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Abstract: Nowadays there is a need to increase the density of interconnections on printed circuit 

boards (PCBs). Does this mean that the only way out for quality PCB manufacturing is to propor-

tional increase in precision of equipment, or is there another way? One of the main constraints to 

increasing the density of PCB interconnections is the transition holes. As the number of conductive 

layers increases, the number of vias increases and they cover a significant space on the PCB. On the 

other hand, reducing the size of the vias is limited by the capability of spatial alignment of the PCB 

stack during manufacturing. There are standards that set limits for the design of contact pads on a 

PCB (IPC-A-600G, IPC-6012B). However, depending on the precision of production, the contact 

pads may be of poor quality. This raises the issue of determining the reliability of a contact pad with 

defined parameters at the design stage, taking into account manufacturing capabilities. This re-

search proposes an analytical method for evaluation of reliability of a via or plated through-hole 

based on calculation of its probability of production in accordance with the current standards. On 

the basis of the method a model was developed both for the case of a contact pad without any con-

ductors connected to it (nonfunctional contact pad) and for the real case with a connected conductor. 

The model estimates the probability of making an acceptable via for a given reliability class depend-

ing on parameters such as the conductor width (minimum permissible and usable), drilled hole 

diameter and pad diameter, as well as the accuracy of the drilling operation. The analysis of the 

modeling results showed that for the real case, a reduction in the reliability class would insignifi-

cantly affect the probability of making an acceptable via due to the tight limitation on the connection 

place of the conductor and the contact pad. In conclusion, we propose an algorithm for determining 

the optimal parameters of teardrops to minimize the negative impact of the conductor on the relia-

bility of the vias. 

Keywords: electronics reliability; design for reliability; design for manufacturing; PCB design rules; 

PCB vias; PCB plated through-hole pads; PCB teardrops 

 

1. Introduction 

Modern industrial systems make it possible to produce in large volumes PCBs that meet the 

strictest requirements for their reliability. But there are also a number of companies, including our 

department, for which the manufacture of PCBs is not their primary activity. Companies of such 

format are various design-centers of electronics as it is easier, faster and cheaper to make prototypes 

on their own manufacturing line. It is typical for these companies to have equipment with not high 

accuracy characteristics, but does this mean that high-precision and high-reliability boards are not 

available for production on it? What can be done when designing boards to be able to produce PCBs 

on affordable equipment? 

The creation of modern electronic equipment is tightly linked to the development of new meth-

ods of PCB manufacturing. At present, the electronics industry is moving in the direction of increas-

ing performance and functionality. At the same time, the requirements to the mass and dimension 

parameters of the produced equipment are getting more and more complicated. Increasing 
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integration of integrated circuits leads to higher density of leads on the package, which drives the 

search for new design solutions in their layout [1–3]. 

To increase the functions of the device while maintaining its size, it is necessary to increase the 

density of the PCB interconnections, which involves increasing the number of PCB layers and, ac-

cordingly, the number of vias. The main obstacle to increasing the interconnection density is large 

annular rings of vias, as they reduce the trace space on PCB [4,5]. The greater the errors in the dimen-

sional alignment of the interconnections, the larger the contact pads are required to ensure that the 

drill hits them reliably when obtaining the vias [6,7]. Therefore, at present, the actual issue is to de-

termine the reliability of the vias at the design stage, depending on its parameters and on the PCB 

manufacturing process. Currently, two main approaches of reliability estimation can be highlighted 

[8]: probabilistic-statistical and physico-chemical. 

In the first approach (probabilistic-statistical) the main index of reliability is failure rate, which 

is determined on the statistical data [9-12]. However, as the reliability of electronics elements in-

creases, the processes of determining reliability metrics through reliability tests become ineffective. 

Verification by tests of such reliability indexes for an acceptable time interval is an extremely time-

consuming and costly process, since it requires involvement in the experiment of a huge number of 

samples of electronic devices. 

The second approach (physico-chemical or physics of failures) is related to the research of the 

causes and processes that cause failures of electronic devices. Mechanisms of typical failures are iden-

tified, on the basis of which models of failures are developed, taking into account the influence not 

only of operating time, but also of design and manufacturing factors, state of production, influence 

of external impacts [8,13,14]. The results of researches in this direction give an opportunity to develop 

methods of engineering calculations, allowing already at the stage of designing: to optimize designs 

of electronic devices by reliability criterions, to reasonably formulate requirements to the material 

and manufacturing equipment, to predict reliability metrics. However, the physical and chemical 

processes that cause failures of electronic devices are very complex and the number of parameters 

that must be taken into account is large. 

This research proposes another approach to reliability evaluation in relation to the above-de-

scribed ones. Its core is to formulate an analytical model to calculate the probability of manufacturing 

a printed circuit board that conforms to current design and acceptance standards, such as IPC-6012B 

[15] and IPC-A-600G [16]. Thus, the standards specify specific quantitative criteria for PCBs. How-

ever, depending on the complexity of the design and process, these dimensions may not be sufficient 

to evaluate the ability to reliably manufacture a PCB. The model (Figure 1) proposes the definition of 

relations between the given design rules of electronic device (input), the characteristics of the manu-

facturing process (mechanism) and the requirements of existing standards (control), in order to cal-

culate the probability of producing an acceptable product (output). Thus, the resulted probability is 

a quantitative value reflecting indirectly the reliability of the product. 

 

Figure 1. IDEF0 top-level diagram of the proposed method of reliability assessment. 
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Thus, it is proposed to use the described approach to determine the probability of making an 

acceptable via. This will make it possible already at the design stage to assess the risks of obtaining 

defective products and to change the PCB design or choose another production facility for manufac-

turing. 

2. Materials and Methods 

2.1. Determination of vias requirements 

The standards IPC-6012B [15] and IPC-A-600G [16] are define different reliability classes for 

PCBs: class 3 for aerospace electronics, class 2 for industrial equipment, and class 1 for consumer 

equipment. Each class has different requirements. The requirements of standards for supported holes 

are chosen as the basis for forming the criteria for assessing the acceptability of the vias [16]: 

• Class 3: «Holes are not centered in the lands, but annular ring 

measures 0.05 mm or more»; 

• Class 2: «90° breakout or less»; 

• Class 1: «180° breakout or less». 

The presented limitations are difficult to use to assess the possibility of manufacturing an ac-

ceptable PCB. Therefore, based on the requirements, we will determine the numerical value of the 

permissible offset of the hole center relative to the center of the contact pad (Figure 2). 

   

(a) (b) (c) 

Figure 2. Determination of the area of permissible displacement of the hole center relative to the center 

of the contact pad according to IPC-A-600G [16]: (a) For 3 reliability class; (b) For 2 reliability class; 

(c) For 1 reliability class. 

In Figure 2: 

• 𝐷𝑣𝑖𝑎 – diameter of the via or plated through-hole pad; 

• 𝐷𝑑𝑟𝑖𝑙𝑙  – diameter of the drilled hole; 

• 𝐷ℎ𝑜𝑙𝑒  – diameter of the drilled hole with plating; 

• 𝐷3, 𝐷2, 𝐷1 – areas of permissible hole center offset for the corre-

sponding reliability classes; 

• 𝐷𝐶3, 𝐷𝐶2, 𝐷𝐶1 – diameter of the permissible hole center misalign-

ment area for the corresponding reliability classes. 

So, for PCBs to meet the requirements of reliability class 3 it is necessary that the minimum size 

of the annular ring is not less than 50 µm, then the maximum offset of the hole center 𝑅𝐶3 is deter-

mined by the equation (1): 

𝑅𝐶3 = 𝑂3𝑂3
′ = 𝑅𝑣𝑖𝑎 − (𝑅ℎ𝑜𝑙𝑒 + 50 µ𝑚). 

