.001rad 0.002rad 0.08rad/s − 0.02rad/s 0.03rad/s]T. The orbit parameters, satel- 383

lite kinematics, sensor and environmental models are used to validate the proposed algo- 384

rithm for attitude estimation. In this study, sun sensor, magnetometer, and gyroscope are 385

used as attitude sensors. The local magnetic vector is computed using the international 386

geomagnetic reference field model, while a sun position algorithm is used to extract the 387
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Table 1. Comparison of the Root Mean Square Errors of the SVD-EKF and Proposed Algorithm
During Sun Phase

RMSE SVD-EKF AEKF
ϕ (◦) 0.2146 0.0042
θ (◦) 0.2220 0.0015
ψ (◦) 0.2472 0.0024
ωϕ (◦/s) 3.6076e-06 4.4296e-08
ωθ (

◦/s) 7.7722e-06 8.8530e-08
ωψ (◦/s) 8.8545e-06 1.7761e-08

local reference sun vector. The orbit used in this paper is circular with an inclination of 0◦ 388

at an altitude of 600 km. The simulation epoch is 2021.01.01, UTC 00:00 with a time-step of 389

1 second. 390

The first part of this section is devoted to analyzing the performance of SVD-EKF and 391

proposed AEKF during sun phase on the orbit. The second part analyses the performance of 392

the two algorithms during the eclipse phase. The simultaneous P and R adaptive extended 393

Kalman filter is referred to as AEKF in this study. The evaluation of the estimation accuracy 394

for the measurement noise covariance matrix and predicted error covariance matrix was 395

carried out using the SRNFN and ASRNFN metrics, which were chosen as the error measures. 396

These metrics provide information about the magnitude of the errors in the estimated 397

matrices by measuring the difference between the estimated and reference values, and are 398

defined as 399

SRNFN =

(
1
n2 Pk+1 − Pr,k+1

2
) 1

4
, (48)

400

ASRNFN =
1
T

T

∑
k=1

(
1
n2 Pk+1 − Pr,k+1

2
) 1

4
. (49)

The predicted error covariance at the time k is represented by Pk+1, while Pr,k+1 refers 401

to the reference value of the predicted error covariance matrix at that same time. Similarly, 402

the formulas used for calculating SRNFN and ASRNFN for the predicted error covariance 403

matrix are also applied to the measurement noise covariance matrix. The SRNFN is a metric 404

that measures the similarity between two matrices. The SRNFN is widely used in the field of 405

computer vision and image processing as a measure of the similarity between two images 406

[38]. The Averaged Square Root of Normalized Frobenius Norm (ASRNFN) is an extension of 407

the SRNFN, which is used to measure the similarity between multiple matrices. The ASRNFN 408

409is calculated as the average of the SRNFN between each pair of matrices [39]. 

5.1. Sun Phase 410

Firstly, we compare the performance of the SVD-EKF and the proposed AEKF during 411

sun phases. During the sun phase or normal operation mode, the filter depends on sun 412

sensor and magnetometer measurements for measurement update. The proposed algorithm 413

is affected by the number of iterated measurement N, the more you iterate the, the more 414

accurate the state estimates, however this means increased computational time. For these 415

simulations N = 5. Table 1 shows the root-mean-square error of the attitude angles for 416

both filters considered in this study. It is evident that both filters perform reasonably well 417

under the sun mode, as all sensor measurements are available. 418

Table 2 shows the single step run time for the two algorithms, it shows that the pro- 419

posed algorithm has more computational time as compared to the SVD-EKF. Even though, 420

the computational load is more by a small margin, the accuracy of the proposed algorithm is 421

significant. To demonstrate the efficacy of the proposed algorithm, we calculated the SRNFN 422

and ASRNFN values of the predicted error and measurement noise covariance matrices, 423

which are useful in analyzing the convergence of these matrices. Analysis of the results 424
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Table 2. Single Step Run Execution of the Proposed Algorithm and SVD-EKF

Filters SVD-EKF AEKF
Time (s) 7.94×10−4 8.46×10−4
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Figure 2. SRNFNP and SRNFNR of the two filters during sun phase

presented in Figure 2 and Table 3 indicate that the proposed algorithm outperforms the 425

