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Abstract: A nonlinear MEMS multimass sensor is investigated. The MEMS design consists of an array

of nonlinear microcantilevers clamped to a shuttle mass which, in turn, is attached to a linear spring

and a dashpot. The microcantilevers are made of a polymeric hosting matrix reinforced by aligned

carbon nanotubes (CNT) with different CNT volume fractions in each cantilever so as to suitably

tune the frequency bandwidth of the device. The advantages of a single input-single output (SISO)

system are here exploited for the design, actuation and detection principles as in previous literature.

The equations of motion of the MEMS micro mass sensor, whereby each of the microcantilevers

attached to the shuttle mass is described by the nonlinear Euler-Bernoulli inextensible beam theory,

are discretized via the Galerkin method. The frequency response curves of the device are obtained via

a pathfollowing algorithm applied to the reduced-order model of the system. The linear as well as the

nonlinear detection capabilities of the device are explored by computing the shifts of the frequency

response peaks caused by the mass deposition onto one or more microcantilever tips. The mass

sensor sensitivity estimated in the linear and nonlinear dynamic range shows that, for relatively

large displacements, the accuracy of the added mass detectability can be improved due to the larger

nonlinear frequency shifts at resonance.

Keywords: nanocomposite; microcantilever; mass sensing; frequency shifts; carbon nanotubes;

nonlinear frequency response

1. Introduction

In the past decades MEMS have been subject to disruptinve developments in several fields of

engineering both in research and applications (mainly, signal processing, actuation, and sensing). The

lower power consumption and higher sensitivity are distinct advantages with respect to comparable

macro devices. A general introduction about MEMS devices can be found in [1] with an overview

of the fundamental concepts pertaining to linear and nonlinear dynamics of such systems. In recent

years, a great deal of studies have sought to advance our understanding of the nonlinear dynamic

behavior of nano/microresonators, which represent the main components of actual NEMS/MEMS

devices [2–5]. Nonlinear dynamic aspects of electrostatically actuated microcantilevers are discussed

in [6] while dynamics of the same systems subject to piezoelectric actuation are studied in [7].

Accurate models still need to achieve better agreement between analytical/numerical predictions

and experiment results, and explore the use of new materials and technical capabilities. Initial

imperfections of the structure, together with electrostatic actuation and nonlinear damping effects,

are discussed in [8,9]. Moreover, systems with feedback loop control are investigated to enhance the

sensitivity of the microdevices [10,11]. By restricting the attention to micromass sensing, the literature

is becoming increasingly richer due to the present interest in gas detection, chemical agent detection,

biological molecules and pollutant particles identification. In the mass/gas detection, different physical

principles can be used to measure the different target substances. In [12–14] some electrical resistive

detectors are investigated. In these studies the functioning of a semiconductor placed in an integrated
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circuit aimed to measure target molecules such as SO2 or NO2 in order to perform environmental

control or to measure the pollution associated with combustion chamber exhaust gases. Moreover, an

example of a MEMS gas sensor using Knudsen force for hydrogen detection can be found in [15,16].

Therefore, MEMS gas sensors using the mechanical features of micro oscillators are of current interest.

An overview on the working principles of these devices can be found in [17]. A micro mass sensor

based on a microcantilever is discussed in [18]. This micromechanical resonator is used as gas sensor

exploiting a working principle based on the detection of the beam natural frequency shift due to mass

deposition onto the tip of the microbeam. In addition, similar works addressing microcantilevers used

as sensor resonators to detect the chemical concentration of matter are found in [19,20]. On the other

hand, a detection procedure is discussed in [21,22] where monitoring of the amplitudes of the localized

vibration modes that vary when the system mass is perturbed was performed. A device made of two

microcantilevers weakly coupled through an overhang working with localized modes is discussed

in [23] while the use of these tools in highly viscous fluids is explored in [24,25]. Different kinds of

electrostatic actuation are addressed in [26,27] to achieve large motions as well as higher sensitivity. In

the field of NEMS, the performance of standalone carbon nanotube oscillators for mass detection is

investigated in [28,29].