(1) 
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In order to meet reliability class 2 requirements, the hole is allowed to extend beyond the contact 

pad, but the arc of the circumference of the hole extending beyond the contact pad must be less than 

90°. To determine the maximum offset of the hole center 𝑅𝐶2 we consider triangle 𝑂2
′ 𝐴2𝐵2: by the 

requirement ∠𝐴2𝑂2
′ 𝐵2  is straight and its sides 𝑂2

′ 𝐴2  =  𝑂2′𝐵2  =  𝑅ℎ𝑜𝑙𝑒 . Then, 𝑂2
′ 𝐶2 = 𝐴2𝐶2 =

𝑅ℎ𝑜𝑙𝑒

√2
 

and angles ∠𝐴2𝐶2𝑂2
′ , ∠𝐴2𝐶2𝑂2  are straight. Now we consider triangle 𝑂2𝐴2𝐶2 : since ∠𝐴2𝐶2𝑂2  is 

straight, the maximum offset of the hole center 𝑅𝐶2 is determined by equation (2): 

𝑅𝐶2 = 𝑂2𝑂2
′ = √𝑂2𝐴2

2 − 𝐴2𝐶2
2 − 𝑂2

′ 𝐶2 = √𝑅𝑣𝑖𝑎
2 −

𝑅ℎ𝑜𝑙𝑒
2

2
 −

𝑅ℎ𝑜𝑙𝑒

√2
.  (2) 

The requirements of reliability class 1 are similar to those of class 2, but allow for an arc of less 

than 180°. Similar to the previous cases, determine the maximum offset of the hole center relative to 

the center of the contact pad. In triangle 𝑂1𝐴1𝐵1: 𝑂1𝐴1  =  𝑂1𝐵1  =  𝑅𝑣𝑖𝑎 and 𝐴1𝑂1
′  =  𝐵1𝑂1

′  =  𝑅ℎ𝑜𝑙𝑒 , 

then 𝑂1𝑂1
′  is the height of triangle 𝑂1𝐴1𝐵1 and ∠𝐴1𝑂1

′ 𝑂1 is straight. Therefore, the maximum offset 

of the hole center 𝑅𝐶1 is determined by equation (3): 

𝑅𝐶1 = 𝑂1𝑂1
′ = √𝑂1𝐴1

2 − 𝐴1𝑂1
′2

= √𝑅𝑣𝑖𝑎
2 − 𝑅ℎ𝑜𝑙𝑒

2   (3) 

Thus, the probability of compliance of the manufactured contact pad with a certain reliability 

class can be interpreted as the probability of falling inside the area of permissible offset of the hole 

center 𝐷 during drilling. 

2.2. Formalization of the drilling process using elements of probability theory 

Consider the drilling process, the accuracy of which is mainly determined by the accuracy of the 

numerically controlled machine (CNC). In this case, there is a law of distribution of random variables 

in the plane. To determine the type of distribution law, we introduce additional assumptions and 

restrictions (Figure 3, a): 

1. The distribution law contains two independent components 𝑋 and 𝑌, which are di-

rectional to the movement directions of the spindle on the coordinate table (Figure 

3, b) and obey the normal distribution law, i.e., 𝑓(𝑥) = 𝑓𝑥 ∈ 𝑁(𝑚𝑥, 𝜎𝑥), 𝑓(𝑦) = 𝑓𝑦 ∈

𝑁(𝑚𝑦 , 𝜎𝑦); 

2. The mathematical expectations of the distribution laws 𝑓𝑥 and 𝑓𝑦 are 0 and coincide 

with the center of the contact site: 𝑚𝑥 = 𝑚𝑦 = 0; 

3. The standard deviations of the distribution laws are equal to each other: 𝜎𝑥  =  𝜎𝑦  =

 𝜎. 

  

(a) (b) 

Figure 3. Formalization of the drilling process: (a) Probability characteristics of hitting the contact pad 

during drilling; (b) Coordinate field of a Bungard CCD CNC machine. 

Thus, the distribution density function of the system of random variables 𝑓(𝑥, 𝑦) will take the 

form (4), and the probability of hitting the hole center in the area of acceptable offset of the hole center 

relative to the center of the contact pad 𝐷 will be determined by the equation (5) [17]. 

𝑓(𝑥, 𝑦) = 𝑓𝑥𝑦 =
1

2𝜋𝜎2 exp {−
𝑥2+𝑦2

2𝜎2 }  (4) 
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𝑃((𝑋, 𝑌) ⊂ 𝐷) =
1

2𝜋𝜎2 ∬ exp {−
𝑥2+𝑦2

2𝜎2 }
(𝐷)

𝑑𝑥𝑑𝑦  (5) 

Since the area 𝐷 is a circle, it is reasonable to switch from the rectangular coordinate system to 

the polar coordinate system (6). The Jacobian of the transformation is equal to r. Then the density 

function and probability will be determined by equations (7) and (8), respectively. 

{
𝑥 = 𝑟 ∗ cos(𝜑)

𝑦 = 𝑟 ∗ sin(𝜑)
  (6) 

𝑓(𝑟) =
1

2𝜋𝜎2 exp {−
𝑟2

2𝜎2}  (7) 

𝑃((𝑋, 𝑌) ⊂ 𝐷) =
1

2𝜋𝜎2 ∫ ∫ 𝑟 ∗ exp {−
𝑟2

2𝜎2} 𝑑𝑟𝑑𝜑
𝑅𝐶

0

2𝜋

0
= 1 − exp {−

𝑅𝐶
2

2𝜎2}  (8) 

2.3. Investigation of probability curves for manufacturing an acceptable contact pad 

Using equation (8), we obtained curves that shows the probability of manufacturing an accepta-

ble contact pad, depending on the CNC machine accuracy and the diameter of the hole (Figure 4). By 

the accuracy of the CNC machine, we will mean the maximum value of deviation of coordinates of 

the input hole from the set by the program, which is equal to 3𝜎. In the example we based on the 

manufacturing capabilities of the printed circuit board manufacturer JLCPCB [18]: 𝐷𝑣𝑖𝑎  is 0.4 mm 

and 𝐷ℎ𝑜𝑙𝑒  is 0.2 mm. Also, in the example the accuracy parameter is taken for a Bungard CCD CNC 

machine (3𝜎 =  25 µ𝑚) [19]. 

  

(a) (b) 

Figure 4. Probability of making an acceptable contact pad: (a) Depending on the precision of the CNC 

machine; (b) Depending on the diameter of the hole. 

On the precision side of the CNC machine, it can be seen (Figure 4, a) that reducing the reliability 

class will have little effect on contact pad manufacturing, as existing modern systems have a precision 

of about 25 µm or less, and significant differences begin at a precision later than this value. 

On the other hand, from the graph of the dependence of the probability on the hole diameter 

(Figure 4, b) we can say that a given reliability class, as well as the size of the contact pad, largely 

affect the probability of acceptable manufacturing. The reliability class determines the slope of the 

characteristic, while the diameter of the contact pad determines the bias. In this case, the bias between 

the results of different classes with the same diameter is due to the need for a 50 µm annular ring for 

reliability class 3. 

The presented dependencies describe an abstract element as a nonfunctional contact pad [7], 

since it considers only the contact pad to which no conductor is connected. However, the location 

where the contact pad is connected to the conductor can significantly reduce the reliability of the PCB 
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when the hole is shifted to that side. It determines the importance of considering in the model (8) the 

influence of the conductor on the probability of manufacturing a standard-compliant result. 

3. Results 

3.1. Functional description of the contact pad with a connected conductor 

Let us consider a contact pad with a conductor connected to it from on upper side (Error! Refer-

ence source not found.). We introduce an additional restriction: the conductor is connected to the 

center of the contact pad without horizontal displacement, i.e., the figure is symmetrical about the 

𝑂𝑌 axis. 

 

Figure 5. Design parameters of the contact pad. 

In Error! Reference source not found.: 

• 𝑅𝑣𝑖𝑎 – radius of the via or plated through-hole pad; 

• 𝑅ℎ𝑜𝑙𝑒– radius of the drilled hole with plating; 

• 𝑅𝐶 – radius of permissible hole center offset (boundary line of the 

𝐷 area, depending on the selected reliability class); 

• 𝑤𝑐 – conductor width; 

• 𝑤𝑚 – minimum allowable conductor width. 

𝑥2 + 𝑦2 = 𝑅𝑣𝑖𝑎
2   

(9) 

𝑥 = −0.5𝑤𝑐  
(10) 

𝑥 = 0.5𝑤𝑐  
(11) 

𝑥2 + 𝑦2 = 𝑅𝐶
2  

(12) 

We determine the points (±𝑥1, 𝑦1) of the intersection of the contact pad and the conductor edges 

by solving the system of equations (9–11). As a result, we obtain the coordinates 𝑥1  =  0.5𝑤𝑐  and 

𝑦1 = √𝑅𝑣𝑖𝑎
2 − 0.25𝑤𝑐

2. Also, from the 𝑦1 solution of the system follows the restriction on the radius of 

the pad: 𝑅𝑣𝑖𝑎 ≥ 0.5𝑤𝑐. 

