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Abstract: This paper introduces a method to achieve optimal Gaussian estimation even when
operating with low precision numerical representations of the full covariance matrix, such as 16-bit
integer or 32-bit single precision formats, instead of more expensive double precision floating point
representations (64 bits). The approximation's numerical error is accurately estimated in a
conservative manner, resulting in minimal covariance inflation. When combined with a compressed
estimator like the Global Compressed Kalman Filter (GCKF), which performs global updates at low
frequency, this approach produces estimates that are nearly identical to the optimal ones. The
deviation between the results obtained using this new approach and those obtained with the
standard GCKF (which operates in double precision) is negligible. This new method is particularly
relevant in high-dimensional estimation problems that require high-frequency operation. By
leveraging the compressed operation of the GCKF, the estimation process applies the necessary
approximation only during low-frequency global updates, using the single precision format instead
of the more expensive double precision representations. The introduced numerical approximation
is accurately estimated while maintaining a conservative approach, resulting in minimal covariance
inflation. When combined with the GCKF, which performs global updates at low frequency, the
estimates produced are almost identical to the optimal ones. This approach is particularly useful in
high-dimensional estimation problems that require high-frequency operation. By representing the
full covariance matrix in a low precision numerical format and applying appropriate scaling,
memory usage is significantly reduced, offering substantial benefits for high-dimensional
estimation problems and enabling real-time smoothing processes in such cases. By reducing the
memory requirements for storing the full covariance matrix, the CPU avoids encountering a high
number of page faults, resulting in improved processing performance. Lastly, the experimental
section verifies the performance of the proposed approach in a single precision (32-bit floating point)
GCKF Simultaneous Localization and Mapping (SLAM) process, assessing expected values and
standard deviations of marginal Gaussian Probability Density Functions (PDFs).

Keywords: CEKF; Compressed Kalman Filter; compressed estimation; high dimensional estimation;
low precision numerical format; integer precision covariance

1. Introduction

The Bayesian estimation of the state of high dimensional systems is a relevant topic in diverse
research and application areas. When a Gaussian estimator is applied in an optimal way, the full
covariance matrix needs to be maintained during the estimation process; for that, the numerical
format commonly used for representing the elements of the covariance matrix is double precision
floating point (e.g. the 64 bits IEEE-754) or, in some cases, in which the covariance matrix
characteristic allows it, single precision floating point (32 bits IEEE-754). However, in certain cases,
single precision can result in numerical problems. Numerical formats of even lower precision, e.g.,

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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16 bits, are usually more difficult to be applied, due to usual numerical instability, lack of consistence
or, in the best cases where the approximation is properly applied (by performing matrix inflation),
highly conservative results. However, when properly treated, a full Gaussian filter can operate in low
precision without incurring in relevant errors or in excessive conservativeness. In particular, for
systems that can be processed through a Generalized Compressed Kalman Filter (GCKF) [1], it is
possible to operate under lower precision numerical format. The advantage of maintaining and
storing the huge covariance matrix using low precision is relevant because the required memory can
be reduced to a fraction of the nominal required amount. In addition to reducing the amount of
required data memory, the fact that a program operates using lower amount of memory, improves
its performance by incurring in lower numbers of RAM cache misses, a limitation which is still
present in the current computer technology. This effect is even more relevant when those operations
do occur at high frequency. That is the case of a standard Gaussian estimator performing update
steps, because those imply updating the full covariance matrix, which means the full covariance
matrix is read and written at each KF update, i.e., all the elements of the covariance matrix are R/W
acceded. If, in addition to the high dimensionality and high frequency operation, the estimation
process involves the capability of performing smoothing, then the requirements of memory can be
dramatically increased, further exacerbating the problem.