Numerous studies have been carried out to explore new mass detection strategies exploiting

nonlinear effects. A parametrically excited clamped-clamped beam with cubic stiffness nonlinearity is

explored as micromass sensor in [30]. The principle is based on the passage from the stable region to

the unstable region across the transition curves of the Strutt diagrams. Also the jumps between the

nonresonant and resonant branches occurring at the fold bifurcations along the frequency response

curves are used as detection principle in [31,32]. Moreover, an electrostatically actuated microcantilever

dynamic mass sensor was analytically investigated and experimentally tested in [33] to indirectly

measure the added mass and its position along the span exploiting the frequency shift. The nonlinear

dynamic behavior of an electrostatically actuated microbeam was studied in [34] to compare the

different kinds of micromass detections according to the jumps at the bifurcation points, the frequency

sweeps, and the frequency shifts of the resonant peaks. A specific study on the static and dynamic

effects of the pull-in phenomena for a MEMS gas sensor can be found in [35].

In the present work, a single-input single-output (SISO) system is investigated making use of

a path following algorithm optimized to tackle several degrees of freedom. The baseline idea of the

SISO system can be found in [36] where a dynamic lumped system is studied numerically in the linear

range. The working principle of the tool consists in the use of the shuttle mass motion both to excite

the sensors and to read off the overall dynamic response of the system which includes the vibrations

of all microcantilevers.

The analytical investigation via a perturbation technique of the design guidelines for SISO systems

can be found in [37]. In the present work a different approach based on the eigenvalue analysis for

a five-dof system is presented. One of the key aspects of the proposed design is the use of CNT

nanocomposite material (i.e., polymeric matrix hosting aligned CNTs forests) for the microcantilever

detectors. An experimental and numerical study of the response of such nanostructured materials is

given in [38–40]. Contrary to the conventional way of tuning the detector frequencies by changing their

length, the proposed design consists of an array of equal-length beams having different CNT volume

fractions which leads to easily tunable frequencies. The shuttle mass is a mass-spring-damper system

while the microcantilevers clamped to the shuttle mass are modeled as nonlinear Euler-Bernoulli

beams. The equations of motion are discretized via the Galerkin method and the system sensitivity is

investigated for different cases such as the case of the system driven by a harmonic excitation or by

an electrostatic actuation as well as the case of the system with one or more working sensor beams.

The sensitivity of the device is computed in the linear and nonlinear dynamic ranges proving that the

nonlinearities can enhance the detection capabilities.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 May 2023                   doi:10.20944/preprints202305.0626.v1

https://doi.org/10.20944/preprints202305.0626.v1


3 of 19

2. Equations of motion for the nanocomposite microcantilevers

The SISO system investigated in the present study is depicted in Figure 1.

k
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Figure 1. Array of nanocomposite microcantilevers clamped onto the shuttle mass. The

microcantilevers are numbered from left to right. The coordinate x denotes the shuttle mass

displacement, F the amplitude of harmonic direct excitation; on the right, a schematic representation of

the deflection of the jth microcantilever together with the fixed and local frames and the coordinate s.

The flexural motion of the jth microcantilever is described by the nonlinear Euler-Bernoulli beam

theory [41]. Let s and t be the arclength along the beam baseline and time, respectively, and let ∂s and

∂t denote differentiation with respect to s and t, respectively. The nonlinear equation of motion for the

jth undamped microcantilever is given by the following integral-partial differential equation:

ρA(∂ttvj cos θj − ∂ttuj sin θj)− κj N∗
j + ∂ss Mj

+ κj

∫ l

s

[
ρA(∂ttuj cos θj + ∂ttvj sin θj)− κj∂s Mj

]
dξ = 0

(1)

where N∗
j is the normal force at the tip of the cantilever, which is due to the presence of the

added mass at the tip denoted by mj; ρ A is the beam mass per unit length, with l being its span,

while uj and vj are the axial and transverse (i.e., with respect to the fixed directions e3 and e1)

displacements of the cantilevers, respectively. Furthermore, θj denotes the counterclockwise rotation

of the beam cross section, κj is the flexural curvature, and Mj = EJ
eq

j κj is the elastic bending moment,

proportional to the equivalent flexural stiffness EJ
eq

j of the jth nanocomposite cantilever cross section.

In particular, according to [39,42–44], such equivalent flexural stiffness is derived by a 3D continuum

homogeneization model which provides the following expression:

EJ
eq

j = ÊJ
eq
(φC, EM, EC, νM, νC) (2)

where the equivalent stiffness depends on the volume fraction φC of the CNTs embedded in the

polymeric hosting matrix, and of the isotropic elastic moduli of the two materials, Young’s and

Poisson’s moduli EC and νC, respectively for the CNTS, Young’s and Poisson’s moduli EM and νM,

respectively for the hosting polymeric matrix.