3.2. Determination of the permissible offset area of a hole with a connected conductor 

To determine the probability of manufacturing a pad with a conductor, it is necessary to consider 

an additional requirement of the standard [16]: conductor to land junction area should not be less 

than 80% of the minimum conductor width 𝑤𝑚 for PCBs of the reliability classes 3 and 2, and 70% 

for the class 1. For simplicity, we will further consider the conductor to land junction area should not 
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be less than 100% of the minimum conductor width 𝑤𝑚. This simplification should not affect the 

overall appearance of the resulting model. In any case, to account for this condition, we can com-

pletely replace the minimum conductor width 𝑤𝑚 with 𝑘 ∗ 𝑤𝑚, where is the 𝑘 coefficient of permis-

sible conductor width reduction (0.8 for class 3, 0.7 for classes 2 and 1). 

 To provide a given requirement, it is necessary to determine the boundary curve on which the 

center of the hole can be placed. To do this we find partial solutions on the basis of which we build a 

general one. We assume that the conductor width 𝑤𝑐 is equal to the minimum conductor width 𝑤𝑚 

given in the design. One solution is the symmetrical case (Figure 5, a), when a conductor with a width 

of 0.5𝑤𝑐remains to the left and right of the hole. This case corresponds to the lower intersection of 

circles with radius 0.5𝑤𝑐 + 𝑅ℎ𝑜𝑙𝑒 and centers at points (±𝑥1, 𝑦1) or solution of the system of equa-

tions (13). Let us extend the case to the general one (Figure 5, b): for this purpose, we take the left 

circle with radius 𝛿 + 𝑅ℎ𝑜𝑙𝑒  and the right one with radius 𝑤𝑐 − 𝛿 + 𝑅ℎ𝑜𝑙𝑒 with limits on parameter 

𝛿: 0 ≤  𝛿 ≤ 𝑤𝑐. Then the system (13) will take the form (14). 

  

(a) (b) 

Figure 5. Permissible location of the hole for the case when the conductor width is equal to the mini-

mum acceptable (𝑤𝑐 = 𝑤𝑚): (a) The hole center is located on the symmetry axis; (b) The hole center is 

located asymmetrically. 

{
𝑦 = 𝑦1 − √(0.5𝑤𝑐 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 + 𝑥1)2

𝑦 = 𝑦1 − √(0.5𝑤𝑐 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 − 𝑥1)2
  (13) 

{
𝑦 = 𝑦1 − √(𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 + 𝑥1)2

𝑦 = 𝑦1 − √(𝑤𝑐 − 𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 − 𝑥1)2
 , 0 ≤ 𝛿 ≤ 𝑤𝑐  (14) 

The solution of the system of equations (14) can be represented as the lower half of an ellipse 

described by equation (15). The conclusion of the equation of the ellipse and the values of its semi-

axes is described in Appendix A. 
𝑥2

𝑎𝑐
2 +

(𝑦−𝑦1)2

𝑏𝑐
2 = 1; 𝑎𝑐 = 0.5𝑤𝑐 + 𝑅ℎ𝑜𝑙𝑒 ; 𝑏𝑐 = √𝑅ℎ𝑜𝑙𝑒(𝑅ℎ𝑜𝑙𝑒 + 𝑤𝑐); 𝑦 < 𝑦1 . (15) 

Then, the offset area 𝐷 of the hole will have the form shown in the Figure 6 and consist parts of 

a circle with radius 𝑅𝐶 (12) and an ellipse (15) with semi-axes 𝑎𝑐 and 𝑏𝑐. The Figure 6 allows visual 

estimation of the reduction of the 𝐷 area due to the connection of the conductor to the contact pad. 
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Figure 6. Constraint on the offset area 𝐷 of the hole including the conductor (𝑤𝑐 = 𝑤𝑚). 

However, it is not always the case that the tracing of a PCB is performed by traces of the mini-

mum permissible width. We use a similar approach to determine the curve bounding the offset area 

of the hole considering the conductor, provided that the conductor width 𝑤𝑐 is greater than 𝑤𝑚. To 

do this, it is necessary to determine the lower intersection of the circles with radii 𝛿 + 𝑅ℎ𝑜𝑙𝑒 , 𝑤𝑚 −

𝛿 + 𝑅ℎ𝑜𝑙𝑒 and with centers in points (±𝑥1, 𝑦1) (Figure 7, a).  

In this case, the system of equations (14) is transformed to the form (16), and the solution of the 

system will be defined by formula (17). The derivation of the equation of the ellipse and the values 

of its semi-axes is described in Appendix B. In this case, the case 𝑤𝑐 = 𝑤𝑚 can be considered as a 

boundary. Given this condition, the solution (17) transforms to (15), corresponding to the maximum 

area of the ellipse and the maximum constraint on the area 𝐷 (Figure 7, b). 

 

 

(a) (b) 

Figure 7. Permissible location of the hole for the case when the width of the conductor is greater than 

the minimum acceptable (𝑤𝑐 > 𝑤𝑚): (a) Particular case of the hole position; (b) Changes in the area 𝐷 

with relation to the case when 𝑤𝑐 = 𝑤𝑚. 

{
𝑦 = 𝑦1 − √(𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 + 𝑥1)2

𝑦 = 𝑦1 − √(𝑤𝑚 − 𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 − 𝑥1)2
 , 0 ≤ 𝛿 ≤ 𝑤𝑚  (16) 

𝑥2

𝑎𝑚
2 +

(𝑦−𝑦1)2

𝑏𝑚
2 = 1; 𝑎𝑚 = 0.5𝑤𝑚 + 𝑅ℎ𝑜𝑙𝑒 ; 𝑏𝑐 =

√(2𝑅ℎ𝑜𝑙𝑒+𝑤𝑚)2−𝑤𝑐
2

2
; 𝑦 < 𝑦1. (17) 

Based on the resulting equations of curves (12) and (17) limiting the area 𝐷 in conductor to land 

junction area, we form the integration limits for calculating the probability of producing an acceptable 

contact pad. Since according to the IPC-A-600G standard [16] the conductor to land junction area is 

a 90° sector of the contact pad located near the conductor, we introduce an additional restriction on 

the size of the ellipse (17): it must not contain the center of the contact site, i.e., 𝑏𝑚 ≤  𝑦1. Then, the 

area 𝐷 in the 3-rd and 4-th quadrants of the coordinate plane will not change, which allows us 
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further to consider only the 1-st and 2-nd quadrants. Also, because of the symmetry of the figure 

vertically with respect to the axis 𝑂𝑌, further we will consider only the first quadrant (Figure 8, a). 

  

(a) (b) 

Figure 8. Changing the area 𝐷 of acceptable offset of the hole center: (a) Determining the intersection 

of the circle (12) with the ellipse (17); (b) Determining the function in the polar coordinate system. 

To determine the change of area 𝐷, it is necessary to find the intersection of ellipse (17) and a 

circle with varying radius 𝑟 and center matching the center of the pad. It is described by the system 

of equations (18). The solution to the system of equations (18) is a point (𝑥2(𝑟), 𝑦2(𝑟)), moving along 

the ellipse (17) depending on the parameter 𝑟 (Figure 8, a). Knowing the coordinates of this point, 

we can determine the dependence of the angle on the position vector 𝜑(𝑟) (Figure 8, b), which de-

termines the upper limit of integration of 𝐷 area. 

{

𝑥2 + 𝑦2 = 𝑟2

𝑥2

𝑎𝑚
2

+
(𝑦 − 𝑦1)2

𝑏𝑚
2

= 1
 , 𝑦1 − 𝑏𝑚 ≤ 𝑟 ≤ 𝑅𝐶 (18) 

The partial solution of the system (18) describing the lower right intersection of the circle and 

the ellipse is defined by equation (19): 

{𝑦2(𝑟) =
𝑎𝑚

2 𝑦1−𝑏𝑚√𝑎𝑚
2 (𝑎𝑚

2 −𝑏𝑚
2 +𝑦1

2)−𝑟2(𝑎𝑚
2 −𝑏𝑚

2 )

𝑎𝑚
2 −𝑏𝑚

2

𝑥2(𝑟) = √𝑟2 − 𝑦2
2(𝑟)

 , 𝑦1 − 𝑏𝑚 ≤ 𝑟 ≤ 𝑅𝐶. (19) 

It is also necessary to determine the value of the function 𝜑(𝑟) in the limits: 𝑟 <  𝑦1 − 𝑏𝑚. Since 

in this case the entire sector from 0 to 
𝜋

2
 is included in area 𝐷, then 𝜑(𝑟 < 𝑦1 − 𝑏𝑚) =

𝜋

2
. Then, the 

dependence 𝜑(𝑟) will be determined by equation (20). The expression of the function 𝜑(𝑟) is de-

scribed in Appendix C. 