The approach presented in this paper exploits the low frequency nature of the global updates of
the GCKF in combination with a simple matrix decorrelation technique, for treating truncation errors
associated to low precision numerical representation. Only during the low frequency global updates,
the full covariance matrix is modified. That particularity of the GCKF allows performing additional
processing on the full covariance matrix, if required for diverse purposes. As the global updates are
performed at low execution rate, the cost of the treatment of the full covariance matrix is amortized
over the overall operation, in many cases making the overhead result in very low extra cost. One of
the purposes of treating the full covariance matrix, P, can be for approximating it by a low precision
version of it; e.g. for representing the covariance matrix in single precision format or even by lower
precision representations such as scaled 16 bit integers. Just truncating precision (truncating bits) is
not adequate for replacing a covariance matrix; consequently, proper relaxation of the matrix needs
to be performed. One way of doing it is by generating a bounding matrix, P’ which satisfies two
conditions:

1) The approximating matrix, P’ must be more conservative that the original one (the one being

approximated), i.e. P'—P must be positive semidefinite; this fact is usually expressed as P —P=0

as P'=P.

or

2) P s represented through a lower precision format.

In addition, it is desirable that the discrepancy P ~P should be as small as possible to avoid
over conservative estimates, particularly if the approximation needs to be applied repeatedly. This
technique would allow a GCKF engine to operate servicing a number of clients, that when request a
global update to be performed, the required memory for temporary storing and processing the full
covariance matrix is partially or fully provided by the engine, while the memory for storing the low
precision version of the full covariance matrixes is maintained by the clients, which means that the
actual required memory for double precision is only one and it is shared by many client processes.

In addition, the required precision can be dynamically decided according to the availability of
memory resources, observability of the estimation process and required accuracy of the estimates.
The technique would also allow to maintain copies of the full covariance matrix at different times
(regressors of matrixes), e.g., for cases of smoothing.

2. The Generalized Compressed Kalman filter (GCKF)

The GCKEF is the approach introduced in [1]. The approach is intended to process estimations
problems in high dimensional cases, in which the state vector is composed by hundreds or thousands
of scalar components. Those estimation processes may need to operate at high processing rates for
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systems whose dynamics is fast and high dimensional, such as certain Stochastic Partial Differential
Equations (SPDE), and also for certain Simultaneous Localization and Mapping (SLAM) applications.

The GCKF divides the estimation process in a low-frequency global component (a high
dimensional Gaussian PDF which is updated at a low rate, called the “global component” of the
estimation process). In addition to that, the estimation process maintains a number of low
dimensional estimation processes (Individual estimations processes, IEPs), which are operated at
high processing rate, to deal with the fast dynamics of the system. The approach has been exploited
in centralized multi-agent SLAM (as shown in [1] ) and in treating SPDE (such as in [2] and in [3] ).
A precursor of the GCKF, known as CEKF had been used mostly in mono- agent SLAM, such as in
[4,5], and in subsequent work usually for localization of aerial platforms [6]. Some variants of the
CEKF and of the GCKF have been adapted to exploit other cores than the usual EKF, such as UKF
and CuKEF based cores, which are usually better suited for certain nonlinear cases [3,6].

3. Approximating low precision covariance

In general, for any covariance matrix, P = {p; ;}, its non-diagonal elements can be expressed as

follow:
Pij=A\Pii Pj; ¢1/

e [~1,+1] 1)

This fact can be expressed in matrix terms (for the purpose of explaining it, but not for
implementation reasons),

P=D-®-D
.V i=j
d = P, 1=]
0, V i#j

9 =i
" \NPiit P
¢, €[-1,+1] @
¢,=1, V i

Where the full covariance matrix is expressed by a scaling matrix D (which is diagonal) and a
full dense symmetric matrix ® whose elements are bounded in the range [-1,+1]. The matrix® is in
fact a normalized covariance matrix.