The boundary conditions for the jth microcantiliver considering the presence of the added mass

mj at its tip are:

vj(0, t) = x(t), ∂svj(0, t) = 0, ∂ssvj(l, t) = 0,

EJ
eq

j ∂sssvj(l, t) = mj∂ttvj(l, t) .
(3)
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Note that the dynamic boundary condition involving the tip mass mj is obtained via linearization of

the fully nonlinear equation of motion for the lumped tip mass. Such equation enforces the balance of

linear momentum at the cantilever tip expressed as

(N∗
j b3 + Q∗

j b1) = −mj

[
∂ttuj(l, t)e3 + ∂ttvj(l, t)e1

]
. (4)

where (b1, b3) are the beam cross section-fixed unit vectors providing the current cross section

orientation and the direction normal to it while (e1, e3) indicate the fixed horizontal and vertical

directions, respectively. Therefore, the jth tension N∗
j and shear force Q∗

j can be obtained as

N∗
j = −mj

[
cos θj(l, t) ∂ttuj(l, t) + sin θj(l, t) ∂ttvj(l, t)

]
, (5)

Q∗
j = −mj

[
− sin θj(l, t) ∂ttuj(l, t) + cos θj(l, t) ∂ttvj(l, t)

]
. (6)

The subsequent linearization of equation (6) yields

Q∗
j = −mj∂ttvj(l, t). (7)

By further expanding Equation (1) in Taylor series up to the third order adopting the

moment-curvature law proposed in [42,43], and further developed in [44], expressing the longitudinal

motion uj as a function of the transverse motion vj, the Euler-Bernoulli equations of motion governing

the transverse dynamics of the jth microbeam with the tip mass mj are cast in the form

ρA∂ttvj

(
1 − 1

2 (∂svj)
2
)
+ ρA∂svj

∫ s

0

[
∂svj∂sttvj + (∂stvj)

2
]

dξ

+ ∂ssvj

∫ l

s
ρA

[
∂svj∂ttvj −

∫ ξ

0

(
∂svj∂sttvj + (∂stvj)

2
)

dz

]
dξ

+ ∂ss Mj − ∂ssvj

∫ l

s
∂ssvj∂s Mj dξ

+ mj∂ssvj

[
(∂svj)

∣∣
l
(∂ttvj)

∣∣
l
+

∫ l

0

(
∂svj∂sttvj + (∂stvj)

2
)

dξ

]
= 0

(8)

where vj is the transverse deflection of the beam, the constitutive law for the bending moment is

Mj = EJ
eq

j κj = EJ
eq

j

[
∂ssvj

(
1 + 1

2 (∂svj)
2
)]

with κj = ∂ssvj

(
1 + 1

2 (∂svj)
2
)

Finally, the equation of motion for the shuttle mass is given by

M∂ttx + c∂tx + Kx +
Nb

∑
j=1

∂s Mj

∣∣
s=0

= f cos Ωt (9)

where x is the displacement of the shuttle mass M, c is the damping coefficient of the dashpot, k

the spring constant, f (t) = F cos Ωt with F and Ω being the excitation amplitude and frequency,

respectively. The last term is the sum the shear forces of the Nb beams at the roots attached to the

shuttle mass, on accounting for the relationship between shear force and moment gradient Q = −∂s M.

In fact, the associated boundary conditions for the beams are the kinematic relations for the clamp and

the mechanical boundary conditions at the tip

vj(0, t) = ∂svj(0, t) = x(t) = 0

and

Mj(l, t) = 0, Qj(l, t) = −mj(∂ttx + ∂ttvj)
∣∣
s=l
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Expressed in terms of displacements, the mechanical the boundary conditions at the tip become

EJ
eq

j ∂ssvj(l, t) = 0, EJ
eq

j ∂sssvj(l, t) = mj(∂ttx + ∂ttvj)
∣∣
s=l

We rescale the absolute displacements vj of the jth beam and the shuttle mass displacement x by

the length of the beams l, time by 1/ωc with ω2
c = EJeq/(ρAl4), where ρA is the mass per unit length

of the reference beam whose bending stiffness is denoted by EJeq. By retaining the symbols s and t as

the beam nondimensional arclength and time, respectively, and using the prime for space derivatives

and the over dot for time derivatives, the ensuing nondimensional equations (8) become:

µ ẍ(t) + ξ ẋ(t) + K∗ x(t) +
Nb

∑
j=1

αjv
′′′
j (0, t) = f ∗ cos Ω∗t ,

µj v̈j(s, t) + m∗
j δ(s − 1)v̈j(s, t) + ξ j v̇j(s, t) + αjv

′′′′
j (s, t)

+ µj f I
j [v(s, t), v̇(s, t), v̈(s, t)] + αj f R

j [v(s, t)]

+ m∗
j f I∗

j [v(s, t), v̇(s, t), v̈(s, t)] = 0 , for j = 1, . . . , Nb

(10)

where

f I
j [v, v̇, v̈] = − 1

2 v̈j(v
′
j)

2 + v′′j

∫ 1

s⋆

[
v̈j v′j

]
dξ⋆ + v′j

∫ s⋆

0

[
v′jv̈

′
j

]
dξ⋆

− v′′j

∫ 1

s⋆

[∫ s⋆

0

[
v′jv̈

′
j

]
dξ⋆

]
ds⋆ + v′j

∫ s⋆

0

[
(v̇′j)

2
]

dξ⋆

− v′′j

∫ 1

s⋆

[∫ s⋆

0

[
(v̇′j)

2
]

dξ⋆
]

ds⋆ ,

f R
j [v] = (v′′j )

3 + 1
2 v′′′′j (v′j)

2 + 3v′′′j v′′j v′j − v′′j

∫ 1

s⋆
(v′′j v′′′j + · · · )dξ⋆ ,

f I∗
j [v, v̇, v̈] = v′′j

[
(v′j)

∣∣∣∣
1

(v̈j)

∣∣∣∣
1

−
∫ 1

0

(
v′jv̈

′
j + (v̇′j)

2
)

dξ

]
.

In the governing equations, we introduced the following nondimensional parameters:

µ := M/(ρAl) , µj := ρAj/ρA , m∗
j := mj/(ρAl) ,

ξ := c/(ρAlωc), ξ j := cj/(ρAωc) ,

K∗ := K/(ρAlω2
c ) , αj := EJ

eq

j /(ρAω2
c l4) ,

f ∗ := f /(ρAl2ω2
c ) , Ω∗ := Ω/ωc ,

where mj is the tip mass of the jth beam, ξ j its damping coefficient, (µ, K∗, ξ) are the nondimensional

mass, spring constant and damping coefficient of the shuttle mass, f ∗ and Ω∗ are the nondimensional

excitation amplitude and frequency, respectively.

We further introduce the beam deflections wj relative to the shuttle mass according to vj(s, t) =

wj(s, t) + x(t). The equations of motion in terms of the relative beam deflections wj take the following

form:

µ ẍ(t) + ξ ẋ(t) + K∗ x(t) +
Nb

∑
j=1

αjw
′′′
j (0, t) = f ∗ cos Ω∗t ,

µj (ẅj(s, t) + ẍ(t)) + m∗
j δ(s − 1) (ẅj(s, t) + ẍ(t)) + ξ j ẇj(s, t) + αjw

′′′′
j (s, t)

+ αj f R
j [w(s, t)] + µj f I

j [w(s, t), ẇ(s, t), ẅ(s, t)] + m∗
j f I∗

j [w(s, t), ẇ(s, t), ẅ(s, t)]

+ µj gI
j [w(s, t)] ẍ(t) + m∗

j gI∗
j [w(s, t)] ẍ(t) = 0 , for j = 1, . . . , Nb ,

(11)
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where

gI
j [w] = − 1

2 (w
′
j)

2 + w′′
j

∫ 1

s⋆

[
w′

j

]
dξ⋆ , gI∗

j [w] = w′′
j (w

′
j)

∣∣∣∣
1

.

3. Modal analysis

The modal analysis of the SISO system here discussed is the first step towards the nonlinear

analyses carried out on the Galerkin obtained reduced order models. Moreover, the variability

of the eigenfrequencies of the SISO system reveals interesting preliminary results, thanks to the

nanostructured nature of the materials constituting the microbeams.