𝜑(𝑟) = {
arctan (

𝑦2(𝑟)

𝑥2(𝑟)
) , 𝑦1 − 𝑏𝑚 ≤ 𝑟 ≤ 𝑅𝐶

𝜋

2
, 𝑟 < 𝑦1 − 𝑏𝑚

  (20) 

Now, the probability of hitting the center of the hole in area 𝐷 will consist of the probability of 

hitting the lower half of the circle 𝑅𝐶, which is equivalent to half the probability obtained by equation 

(8) and twice the probability of hitting the area bounded by the function 𝜑(𝑟), which is defined by 

equation (21): 

𝑃((𝑋, 𝑌) ⊂ 𝐷) =
1

2
[1 − 𝑒𝑥 𝑝 {−

𝑅𝐶
2

2𝜎2}] + 2
1

2𝜋𝜎2 ∫ ∫ 𝑟 ∗ 𝑒𝑥 𝑝 {−
𝑟2

2𝜎2} 𝑑𝜑𝑑𝑟
𝜑(𝑟)

0

𝑅𝐶

0
=   

=
1

2
[1 − exp {−

𝑅𝐶
2

2𝜎2}] +
1

𝜋𝜎2 ∫ 𝜑(𝑟) ∗ 𝑟 ∗ exp {−
𝑟2

2𝜎2} 𝑑𝑟
𝑅𝐶

0
  

(21)  

3.3. Modeling a contact pad with a connected conductor 

Based on equation (21) we plot the curves describing the probability of manufacturing a pad that 

complies with the standard depending on the diameter of the hole (Figure 9), or it is equivalent to 

increasing the diameter of the contact pad while maintaining the diameter of the hole. From the graph 

we can conclude that the connection of the conductor significantly reduces the allowable hole diam-

eter for all reliability classes. Thus, the reduction of requirements for PCBs of the reliability classes 2 

and 1 relative to the 3 class becomes negligible (the requirements of the classes 1 and 2 are almost 
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equivalent to the class 3). From the illustrated example, it can be seen that the addition of a conductor 

limits the maximum hole diameter to 0.2 mm (0.4 mm via diameter) for all reliability classes. 

 

Figure 9. Probability of manufacturing an acceptable pad depending on the diameter of the hole, tak-

ing into account the connected conductor (overlapping curves of different reliability classes are 

marked in gray). 

Let's evaluate the effect of CNC machine precision and conductor parameters on the probability 

of producing a standard-compliant pad (Figure 10). Since in both cases the type of characteristic will 

be influenced by a large number of contact pad parameters, we will highlight common properties. 

 

 
 

(a) (b) 

Figure 10. Probability of making an acceptable pad considering the connected conductor: (a) Depend-

ing on the accuracy of the CNC machine; (b) Depending on the diameter of the hole. 

From the side of the influence of the CNC machine accuracy on the probability, the following 

conclusions can be made (Figure 10, a): 

1. In the high-precision section (up to 45 µm), the probability is inde-

pendent of the reliability class. 

2. At the section with medium accuracy (from 45 to 105 µm) the dif-

ferences between the curves begin. The probability for the 1 and 2 

class boards is higher than for the 3 class boards, but between them 

their probability is almost the same. This suggests that the area 𝐷 

is large enough to significantly reduce the probability of accepta-

ble manufacturing. 

3. At the low-precision section (from 105 µm), the difference between 

the 1 and 2 reliability classes becomes significant. At this section, 

conductor to land junction area has already influenced the 
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resulting probability and the behavior of the curves becomes sim-

ilar to the case of a nonfunctional contact pad, i.e., the probability 

is mainly determined by the size of the pad. 

From the influence of the conductor parameters (Figure 10, b) we can see that increasing the 

required minimum conductor width 𝑤𝑚significantly reduces the probability of making a good con-

tact pad, and increasing the conductor width 𝑤𝑐 relative to the minimum 𝑤𝑚 increases the slope of 

the curves. 

Thus, the resulting model (21) allows us to analytically determine the probability of manufac-

turing a contact pad corresponding to a given reliability class, depending on the design parameters 

of the PCB: the width of the conductor (minimum acceptable 𝑤𝑚 and used 𝑤𝑐), hole diameter 𝐷ℎ𝑜𝑙𝑒  

and the diameter of the pad 𝐷𝑣𝑖𝑎 . Also takes into account the peculiarities of the manufacturing pro-

cess, described by the accuracy of the drilling operation. 

3.4. Algorithm for determining the parameters of a teardrops 

To ensure that the designed layout complies with the standards, it is possible to use teardrop-

shaped contact pads, which have an extension at conductor to land junction area, and they are ac-

tively used now. However, there are currently no rules for the design of teardrops. On the one hand, 

a teardrop that is too large will take up a lot of trace space. On the other hand, too small a teardrop 

will not give a positive effect. Let's form the following criterion for an optimal teardrop for contact 

pad: the probability of manufacturing a pad with teardrop should be equal to the probability of man-

ufacturing a contact pad without a conductor connected to it. To make the pad with teardrop comply 

with the formed criterion, the following algorithm is proposed (Figure 12). 

 

  

(a) (b) (c) 

Figure 11. Stages of constructing a teardrop: (a) Shift of the ellipse limiting the area 𝐷; (b) Determi-

nation of key points; (c) Drawing lines. 

The algorithm consists of the next steps: 

1. Vertical displacement of the ellipse bounding the area 𝐷, so that it 

intersects with the circle 𝑅𝐶 at only one point (0, 𝑅𝐶) (Figure 11, 

a). Then the center of the ellipse must have the coordinates 

(0, 𝑅𝐶 + 𝑏𝑚) = (0, 𝑦1
′ ). 

2. Determining the points on the conductor and the contact pad 

through which the teardrop’s line will pass (Figure 11, b). The first 

point lying on the line of the conductor must belong to the hori-

zontal line 𝑦 = 𝑦1
′ , since, given the displacement of the ellipse, this 

line is the boundary between the conductor and the contact pad. 

That is, the first point has coordinates ( 𝑥1, 𝑦1
′ ). We define the sec-

ond point as the intersection point of the circle 𝑅𝑣𝑖𝑎 and the line 
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passing through the center of the coordinates and the intersection 

point of the circle 𝑅𝐶 and the ellipse centered at ( 0, 𝑦1). That is, 

the second point will have the coordinates 

(𝑅𝑣𝑖𝑎 cos(𝜑(𝑅𝐶)) , 𝑅𝑣𝑖𝑎 sin(𝜑(𝑅𝐶))) = (𝑥3, 𝑦3). 

3. Definition of the equation of the line 𝑓1(𝑥) (22) forming the drop, 

as well as the line 𝑓2(𝑥) closing the area 𝐷 (Figure 11, c). Let us 

introduce the assumption that the latter line is also a line (23), 

which is parallel to line 𝑓1(𝑥)  (22) and passes through point 

(𝑥3
′ , 𝑦3

′ ) = (𝑅𝐶 cos(𝜑(𝑅𝐶)) , 𝑅𝐶 sin(𝜑(𝑅𝐶)))  of the intersection of 

the circle 𝑅𝐶 and the ellipse with center at ( 0, 𝑦1). In reality, this 

is true only for the class 3 of reliability, and when forming this line 

for the 2 and 1 classes it is necessary to use the conditions of the 

IPC-A-600G standard [16], which were described earlier. How-

ever, this would complicate the appearance of the curve, while in-

significantly changing the 𝐷  area. It can be assumed that the 

straight line is a stricter criterion for limiting the area 𝐷, because 

the arc of the hole that extends beyond the contact area will always 

be smaller than the reliability class specified. 

𝑓1(𝑥) = (
𝑥3−𝑥1

𝑦3−𝑦1
′) 𝑥 + [𝑦1

′ − 𝑥1 (
𝑥3−𝑥1

𝑦3−𝑦1
′)]  (22) 

𝑓2(𝑥) = (
𝑥3−𝑥1

𝑦3−𝑦1
′) 𝑥 + [𝑦3

′ − 𝑥3
′ (

𝑥3−𝑥1

𝑦3−𝑦1
′)]  (23) 

Thus, the resulting teardrop shape should provide the same or higher probability of acceptable 

fabrication compared to no conductor connection (Figure 12, a). Sections that extend 𝐷 larger than 

the circle of radius 𝑅𝐶 will not contribute significantly to the increase in probability because of the 

shape of the density function of the distribution law. On the other hand, excluding these areas re-

quires the construction of a more complex teardrop shape. Therefore, given the small area of the 

areas, we can neglect them and assume that the contact site satisfies the optimality condition formed 

above. 

