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Decaying Turbulence as a Fractal Curve

Alexander Migdal ¥

1 Department of Physics, New York University Abu Dhabi,Saadiyat Island, Abu Dhabi, PO Box 129188, Abu
Dhabi, United Arab Emirates; am10485@nyu.edu

Abstract: We develop a quantitative microscopic theory of decaying Turbulence by studying the
dimensional reduction of the Navier-Stokes loop equation for the velocity circulation. We have found
an infinite dimensional manifold of solutions of the Navier-Stokes loop equation[1,2] for the Wilson
loop in decaying Turbulence in arbitrary dimension d > 2. This family of solutions corresponds to a
fractal curve in complex space C*, described by an algebraic equation between consecutive positions
plus a nonlinear periodicity condition. We derive the constrained SDE for the evolution of the fractal
curve at a fixed moment of physical time as a function of an auxiliary stochastic time. We expect
this stochastic process to cover our fixed manifold of the solutions of the decaying Turbulence. The
energy density of the fluid decays as £ /t, where & is an initial dissipation rate. Presumably, we
have found a new phase of extreme Turbulence yet to be observed in real or numerical experiments.

Keywords: turbulence; fractal; anomalous dissipation; fixed point; velocity circulation; loop
equations

1. Introduction

A while ago, we derived [1,3] a functional equation for the so-called loop average [4,5] or Wilson
loop in Turbulence. The path to an exact solution by a dimensional reduction in this equation was
proposed in the 93 paper [1] but has just been explored.

At the time, we could not compare a theory with anything but crude measurements in physical
and numerical experiments at modest Reynolds numbers. All these experiments agreed with the K41
scaling, so the exotic equation based on unjustified methods of quantum field theory was premature.

The specific prediction of the Loop equation, namely the Area law [1], could not be verified in
DNS at the time with existing computer power.

The situation has changed over the last decades. No alternative microscopic theory based on the
Navier-Stokes equation emerged, but our understanding of the strong turbulence phenomena grew
significantly.

On the other hand, the loop equations technology in the gauge theory also advanced over the last
decades. The correspondence between the loop space functionals and the original vector fields was
better understood, and various solutions to the gauge loop equations were found.

In particular, the momentum loop equation was developed, similar to our momentum loop
used below [6-8]. Recently, some numerical methods were found to solve loop equations beyond
perturbation theory [9,10].

The loop dynamics was extended to quantum gravity, where it was used to study nonperturbative
phenomena [11,12].

All these old and new developments made loop equations a major nonperturbative approach to
gauge field theory.

So, it is time to revive the hibernating theory of the loop equations in Turbulence, where these
equations are much simpler.

The latest DNS [13-16] with Reynolds numbers of tens of thousands revealed and quantified
violations of the K41 scaling laws. These numerical experiments are in agreement with so-called
multifractal scaling laws [17].

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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However, as we argued in [2,18], at those Reynolds numbers, the DNS cannot yet distinguish
between pure scaling laws with anomalous dimension {(n) and some algebraic function of the
logarithm of scale {(n,1logr) modifying the K41 scaling.

Theoretically, we studied the loop equation in the confinement region (large circulation over large
loop C), and we have justified the Area law, suggested back in “93 on heuristic arguments [1].

This law says that the tails of velocity circulation PDF in the confinement region are functions of
the minimal area inside this loop.

It was verified in DNS four years ago [13] which triggered the further development of the
geometric theory of turbulence[2,14-16,18-30].

In particular, the Area law was justified for flat and quadratic minimal surfaces [22], and an exact
scaling law in confinement region I' « v/ Area was derived [21]. The area law was verified with better
precision in [14].

It was later conjectured in [18] that the dominant field configurations in extreme Turbulence are
so-called Kelvinons, which were shown to solve stationary Navier-Stokes equations assuming the
sparse distribution of vorticity structures.

These topological solitons of the Euler theory are built around a vortex sheet bounded by a
singular vortex line. This vortex line is locally equivalent to the cylindrical Burgers vortex [31], with
infinitesimal thickness in the limit of a large Reynolds number.

As we argued in [2,18], the Kelvinon has an anomalous dissipation, surviving the strong turbulent
limit. This dissipation is proportional to the square of constant circulation of the Burgers vortex times
a line integral of the tangent component of the strain along the loop.

The Kelvinon minimizes the energy functional, with anomalous terms coming from the Burgers
core of the vortex line. There is also a constant scale factor Z in the representation of the Kelvinon
vorticity in terms of spherical Clebsch variables:

B = 1/2Ze4e5aV Sy x VSe = Ve x Ve M
2482483 =1; @
¢2 = arg (51 +152); ¢1 = ZS3; ©)

In that paper, the constant Z was related to the Kolmogorov energy dissipation density and the
boundary value of the S3 variable at the loop C.

The anomalous Hamiltonian [2,18] explicitly violated the K41 scaling by the logarithmic terms
log Z /v in the region of small loops C. This region resembles the asymptotically free QCD. The
logarithmic terms were summed up by RG equation with running coupling constant logarithmically
small in this region.

These exciting developments explain and quantitatively describe many interesting phenomena
[2] but do not provide a complete microscopic theory covering the full inertial range of Turbulence
without simplifying assumptions of the sparsity of vortex structures.

Moreover, while the Kelvinon (presumably) solves the stationary Navier-Stokes equations, it does
not solve the loop equations for the following reason.

The loop equation assumes that the velocity field is independent of the loop C. In this case, the
circulation §- v,dr, variations in the loop functional by the shape C of the loop can be reduced to the
Navier-Stokes equation.

Otherwise, the variation would also involve the variation of the velocity field fc 00, dr,.

This problem does not invalidate the Kelvinon theory as an ideal gas of random vortex rings
sparsely distributed in a turbulent flow.

The loop functional is not needed for that statistical theory, and the stationary solution of the
Navier-Stokes equation is sufficient. The shape of the loop and the vortex sheet inside would become
random variables influenced by a background strain like in the pure vortex sheet solutions [2].


https://doi.org/10.20944/preprints202305.0955.v5

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 July 2023 d0i:10.20944/preprints202305.0955.v5

3 0f 37

These objections, however, prevent the Kelvinon gas model from being a complete theory of
strong isotropic Turbulence. This model is merely an approximation of the full theory.

In the present work, we develop the theory free of these assumptions by exactly solving the loop
equations for decaying Turbulence.

2. Loop equation

2.1. Loop operators

We introduced the loop equation in Lecture Series at Cargese and Chernogolovka Summer Schools

[1].
Here is a summary for the new generation.
We write the Navier-Stokes equation as follows

2
040y = 0; 5)

Z)2
010y = Valgwlg“ — VgWpy — dy (p + ‘B> ; (4)

The Wilson loop average for the Turbulence

Y[y, C] = <exp <7fcvadra>> (6)

treated as a function of time and a functional of the periodic function C : r, = C4(0); 6 € (0,27) (not
necessarily a single closed loop), satisfies the following functional equation

wotY = HceY; (7a)
He = HY +HY (7b)
Hg) = v'yfcdraaﬁd)aﬁ(r); (7c)
2 . .
Hé) = 'yjidrawaﬁ(r)vﬁ(r); (7d)
. v ¢
Wup = —z; 50up (7e)
. 1. .
op(r) = a—zaawﬁa(r) (79)
M

We added a dimensionless factor -y in the exponential compared to some previous definitions as
an extra parameter of the Wilson loop. Without loss of generality, we shall assume that v > 0. The
negative -y corresponds to a complex conjugation of the Wilson loop.

In Abelian gauge theory, this would be the continuous electric charge. In turbulence theory, the
Fourier transform of the Wilson loop by v would produce the PDF for velocity circulation.

The statistical averaging (... ) corresponds to initial randomized data, to be specified later.

The area derivative °— is related to the variation of the functional when the little closed loop 6C

pron

is added
za,g(éom — F[C +6C] - FIC]; ®)
%,5(6C) = % fgc radrg )

In the review, [1,2], we present the explicit limiting procedure needed to define these functional
derivatives in terms of finite variations of the loop while keeping it closed.
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All the operators a,,, dJ,X/g, 0, are expressed in terms of the spike operator

D,X(G,e):/ted(§< —i') 5Ca(g+é) (10)

The area derivative operator can be regularized as

v 0 € 0
Qup(0,€) = —17 sy L dém ~{a o B (11)

and velocity operator (with 6, — 0

1

Vu(0,€,6) =
ol ) D% (0,¢)

Dy (6,€)Qp4(6,5); (12)

In addition to the loop equation, every valid loop functional F[C|] must satisfy the Bianchi
constraint [4,5]

OF[C]
* 50157(1’)

+ cyclic =0 (13)

In three dimensions, it follows from identity V- @ = 0; in general dimension d > 3, the dual
vorticity @ is an antisymmetric tensor with d — 2 components. The divergence of this tensor equals
zero identically.

However, for the loop functional, this restriction is not an identity; it reflects that this functional is
a function of a circulation of some vector field, averaged by some set of parameters.

This constraint was analyzed in [2] in the confinement region of large loops, where it was used
to predict the Area law. The area derivative of the area of some smooth surface inside a large loop
reduces to a local normal vector. The Bianchi constraint is equivalent to the Plateau equation for a
minimal surface (mean external curvature equals zero).

In the Navier-Stokes equation, we did NOT add artificial random forces, choosing instead to
randomize the initial data for the velocity field.

These ad hoc random forces would lead to the potential term [2] in the loop Hamiltonian H,
breaking certain symmetries needed for the dimensional reduction we study below.

With random initial data instead of time-dependent delta-correlated random forcing, we no
longer describe the steady state (i.e., statistical equilibrium) but decaying Turbulence, which is also an
interesting process, manifesting the same critical phenomena.