Let the jth overall mode shape of the system be cast in the vector-valued form:

u⊤
j = [Xj, φ1,j(s), φ2,j(s), . . . , φNb ,j(s)] = [Xj, φk,j(s)] , k = 1, . . . Nb (12)

For further details see Appendix A. The substitution of the jth mode in the nondimensional kth beam

equation and shuttle mass equation yields

−µkω2
j φk,j + αkφ′′′′

k,j = 0 (13)

−µω2
j Xj + K∗Xj + ∑

k

αkφ′′′
k,j(0) = 0 ; (14)

the associated boundary conditions for the beams are

φk,j(0)− Xj = 0 φ′
k,j(0) = 0 (15)

αkφ′′
k,j(1) = 0, αkφ′′′

k,j(1) + m∗
k ω2

j φk,j(1) = 0 (16)

We multiply Equation (13) by φk,i, integrate over [0, 1] and sum the resulting projected equations for all

beams; we multiply Equation (14) by Xi and sum the previously projected beam equations and the

shuttle mass equation to obtain:

−ω2
j

[ Nb

∑
k=1

µk

∫ 1

0
φk,iφk,jds + µXiXj

]
+

Nb

∑
k=1

αk

∫ 1

0
φk,iφ

′′′′
k,j ds (17)

+ K∗XiXj + Xi

Nb

∑
k=1

αkφ′′′
k,j(0) = 0

We further integrate by parts the bending terms in the beam equations to obtain

∫ 1

0
φk,iφ

′′′′
k,j ds = φk,iφ

′′′
k,j|

1
s=0 − φ′

k,iφ
′′
k,j|

1
s=0 +

∫ 1

0
φ′′

k,iφ
′′
k,jds (18)

Employing the boundary conditions (15) yields

∫ 1

0
φk,iφ

′′′′
k,j ds = −φk,i(1)ω

2
j

m∗
k

αk
φk,j(1)− Xiφ

′′′
k,j(0) +

∫ 1

0
φ′′

k,iφ
′′
k,jds (19)

Substituting (19) into (20) yields

Nb

∑
k=1

[
− µkω2

j

∫ 1

0
φk,iφk,jds − ω2

j m∗
k φk,i(1)φk,j(1)− αkXiφ

′′′
k,j(0) + αk

∫ 1

0
φ′′

k,iφ
′′
k,jds

]
(20)

− µω2
j XiXj + K∗XiXj + Xi

Nb

∑
k=1

αkφ′′′
k,j(0) = 0
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which gets simplified into

−ω2
j

[ Nb

∑
k=1

µk

∫ 1

0
φk,iφk,jds + µXiXj +

Nb

∑
k=1

m∗
k φk,i(1)φk,j(1)

]
(21)

+
[ Nb

∑
k=1

αk

∫ 1

0
φ′′

k,iφ
′′
k,jds + K∗XiXj

]
= 0 (22)

We let

Mij =
[ Nb

∑
k=1

µk

∫ 1

0
φk,iφk,jds + µXiXj +

Nb

∑
k=1

m∗
k φk,i(1)φk,j(1)

]
(23)

Kij =
[ Nb

∑
k=1

αk

∫ 1

0
φ′′

k,iφ
′′
k,jds + K∗XiXj

]
(24)

so that Equation (21) becomes

−ω2
j Mij + Kij = 0 . (25)

Note that the normalization condition is set to be Mjj = 1, which yields

Nb

∑
k=1

µk

∫ 1

0
φk,jφk,jds + µXjXj +

Nb

∑
k=1

m∗
k φk,j(1)φk,j(1) = 1 . (26)

This allows to compute the coefficients {a1, . . . , aNb
} of the eigenvectors. In particular, the (Nb − 1)

coefficients {a2, . . . , aNb
} are first obtained as function of a1 through the system Aijaj = 0 (for i =

2, . . . , Nb), and finally a1 is computed by imposing the previous normalization condition. According

to this mass normalization, the frequencies are obtained as

ω2
j = Kjj =

Nb

∑
k=1

αk

∫ 1

0
φ′′

k,jφ
′′
k,jds + K∗XjXj (27)

Numerical results. The mode shapes of the system, together with the corresponding natural

frequencies, are computed using the linear equations of motion and solving the associated eigenvalue

problem discussed in the previous section. Here and henceforth, we will consider Nb = 4

microcantilevers attached to the shuttle mass.