The low precision representation, introduced in this work, keeps the diagonal matrix D (i.e., its
diagonal elements) in its standard precision representation (e.g., single, double or long double
precision), and it approximates the dense matrix ® by a low precision integer numerical format. For
instance, if a precision of N bits is required, then @ is fully represented by the integer matrix * whose
elements are signed integers of N bits. For obtaining the elements of ", the relation is as follows,

H; :f(Q,j)Z[ZN_] Q]]
-1<g, <1 = 2" <y <2™ (3)

The operator [.] means that the argument is approximated to the nearest integer (i.e., “rounded”).
The inverse operation produces a discrete set of elements in the range of real numbers [-1,+1], and it
is defined as follows,

* 1
G =M N @

2"y <2V = -1<¢ <1
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The discrepancy between ® and its low precision version, @, is simply the matrix residual
®-@' . This discrepancy matrix can be bounded by a diagonal matrix, B, that satisfies the condition
B+® —®>0. A “conservative” bounding diagonal matrix, is as it was introduced in [2] and [3], or
adapted for this case, as follows,

0 Vi#j
6=, Vi=j 5)

b. .= n
b Zk:l
k#i

This type of approximation is deterministic, i.e., always valid, and it may be too conservative for
cases such as in this applications for dealing with limited numerical precision. The resulting diagonal
elements are deterministically calculated; however, they can be simply estimated by considering that
the added values do follow a uniform distribution, as it usually is the case of the rounding errors.

For the case of adding a high number of independently and identically distributed random
variables, whose PDF is uniform, the resulting PDF is almost Gaussian. As the rounding errors follow
a uniform distribution, a less conservative and “highly probable” bounding matrix for the error
matrix can be simply defined as follows,

0 Vi#j

b,=45 1 o (6)
J Z\/Zz_N VZ:]

In which n is the size of the matrix (more exactly P is a square matrix of size n by n), and N is
the number of bits of the integer format being used. The bound 1.25-+/n-27" is usually much lower

than the conservative bound )
k#i

b —qﬁ,’k| . This less conservative bound is valid for the cases where

the residuals ¢, —¢,, follow a uniform distribution in the range [—2’N,+2’N], as it is the case of the

truncation error in this approximation. Because of that, an approximating covariance matrix P’ is
obtained as follows,

P=D-®-D=D-(® +®-d').D=
=D-c1>*-D+D-B-D—D-(B+q>*—cI>)-D<D-q>*-D+D-B-D )

This means that the slightly conservative bound for P is given by the matrix D-® -D+D-B-D
where @' is the reduced precision version of @, and the rest of the matrixes are high precision (e.g.,
double) but diagonal. Consequently, the approximating covariance matrix can be stored by using n

n

double precision elements and -(n—l% integers. When implemented, the matrix relation is

simply evaluated by relaxing the diagonal elements of the nominal covariance matrix, as follows:

s _ My H; P, N-1 T
P,= 2N—/1 PP = 2N—/1 0:°0;, H; :{—/'2 Vi

0,°0;

P:i = Pu '(1+C)

c:l.zs.ﬁ.ZLN«l 8)
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where {o,}" are simply the standard deviations of the individual states estimates. The

i=1
apparently expensive conversion defined in (8), is implemented in an straightforward way, due to
the fact that the elements ®,; are always bounded in the range [-1,+1]; not even needing any

expensive CPU operation, but just reading the mantissas from memory. Only n square roots and only
n divisions need to be evaluated. The rest of the massive operations are additions and products.
Alternative integer approximations are also possible. Similarly, the integer approximation could also
be implemented via the CEIL truncation operation. Depending on the CPU type and its settings, some
of them may be more appropriate than the others. The CEIL case is expressed as follows,

M= (ZN% '¢i,.i—‘
-1<¢,,<1 = -2"'<y  <2M 9)

In this case, the approximation error ¢, —¢, follows a uniform distribution in the range
[0,+2’”V’”} . It could be shown that the discrepancy is always bounded as expressed in (7). The

resulting required inflation of the diagonal elements, for all the cases (round and ceil), is marginal
provided that the relation Jn <<2" is satisfied. For instance, if 16 bits are used for the integer
approximation, for a 1000 x 1000 covariance matrix, the required inflation of the diagonal elements
results to be

l)z*l zl)i,i '(1+C)

c=1.25-4/1000 % <0.00061=0.061%

What means that if the bounding were applied 100 times, the cumulated error would be (1+¢)",

what for such a small value of ¢ would result in a variation about 100-c¢ ,1i.e., 6.1%. If 12 bits are used,
then the required inflation will be higher; however, it would still be small,