 

 

(a) (b) 

Figure 12. The shape of the 𝐷 area of the pad with teardrop and its construction parameters: (a) 

Length and width of the teardrop; (b) Teardrop parameters, defined in Altium Designer [20]. 

Let's define the parameters of the teardrop, with which it can be more conveniently described. 

For example, the computer-aided design (CAD) system Altium Designer [20] uses its length and 
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width as a percentage of the pad diameter 𝐷𝑣𝑖𝑎  (Figure 12, b). Then, the absolute and relative param-

eters of the teardrop will be determined by equations (24) and (25), respectively. 

{
𝑙𝑡 = 𝑦1

′ − 𝑦3

𝑤𝑡 = 𝐷𝑣𝑖𝑎cos(𝜑(𝑅𝐶)) 
  (24) 

{
𝑙𝑡

′ =
𝑦1

′−𝑦3

𝐷𝑣𝑖𝑎
∗ 100%

𝑤𝑡
′ = cos(𝜑(𝑅𝐶)) ∗ 100%

  (25) 

3.4. Evaluating the impact of teardrop on contact pad 

We determine the teardrop parameters for the described above example [18] (Figure 13): contact 

pad diameter is 0.4 mm; transition hole diameter is 0.2 mm; minimum conductor width is 0.15 mm; 

conductor width is 𝑤𝑐 ∈ {0.15; 0.2; 0.25} mm (Table 1, obtained relative values of teardrop parame-

ters rounded to accuracy 1%). 

 

Figure 13. Construction of teardrops: solid red color indicates areas of 3 class, blue – for 2 class, green 

– for 1 class; dashed line indicates increase of area 𝐷 after changing the form of the pad. 

Table 1. Teardrop parameters. 

Reliability class 
Teardrop  

parameter 

Conductor 

width 𝒘𝒄=0.15 

mm 

Conductor 

width 𝒘𝒄=0.20 

mm 

Conductor 

width 𝒘𝒄=0.15 

mm 

3 

Length, 𝑙𝑡
′ , %  

(𝑙𝑡, mm) 

21  

(0.08) 

15  

(0.06) 

7  

(0.03) 

Width, 𝑤𝑡
′, %  

(𝑤𝑡 , mm) 

78  

(0.31) 

75  

(0.30) 

70  

(0.28) 

2 

Length, 𝑙𝑡
′ , %  

(𝑙𝑡, mm) 

44  

(0.18) 

41  

(0.16) 

35  

(0.14) 

Width, 𝑤𝑡
′, %  

(𝑤𝑡 , mm) 

87  

(0.35) 

87  

(0.35) 

87  

(0.35) 

1 

Length, 𝑙𝑡
′ , %  

(𝑙𝑡, mm) 

55  

(0.22) 

52  

(0.21) 

48  

(0.19) 

Width, 𝑤𝑡
′, %  

(𝑤𝑡 , mm) 

83  

(0.33) 

84  

(0.34) 

85  

(0.34) 

Based on the previously constructed model dependencies (Figure 10, a), determine the mini-

mum required accuracy of the CNC machine to produce the pad (Table 2). The accuracy of the CNC 

machine must ensure the probability of hitting within the area of acceptable hole offset 𝐷 above 

0.997. According to the proposed algorithm of design a teardrop, the probability of making pad with 
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teardrop will be not less than the probability of making a contact pad without a conductor connected 

to it (Figure 4, a). 

Table 2. Required accuracy of the CNC machine, μm. 

Reliability class 
W/o teardrop 

(𝒘𝒄=0.15 mm) 

W/o teardrop 

(𝒘𝒄=0.20 mm) 

W/o teardrop 

(𝒘𝒄=0.25 mm) 

With teardrop 

3 30 32 37 45 

2 30 32 37 102 

1 30 32 37 152 

From the results (Table 2), it can be seen that the contact pad with teardrop allows a significant 

reduction in the requirements for PCB drilling equipment. Thus, the size of the allowable hole offset 

for devices of the class 3 will increase from 20 % to 50 %, for the class 2 from 175 % to 240 %, and for 

the class 1 from 310 % to 406 %. 

4. Discussion 

The developed model has a lot of limitations and assumptions, the analysis of which will make 

it possible to determine the issues of model development that need to be solved: 

1. Limitations of the distribution law: in the work it is assumed that 

the mathematical expectation is 0 and the standard deviation of 

hole drilling is considered constant 𝜎𝑥 = 𝜎𝑦 = 𝜎  and depends 

only on the accuracy parameter of hole drilling, which is declared 

by the manufacturer in the machine documentation. However, in 

reality, these characteristics are more difficult to determine, for ex-

ample, the mathematical expectation will depend on the coordi-

nates of the hole (with increasing distance from the origin of coor-

dinates error can accumulate), and also possible change in param-

eters during operation due to wear of equipment. 

2. From the manufacturing point of view, the model needs to be ex-

tended, because now it takes into account only the influence of the 

drilling operation. For example, during the PCB manufacturing 

process, etching of conductors inevitably results in lateral subtrac-

tion of the conductors, which will reduce the size of the contact 

pad and the size of the area of permissible hole offset 𝐷, respec-

tively [21]. In addition, the model does not consider displacement 

the layers of the PCB caused by deformation during their manu-

facturing. 

5. Conclusions 

At present, the obtained model shows the opportunity to determine the probability of manufac-

turing an acceptable contact pad according to the given design parameters and manufacturing pro-

cess specifications, i.e., it is a quantitative criterion for evaluating the quality of a PCB. However, it 

also allows us to solve the opposite problem: determining the design parameters for a given proba-

bility and the characteristics of the manufacturing process or determining the necessary production 

line for the manufacture of an electronic device. 

Also, the need for modernization of PCB CAD systems has been identified, namely, adding the 

possibility to create separate classes for teardrops, which is currently missing (for example, in Altium 

Designer CAD all drop contact pads are defined by one rule). It is necessary because the parameters 

of a drop contact pad depend on topology parameters, which can differ greatly within the same PCB 

(e.g., for signal and power traces). The addition of separate teardrop classes will increase the density 

of interconnects without compromising the reliability. 
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In future the obtained analytical model can be used as a criterion for quantitative assessment of 

printed circuit board quality, and its use in development process will allow to define necessary pa-

rameters of PCB design depending on manufacturing parameters of drilling operation and device 

reliability class. 
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Appendix A: Determining the equation of the curve limiting the permissible offset of the hole 

center relative to the center of the pad in the conductor to land junction area for the case where the 

conductor width is equal to the minimum possible 

To determine the type of curve limiting the acceptable offset of the hole center relative to the 

center of the contact pad in the conductor to land junction area for the case of equality of the conduc-

tor width to the minimum possible, it is necessary to solve the system of equations (A1): 

{
𝑦 = 𝑦1 − √(𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 + 𝑥1)2

𝑦 = 𝑦1 − √(𝑤𝑐 − 𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 − 𝑥1)2
 , 0 ≤ 𝛿 ≤ 𝑤𝑐 .  (A1) 

Both equations in the system (A1) are expressed relative to 𝑦. Let us equate their right-hand 

sides to each other, square them, and substitute 𝑥1 = 0.5𝑤𝑐(A2): 

(𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 + 0.5𝑤𝑐)2 = (𝑤𝑐 − 𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 − 0.5𝑤𝑐)2.  
(A2) 

Divide the summands with and without the variable 𝑥 (A3): 

(𝑤𝑐 − 𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 = (𝑥 − 0.5𝑤𝑐)2 − (𝑥 + 0.5𝑤𝑐)2.  
(A3) 

Expand the difference squares in both parts of the equation and express the function 𝑥(𝛿) (A4): 

(𝑤𝑐 − 𝛿 + 𝑅ℎ𝑜𝑙𝑒 + 𝛿 + 𝑅ℎ𝑜𝑙𝑒)(𝑤𝑐 − 𝛿 + 𝑅ℎ𝑜𝑙𝑒 − 𝛿 − 𝑅ℎ𝑜𝑙𝑒) =  

= (𝑥 − 0.5𝑤𝑐 + 𝑥 + 0.5𝑤𝑐)(𝑥 − 0.5𝑤𝑐 − 𝑥 − 0.5𝑤𝑐),  
(𝑤𝑐 + 2𝑅ℎ𝑜𝑙𝑒)(𝑤𝑐 − 2𝛿) = −2𝑥𝑤𝑐 ,  
𝑤𝑐(𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒)

−2𝑤𝑐
−

2𝛿(𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒)

−2𝑤𝑐
= 𝑥,  

𝑥(𝛿) =
(𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒)

𝑤𝑐
 𝛿 −

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒

2
.  