The shuttle stiffness is set according to the formula k = ω2 M, ω being a percentage of the lowest

natural frequency of the sensors. The mechanical parameters are set to the following parameters:

k = 105 N/m, M = 40 ρAl, ρ = 1236 kg/m3, h = b = 50 µm, EM = 2.8 GPa, EC = 970 GPa, νM = 0.3,

νC = 0.1, l = 270µm. Here, ρ is the mass density of the beam hosting matrix (i.e., epoxy), and h and b

are the thickness and width of the microcantilevers cross section, respectively, so that A = h b is the

area and J22 = 1/12 bh3 is the second moment of area of the microbeam cross section about the e2-axis

(see Figure 1).

The four microbeams are characterized by increasing volume fractions (from left- to right-beam),

respectively φC = {2, 3, 5, 7}%. The lowest 13 eigenvalues and the corresponding eigenmodes are

depicted in Figure 2; the 1st mode with ω1 = 4.7423 since it just involves the translational motion of

the shuttle mass with no bending of the beams. The higher modes can be classified as local modes

encompassing only the flexural motion of each cantilever separately. This indeed makes it possible

to use the device as a multimass detector. In particular the 2nd mode, the first flexural of the first

microcantilever, is associated with a frequency which is almost twice that of the 1st mode.

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 May 2023                   doi:10.20944/preprints202305.0626.v1

https://doi.org/10.20944/preprints202305.0626.v1


8 of 19

<latexit sha1_base64="GjI9/n18agXgylx0Qcrs+KrdWmk=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFchaRI24VCwY3LCvYBbQiT6aQdOo8wMxFL6a+4caGIW3/EnX/jtM1CWw9cOJxzL/feE6eMauP7387G5tb2zm5hr7h/cHh07J6U2lpmCpMWlkyqbow0YVSQlqGGkW6qCOIxI514fDv3O49EaSrFg5mkJORoKGhCMTJWitxSX3IyRFEF3sC6V6tXq7XILfuevwBcJ0FOyiBHM3K/+gOJM06EwQxp3Qv81IRTpAzFjMyK/UyTFOExGpKepQJxosPp4vYZvLDKACZS2RIGLtTfE1PEtZ7w2HZyZEZ61ZuL/3m9zCT1cEpFmhki8HJRkjFoJJwHAQdUEWzYxBKEFbW3QjxCCmFj4yraEILVl9dJu+IFVa9yf1VuXOdxFMAZOAeXIAA10AB3oAlaAIMn8AxewZszc16cd+dj2brh5DOn4A+czx/C5pJL</latexit>

!2 = 8.78667

<latexit sha1_base64="kD6ZrEi6Egw2tZg8tKcNKdIRpww=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgKiSlxi4UCm5cVrAPaEOYTCft0MlMmJmIpfRX3LhQxK0/4s6/cdpmoa0HLhzOuZd774lSRpV23W+rsLG5tb1T3C3t7R8cHtnH5bYSmcSkhQUTshshRRjlpKWpZqSbSoKSiJFONL6d+51HIhUV/EFPUhIkaMhpTDHSRgrtcl8kZIhCH97Ay5rj110/tCuu4y4A14mXkwrI0Qztr/5A4CwhXGOGlOp5bqqDKZKaYkZmpX6mSIrwGA1Jz1COEqKC6eL2GTw3ygDGQpriGi7U3xNTlCg1SSLTmSA9UqveXPzP62U6rgdTytNME46Xi+KMQS3gPAg4oJJgzSaGICypuRXiEZIIaxNXyYTgrb68TtpVx/Od6n2t0rjO4yiCU3AGLoAHrkAD3IEmaAEMnsAzeAVv1sx6sd6tj2VrwcpnTsAfWJ8/tUqSQg==</latexit>

!6 = 54.6806
<latexit sha1_base64="KAIWlW5SRJSjF1zSuYDvzdM38BU=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7AbJCagEPDiMYJ5QLIss5NJMmQey8ysGJb8ihcPinj1R7z5N06SPWhiQUNR1U13VxQzqo3nfTu5jc2t7Z38bmFv/+DwyD0utrVMFCYtLJlU3QhpwqggLUMNI91YEcQjRjrR5Hbudx6J0lSKBzONScDRSNAhxchYKXSLfcnJCIV1eAPr1bJfrdRCt+SVvQXgOvEzUgIZmqH71R9InHAiDGZI657vxSZIkTIUMzIr9BNNYoQnaER6lgrEiQ7Sxe0zeG6VARxKZUsYuFB/T6SIaz3lke3kyIz1qjcX//N6iRnWgpSKODFE4OWiYcKgkXAeBBxQRbBhU0sQVtTeCvEYKYSNjatgQ/BXX14n7YpNrFy5vyw1rrM48uAUnIEL4IMr0AB3oAlaAIMn8AxewZszc16cd+dj2ZpzspkT8AfO5w++kZJI</latexit>