The energy is pumped in at the initial moment ¢ = 0 and slowly dissipates over time, provided
the viscosity is small enough, corresponding to the large Reynolds number we are studying.

2.2. Dimensional reduction

The crucial observation in [1] was that the right side of the Loop equation, without random
forcing, dramatically simplifies in functional Fourier space. The dynamics of the loop field can be
reproduced in an Ansatz

Y[y, C| = <exp <13 de,X(G)P,X(G)>> (14)

The difference with the original definition of ¥[y, C| is that our new function P, (#) depends directly
on 0 rather then through the function v, (r) taken at r, = Cy(6).

This transformation is the dimensional reduction d = 1 we mentioned above. From the point of
view of the loop functional, there is no need to deal with field v(r); one could take a shortcut.
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The reduced dynamics must be equivalent to the Navier-Stokes dynamics of the original field.
With the loop calculus developed above, we have all the necessary tools to build these reduced
dynamics.

Let us stress an important point: the function P(6, ) is independent of the loop C. As we shall
see later, it is a random variable with a universal distribution in functional space.

This independence removes our objection in the Introduction to the Kelvinon theory and any
other Navier-Stokes stationary solutions with a singularity at fixed loop C in space.

The functional derivative, acting on the exponential in ((14)) could be replaced by the derivative
P’ as follows

J Y o
—— & ——P,(0 1
5C1x (9) v 06( ) ( 5)
The equation for P(#) as a function of 6 and also a function of time, reads:
atPa = (I/D‘B - Vﬂ) Q,Ba (16)

where the operators V, D, (2 should be regarded as ordinary numbers, with the following definitions.
The spike derivative D in the above equation

1
Dy (6,€) = —% L dp sgn(p)Py (0 + ep) (17)

The vorticity (11) and velocity (12) also become singular functionals of the trajectory P(9).

The first observation about this equation is that the viscosity factor cancels after the substitution
(17).

As we shall see, the viscosity enters initial data so that at any finite time ¢, the solution for P still
depends on viscosity.

Another observation is that the spike derivative D(6,¢€) turns to the discontinuity AP(0) =
P(6%) — P(67) in the limite — 07

D(6,0") = —%AP(G) (18)

The relation of the operators in the QCD loop equation to the discontinuities of the momentum loop
was noticed, justified, and investigated in [7,8].

In the Navier-Stokes theory, this relation provides the key to the exact solution.

In the same way, we find the limit for vorticity

Qep(6,07) = =L Py (0); (19)

Pys(6) = APL(0)Py(0) — {a <> B}; (20)
_ Pu(07) + Pu(07)

Pi(o) = = @

and velocity (skipping the common argument 6 )

APy AP APP

V"‘:Tzagpﬁ"‘zp“ AP2

(22)

The Bianchi constraint is identically satisfied as it should

AP, (APgP, — {B > 7}) + cyclic = 0 (23)
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We arrive at a singular loop equation for P, (6)
%atﬁ = —2(AP)2P +
- = = 1_5 * Aﬁ)Z =
AB (2P aB 4oy (A0 ) ), 24
(7 v < Ap2 (24)

This equation is complex due to the irreversible dissipation effects in the Navier-Stokes equation.

The viscosity dropped from the right side of this equation; it can be absorbed in units of time.
Viscosity also enters the initial data, as we shall see in the next Section on the example of the random
rotation.

However, the large-time asymptotic behavior of the solution would be universal, as it should be
in the Turbulent flow.

We are looking for a degenerate fixed point [2], a fixed manifold with some internal degrees of
freedom. The spontaneous stochastization corresponds to random values of these hidden internal
parameters.

Starting with different initial data, the trajectory P(6, t) would approach this fixed manifold at
some arbitrary point and then keep moving around it, covering it with some probability measure.

The Turbulence problem is to find this manifold and determine this probability measure.

2.3. Random global rotation

Possible initial data for the reduced dynamics were suggested in the original papers [1,2]. The
initial velocity field’s simplest meaningful distribution is the Gaussian one, with energy concentrated
in the macroscopic motions. The corresponding loop field reads (we set v = 1 for simplicity in this
section)

B _i . Rl - R
¥o[C] = exp ( 772 /CdC(Q) ac(e’)f (C(G) C(6 ))) (25)
where f(7) is the velocity correlation function

(0a(r)op(r')) = (up — adpd2) f(r —7') (26)

The potential part drops out in the closed loop integral.
The correlation function varies at the macroscopic scale, which means that we could expand it in
the Taylor series

flr=r) = fo— filr—7' ) +... (27)

The first term fj is proportional to initial energy density,

1/, d-1
JEREY =
and the second one is proportional to initial energy dissipation rate &

&o

fr= 2d(d—1)v @9

where d = 3 is the dimension of space.
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The constant term in (27) as well as 72 + #’? terms drop from the closed loop integral, so we are
left with the cross-term 7/, which reduces to a full square

¥o[C] — exp ({; (j{ dCa(G)Cﬁ(9)>2> (30)

This distribution is almost Gaussian: it reduces to Gaussian one by extra integration
¥o[C] — const /(dcp) exp <—¢iﬁ)
exp (21\/1/1?14>w j[ dcy(e)cv(9)> (31)

The integration here involves all @ = 3 independent « < B components of the antisymmetric

tensor ¢,. Note that this is ordinary integration, not the functional one.

The physical meaning of this ¢ is the random uniform vorticity & = /f1¢ at the initial moment.

However, as we see it now, this initial data represents a spurious fixed point unrelated to the
turbulence problem.

It was discussed in our review paper [2]. The uniform global rotation represents a fixed point of
the Navier-Stokes equation for arbitrary uniform vorticity tensor.

Gaussian integration by ¢ keeps it as a fixed point of the Loop equation.

The right side of the Navier-Stokes equation vanishes at this special initial data so that the exact
solution of the loop equation with this initial data equals its initial value (30).

Naturally, the time derivative of the momentum loop with the corresponding initial data will
vanish as well.

It is instructive to look at the momentum trajectory P, (6) for this fixed point.

The functional Fourier transform [1,2] leads to the following simple result for the initial values of
Py(0).

In terms of Fourier harmonics, this initial data read

Py (0) = i Py, exp (1n8) + Py, exp (—inb) ; (32)
n=1

Puw = N(0,1)Va,n > 0; (33)

5 _4A . .

Pyy = oy 4)a‘3P/5,n,Vﬁ,1’l > 0; (34)

Pup = —Ppas (35)

Pup = N (0,1)Va < B; (36)

As for the constant part P, o of P,(6) , it is not defined, but it drops from equations by translational
invariance.

Note that this initial data is not real, as Py, # P,,*{/ » - Positive and negative harmonics are real but
unequal, leading to a complex Fourier transform. At fixed tensor ¢ the correlations are

_4/h

<P”"”Pﬁ,m>t:0 T

57nm¢aﬁ} (37)

(Pu(0)P(0")),_, = 21@4)@ sign(0’ — 0); (38)

This correlation function immediately leads to the uniform expectation value of the vorticity

(Pa(0)AP(6)) = 417/ fipap; VO (39)
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The uniform constant vorticity kills the linear term of the Navier-Stokes equation in the original
loop space, involving Baﬁaﬁ =0.

The nonlinear term Vaﬂalg vanishes in the coordinate loop space only after integration around the
loop.

Here are the steps involved

N 14
Vﬂ = EQ“ﬁC,B; (40)
%Oaﬁcﬁﬁﬁydca (¢ Oaﬁf)mZaﬁ(C); (41)

Here the tensor area X was defined in (9). It is an antisymmetric tensor; therefore its trace with a
symmetric tensor (), ﬁﬂﬁ,y vanishes.

This calculation demonstrates how an arbitrary uniform vorticity tensor satisfies the loop equation
in coordinate loop space.

We expect the turbulent solution of the loop equation to be more general, with the local vorticity
tensor at the loop becoming a random variable with some distribution for every point on the loop.

2.4. Decay or fixed point

The absolute value of loop average ¥[v, C] stays below 1 at any time, which leaves two possible
scenarios for its behavior at a large time.

Decay: P —0; ¥[y,C] = 1; (42)
Fixed Point: P — Pw; ¥[v,C] = Y[CJ; (43)
The Decay scenario in the nonlinear ODE (24) corresponds to the 1/ V/t decrease of P.

Omitting the common argument 6, we get the following exact time-dependent solution (not just
asymptotically, at  — +00).

_ v F

P= 2Ty (44)

((A?)Z - 1) F=

AF(Foafs b (EAE2 g (45)
7\ (AF)? ’

The Fixed Point would correspond to the vanishing right side of the momentum loop equation (24).
Multiplying by (AP)? and reducing the terms, we find a singular algebraic equation

=

72(AP)? ((AP)Zﬁ — (B Aﬁ)Aﬁ) -

1yAP - ((13 AP — ﬁZ(Aﬁ)2> ; (46)
The fixed point could mean self-sustained Turbulence, which would be too good to be true, violating
the second law of Thermodynamics. Indeed, it is easy to see that this fixed point cannot exist.

The fixed point equation (46) is a linear relation between two vectors P, AP with coefficients
depending on various scalar products. The generic solution is simply

AP = AP, (47)

with the complex parameter A to be determined from the equation (46).
This solution is degenerate: the fixed point equation is satisfied for arbitrary complex A.
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The discontinuity vector AP aligned with the principal value P corresponds to vanishing vorticity
in (19), leading to a trivial solution of the loop equation ¥[y,C| = 1.
We are left with the decaying turbulence scenario (45) as the only remaining physical solution.