(A4) 

Find the definition area of the function 𝑥(𝛿) (A5): 

−
𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒

2
≤ 𝑥 ≤

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒

2
.  (A5) 

Substitute the resulting function 𝑥(𝛿) into one of the original equations (A1) and obtain the re-

sult (A6): 

𝑦 = 𝑦1 − √(𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥(𝛿) +
𝑤𝑐

2
)

2

.  (A6) 

Consider separately the expression under the square root of the function (A6) and transform it 

to the form (A7): 

(𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥(𝛿) +
𝑤𝑐

2
)

2

= (𝛿 + 𝑅ℎ𝑜𝑙𝑒 + 𝑥(𝛿) +
𝑤𝑐

2
) (𝛿 + 𝑅ℎ𝑜𝑙𝑒 − 𝑥(𝛿) −

𝑤𝑐

2
) =  (A7) 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 May 2023                   doi:10.20944/preprints202305.0847.v1

https://doi.org/10.20944/preprints202305.0847.v1


= |𝑥(𝛿) =
(𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒)

𝑤𝑐
 𝛿 −

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒

2
| =  

= (𝛿 + 𝑅𝑑𝑟𝑖𝑙𝑙 +
(𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒)

𝑤𝑐
 𝛿 −

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒

2
+

𝑤𝑐

2
) ∗ (𝛿 + 𝑅𝑑𝑟𝑖𝑙𝑙 −

(𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒)

𝑤𝑐
 𝛿 +

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒

2
−

𝑤𝑐

2
) =  

= (𝛿 + 𝑅ℎ𝑜𝑙𝑒 + 𝛿 +
2𝑅ℎ𝑜𝑙𝑒

𝑤𝑐
𝛿 −

𝑤𝑐

2
− 𝑅ℎ𝑜𝑙𝑒 +

𝑤𝑐

2
) ∗ (𝛿 + 𝑅ℎ𝑜𝑙𝑒 − 𝛿 −

2𝑅ℎ𝑜𝑙𝑒

𝑤𝑐
𝛿 +

𝑤𝑐

2
+ 𝑅ℎ𝑜𝑙𝑒 −

𝑤𝑐

2
) =  

= (2𝛿 +
2𝑅ℎ𝑜𝑙𝑒

𝑤𝑐
𝛿) (2𝑅𝑑𝑟𝑖𝑙𝑙 −

2𝑅ℎ𝑜𝑙𝑒

𝑤𝑐
𝛿) = 4𝑅ℎ𝑜𝑙𝑒𝛿 (1 +

𝑅ℎ𝑜𝑙𝑒

𝑤𝑐
) (1 −

𝛿

𝑤𝑐
).  

Thus, we can derive the solution of the system (A1) in the parametric form (A8): 

{

𝑥(𝛿) =
(𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒)

𝑤𝑐
 𝛿 −

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒

2

𝑦(𝛿) = 𝑦1 − 2√𝑅ℎ𝑜𝑙𝑒𝛿 (1 +
𝑅ℎ𝑜𝑙𝑒

𝑤𝑐
) (1 −

𝛿

𝑤𝑐
)

,  0 ≤ 𝛿 ≤ 𝑤𝑐 .  (A8) 

From equation (A4) we find the dependence 𝛿(𝑥) (A9): 

𝛿(𝑥) =
𝑤𝑐

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
𝑥 +

𝑤𝑐

2
.  (A9) 

Substitute 𝛿(𝑥) into one of the equations of system (A1) to obtain equation (A10): 

𝑦 = 𝑦1 − √(𝛿(𝑥) + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 +
𝑤𝑐

2
)

2

.  (A10) 

Consider separately the expression under root of equation (A10) and transform it to the form 

(A11): 

(𝛿(𝑥) + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 +
𝑤𝑐

2
)

2

= (𝛿(𝑥) + 𝑅ℎ𝑜𝑙𝑒 + 𝑥 +
𝑤𝑐

2
) (𝛿(𝑥) + 𝑅ℎ𝑜𝑙𝑒 − 𝑥 −

𝑤𝑐

2
) = |𝛿(𝑥) =

𝑤𝑐𝑥

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
+

𝑤𝑐

2
| =  

= (
𝑤𝑐𝑥

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
+

𝑤𝑐

2
+ 2𝑅ℎ𝑜𝑙𝑒 + 𝑥 +

𝑤𝑐

2
) ∗ (

𝑤𝑐𝑥

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
+

𝑤𝑐

2
+ 𝑅ℎ𝑜𝑙𝑒 − 𝑥 −

𝑤𝑐

2
) =  

=(
𝑤𝑐𝑥

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
+ 𝑤𝑐 + 2𝑅ℎ𝑜𝑙𝑒 + 𝑥) (

𝑤𝑐𝑥

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
+ 𝑅ℎ𝑜𝑙𝑒 − 𝑥) =  

= ((
𝑤𝑐𝑥

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
)

2

+
𝑅ℎ𝑜𝑙𝑒𝑤𝑐𝑥

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
−

𝑤𝑐𝑥2

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
) + (

𝑤𝑐
2𝑥

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
+ 𝑤𝑐𝑅ℎ𝑜𝑙𝑒 − 𝑤𝑐𝑥) +  

+ (
𝑅ℎ𝑜𝑙𝑒𝑤𝑐𝑥

𝑤𝑐+2𝑅𝑑𝑟𝑖𝑙𝑙
+ 𝑅ℎ𝑜𝑙𝑒

2 − 𝑅ℎ𝑜𝑙𝑒𝑥) + (
𝑤𝑐𝑥2

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
+ 𝑅ℎ𝑜𝑙𝑒𝑥 − 𝑥2) =  

= 𝑥2 [(
𝑤𝑐

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
)

2

− 1] + 𝑥 [
2𝑅ℎ𝑜𝑙𝑒𝑤𝑐

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
+

𝑤𝑐
2

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
− 𝑤𝑐] + [𝑤𝑐𝑅ℎ𝑜𝑙𝑒 + 𝑅ℎ𝑜𝑙𝑒

2 ]. 

(A11) 

Consider the coefficient at 𝑥 in equation (A11) and determine that it is zero (A12): 
2𝑅ℎ𝑜𝑙𝑒𝑤𝑐

𝑤𝑐 + 2𝑅ℎ𝑜𝑙𝑒

+
𝑤𝑐

2

𝑤𝑐 + 2𝑅ℎ𝑜𝑙𝑒

− 𝑤𝑐 =
2𝑅ℎ𝑜𝑙𝑒𝑤𝑐 + 𝑤𝑐

2 − 𝑤𝑐
2 − 2𝑅ℎ𝑜𝑙𝑒𝑤𝑐

𝑤𝑐 + 2𝑅ℎ𝑜𝑙𝑒

= 0 (A12) 

Then equation (A10) will take the form (A13): 

𝑦 = 𝑦1 − √𝑥2 [(
𝑤𝑐

𝑤𝑐 + 2𝑅ℎ𝑜𝑙𝑒

)
2

− 1] + [𝑤𝑐𝑅ℎ𝑜𝑙𝑒 + 𝑅ℎ𝑜𝑙𝑒
2 ] (A13) 

Perform the following transformations (A14): 

𝑥2 [1 − (
𝑤𝑐

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒
)

2

] + (𝑦 − 𝑦1)2 = 𝑤𝑐𝑅ℎ𝑜𝑙𝑒 + 𝑅ℎ𝑜𝑙𝑒
2   

𝑥2 [
𝑤𝑐

2+4𝑤𝑐𝑅ℎ𝑜𝑙𝑒+4𝑅ℎ𝑜𝑙𝑒
2 −𝑤𝑐

2

(𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒)2(𝑤𝑐𝑅ℎ𝑜𝑙𝑒+𝑅ℎ𝑜𝑙𝑒
2 )

] +
(𝑦−𝑦1)2

𝑤𝑐𝑅ℎ𝑜𝑙𝑒+𝑅ℎ𝑜𝑙𝑒
2 = 1;  

𝑥2

[
(𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒)

2
(𝑤𝑐𝑅ℎ𝑜𝑙𝑒+𝑅ℎ𝑜𝑙𝑒

2 )

4(𝑤𝑐𝑅ℎ𝑜𝑙𝑒+𝑅ℎ𝑜𝑙𝑒
2 )

]

+
(𝑦−𝑦1)2

𝑤𝑐𝑅ℎ𝑜𝑙𝑒+𝑅ℎ𝑜𝑙𝑒
2 = 1;  

𝑥2

(0.5𝑤𝑐 + 𝑅ℎ𝑜𝑙𝑒)2
+

(𝑦 − 𝑦1)2

(√𝑅ℎ𝑜𝑙𝑒(𝑅ℎ𝑜𝑙𝑒 + 𝑤𝑐))
2 = 1. 