I)l*l =Pi,i '(1+C)

c=1.25-41000 ~2%< 0.92%
And aggressive discretization, e.g., N=8bits, would require a more evident inflation,

c=1.25-4/1000 ~%50.155=15.5%

The required low inflation, for the case of n=1000 and N=16, may create the impression that it
could be even applied at high frequency rates, e.g., in a standard Gaussian filter. This impression is
usually wrong, in particular if the prediction and update steps are applied at very high rates, which
would result in a highly inflated covariance matrix. The advantage of using this decorrelation
approach, in combination with the GCKEF, is that while the estimator operates in a compressed way,
the low dimensional individual estimators can permanently operate in high precision (e.g., in double
precision) and only at the global updates the precision reduction is applied; this results in marginal
inflation of the diagonal elements of the covariance matrix. If more bits can be dedicated for storing
P (via the integer matrix), highly tight bounds can be achieved. For instance, for the case of n=1000 if
the integer length is L=20 bits,
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c¢=1.25-41000 % = 3.8e-5=0.0038%

For the case of using the GCKF, between 10 and 16 bits seems an appropriate precision, due to
the usually low frequency nature of the global updates. If the approximations were to be applied at
high frequencies (e.g., not being part of a GCKF process), higher precision formats may be necessary,
e.g., L=20. From the previous analysis, it can be inferred that the cumulative approximation error is
linear in respect to the rate of application (this is concluded without considering the compensating
effect of the information provided by the updates). This is an intuitive estimation, because bounding
approximations are immersed and interleaved between prediction and update steps of the Gaussian
estimation process. A more natural way of expressing the same equations, would be based in “kilo-
states”,

c=40-LL~\/E
2

where K is the number of kilo-states, for expressing the dimension of the state vector in
thousands of states; and where the constant 40 is simply an easy bound for 1.25-1000 . The
bounding factor 1.25, which was obtained heuristically, is a very conservative value. In the following
figures, a high number of cases, for high values of n, were processed. In each individual case, a
covariance matrix was generated randomly, and its bound was evaluated by an optimization process.
All the obtained values were lower than 1.25 (in fact lower than 1.2).

1.25

1.2} 1
max=[1.1657]

1.1+

1.05 : : ‘
0 50 100 150

0
1.06 1.08 1.1 1.12 1.14 1.16 1.18

Figure 1. Best evaluated bounds, for 167 cases. For each case, the bound was estimated by binary
search. The maximum one was k=1.1714, what is far lower than the proposed k*=1.25.

3.1. What happens in the unlikely cases in which the bounding matrix is not true?

The probability of that situation happening is very low; but the event is not impossible. However,
the question should be asked in terms of risk. The risk is extremely low as well, because even not
satisfying the bounding condition, the effect of it is marginal, in similar way as numerical errors in
updating covariance matrixes would not affect when those are applied a low frequency. In practical
terms the effect of this bounding matrix being overconfident is marginal, in comparison with other
sources of inconsistency (numerical, linearization, non-whiteness of noise, etc.). In terms of cost, the
cost of applying it is N however, it is still remarkably lower than cases in which SVD or other
approaches are used. In addition, the scaling is applied in the GCKF context, where global updates
are low frequency operations.
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3.2. Pathological cases

Cases in which the covariance matrix has rank=1, may need a more conservative bound. For
example, cases in which P = A*AT, in which A is a rectangular matrix of very few columns. In must
be noted that for estimation problems in which the state vector is high dimensional, that situation is
extremely unusual, which the exception of highly correlated SLAM (Simultaneous Localization and
Mapping) problems. For that reason, we have tested the approach in a highly correlated SLAM case,
to verify the approximation process in a demanding case.

4. SLAM case

The low precision version of the GCKF was applied to the SLAM case, similar to that previously
presented in [1], however in this case a mono-agent SLAM has been considered, for a more compact
presentation of the results. It can be seen that the discrepancy between the full precision version and
the integer versions is marginal, for all the cases.