3. Fractal curve in complex space

3.1. Random walk

One may try the solution where the discontinuity vector is proportional to the principal value.
However, in this case, such a solution does not exist.

AE L AF; (48)
A2E2 1 L A2F2 (49)

There is, however, another solution where the vectors Af, E are not aligned. This solution requires
the following relations

(2F - AF —19)2 4+ 7? = 4F? (50b)

These relations are very interesting. The complex numbers reflect irreversibility and lack of alignment
leads to vorticity distributed along the loop.

Also, note that this complex vector F() is dimensionless, and the fixed point equation (50) is
completely universal, up to a single dimensionless parameter .

One can build this solution as a Markov process by the following method. Start with a complex
vector F(8 = 0) = E.

We compute the next values F, = F (%

) from the following discrete version of the discontinuity
equations (50).

- ~\2
(B —F) =1 (51a)
= = 2 = -\2
(Fk2+1 -F - w) +97 = (Fk+1 + Fk) (51b)
3.2. Constraints imposed on a random step

A solution to these equations can be represented using a complex vector 7y subject to two complex
constraints

=1 (52a)
L 2
(2F-dic—17)" = 4Bz + 72— ) (52b)
after which we can find the next value
Fep1 = B+ (53)

We assume N steps, each with the angle shift Af = ZW”

This recurrent sequence is a Markov process because each step only depends on the current
position ﬁk. On top of this Markov process, there is a closure requirement ﬁN = Fo.

This requirement represents a nonlinear restriction on all the variables Fy, which we discuss below.
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With this discretization, the circulation can be expressed in terms of these steps
§ (o) -dC(e) = — § C(e) -aF(e) = - Zw 0 (54)

k=0

Note that the complex unit vector is not defined with the Euclidean metric in six dimensions
<A, B > —ReA-ReB+ImA -ImB. Instead, we have a complex condition

F=1 (55)
which leads to two conditions between real and imaginary parts

(Re §)? =1+ (Im §)?; (56)
Rej - Img=0; (57)

In d dimensions, there are d — 1 complex parameters of the unit vector; with an extra linear
constraint in (52a), there are now d — 2 free complex parameters at every step of our iteration, plus the
discrete choice of the sign of the root in the solution of the quadratic equation.

3.3. Closure condition

At the last step, k = N — 1, we need to get a closed loop Fy = Fy. This is one more constraint on
the complex vectors 7y, . . . fn—1

N-1

Y d=0; (58)
0

We use this complex vector constraint to fix the arbitrary initial complex vector Fy as a function of
all remaining parameters.

Looking ahead into the rest of our investigation, it turns out that the closure conditions fix only
half of the 2d real parameters in the initial point Fy. The remaining parameters are free zero modes of
our fixed manifold.

Due to the closure of the space loop C(6), the global translation of the momentum loop P(6)
leaves invariant the Wilson loop; therefore, the translational zero modes of the momentum loop do not
lead to ambiguities.

However, the missing d out of 2d parameters in Fy mean that some other d parameters should be
adjusted to provide the momentum loop closure.

We discuss this issue in the next Section, where we derive the SDE for the closed momentum loop
in three dimensions. This SDE has explicit terms, which we computed in Appendix B and coded in
Mathematica®in [32].

The adjustment of parameters we mentioned earlier yields three constraints on the Wiener process
we derived.

3.4. Mirror pairs of solutions

Return to the general study of the discrete loop equations (52).
There is a trivial solution to these equations at any even N

q.
fi = > (59)
F=1 (60)
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We reject this solution as unphysical: the corresponding vorticity equals zero, as all the vectors ﬁ
are aligned.
Our set of equations has certain mirror reflection symmetry

Fo < Ey (61)

Thus, the complex solutions come in mirror pairs F, f;]_ - The real solutions are only a particular
case of the above trivial solution with real 7.

Each nontrivial solution represents a periodic random walk in complex vector space C?. The
complex unit step §; € C? depends on the current position F, € C¢, or, equivalently, on the initial
position B plus the sum of the preceding steps.

We are interested in the limit of infinitely many steps N — co, corresponding to a closed fractal
curve with a discontinuity at every point.

3.5. The degenerate fixed point and its statistical meaning

This solution’s degeneracy (fewer restrictions than the number of free parameters) is a welcome
feature. One would expect this from a fixed point of the Hopf equation for the probability distribution.

In the best-known example, the microcanonical Gibbs distribution covers the energy surface with
a uniform measure (ergodic hypothesis, widely accepted in Physics).

The parameters describing a point on this energy surface are not specified- in the case of an ideal
Maxwell gas, these are arbitrary velocities of particles.

Likewise, the fixed manifold, corresponding to our fractal curve, is parametrized by N arbitrary
local rotations, as discussed in the next Section.

This rich internal random structure of our fixed manifold, combined with its rotation and
translation invariance in loop space C, makes it an acceptable candidate for extreme isotropic
Turbulence.

4. The structure of turbulent manifold

The simplest case where these equations have nontrivial solutions is the three-dimensional space.
For smaller dimensions of space, there is only a degenerate solution with zero vorticity (a vanishing
cross product () o< P x AP ). Thus, we only consider d > 2 in the rest of the paper.

4.1. Canonical form of a single step

The complex unit vector in d dimensions can be parametrized by rotation matrix and a unit real
vector in d — 2 dimensions

j=0"il(ay,a2,@,B); (62a)
(g, 00,0, B) = {a1, %0, 1B}; (62b)
0 = 1; (620)
2 4+ad=1+p% (62d)

The following steps lead to this canonical form. Take a general complex d-vector § and choose the
rotation O € O(d) to direct its imaginary part at the last axis d.

The imaginary part of the condition 7> = 1 implies the real part of this vector has zero component
d. This real vector in d — 1 dimensions can be parametrized as {a1, a;@} with the unit vector @ € S;_3
and arbitrary real parameters a1, a5.

There is a multiple counting of the same unit vector with this parametrization: the rotation matrix
space O(d) must be factored by rotations O(d — 3) of the unit vector @.

0e(°D/ou_3) (63)
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Also, the sign change of a; is equivalent to the reflection of the vector @, so we have to factor out such
reflections and keep an arbitrary sign of a;

@ e <Sd3 /ZZ>? (64)

{0(1,0(2} S Rz (65)

The complex constraint for Fy - § can be used to fix these ay, &, as a linear function of B given a complex
vector

fi=00 E; (66)
as follows:

{ay, s} = M~1.{Re (R) — BIm (c), BRe (c) +Im (R)}; (67)
R= % (z'yj:\/4f]?+'y(21—7)> (68)

where fi = {a,b,c} and
M_(Re(u) Re(g.w)> @)

Im (a) Im (b-@

After that, a? + a3 = 1 + p? yields a quadratic equation for f.

Note in passing that i/ belongs to De Sitter space dS;_1. However, this is where an analogy with
the ADS/CFT duality ends.

There are, in general, four solutions for B: two signs for R in (68) and two more signs in a solution
of the quadratic equation for 8 (62d).

We have to choose a particular real solution for 8. A universal option is to choose the step with
the smallest Euclidean distance (Re 7)? + (Im 7)?. We used this choice in our initial simulations [32],
but later we switched to another method, using the SDE we describe later in this work. The SDE
guarantees the closure condition, unlike the naive random walk approach.

4.2. Partition function

We arrive at the invariant distribution for our fractal curve. At a fixed N, the partition function
(in terms of statistical mechanics)

(dOy) (diy.) / 242 24 AN,
Z= /de(N /1‘[2|Od 5 [ R0 () (70a)
O=Fy-F= 2 G (70b)
Fy1 = B+ quVk=0,...N —1; (70¢)

where §j are complex vectors, parametrized by Oo,...On_1, @0, ... WN_1 via recurrent equations
(62),(67).

The complex vector’s integration and delta function is understood as a product of its real and
imaginary parts.

We conclude that the fixed manifold T;(N) of the decaying Turbulence is a subset of the tensor
product of rotational and spherical spaces.

T4(N) € ((O(d)/o(d—?,)) ® (SH/Zz))@N (71)
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This subset is selected by imposing the closure condition ) §x = 0, which in general provides 2d
nonlinear relations between all parameters: 7\, Ok, Wy for each choice of the real solutions for 8 on each
step.

This closure condition is sufficient by parameter count to eliminate a complex vector Fy; however,
we discovered in 3D that half of the parameters in complex vector Fy are left undetermined, leading
instead to three real constraints on the parameters of the rotation matrices.

We cannot resolve the global closure conditions. Still, we found a way to achieve the same goal by
an SDE describing the evolution of our curve from the exact symmetric solution (72) we have found;
this method preserves the closure condition at each infinitesimal step of the stochastic process.

4.3. Symmetric fixed point

The above formal definition of the probability measure does not offer a practical simulation
method for covering this manifold.

We attempted to simulate a random walk F, = Fi, 1 step by step, taking random rotation matrices.
Unfortunately, there was a rapidly diminishing probability of the return to the vicinity of the initial
point Ey = Fy after N steps.

We could not numerically solve the resulting transcendental equation for the initial position Fy at
large N, neither by analytical nor by Monte Carlo methods.

Instead, we have found an alternative algorithm for covering this manifold, preserving the closed
curve.