(A14) 

Thus, the solution of the system (A1) belongs to the equation of the ellipse (A15): 
𝑥2

𝑎𝑐
2 +

(𝑦−𝑦1)2

𝑏𝑐
2 = 1;  

𝑎𝑐 = 0.5𝑤𝑐 + 𝑅ℎ𝑜𝑙𝑒;  

𝑏𝑐 = √𝑅ℎ𝑜𝑙𝑒(𝑅ℎ𝑜𝑙𝑒 + 𝑤𝑐);  

−
𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒

2
≤ 𝑥 ≤

𝑤𝑐+2𝑅ℎ𝑜𝑙𝑒

2
.  

(A15) 

The obtained solution also has an additional restriction: only the lower half of the ellipse corre-

sponds to the solution of the original system of equations (A1). The upper half of the ellipse is not a 

solution, since it appeared forcedly when squaring the original equation of the system (A1). 
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Appendix B: Determining the curve equation limiting the acceptable offset of the hole center rel-

ative to the center of the contact pad in in the conductor to land junction area for the case of ine-

quality of the conductor minimum width 

To determine the type of curve limiting the acceptable offset of the hole center relative to the 

center of the contact pad in in the conductor to land junction area, it is necessary to solve the system 

of equations (B1) for the case of inequality of the conductor width as minimum as possible. 

{
𝑦 = 𝑦1 − √(𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 + 𝑥1)2

𝑦 = 𝑦1 − √(𝑤𝑚 − 𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 − 𝑥1)2
 , 0 ≤ 𝛿 ≤ 𝑤𝑚 .  (B1) 

Both equations are expressed relative to 𝑦. Equate their right sides to each other, squared, and 

substitute 𝑥1 = 0.5𝑤𝑐 (B2): 

(𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 + 0.5𝑤𝑐)2 = (𝑤𝑚 − 𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 − 0.5𝑤𝑐)2.  (B2) 

Divide the summands with and without the variable 𝑥 (B3): 

(𝑤𝑚 − 𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 − (𝛿 + 𝑅ℎ𝑜𝑙𝑒)2 = (𝑥 − 0.5𝑤𝑐)2 − (𝑥 + 0.5𝑤𝑐)2.  (B3) 

Expand the difference squares in both parts of the equation and express the function 𝛿(𝑥) (B4): 

(𝑤𝑚 − 𝛿 + 𝑅ℎ𝑜𝑙𝑒 + 𝛿 + 𝑅ℎ𝑜𝑙𝑒)(𝑤𝑚 − 𝛿 + 𝑅ℎ𝑜𝑙𝑒 − 𝛿 − 𝑅ℎ𝑜𝑙𝑒) =  

= (𝑥 − 0.5𝑤𝑐 + 𝑥 + 0.5𝑤𝑐)(𝑥 − 0.5𝑤𝑐 − 𝑥 − 0.5𝑤𝑐);  

(𝑤𝑚 + 2𝑅ℎ𝑜𝑙𝑒)(𝑤𝑚 − 2𝛿) = −2𝑥𝑤𝑐;  

𝛿(𝑥) =
𝑤𝑐

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
𝑥 +

𝑤𝑚

2
.  

(B4) 

Also express the function 𝑥(𝛿) and find the range of the function (B5): 

𝑥(𝛿) =
(𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒)(−𝑤𝑚+2𝛿)

2𝑤𝑐
=

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒

𝑤𝑐
𝛿 −

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒

2𝑤𝑐
𝑤𝑚;  

−
𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒

2𝑤𝑐
𝑤𝑚 ≤ 𝑥 ≤

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒

2𝑤𝑐
𝑤𝑚 .  

(B5) 

Substitute this function 𝑥(𝛿)into one of the original equations (B1) to obtain expression (B6): 

𝑦 = 𝑦1 − √(𝛿(𝑥) + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 +
𝑤𝑐

2
)

2

.  (B6) 

 

Consider separately the expression under square root of equation (B6) and obtain the following 

result (B7): 

(𝛿(𝑥) + 𝑅ℎ𝑜𝑙𝑒)2 − (𝑥 +
𝑤𝑐

2
)

2

= (𝛿(𝑥) + 𝑅ℎ𝑜𝑙𝑒 + 𝑥 +
𝑤𝑐

2
) (𝛿 + 𝑅ℎ𝑜𝑙𝑒 − 𝑥 −

𝑤𝑐

2
) =  

= |𝛿(𝑥) =
𝑤𝑐

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
𝑥 +

𝑤𝑚

2
| =  

= (
𝑤𝑐𝑥

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
+

𝑤𝑚

2
+ 𝑅ℎ𝑜𝑙𝑒 + 𝑥 +

𝑤𝑐

2
) ∗ (

𝑤𝑐𝑥

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
+

𝑤𝑚

2
+ 𝑅ℎ𝑜𝑙𝑒 − 𝑥 −

𝑤𝑐

2
) =  

= ([
𝑤𝑐

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
+ 1] 𝑥 + [𝑅ℎ𝑜𝑙𝑒 +

𝑤𝑐

2
+

𝑤𝑚

2
]) ∗ ([

𝑤𝑐

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
− 1] 𝑥 + [𝑅ℎ𝑜𝑙𝑒 −

𝑤𝑐

2
+

𝑤𝑚

2
]).  

(B7) 

 

Perform substitutions (B8): 

𝑎 =
𝑤𝑐

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
+ 1; 𝑏 = 𝑅ℎ𝑜𝑙𝑒 +

𝑤𝑐

2
+

𝑤𝑚

2
; 𝑐 =

𝑤𝑐

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
− 1; 𝑑 = 𝑅ℎ𝑜𝑙𝑒 −

𝑤𝑐

2
+

𝑤𝑚

2
.  (B8) 

Then expression (B7) will take the form (B9): 

([
𝑤𝑐

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
+ 1] 𝑥 + [𝑅ℎ𝑜𝑙𝑒 +

𝑤𝑐

2
+

𝑤𝑚

2
]) ∗ ([

𝑤𝑐

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
− 1] 𝑥 + [𝑅ℎ𝑜𝑙𝑒 −

𝑤𝑐

2
+

𝑤𝑚

2
]) =  

= (𝑎𝑥 + 𝑏) ∗ (𝑐𝑥 + 𝑑) = 𝑎𝑐𝑥2 + (𝑎𝑑 + 𝑏𝑐)𝑥 + 𝑏𝑑.  

(B9) 

Determine the components at powers of 𝑥 (B10): 

𝑎𝑐 = (
𝑤𝑐

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
+ 1) (

𝑤𝑐

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
− 1) =

𝑤𝑐
2

(2𝑅ℎ𝑜𝑙𝑒+𝑤𝑚)2 − 1;  

𝑎𝑑 = (
𝑤𝑐

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
+ 1) (𝑅ℎ𝑜𝑙𝑒 −

𝑤𝑐

2
+

𝑤𝑚

2
) =

𝑤𝑐𝑅ℎ𝑜𝑙𝑒−0.5𝑤𝑐
2+0.5𝑤𝑐𝑤𝑚

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
+ 𝑅ℎ𝑜𝑙𝑒 −

𝑤𝑐

2
+

𝑤𝑚

2
;  

𝑐𝑏 = (
𝑤𝑐

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
− 1) (𝑅ℎ𝑜𝑙𝑒 +

𝑤𝑐

2
+

𝑤𝑚

2
) =

𝑤𝑐𝑅ℎ𝑜𝑙𝑒+0.5𝑤𝑐
2+0.5𝑤𝑐𝑤𝑚

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
− 𝑅ℎ𝑜𝑙𝑒 −

𝑤𝑐

2
−

𝑤𝑚

2
;  