The covariance matrix is offered in blocks, under request from clients (in place of requiring full
conversion between integer precision and nominal precision); consequently, there is an improvement
in processing time, due to the way the computer memory is used. These improvements are
appreciated in the times needed for processing the global updates, as shown in the processing times
for the usual GCKF and its version operating in low precision floating point format, in the high
dimensional global component of the GCKF. The standard version is shown in Figure 2. GCKF
operating in double precision (in all its components, global low-frequency and high-frequency
subsystems). Update times. When a low-frequency global update is required, the usual peak in the
processing time does occur. The average processing time (37ms) is well lower than of that of a full
filter, but still the peaks may represent an issue in may applications (as those peaks reached up to
700ms). GCKF Update events at which a global update was performed are indicated by a red dot in
the associated processing time.
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Figure 2. GCKF operating in double precision (in all its components, global low-frequency and high-
frequency subsystems). Update times. When a low-frequency global update is required, the usual
peak in the processing time does occur. The average processing time (37ms) is well lower than of
that of a full filter, but still the peaks may represent an issue in may applications (as those peaks
reached up to 700ms). GCKF Update events at which a global update was performed are indicated by
a red dot in the associated processing time.

4.1. Description of the SLAM process
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The SLAM process is performed in a simulated context of operation, in which the Objects of
Interests (OOls) are detected well spread in the area of operation. In addition to those landmarks,
walls are also present, so that occlusions to the sensors’ visibility is also included, for making the
simulation realistic.The SLAM process is performed considering that no speed measurements are
available, but IMU gyroscope is present (although it is polluted by bias, whose value is also
estimated). The observability of the full SLAM process is still achieved due to the high number of
landmarks usually detected. Observations are range and bearing; however, the quality of the range
components is poor, in comparison to those of bearing. Discrepancies between actual (i.e., simulated)
values and the expected values of position, heading and speed and angular velocity are provided.
Those always show proper consistency. We focused our attention on the performance of the
suboptimal approach being tested, comparing its results to those of the optimal full GCKF.

Update processing times, for the GCKF operating under low precision global PDF. The usual
peaks, for those updates which required a global update are well less expensive than those equivalent
ones in the full precision standard GCKF. This saving in processing time is achieved at no sacrifice in
accuracy. The saving in processing times is mostly due to aspects related to memory usage (e.g., fewer
RAM cache misses) than to actual processing effort. It is worth noting that both experiments are
identical, even in the instance of noises.

It is interesting to appreciate the processing times at non-GU (global update) times (at which the
updates just occur in the high frequency estimation processes, not involving a global update). Those
processing times do slowly increase as the estimation keeps progressing during the SLAM process.
That increase is due to the increase in number of states, as the map’s size does increase in the
exploration. The processing times corresponding to global update events are also affected by the
increase in the number of states being estimated, as the map does grow.
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Figure 3. GCKF operating in low precision (its global PDF component exploiting the single precision
bounding approach). The update processing times, for the GCKF operating under low precision
global PDF. The usual peaks, for those updates which required a global update, are well less
expensive than those equivalent ones in the full precision standard GCKF. This saving in processing
time is achieved at negligible sacrifice in accuracy. The saving in processing times is mostly due to
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aspects related to memory usage (e.g., fewer RAM cache misses) than to actual processing effort. It is
worth noting that both experiments are identical, even the instance of noises. The high-frequency
processing components are identical. The only difference is related to the low-frequency global
component of the GCKF, which maintain if full covariance matrix in low precision numerical format
and bounds it to guarantee estimation consistency.