SVD-EKF algorithm, as evidenced by its lower SRNFN and ASRNFN values. 426

5.2. eclipse phase 427

According to a study in [20], satellites in low earth orbit are in the eclipse phase for 428

approximately 28 minutes. During this phase, the attitude determination system depends 429

solely on magnetometer measurements. Table 4 displays the root-mean-square error of the 430

SVD-EKF method and AEKF. While the proposed algorithm’s error has increased slightly, 431

it still performs significantly better than the SVD-aided EKF. Table 4 confirms that the 432

gyroscope bias has increased during the eclipse phase, as compared to the values in Table 433

1. This increase in bias is likely due to the temperature changes that occur during the 434

eclipse phase. Although modern gyroscopes are designed to minimize temperature-related 435

errors and often include temperature compensation features, the effects of temperature 436

changes cannot be eliminated. Therefore, it is crucial to consider the potential impact 437

of temperature changes on gyroscope bias when designing and implementing attitude 438

determination systems for satellites. 439

Table 3. Evaluation of the Proposed Algorithm and SVD-Aided EKF in Sunlit Phase using ASRNFNP

and ASRNFNR

Filters SVD-EKF AEKF
ASRNFNP 13.0078 11.6005
ASRNFNR 47.1554 4.8422
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Table 4. Comparison of the Root Mean Square Errors of the SVD-EKF and Proposed Algorithm
During Eclipse Phase

RMSE SVD-EKF AEKF
ϕ (◦) 1.7126 0.1094
θ (◦) 12.6611 0.1388
ψ (◦) 6.9083 0.3137
ωϕ (◦/s) 7.9837e-05 1.3449e-07
ωθ (

◦/s) 1.3499e-05 6.8046e-08
ωψ (◦/s) 1.9008e-04 1.8077e-08
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Figure 3. SRNFNP and SRNFNR of the two filters during eclipse phase

The inferior estimation accuracy of the SVD-EKF algorithm during the eclipse phase 440

is likely due to the sensitivity of the SVD algorithm, which requires at least two vector 441

measurements to compute attitude. Despite relying solely on magnetometer measurements, 442

the proposed algorithm performs reasonably well. Furthermore, Fig.3 and Table 5 show 443

that the proposed algorithm has a smaller SRNFN and ASRNFN than the SVD -EKF even in 444

eclipse phase. The noise during the eclipse phase affects the measurements used to estimate 445

the measurement noise and state covariance matrices; therefore, the resulting matrices are 446

less accurate or less precise. 447

5. Conclusions 448

This paper presents the design and numerical analysis of an error and measurement 449

noise covariance matrices adaptive extended Kalman filter algorithm based on expectation 450

maximization method. A novel attitude estimation algorithm was created utilizing an 451

adaptive filter approach. The performance of this newly developed algorithm, as well 452

Table 5. Evaluation of the Proposed Algorithm and SVD-Aided EKF in Eclipse Phase using ASRNFNP

and ASRNFNR

Filters SVD-EKF AEKF
ASRNFNP 19.5559 13.6083
ASRNFNR 53.2372 3.4397
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as a state-of-the-art existing algorithm, was evaluated through application to CubeSat 453

attitude estimation in both the eclipse and sun phases of the orbit. During both the phases, 454

the proposed adaptive EKF outperforms the existing algorithm, being the SVD-EKF. The 455

SVD algorithm requires a minimum of two vector measurements and associated reference 456

models to function optimally. However, during the eclipse phase, only magnetometer 457

measurements are available, which causes the performance of the SVD-aided algorithm to 458

deteriorate. Based on the simulation findings outlined in the paper, the proposed algorithm 459

demonstrated significantly improved accuracy in attitude estimation compared to SVD 460

aided EKF algorithms. However, it was also observed that the proposed algorithm has 461

marginally higher computational complexity. 462

To ensure the accuracy and reliability of the proposed algorithm in various conditions 463

and applications, it is necessary to conduct rigorous validation and verification through 464

both simulations and real-world tests. This will help to confirm the effectiveness of the 465

algorithm and identify any potential limitations or areas for improvement. Furthermore, the 466

proposed algorithm can be optimized to improve its performance and reduce computational 467

complexity. This could involve refining the algorithm’s underlying mathematical models 468

and algorithms, as well as optimizing its implementation and hardware requirements. By 469

doing so, the algorithm could potentially be made more efficient and practical for use in a 470

wider range of systems and applications. 471
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