First, we have found a symmetric family of solutions [32] of our recurrent equation (51) for

arbitrary N
= 1 .
@, = - csc i cos(ay), sin(ay ), i cos i ; (72)
2 2 2
(73)
Here @ € S?~3 is a unit vector.
The angles aj must satisfy recurrent relation
Qpy1 = & + 0k B; (74)
an =g =0; (75)
=1 (76)
This sequence with arbitrary signs oy solves recurrent equation (51) independently of .
For the curve to be closed, the angle  must be a rational multiple of 27t
2n
p=""F (77)
q
In this case, the closure condition
N-1
B Y. o =2mnp, n#0. (78)
0

will always have a solution for the discrete variables 0 = £1. All that is needed is a relation between
the net numbers N of positive and negative o

Ny—N_=mngq, n#0. (79)
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N
There are ( N > different states 0y = £1,...0n_1 = *£1 satisfying the closing condition, provided

N >2N_ +q.

The variables 0} can otherwise be random, like the spin variables in the Ising model. This
distribution is less trivial than the Ising model because the angles «; are related to all the preceding o
variables, not just the local one o.

This solution describes a closed random walk on a circle. It is characterized by an integer N and a
rational number s with g < N.

As we pointed out in Section 3, a reflected sequence CTD}‘\]_k also represents a solution to the
recurrent equations (51).

At first glance, this simple formula seems a valid solution for the loop equations for decaying
turbulence.

Unfortunately, it does not have any energy dissipation. The vorticity vector is finite

& = 1Py ¥ &’kﬂ = % cot <[23> {cos <'Bzak —l—ak) ,sin <'32(7k +0ck> ,i} (80)

However, the square of this complex 3-vector is identically zero.
@2=0 (81)

This solution can serve as initial data for the Brownian motion over the turbulence manifold, but
the energy dissipation appears only after averaging over this motion.

This square of the complex vector, in the general case, can be related to the square of the vertex F;
by the recurrent equations (52):

- - 2 = =
(Pk x Fk+1) = %7 (’y+i (—1 + \/4Fk Fe—y(y— 2i))> (82)

Our symmetric solution corresponds to Fc-F. =1/1,and + = 1, where this expression vanishes
identically at arbitrary .
The random walk step 7 = @, — P is a real unit vector in this case

Gx = 0x{— sindy, Wcos &, 0}; (83)
5 = g + % (84)

The direction of this vector is not random, though; in addition to the random sign o} and random unit
vector @ in d > 3 dimensions, its direction depends on the previous position & on a circle.

So, this is a perfect example of a Markov chain, with the closure condition analytically solved by
quantizing the angular step to a rational number g = EUy

This solution corresponds to the real value of velocity circulation on each of these two solutions;
however, the reflection changes the circulation.

Thus, the arithmetic average of two Wilson loops with two reflected solutions is
reflection-symmetric, but it is still a complex number.

Our covering algorithm will use a symmetric fixed point with a random choice of sign variables
0y or its reflection as a starting element.

The imaginary parts of the steps 7 are zero vectors at the start. Still, the evolution below will
involve complex infinitesimal rotations 7, = iy X g so that the imaginary parts appear later in the
evolution.

Due to the global O(d) symmetry, the rotated curve {O - ®,...0 - ®y_1} with arbitrary
orthogonal matrix O is also a solution. In our simulations, we integrate the Wilson loop by this global
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rotation after finding a particular numerical solution for the momentum loop E(6). The corresponding
O(3) group Fourier integral is computed in Appendix A.

4.4. Infinitesimal complex rotations in 3D

Let us assume we already know a particular solution ﬁo, go, - .- Gn—1 of the recurrent equations
(52) in d = 3 and perturb it by an infinitesimal transformation of the complex vectors i, preserving
their square.

We also shift the initial point Fy to keep the loop closed after infinitesimal transformations of all
the steps .

Ok = Hix % i (85)
0k = A; (86)
Here jiy, A are infinitesimal complex 3D vectors.

The real part Re ji; € R® comes from the infinitesimal group transformation d; of rotation matrices
in our canonical form (62)

5.0 = O - O (87)
O = b0y (88)
QO = —Re jiy; (89)
5Lﬁk = Re ,ﬁk X q‘k; (90)

The imaginary part Im jiy leads to the infinitesimal transformation of parameters aq, a5, in
two-dimensional de Sitter space dS;; therefore, there are only two independent components of Im iy.

We do not need an explicit split of the parameters of jiy into these two transformations; it is
sufficient to know that cross product jiy x §; with any complex vector jiy is orthogonal to 7y, as we
need it in our random walk with 77 = 1.

Below, we will parameterize Im jij by two scalar parameters.

There are two contributions to the variation of each position Fy. One variation comes from the
rotation of the step from the previous position, and another comes from the variation of the previous
position.

k-1
6F = 6B 1 + flx—1 X Jxmr = A+ Y i X s 1)
0

By variation of the second of the constraints in (52), we find the following set of relations between
infinitesimal jiy, A

k—1
(Gedic < Fe) - ix = Vi - <A+ Y Jir cﬂ) ; (922)
0
Gy = (2F¢ - i —17); (92b)
Vk = Gk‘ik — Zﬁk; (92C)

Some constraints are left in the solution for the vectors g even after the complex rotations. Three
scalar constraints on the imaginary parts of the complex rotation vectors iy remain in three dimensions.

These constraints are needed to provide the closure condition. There are only three scalar
constraints among N real vectors, which leads to a nontrivial 3N — 3 dimensional quotient space.

4.5. The closure equation

We treat it as a recurrent system of equations for Im i, assuming known values of Re j;, A.
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After solving that system, the complex vector Ais supposed to be determined from the closure
equation

N-1
Y mxq=0 (93)
i=0

assuming all ji; expressed as linear combinations of Re A, Im A, Re fi;.

As we found in [32] in three dimensions, this system of equations for A is degenerate: three
parameters in A are left undetermined.

The solution for A exists only if N vectors {Re fi, ...Re jiy_1} obey three scalar constraints.

In other words, the complex vector equation (93) reduces to three constraints for A and another
three constraints for Re jix. The complex vector A is left with three free components, and the vectors
{Re jip,...Re puy_1} are left with 3N — 3 free components out of 3N.

The solution of these equations, which we find in Appendix B, has the form

>

_N-1
A=Y A;-Reji; (94)
1=0

N-1
Im fip = ) Sy -Reji (95)
1=0

with real 3 x 3 matrices $y;, and complex 3 x 3 matrices A;; these matrices depend on the current
values of all the vectors ﬁk.

4.6. Linear constraints and zero modes

In addition, we have found three linear constraints on Re ji;, related to three complex null vectors
of a block matrix H involved in the equation for A
The vector A is defined modulo superposition of elements of these three zero modes

3
A=A+ Z Cﬂ];l’ (96)
i=1

Due to the closure of the original loop C € Ry, the translation of A by arbitrary complex vector does not
change the circulation in (54). This translation of A leads to the global translation of our momentum
curve P(6), preserving the circulation over the closed loop in space.

We resolved this ambiguity of A by choosing the pseudo-inverse of the degenerate matrix H when
computing the coefficients A;.

The three constraints on infinitesimal rotations have a form (A36). These constraints define a
subspace S of the whole space RS’ N of our rotation vectors Re fi (dual to elements of Lie algebra on

each SO(3))
S:Y Oy -Rejiy=0;i=123; (97)
k
O = Re (¥ Wy); (98)

The rotation vectors Re jij vary in the quotient space

F= (R?N / S) (99)

The null-vectors §; and coefficients Wy, depending on the current positions F; are computed using
recurrent equations in [32].
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We get numerical results on a laptop for arbitrary N < 100. Larger values of N would require a
supercomputer.

4.7. Brownian motion on turbulent manifold

Now, we are ready to write down the SDE for the evolution of our complex curve using the
stochastic process d¢; = Re ji;:

N-1
dje = Y T - dg;; (100a)
=0
T = Sl + 1dx - Sw; (100b)
- N=1 ~ =
dFp =Y A;-dg; (100c)
1=0
N . k—1
Fe=F+ ) s (100d)
1=0
N-1 . N
Op - dr=10;1=1,2,3; (100e)
k=0

These constrained stochastic differential equations describe the evolution of the point on our fixed
manifold T3(N) of closed complex curves subject to the loop equations (51), starting with one of the
symmetric fixed points (72)

E, = O or DY, (101)

The constrained SDE were studied in the mathematical literature [33].

We use a standard method of the projection of the Brownian motion to a quotient space. Let
us introduce new stochastic real vector variables dfj = {dij,...dijy_1} € RS N and project out the
constraints as follows (in matrix notations)

d¢ = dij — P - d; (102)
A A N A
P=6"(6-0) -6 (103)

The variables dij are assumed to be delta correlated (in proper units of stochastic time)

aj A\ _ s
<dT®dT,>_15(r ) (104)

Here [ is a unit matrix in 3N dimensions.
It is straightforward to check that d¢ satisfies the constraints for arbitrary d7j

N

©-dé=0 (105)

The variables d¢ do not change when variables d#j are shifted by superposition of transposed
constraints

odn = O - dw; (106)
6dé =0 (107)
So, our stochastic process dij has some redundant (gauge) degrees of freedom d.

The variables d¢ evolve in the quotient space F, covering it with an O(3) invariant measure.
This invariance is easy to check by noticing that all the matrices ®, A, $, T in our equations are made
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of rotation-covariant parameters in the linearized recurrent equations. These parameters are direct
products of vectors times some dot products of other vectors.

In mathematical terms, d7j is a Wiener process in RS’ N with a unit variance matrix, and d¢ is a
Brownian motion in the quotient space . This quotient space evolves with stochastic time, as the
constraint matrix ® depends on current values of all vectors F.

The projection can be used to redefine the matrices

T=T-P-T; (108)
L=A-P-A; (109)
after which our SDE takes a usual form
N-1
gy =Y T - difi; (110)
1=0
N N-1
d 0= Z El . dﬁl,‘ (111)
1=0
. . k—1
F=F+)_ (112)

We propose this stochastic process in a limit N — oo as a mathematical definition of the fixed
manifold of decaying Turbulence.