𝑎𝑑 + 𝑐𝑏 =
𝑤𝑐𝑅ℎ𝑜𝑙𝑒−0.5𝑤𝑐

2+0.5𝑤𝑐𝑤𝑚+𝑤𝑐𝑅ℎ𝑜𝑙𝑒+0.5𝑤𝑐
2+0.5𝑤𝑐𝑤𝑚

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
+ 𝑅ℎ𝑜𝑙𝑒 −

𝑤𝑐

2
+

𝑤𝑚

2
− 𝑅ℎ𝑜𝑙𝑒 −

𝑤𝑐

2
−

𝑤𝑚

2
=  

(B10) 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 May 2023                   doi:10.20944/preprints202305.0847.v1

https://doi.org/10.20944/preprints202305.0847.v1


=
2𝑤𝑐𝑅ℎ𝑜𝑙𝑒+𝑤𝑐𝑤𝑚

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
− 𝑤𝑐 =

2𝑤𝑐𝑅ℎ𝑜𝑙𝑒+𝑤𝑐𝑤𝑚−𝑤𝑐𝑤𝑚−2𝑤𝑐𝑅ℎ𝑜𝑙𝑒

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒
= 0;  

𝑏𝑑 = (𝑅ℎ𝑜𝑙𝑒 +
𝑤𝑐

2
+

𝑤𝑚

2
) (𝑅ℎ𝑜𝑙𝑒 −

𝑤𝑐

2
+

𝑤𝑚

2
) =  

= 𝑅ℎ𝑜𝑙𝑒
2 − 𝑅ℎ𝑜𝑙𝑒

𝑤𝑐

2
+ 𝑅ℎ𝑜𝑙𝑒

𝑤𝑚

2
+ 𝑅ℎ𝑜𝑙𝑒

𝑤𝑐

2
−

𝑤𝑐
2

4
+

𝑤𝑐𝑤𝑚

4
+ 𝑅ℎ𝑜𝑙𝑒

𝑤𝑚

2
−

𝑤𝑐𝑤𝑚

4
+

𝑤𝑚
2

4
=  

=
4𝑅ℎ𝑜𝑙𝑒

2 +4𝑅ℎ𝑜𝑙𝑒𝑤𝑚+𝑤𝑚
2 −𝑤𝑐

2

4
=

(2𝑅ℎ𝑜𝑙𝑒+𝑤𝑚)2−𝑤𝑐
2

4
.  

Then the original expression (B9) can be represented as an ellipse with semi-axes 𝑎𝑚 and 𝑏𝑚 

(B11): 

(𝑦 − 𝑦1)2 = 𝑎𝑐𝑥2 + 𝑏𝑑;  

−
𝑎𝑐

𝑏𝑑
𝑥2 +

(𝑦−𝑦1)2

𝑏𝑑
= 1;  

𝑥2

𝑎𝑚
2 +

(𝑦−𝑦1)2

𝑏𝑚
2 = 1;  

−
𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒

2𝑤𝑐
𝑤𝑚 ≤ 𝑥 ≤

𝑤𝑚+2𝑅ℎ𝑜𝑙𝑒

2𝑤𝑐
𝑤𝑚;  

𝑎𝑚 = √−
𝑏𝑑

𝑎𝑐
= √−

(2𝑅ℎ𝑜𝑙𝑒+𝑤𝑚)2−𝑤𝑐
2

4
÷ (

𝑤𝑐
2

(2𝑅ℎ𝑜𝑙𝑒+𝑤𝑚)2 − 1) =  

= √−
((2𝑅ℎ𝑜𝑙𝑒+𝑤𝑚)2−𝑤𝑐

2)(2𝑅ℎ𝑜𝑙𝑒+𝑤𝑚)2

4(𝑤𝑐
2−(2𝑅ℎ𝑜𝑙𝑒+𝑤𝑚)2)

=
2𝑅ℎ𝑜𝑙𝑒+𝑤𝑚

2
;  

𝑏𝑚 = √𝑏𝑑 = √
(2𝑅ℎ𝑜𝑙𝑒+𝑤𝑚)2−𝑤𝑐

2

4
=

√(2𝑅ℎ𝑜𝑙𝑒+𝑤𝑚)2−𝑤𝑐
2

2
.  

(B11) 

Similarly, to the case considered in Appendix A, the solution of the original system (B1) is satis-

fied only by the lower half of the ellipse. 

Appendix C: Derivation of the function limiting the integration area when considering the "con-

ductor – contact pad" system 

In order to determine the function limiting the integration region 𝐷, it is necessary to solve the 

system of equations (C1): 

{
𝑥2 + 𝑦2 = 𝑟2

𝑥2

𝑎𝑚
2 +

(𝑦−𝑦1)2

𝑏𝑚
2 = 1

 , 𝑦1 − 𝑏𝑚 ≤ 𝑟 ≤ 𝑅𝐶 .  (C1) 

Let's express 𝑥2 from the upper equation of the system and substitute it in the lower one (C2): 

𝑟2−𝑦2

𝑎𝑚
2 +

(𝑦−𝑦1)2

𝑏𝑚
2 = 1;  

𝑏𝑚
2 𝑟2 − 𝑏𝑚

2 𝑦2 + 𝑎𝑚
2 𝑦2 − 2𝑎𝑚

2 𝑦1𝑦 + 𝑎𝑚
2 𝑦1

2 = 𝑎𝑚
2 𝑏𝑚

2 ;  

(𝑎𝑚
2 − 𝑏𝑚

2 )𝑦2 − (2𝑎𝑚
2 𝑦1)𝑦 + (𝑎𝑚

2 𝑦1
2 − 𝑎𝑚

2 𝑏𝑚
2 + 𝑏𝑚

2 𝑟2) = 0.  

(C2) 

Solve the resulting equation (C3): 

𝑦(𝑟) =
𝑎𝑚

2 𝑦1±√𝑎𝑚
4 𝑦1

2−(𝑎𝑚
2 −𝑏𝑚

2 )(𝑎𝑚
2 𝑦1

2−𝑎𝑚
2 𝑏𝑚

2 +𝑏𝑚
2 𝑟2)

𝑎𝑚
2 −𝑏𝑚

2 .  (C3) 

Consider separately the expression under square root in the function 𝑦(𝑟) (54) and transform it 

to the form (C4): 

𝑎𝑚
4 𝑦1

2 − (𝑎𝑚
2 − 𝑏𝑚

2 )(𝑎𝑚
2 𝑦1

2 − 𝑎𝑚
2 𝑏𝑚

2 + 𝑏𝑚
2 𝑟2) =  

= 𝑎𝑚
4 𝑦1

2 − (𝑎𝑚
4 𝑦1

2 − 𝑎𝑚
4 𝑏𝑚

2 + 𝑎𝑚
2 𝑏𝑚

2 𝑟2 − 𝑎𝑚
2 𝑏𝑚

2 𝑦1
2 + 𝑎𝑚

2 𝑏𝑚
4 − 𝑏𝑚

4 𝑟2) =  

= 𝑎𝑚
4 𝑏𝑚

2 − 𝑎𝑚
2 𝑏𝑚

2 𝑟2 + 𝑎𝑚
2 𝑏𝑚

2 𝑦1
2 − 𝑎𝑚

2 𝑏𝑚
4 + 𝑏𝑚

4 𝑟2 =  

= 𝑏𝑚
2 [𝑎𝑚

2 (𝑎𝑚
2 − 𝑏𝑚

2 + 𝑦1
2) − 𝑟2(𝑎𝑚

2 − 𝑏𝑚
2 )].  

(C4) 

Then 𝑦(𝑟), given that we are looking only for the lower intersection, converts to the form (C5): 

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 11 May 2023                   doi:10.20944/preprints202305.0847.v1

https://doi.org/10.20944/preprints202305.0847.v1


𝑦(𝑟) = 𝑦2(𝑟) =
𝑎𝑚

2 𝑦1−𝑏𝑚√𝑎𝑚
2 (𝑎𝑚

2 −𝑏𝑚
2 +𝑦1

2)−𝑟2(𝑎𝑚
2 −𝑏𝑚

2 )

𝑎𝑚
2 −𝑏𝑚

2 .  (C5) 

Substitute the function 𝑦(𝑟) into the upper equation of system (C1) to obtain 𝑥(𝑟) (C6): 

𝑥(𝑟) = 𝑥2(𝑟) = √𝑟2 − 𝑦2
2(𝑟).  (C6) 

Thus, the function 𝜑(𝑟) will be equal to (C7): 

𝜑(𝑟) = arctan (
𝑦2(𝑟)

𝑥2(𝑟)
) , 𝑦1 − 𝑏𝑚 ≤ 𝑟 ≤ 𝑅𝐶 .  (C7) 
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