The average time is 40% lower than that of the full precision mode (35ms against 75ms).
However, the relevant benefit is more related to the reduction in the cost of the sporadic global
updates of the GCKF, and on saving memory. The usual peaks, for those updates which required a
global update are well less expensive than those equivalent ones in the full precision standard GCKF.
This saving in processing time is achieved at no sacrifice in accuracy. The saving in processing times
is mostly due to aspects related to memory usage (e.g., fewer RAM cache misses) than to actual
processing effort. It is worth noting that both experiments are identical, even the instance of noises.
A question would be “Where is the saving in processing time?”. A critical component in the answer
would be that by reducing the required memory for the large covariance matrix and the frequency at
which is fully accessed, the number of cache misses are reduced dramatically, resulting in latencies
closer to those of the static RAM of the cache memories. That is an intrinsic benefit of using the GCKF.
The proposed new additional processing further improves the efficiency of the GCKF in accessing
memory. It can be seen that for the standard GCKEF, the peaks of processing time do happen at the
times of the global updates. With the additional capability of storing the covariance matrix in low
precision numerical format, we are improving it, in average, by a 50% reduction in processing time.
Each EKF update usually processed 70 scalar observations (about 35 landmarks being detected / scan.
Those were grouped in sets of 15 / updates, requiring multiple individual updates for completing the
update. In addition, iterations were applied treating the non-linear observation equations (few
iterations, usually 3)

200Q
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Figure 4. Number of states in the state vector being estimated, growing during the first phase of the
SLAM process, when the map is being explored for its first time. In this part of the test, the SLAM
process was in its exploration stage, and new areas were seen for their first time, making the state
vector to grow in length. The process reached 2 kilo-states,.
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Figure 5. Full view, taken at certain update event. The blue dots are OOIs (Objects of interest) on the
terrain, which usually constitute landmarks. The travelled path, until that time, is indicated by a red

curve.
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Figure 6. An image showing, in more detail, the OOI being detected in the previous figure.
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Figure 7. Platform ‘s 2D position estimates, for the GCKF SLAM (double and single precision
covariance matrix, and single precision bounded version.). Maximum discrepancy was about 0.3 mm,
which is not appreciable due to the scale. Multiple loop closures did happen during the trip.
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Figure 8. Discrepancy between platform’s 2D position estimates, for the GCKF SLAM (standard
double precision covariance matrix, and single precision bounded version.). Maximum discrepancy
was about 0.3 mm. There is a peak at the time associated to the update event 1100, and then a decrease
in error. It coincides with the first loop closure of the SLAM process, at which the estimates become
more accurate and more confident. The values are distances in 2D.
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Figure 9. The top two plots show the standard deviations (in meters) of the marginal PDFs of the
double precision GCKF process, for the estimates of (x,y) position of the platform, at each time during
the trip. The bottom figure shows the differences between those standard deviations (in millimeters)
for x and y, between the standard double precision GCKF and those of the single precision one. The
one based on the bounded single precision covariance matrix is always slightly more conservative
than the standard one. Those values are also consistent with the discrepancies in the expected values.
This is a relevant result, as the SLAM process usually implies a cumulative error as the platform
travels far away, only to be mitigated by the loop closures.
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Figure 10. Absolute discrepancy between estimates expected values and ground truth, at those times
of the GCKF global updates (blue). The reported standard deviations of the associated 1D marginal
PDFs are shown in red broken lines, this is for both, the standard GCKF and the single precision one
(as both are almost identical when shown in that scale). As it is usual in SLAM Bayesian processes,
the accuracy of the estimates is time varying, particular evident when loop closured do occur, in
which the estimates get more confident, as indicated by the decreasing standard deviations of the
marginal PDFs.
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5. Conclusions and Future Work

The proposed approach for bounding large covariance matrixes by a low precision
representation is simple and easy for being applied. It may not be powerful if used at high frequency,
however in conjunction in the GCKF framework it is a valuable contribution. The improvement in
processing times is adequate for many applications which require real-time performance.

This modification of the GCKEF is one of many more being considered by the authors. One of the
next objectives is developing an asynchronous version of the GCKF, for spreading the cost of the
global updates in time, making the estimation process free of those low frequency but expensive
updates. The research also involves the development of a decentralized version able to operate in
networked contexts. In all those variants we intend to include, usually required extra processing in
the low frequency component of the GCKF, which result in low overall processing cost. Alternative
approaches of bounding the full covariance matrix are also being considered. It is of interest for us to
consider other strategies for reducing the processing cost related to the global updates of the GCKEF,
in particular those techniques related dimensionality reduction.
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