The proof of this conjecture and extension to higher dimensions is left for a detailed mathematical
study, which is beyond the scope of this work.

We coded these SDE in [32] using Mathematica®. This code may be useful for theoretical
development, but the optimized computations should be translated into Python and C++ and run on a
supercomputer or a Tensorflow cluster.

Before even attempting such a computation, the random walk algorithm must be optimized. Its
computational complexity grows as N* per time step. These issues will be addressed in a subsequent
publication, where we modify the random walk to reduce the N* complexity to a linear one and
optimize it for massively parallel execution on a supercomputer cluster.

Once we fix the initial value at one of the two mirror fixed points &Dk, C_ﬁf\]_k, the evolution is
unambiguous, unlike the global description of the manifold in Section 4, where we had to choose
between four solutions of two quadratic equations for the point {«y, a5, B} in de Sitter space dS,.

We are still left with a choice of one of the two mirror solutions or, in the general case, the
coefficients of their linear superposition in the Wilson loop.

Such linear superposition will still solve the loop equation (7a), as this equation is linear in loop
space. This superposition is found in the next Section.

4.8. Mirror symmetry and inequality for the Wilson loop

There is an obvious problem with the solution we have found. The loop equation for P(f) is
complex, and so is the solution, particularly the vorticity in (19). Since the equation for P is nonlinear,
we cannot take a real part of P.

The negative imaginary part of the circulation in momentum space may lead to violation of
inequality [¥[y,C]| < 1.

Here is how we suggest to solve this problem.

In the previous Sections, we described two mirror solutions, originating in (72) and evolving by
an SDE (100a).
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For any particular loop, we have to choose the solution with the positive imaginary part of the
circulation

Y¥[y,C] = <exp (”f) O(Im r)> +{P(0) & P*2r—0)}; (113a)
r— j{dé(f)) - B(0); (113b)

The averaging (... ) corresponds to averaging over the stochastic process or, equivalently, over the
stochastic time T. On top of that, there is averaging over global rotation F = O - F; over the group
measure for O € SO(d).

At any moment of stochastic time, the inequality restricts the loop C, but not the momentum
loop P: for some loops C, the circulation I has a positive imaginary part; for other loops, the reflected
circulation I" does.

This choice is like selecting a decaying wave function for the bound state in the Schrodinger
equation for a quantum potential problem.

The theta functions in this solution represent certain boundary conditions for the loop functional
in the areas (if they exist) where ImI' = 0 or Im r=o.

Let us study this constraint in more detail. The general solution of the loop equation involves
above-mentioned averaging over the global rotation of the whole momentum loop P(6).

We can write the solution as follows (in three dimensions)

¥[y,C| = </O(3) Sg exp (%rn) © (ImTq) + {B(6) @13*(271—9)}>; (114)
To = 7{(;196’(9) Q- B(6) (115)

We use the quaternionic representation for the group measure in AppendixA to elaborate this
group integral, including extra requirements of the positive imaginary part of the circulation.
The reflected solution is treated the same way, with

fo = fdeé’(e) Q- P27 — ) (116)
After the addition of the reflected solution, the Wilson loop acquires the reflection symmetry
¥y, C(2m —6)] = ¥*[1,C(6)] (117)

which symmetry has to be obeyed by a Wilson loop for any real velocity field.

Each of the two complementary terms in ¥[v, C| is bounded by 1/2, which provides desired
inequality [¥[v, C]| < 1 after the addition of the reflection.

Verifying the normalization condition ¥[0] = 1 for the loop reduced to a point C = 0 is
straightforward.

4.9. Vorticity distribution and energy dissipation

The simplest quantity to compute in our theory is the local vorticity distribution.
As we shall see, it determines the energy dissipation rate.

The local vorticity for our decaying solution of the loop equation

—1F(0) x AF(6)

@ = ;
2(t +to)

(118)

Here 0 is an arbitrary point at the loop, which makes this expression a random variable.
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Note that viscosity is canceled here, as it should be by dimensional counting (vorticity has the
dimension of 1/¢).
In our random walk representation, the complex vorticity operator

LG
- : 119
kT 2t to) (119)
Gk = Fie x Feyr = e X G (120)
The time derivative of energy density in our theory is
VK
Eit)=-——"__, (121)
& 4(tg+1t)°
1 Gi +(GRy)’ 1 =
k=g Lt =~ LRe Gy (122)
Solving this equation with boundary value E(t = c0) = 0 we relate f( to mean initial energy
v (K)
E(t) = ———, 123
(E() = s (123
v (K)
= 124
STy (12

The probability distribution of x and its mean value (k) can be computed using our random
walk. For the anomalous dissipation, we need the mean enstrophy to diverge [2,18] so that viscosity is
compensated in the extreme turbulent limit.

(k) = 400 (125)

As we shall see later, in Section 5, this happens in our numerical simulations.

The microscopic picture of this infinite enstrophy differs from the singular vortex line.

In the Euler theory, divergence came from the singularity of the classical field. However, in our
dual theory, it comes from the large fluctuation of the fractal curve in momentum space.

4.10. The Group average of the Wilson loop and manifest inequality

We can now write down our result for the Wilson loop in decaying Turbulence as a functional of
the contour C. We limit ourselves to the three-dimensional case:

Y[y, Cliseo = <exp <_l§d96(9) .ﬁ/(9)> @(F)> + reflected; (126)
F

Zl/(i’ + to)

The finite steps approximation we considered above

16d0C(0)-F'(6) |\
B Ty B

YN (G + Ci) - i
fim <exp (—1 9 (G +6) >; (127)

2 2 21/(t-|— i’o)

¢, =C <2”k”> ; (128)
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For the simplest circular loop in an xy plane, we have
C(6) = r{cos8,sin6,0}; (129)
Ci+ G s n(2k+1)\ . [(7m(2k+1)
— = R cos (N) cos N ,sin N ,0 (130)

We observe that even at the large time t > fp when the asymptotic fractal curve is already in
place, there is a region of parameters

r~\ut (131)
where the Wilson loop is a nontrivial universal function of a single variable. We compute these group
integrals in Appendix A

¥[y,C] = W (R) + reflected; (132)
__ T ap P 5
Rep = /v (73 + ") X (133)
Tj]fﬁ = tr 03077, T} (134)
7 ={1,10};, « =(0,1,2,3); (135)
N-1
o T . m(2k 4+ 1) . (m(2k+1) )
X = cos (N) kgo Gk ® {COS (N) ,sin (N ,05; (136)

The function W(R) only depends on invariants. For our complex symmetric matrix, these invariants
can be chosen as four eigenvalues 7; of its imaginary part, plus ten independent components r;; = r;;
of the real part in the basis of the imaginary part

ImR -#;=7i; i=1...4; (137)

The reflected term involves the complex conjugate fractal curve §y,_,. However, this reflected
term is not a complex conjugate of the first one.

Thus, the Wilson loop is a complex function despite its reflection invariance. In other words, the
dissipative effects are present in a big way in our solution.

We can compute our prediction for this function by numerically simulating the SDE for our vectors
Fy and wait for the results with physical or numerical experiments in conventional three-dimensional
decaying Turbulence.

4.11. Correlation functions

The simplest observable quantities we can extract from the loop functional are the vorticity
correlation functions [2], corresponding to the loop C backtracking between two points in space
71 = 0,7, =7, see Figure 1. The vorticity operators are inserted at these two points.
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Figure 1. Backtracking wires corresponding to vorticity correlation function.
The correlation function reduces to a random walk with a complex weight
(8@ s @) = 7 —
4t +1p)?
B x Fui1 @ Fy < F i (S = Sn)
Y ( mtl 62 nZ 0t exp + reflected; (139)
Fy N 2\/v(t+to)
0=
= F
= Lo Tk ; (140)

S n—m (mod N)’

The averaging (...) in these formulas involves group integration [, 0(3) dQ with F, = Q- E.
The positivity restrictions are inserted here as a theta function of the positive imaginary part of
the circulation, in our case,

P (Im Sy —Tm S ) > 0 (141)

With these restrictions, the absolute value of the Wilson loop is bounded by 1 from above.

We present these computations in Appendix A.

Presumably, the vorticity vectors ém =F, x ﬁm-}-l as well as the vectors §m,n are distributed by
some power laws in our random walk on a fixed manifold; this would lead to scaling laws with some
fractal dimensions.

The numerical simulation of this correlation function would require significant computer
resources.

Still, these resources are much more modest than those for full d dimensional simulations of the
Navier-Stokes equation.

In our theory, the dimension of space enters as the number of components of the one-dimensional
fluctuating field F(6) rather than the number of variables 7 € Ry in the fluctuating velocity field 7 (7).

Also, note that our quantum problem of the complex random walk naturally fits quantum
computer architecture. Thus, in the future, when large quantum computers would become available
for researchers, we can expect a real breakthrough in numerical simulations of the loop equation.

5. Open loop computations

We wrote a Mathematica®program [34] generating our random walk, starting with a random
complex vector Fy and using random orthogonal SO(3) matrix Oy, at every step. If there is more than
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one real solution for B, we have chosen the shortest step in Euclidean metric |§ |2 =1+2p% ie, the
one with minimal |B].

We have chosen the simplest circular coordinate loop C in (129) and imposed the inequality
Im I > 0 on the last step.

For 1000 steps, it takes a few seconds on a laptop to compute the whole path. We generate a
parallel table of 100000 paths, each with 1000 steps, with various random initial vectors Fy with a
random set of rotation matrices for each step.

The path’s closure requires a numerical solution of the SDE (100a), which we plan to implement
later on a supercomputer. This open path simulation only covers the big space of the direct product of
rotation matrices at every step; the true turbulent fixed point corresponds to the projection of this space
onto the closure condition. We cannot do it at the global level, only at the level of the SDE described in
the previous Section.

Thus, this open-path simulation cannot be used for predictions of fractal dimensions in the scaling
laws; this has to wait until the SDE simulation is performed at the supercomputer.

With these comments in mind, let us analyze the open curves’ fractal properties, discarding the
closure conditions.

The simplest quantity to compute is a fractal dimension dy of this random walk, defined as

leg)ﬁN —ﬁo)
— = lim ———«———

f  Noowo  dlogN (142)

The ordinary Brownian motion (linear random walk) has d; = 2, but our random walk is very different,

mainly because the Euclidean distance of an elementary step ‘ka — fk) in De Sitter space is unlimited
from above (though it is limited by 1 from below).
Here is the plot of log )ﬁN - ﬁo) vs log N (Figure 2).

0.976443 log(Steps) - 2.33876

log(Dist)
290+ 2?
O.‘
"
L
-”
L E
2.85 .o e data
¢
out| s
“‘ """ f|t
2.80+ s
.‘
a"‘
)
275+ y.»’
s?”
g : : : log(Steps)
5.20 5.25 5.30 5.35

Figure 2. Logarithm of Euclidean distance for our random walk in six-dimensional space Re F,ImF
as a function of a logarithm of the number of steps. The linear fit corresponds to fractal dimension
dy = 1.02412 & 0.005

The statistical data for parameters

‘ Estimate Standard Error t-Statistic P-Value
1| —2.33876 0.0241623 —96.7941 4.3388931215906555*-42 (143)
¢ | 0976443 0.00457433 213.461 2.1004008453460444*"-53
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This data is compatible with d = 1.02412 + 0.005.
The distribution of the Euclidean length of each step ‘?k+1 — Fk’ (Figure 3).

13.0661 - 2.00076 log(step)
log(NumAbove)

8.0}
7871

76 e data
out[~ ]=

740N e fit
72"

7.0
~,

log(step)

2.6 2.7 2.8 2.9 3.0
Figure 3. The logarithmic plot of the CDF for the Euclidean length s of each step of our complex

random walk. The tail of the CDF decays as s>, indicating the probability distribution with power
tail in PDF o s~

The statistical table for the parameters of this fit

‘ Estimate Standard Error t-Statistic P-Value
1 13.0661 0.00203512 6420.3 0. (144)
log(step) | —2.00076 0.000737843 —2711.64 0.

The mean is finite, (step) = 1.07056, but the variance of the step is divergent.

Such a slow decay of the step distribution undermines the concept of a finite fractal dimension as
defined in (142). The linear fit is inadequate for such large statistics.

With large statistics, one can reach a perfect fit by adding the next correction to the linear log-log
law

log’ﬁN—ﬁ(J’ ~a+blogN + cloglog N (145)
The fit at larger interval of N becomes perfect, with a very different coefficient b in front of log N:

‘Estimate Standard Error t-Statistic P-Value

1 11.4051 0.067611 168.688 1.201777144099837*"\-128 (146)
¢ 4.85103  0.0218164 222357  4.3433787030416533*"-141
log(¢&) | —20.5553 0.109809 —187.192 2.4775697694919745*"-133

This data fit is shown at Figure 4.
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4.85103 log(Steps) — 20.5553 log(log(Steps)) + 11.4051
log(Dist)
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Figure 4. Fitting the random walk distance as a power of number N of steps times a power of log N.

Our random walk with unbounded step size differs from an ordinary fractal curve. The fractal
dimension does not properly describe this random object as the distance grows by a more complex
law than a pure power of the number of steps.

Another interesting distribution is the enstrophy density x in (121).

The CDF is shown in Figure 5. The tail is compatible with x~%936266 decay, corresponding to the
k1936266 decay of the PDF. The mean value and all higher moments diverge, leading to anomalous
dissipation.

The statistical table for the parameters of this fit

‘ Estimate Standard Error t-Statistic P-Value
1 17.1851 0.00330287 5203.09 0. (147)
log(x) | —0.936266 0.000320989 —2916.81 0.

17.1851 - 0.936266 log(k)
log(NumAbove)

8.0}
7.8}

76 e data
outf« |=

4N e fit
72

6.8+ 10.0 10.2 10.4 10.6 10.8

log(k)

Figure 5. The logarithmic plot of the CDF for the x density. The tail of the CDF decays as x 0936266,

—1.936266

compatible with the x power tail for PDF. The mean value of enstrophy and all higher moments

diverge.


https://doi.org/10.20944/preprints202305.0955.v5

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 July 2023 doi:10.20944/preprints202305.0955.v5

26 of 37

The computation of the Wilson loop and related correlation functions of vorticity needs an
ensemble of closed fractal loops with various sets of random matrices.

The closure condition for the loop would require some computational effort because the
probability of the random curve with fractal dimension dy ~ 1. returning to an initial point goes to
zero with the increased number of steps.

An alternative approach of starting with a large closed loop Fy; Fy = Fy and randomizing it point
by point while preserving its closure.

This approach would replace an SDE (100a) with a Monte-Carlo process in a closed polygon
space. Each step would correspond to a small shift of a few subsequent vertices Fy,1 ... Fr,; of the
polygon preserving the sequence’s first and last vertex Fy, F, 1. This small shift must also preserve
the recurrent equations (52) involving this sequence.

The first approximation to this shift would be our solution in AppendixB of the linearized
equations. Then, a Newton iteration will finalize this shift to fulfill the quadratic relations (51).

These extra layers of computational complexity would require a supercomputer, which we plan
to do later.

6. Discussion

6.1. The Duality of Turbulence

We have presented an analytical solution of the Navier-Stokes loop equations for the Wilson loop
in decaying Turbulence as a functional of the shape and size of the loop in arbitrary dimension d > 2.

The solution expresses the probability distribution and expected value for the Wilson loop at
any given moment f in terms of a nonlinear SDE for the dual loop in complex momentum space as a
function of auxiliary time 7. The loop is approximated as a polygon with N — co sides.

Our solution also depends on the arbitrary dimensionless positive constant -y, corresponding to
the frequency of the Fourier transforms from the Wilson loop to the PDF of circulation. This parameter
explicitly enters our reduced loop equations for a momentum-space fractal curve.

Compared to the original Navier-Stokes equation, this is the reduction of d = 1 of the dimension
of space. This SDE is straightforward to simulate by a Monte Carlo method.

The equivalence of a strong coupling phase of the fluctuating vector field to quantum geometry
is a well-known phenomenon in gauge theory (the ADS/CFT duality), ringing a bell to the modern
theoretical physicist.

In our case, this is a much simpler quantum geometry: a fractal curve in complex space.

An expert in the traditional approach to Turbulence may wonder why the Loop equation’s
solutions have any relation to the velocity field’s statistics in a decaying turbulent flow.

Such questions were raised and answered in the last few decades in the gauge theories, including
QCDI6,8-10] where the loop equations were derived first [4,5].

Extra complications in the gauge theory are the short-distance singularities related to the infinite
number of fluctuating degrees of freedom in quantum field theory. The Wilson loop functionals in
coordinate space are singular in the gauge field theory and cannot be multiplicatively renormalized.

Fortunately, there is no short-distance divergence in the Navier-Stokes equations nor the
Navier-Stokes loop dynamics. The Euler equations represent the singular limit, which, as we argued,
should be resolved using singular topological solitons regularized by the Burgers vortex.

In the present theory, we keep viscosity constant and do not encounter any short-distance
singularities. The anomalous dissipation is achieved in our solution via a completely different
mechanism.

The loop equation describes the gauge invariant sector of the gauge field theory. Therefore, the
gauge degrees of freedom are lost in the loop functional. However, the gauge-invariant correlations of
the field strength are recoverable from the solutions of the loop equation[4,5].


https://doi.org/10.20944/preprints202305.0955.v5

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 July 2023 doi:10.20944/preprints202305.0955.v5

27 of 37

6.2. Stokes-type functionals and vorticity correlations

There is no gauge invariance regarding the velocity field in fluid dynamics (though there is such
invariance in the Clebsch variables [2]). The longitudinal, i.e., a potential part of the velocity, has a
physical meaning — it is responsible for pressure and energy pumping. This part is lost in the loop
functional, but is recoverable from the rotational part (the vorticity) using the Biot-Savart integral.

In the Fourier space, the correlation functions of the velocity field are algebraically related to
those of vorticity 7y = ik ;f]k. Thus, the general solution for the Wilson loop functional ¥ |7, C| allows
computing both vorticity and velocity correlation functions.

The solution of the loop equation with finite area derivative, satisfying Bianchi constraint, belongs
to the so-called Stokes-type functionals [4], the same as the Wilson loop for Gauge theory and fluid
dynamics.

As we discussed in detail in [2,4,5], any Stokes-type functional ¥y, C| satisfying boundary
condition at shrunk loop ¥[0] = 1, and solving the loop equation can be iterated in the nonlinear term
in the Navier-Stokes equations (which would apply at large viscosity).

The resulting expansion in inverse powers of viscosity (weak Turbulence) exactly coincides with
the ordinary perturbation expansion of the Navier-Stokes equations for the velocity field, averaged
over the distribution of initial data or boundary conditions at infinity.

We have demonstrated in [1,2] (and also here, in Section 2.3) how the velocity distribution for the
random uniform vorticity in the fluid was reproduced by a singular momentum loop ().

The solution for P(8) in this special fixed point of the loop equation was random complex and

had slowly decreasing Fourier coefficients, leading to a discontinuity sign(6 — 6’) in a pair correlation
function (38). The corresponding Wilson loop was equal to the Stokes-type functional (30).

Our general Anzatz (14) satisfies the loop equation and boundary condition at ¥[C = 0] = 1. It
has a finite area derivative, which obeys the Bianchi constraint, making it a Stokes-type functional.

The exact solution for P(6) in decaying Turbulence which we have found in this paper, leads to
the Stokes functional ¥ |7, C| satisfying the boundary value ¥[0] = 1 at the shrunk loop.

Therefore, it represents a statistical distribution in a turbulent Navier-Stokes flow, corresponding
to the degenerate fixed point of the Hopf equation for velocity circulation. It sums up all the Wylde
diagrams in the limit of vanishing random forces plus nonperturbative effects, which are missed in the
Wylde functional integral. Whether this exact solution is realized in Nature remains to be seen.

6.3. Random walk around the Turbulent manifold

The fixed point we have found is infinitely more complex than the randomly rotated fluid; our
curve P(6) has a discontinuity at every 6, corresponding to a distributed random vorticity.

This solution is described by a fractal curve in complex d dimensional space, a limit of a random
walk with nonlinear algebraic relations between the previous position ﬁk and the next one ﬁk+l.
These relations are degenerate: each step §; = Fy,1 — Fy is characterized by an arbitrary element

A d—
Oy € (O(d) / o(d — 3>> and an arbitrary element w; € (S 3 /Zz)’ This step also depends upon the

previous position Fy, making this process a Markov chain.

The periodicity condition Fy = Fy provides a nonlinear equation for an initial position Fy as a
function of the above free parameters Oy, @y.

This periodicity condition presents a hard problem, particularly in the limit N — oo, when the
probability of our random walk returning to the initial point afterN steps rapidly diminishes with N.

We found a way around this problem by utilizing an exact periodic solution (72) to the momentum
loop equations (51). This analytical solution for arbitrary N is equivalent to a periodic Ising chain or a
random walk on a circle with constant angular steps or random signs. This sequence of F; can serve as
initial data for the SDE, which preserves the periodicity. In Appendix B, we constructed this SDE for
d = 3, leaving the generalizations to mathematicians.
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This SDE describes the Brownian motion of the rotation matrices Oy € SO(3) in our canonical
representation (62) of the solution to the discrete loop equations (52). Each matrix moves independently,
while the remaining parameters {a1, ap, B} move around de Sitter space dS; to satisfy the loop equation
(52).

The closure condition further restricts the set of N infinitesimal rotations 64 = (5§k X §y: there
are three linear relations between N vector parameters 36 of these rotations. We found the projection
matrix required to project the whole array of vector rotations 66 onto the quotient space, satisfying
the closure condition.

After this projection, we obtain the motion in the quotient space, where the closure condition is
satisfied at every step. We have found the tangent space to our discreet loop equations and factored
out the normal directions (i.e., the null space of linearized equations) like it is done with Brownian
motion on a sphere.

Presumably, this SDE uniformly covers our fixed manifold T3(N) for arbitrary N. The limit
N — co presents a computational challenge, and we are planning to address this challenge in the next
publication using a supercomputer.

6.4. Simplified version of numerical Simulation

We simulated the open random walk (without the closure condition) in three dimensions and
studied its statistical properties. We have chosen y = 1 at this early stage of our studies; later, we
investigate the v dependence.

The distribution of lengths of steps in Euclidean six-dimensional space Re F,Im F has a long tail
PDF o« x72.

The fractal dimension is not an adequate characteristic for a random walk with such an
intermittent step size, unbounded from above. The linear log-log fit as in (142) yields df ~ 1.20,
but this fit is imperfect with our large statistics.

As for the distribution of an enstrophy density, it has a power tail x =1 corresponding to an
infinite mean value and all higher moments. This infinity is how anomalous dissipation manifests in
our solution.

These numerical simulations must be repeated on a supercomputer with better statistics and more
steps. There are many things to do next with this conjectured solution to the decaying turbulence
problem; the first is to look for unnoticed inconsistencies.

One important step is yet to be made: the MC simulation of the SDE (100a). Let us assume that
the qualitative properties and fractal dimensions we have found for the open fractal curves will stay
the same or at least close.

6.5. Preliminary comparison with experiments

As a first test of this hypothesis, let us compare it with various experimental data and those from
DNS [35].

There is no agreement between these data, they vary in Reynolds number, and they have other
differences related to the experimental setup. No value 7 for the decay power t =" would fit all that
data. However, a consensus seems to be around #n ~ 1.2 — 1.4, which means faster decay than we have.

We are skeptical about these data. As we recently learned [36], there is a regime change at large
Reynolds numbers; the numbers achievable in modern DNS may belong to such a transitional regime.

Besides, fitting powers is not a reliable method of deriving physical laws.

For example, we took a formula 1/ (t — 0.5), added random noise between (—0.1,0.1) and fitted
this data to bt ~". The best fit produced some fake power n ~ 1.43 and some fake coefficient b ~ 1.88
in front (see Figure 6)

Instead, one should compare a hypothetical theory with a null hypothesis by estimating the
log-likelihood of both fits. In case the new theory is more likely as an explanation of the data, you may
temporarily accept it until a better theory or better data will appear.
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A good history lesson is fitting the power n in Newton’s gravity law to explain the astronomic
data for the Mercury perihelion before the General Relativity theory. A small correction to n = 1
"explained" the data, but this was useless without a theory.

fitting 1/(t-0.5) with noise
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Figure 6. Fitting noisy data for 1/ (¢ — 0.5) (red dots) by a power law bt ". The best fit is a dashed blue
line, corresponding to {b — 1.87992,n — 1.42962}. This simple example shows how wrong laws can
be "derived" by fitting noisy data.

Presumably, our fixed point corresponds to a true infinite Reynolds limit, as it is completely
universal and does not depend on the Reynolds scales.

If you assume no hidden scales are left, our E o v/t law follows from dimensional analysis.
Observed or simulated data with n > 1 all have the powers of some other dimensional parameters
related to the Reynolds number. They rely on (multifractal versions of) K41 spectra and other
intermediate turbulent phenomena.

We have an anomalous dissipation rate: the mean value of the vorticity square diverges,
compensating for the viscosity factor in the energy decay in extreme turbulent limit.

This mechanism of anomalous dissipation differs from the one we studied in the Kelvinon
[2,18]. In those fixed points, the viscosity canceled in the dissipation rate due to the singular vorticity
configurations with the thin vortex line resolved as a core of a Burgers vortex.

Here, in the dual theory of fractal momentum loop, the large fluctuations of this momentum loop
would lead to the divergent expectation value of the enstrophy.

6.6. Conclusion

Our solution is universal, rotational, and translational invariant. It has the expected properties of
extreme isotropic Turbulence. Is it THE solution? Time will tell.
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available in Wolfram Cloud [32,34,37-39]. These notebooks also present analytical computations needed to verify
our symmetric solution of the loop equation and linearized equations used in the SDE.


https://doi.org/10.20944/preprints202305.0955.v5

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 6 July 2023 d0i:10.20944/preprints202305.0955.v5

30 of 37
Appendix A The O(3) group average with and without restrictions
The correlation function (139) involves an integral over the O(3) group
- aQ A o
Digwr = [ i3 QiCexp (F-Q-7); Al
Q( )z],kl o) |O(3)| ijs 4kl P ( ) ( )

with the vector V related to our fractal curve F(6) at any given moment of stochastic time.

The vector 7 is real, but generally, the vector V can have complex components. We shall consider
this problem below and start with real vector V.

This integral is a particular case of a Harish-Chandra-Itzykson-Zuber integral formula [40],

/ PAT(AUBUY) 411 — <1—[1 pl > det [ } (A2)
U(n) A(A)A(B)

where

AA) =T ](aj — a) (A3)

i<j
is the Vandermonde determinant.
In our case, O(3) = (SU(Z) /Zz) , 0 we use n = 2 formula with

A =aor;, A(A) = 217 (A4)
B =0;V;, A(B) =2|V| (A5)
det [e i /} = 21s8in (|17’||V\) (A6)

where ¢ are Pauli matrices. With proper normalization to 1 at 7 = 0, the HCIZ integral reads

oA o sin |7||I7|
/0(3) |Od((;)|exp (zr~Q-V> :|£’||V|) (A7)

Next, let us consider the case of the complex vector V. In that case, there are separate invariants
for real and imaginary parts, and the complex vector cannot be rotated to another one by an orthogonal
transformation.

The HCIZ formula does not apply in this case: the result depends not just on the complex variable
V - V but in addition, there are three components of Re V in the coordinate frame where Im V points
in the z direction (or the other way around).

We consider a more general integral with tr X - () instead of 7- () - V. This integral does not reduce
to the HCIZ integral and needs special treatment.

We use a quaternionic representation of O(3) and write this integral:

Q(F, V)iju = Tgﬁ T} Hapuw (R); (A8)
Huguv(R) Z/ (|l;q|)%l7ﬁ%¢7v exp (192qoR0p) ; (A9)
Ryp =12 (T3 + T5") Xy (A10)
Tgﬁ = 1/2tr0,-Tac7jT/5; (A11)

7 = {1,17}; a = (0,1,2,3) (A12)
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In this representation, we have full O(4) symmetry of this integral over unit sphere S3 in four
dimensions, plus there is a symmetry of the tensor R,s = Rg,. There is, in fact, only one basic integral,
with H related to its derivatives by the real parts of components of Re R,

. d
W(R) = / (|Sq|) exp (1qaqﬁRaﬁ) (A13)

. ?W(R)
Hapur (R) = = 5ge Rop0Re Ry

(Al14)

The integral can be reduced to a calculable one-dimensional integral using the following
transformations.

N 1 st dtexp (iT
W(R) = ?/_m ﬁfd‘*qexp (—qaq/g (17(5“/3 —1Ryp)) =

/ dTexp 1T) (A15)
© 2

\/det

The normalization can be verified by tending R — +iel. The integral can be computed by taking
residue in a double pole at the origin. If this limit is taken from the upper semiplane where the
exponent decreases, the result equals 1; otherwise, from the lower semiplane, the integral yields zero.

In the general case of complex matrix R, the integration path for T should be shifted down to the
lower semiplane to stay below all the roots of the determinant as a characteristic polynomial in 7.

Our algorithm finds these roots and shifts the path in the complex plane of T twice farther than
the lowest root with a negative imaginary part to avoid singularities in the line integral.

WO[R_, factor_] :=
Block[ {shift, roots, x, P, ims, L, Gc},
P = Det[ x IdentityMatrix[4] - R ];
(«*Print [P];«)
roots =x /. NSolve[ P == 0, x];
(*Print[roots];«)
shift = Min[0, factor Min[Im[roots]]];
(%
we are shifting the integration contour below the lowest singularity.
This 1is the analytic continuation of the above integral .
We take care of correct branch of the square root, making the phase the same as at R=0.
The result does not depend upon the shift factor, as the complex analysis tells it should not
*)
(«Print[shift];«)
Gc = Compile[{{y, Complex}}, -Exp[Iy]/ (y*2Sqrt[Det[ IdentityMatrix[4] - R /y]l])/ (2Pi)];
(«Return[G] ;*)
NIntegrate[Gc[x + I shift], {x, -Infinity, Infinity},
PrecisionGoal -» 10, WorkingPrecision -» 16, AccuracyGoal » 10, Method - "GaussKronrodRule",
MaxRecursion -» 30] / (2 Pi)
1 // Quiet;

Figure A1. Mathematica® code computing S® Fourier integral for arbitrary tensor R

It can be computed numerically in a fraction of a second in Mathematica® for arbitrary tensor R by
the following simple code Figure A1, see [39].

As for the derivatives of this generating function W(R) by each component of the tensor R, it is
given by a well-known formula from perturbation theory

Ry ~ VIR, (Al6)
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Here the ¢} is the eigenvector of R corresponding to eigenvalue Ry. The second derivatives we would
need for the product of two () matrices would require the differentiation of the eigenfunctions, given
by the same perturbation theory, this time for the eigenfunction

a; 1 oR R
Ry ]; R-K ( 3Ry, wl,tp]) ;. (A17)

So far, we ignored the requirement of a positive imaginary part of the circulation. This requirement
amounts to the insertion of the theta function of this imaginary part.

We can use the O(4) transformations of the vector g, to diagonalize the imaginary part of the
tensor R. Unfortunately, we cannot simultaneously diagonalize these two matrices by an orthogonal
transformation.

Thus we are left with the following restricted integral over the sphere S3, using the stereographic
coordinates to avoid spurious singularities

. 4 d*V exp (1g.q9pRe Ry — 4?Im R;)
W(R) = = s L Im R ) ; Al
(K) 7T2/R3 1+V-V)3 G(qlm ”) (A19)
72{2\7,(1—\7-17)}/(1+17-x7); (A19)

The positivity condition in the stereographic coordinates reduces to a positive region of an
algebraic surface in R3

4x°Im Ry 4 4y*Im Ry 4 4z°Im R3 + (1 — x> — y*> — 22)’Im Ry > 0 (A20)

The positivity condition can be resolved analytically for one coordinate, say z, as an algebraic function
of the remaining two.

W[MM_] /3 Dimensions[MM] == {4, 4} :=
Block[{Q, RR, TT, tt, W, V, QI, x, y, z}, TT = Im[MM] ;
RR = Re[MM]
{tt, W} = Eigensystem[TT];
RR = W.RR.Transpose[W] ;
V={x,y, z};
Q = Append[2V, (1-V.V)]/ (1 +V.V);
QI = Simplify[(Q”2).tt];
4 /Pir2 NIntegrate[EXp[I Q.RR.Q - QI] Boole[Numerator[QI] > 0] / (1 +V.V)A3,
{x, -Infinity, Infinity}, {y, -Infinity, Infinity}, {z, -Infinity, Infinity}]
13

Figure A2. The Mathematica® code to compute the restricted S? Fourier integral

Thus, the positivity inequality selects some calculable regions in Rz, which speeds up the
computation. This representation of W(R) was implemented as a Mathematica® algorithm [38],
Figure A2. The three-dimensional convergent integral over Rj is still a numerical challenge, which
takes a minute of Mathematica® time.

We also implemented a Python version in the popular library SciPy, but the computations took
too much CPU time to be useful.

Appendix B Linearized loop equations in 3D

Let us solve in 3D the linear set of recurrent equations derived in Section 4.4.
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Only two independent real parameters exist in Im fiy. In the canonical form (62) in 3D the two
parameters were shifts of coordinates a1, a, with third coordinate f related to them by a2 + a3 = 1+ 2.
We resolve this ambiguity by using the pseudo-inverse 2 x 2 matrix. Here are the original complex

equations.
Im ji; - Uy = 1By; (A21a)
B = (Re fiy) - Uy + Vi - <X+kozlﬁ, X q’l>; (A21Db)
Uy = Gedi % Fi; (A21¢)
Vi = Giijx — 2Fy; (A21d)

The solution of these three equations in [32] has the form

Im ﬁk = Re ('?kBk) (A22a)
e =G {11} (A22b)
Qr=(RE-R)™ R} (A22¢)
Ry = {Re Uy, Im U} (A22d)

where the inverse 3 x 3 matrix X! is understood as pseudo-inverse (dropping the null space part).
The complex number By is linearly related to Re jiy, the known previous vectors jij.; and
unknown A, which yields recurrent relations, which we are going to study below.
After solving these equations, the variation of the closure equation

N-1
Y X =0 (A23)
1=0

provides a linear set of six equations for Re A, Im A, relating these two vectors to all the rotation vectors
Re py.

Let us now proceed by assuming the following linear set of real vector relations (with some real
3 x 3 matrices My, P, Oy to be determined ):

k
Imjiy = Y My -Rejij+ D -Re A+ Qp - Im A; (A24)
1=0

Let us compare it with the above relations (A22a), (A21b):

Im ﬁk = Re (’7]( ® l_jk -Re ﬁk) + Re (’7]{ X (Zk + Vk . 7\)) ; (A25)
k—1
S =Y i x Vi (Re fi; +1Im i) (A26)

1=0
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Comparing the terms, we obtain a set of recurrent equations for M, 15, Q
Mix = Re (’?k ® ﬁk) ;
A — k=1 — A,
My~ = Re <'7k ® V- l?z) —) Im (71( ® V- f?n) - Mg
n=I
N — kil — A
Po=Re (Y@ Vi) + Y Im (%@ Vi-d) - Py
1=0
A — k_1 — A
Qr = —Im (7k® Vk) +) Im (’7k® Vi - 071) Qi
1=0
where the dual tensor X to the vector X is defined as

Kop = eupy Xy

rints202305.0955.v5
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(A27a)

(A27b)

(A27¢)

(A27d)

(A28)

The last two equations can be combined into one complex recurrent equation for Iy = P, — 10

k
Imﬁk = ZMkl'Reﬁl+Re (ka),
1=0
A — k_l — A
e =%®Vi+ ) Im (7k®Vk'ﬁz) Ty
1=0

Finally, the closure equation becomes

N-1 k
Y <—“7k‘Rel7k+Eﬁk’Mkz'Reﬁl+4k'Pk‘ReA+ﬁk'Qk'1mA> =0;
k=0 =0

This is a complex vector equation for two real vectors Re A, Im A

e
A N_l A
P= ‘7k ks
k=0
N-1 R
Q = ‘?k ) Qk/
k=0
. N-1 n .
R= Gy -Re iy — Y Gn- My -Refi
n=0 1=0

The solution is expressed in terms of a block matrix
A Re? ReQ
N ImP ImQ

Re A _ gl Re R
Im A N Im R

(A29)

(A30)

(A31la)

(A32a)

(A32b)

(A32¢)

(A32d)

(A33)

(A34)
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There is a following complication [32]. The matrix H viewed as 6 x 6 dimensional real matrix has
a null space of three real 6-dimensional eigenvectors. These eigenvectors can be combined in complex
3d vectors i1, P2, {3 corresponding to the block structure of H

H{ Re ¢ }:0,1':1,2,3; (A35)
Im ;

Therefore, the complex 3D vector A is defined modulo superposition of these three complex
eigenvectors.

A particular solution for A can be obtained using the pseudo-inverse.

In addition, there are three constraints on the angular variables Re ji;. These constraints have the
following form [32]

Y On-Rejiy=0;i=1,23; (A36)
k
O = Re (; - Ry); (A37)

The coefficients @ik of these constraints are nonlinear functions of the current positions B, ...En_1.
These constraints lead to projections of the SDE to the quotient space, as we derive in the section 4.7.
Here are the results for A, Im ji in terms of rotation parameters Re jij (with [ being 3 x 3 unit

matrix)
—_ N_l A~
A= Z Al -Re ﬁl,' (A38)
1=0
~ o A PN Re Rl
A= AT N ; A39
’{I”} {Ile} (A39)
A N_l A,
Ry =1 — ) Gn- My (A40)
n=I
N-1
Im jiy = ) Sy -Rejij; (A41)
1=0
gkl:Mkl k*l+1/2)+Re (fk'Al); (A42)
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