!9 = 96.1628
<latexit sha1_base64="XWBHZnP7ni5ZOLWc5OFhl+hlBrM=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclSSIdqFQcOOygn1AG8JkOmmHziPMTMQS+ituXCji1h9x5984bbPQ1gMXDufcy733xCmj2njet7O2vrG5tV3aKe/u7R8cukeVtpaZwqSFJZOqGyNNGBWkZahhpJsqgnjMSCce3878ziNRmkrxYCYpCTkaCppQjIyVIrfSl5wMUVSHN7Ae1PzADyK36tW8OeAq8QtSBQWakfvVH0iccSIMZkjrnu+lJsyRMhQzMi33M01ShMdoSHqWCsSJDvP57VN4ZpUBTKSyJQycq78ncsS1nvDYdnJkRnrZm4n/eb3MJPUwpyLNDBF4sSjJGDQSzoKAA6oINmxiCcKK2lshHiGFsLFxlW0I/vLLq6RtE7usBfcX1cZ1EUcJnIBTcA58cAUa4A40QQtg8ASewSt4c6bOi/PufCxa15xi5hj8gfP5A6Sgkjc=</latexit>

!8 = 82.1212
<latexit sha1_base64="geHx8wVQR0aZ+4FFDOs7t1x4fPc=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFchSRo60Kh4MZlBfuANoTJdNIOncyEmYlYQn/FjQtF3Poj7vwbp20W2nrgwuGce7n3nihlVGnX/bbW1jc2t7ZLO+Xdvf2DQ/uo0lYik5i0sGBCdiOkCKOctDTVjHRTSVASMdKJxrczv/NIpKKCP+hJSoIEDTmNKUbaSKFd6YuEDFFYhzewdul4fs0P7arruHPAVeIVpAoKNEP7qz8QOEsI15ghpXqem+ogR1JTzMi03M8USREeoyHpGcpRQlSQz2+fwjOjDGAspCmu4Vz9PZGjRKlJEpnOBOmRWvZm4n9eL9PxVZBTnmaacLxYFGcMagFnQcABlQRrNjEEYUnNrRCPkERYm7jKJgRv+eVV0vYdr+b49xfVxnURRwmcgFNwDjxQBw1wB5qgBTB4As/gFbxZU+vFerc+Fq1rVjFzDP7A+vwBrDKSPA==</latexit>

!7 = 65.1262

<latexit sha1_base64="8wIZCyjMusjPC+ywIJAiVOSo2Zk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgKiS1tC4UCm5cVrAPaEOYTKft0MlMmJkIIdRfceNCEbd+iDv/xmmbhbYeuHA4517uvSeMGVXadb+twsbm1vZOcbe0t39weGQfn3SUSCQmbSyYkL0QKcIoJ21NNSO9WBIUhYx0w+nt3O8+Eqmo4A86jYkfoTGnI4qRNlJglwciImMUXMIb6LlOre41YGBXXMddAK4TLycVkKMV2F+DocBJRLjGDCnV99xY+xmSmmJGZqVBokiM8BSNSd9QjiKi/Gxx/AyeG2UIR0Ka4hou1N8TGYqUSqPQdEZIT9SqNxf/8/qJHl35GeVxognHy0WjhEEt4DwJOKSSYM1SQxCW1NwK8QRJhLXJq2RC8FZfXiedquPVnep9rdK8zuMoglNwBi6ABxqgCe5AC7QBBil4Bq/gzXqyXqx362PZWrDymTL4A+vzB/u9kl8=</latexit>

!3 = 10.4617
<latexit sha1_base64="U9sNwnxYiJc6Ke8pCiQneWJEicY=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgKiS11C4UCm5cVrAPaEOYTKft0MlMmJkIIdRfceNCEbd+iDv/xmmbhbYeuHA4517uvSeMGVXadb+twsbm1vZOcbe0t39weGQfn3SUSCQmbSyYkL0QKcIoJ21NNSO9WBIUhYx0w+nt3O8+Eqmo4A86jYkfoTGnI4qRNlJglwciImMU1OAN9C4dr1Gtw8CuuI67AFwnXk4qIEcrsL8GQ4GTiHCNGVKq77mx9jMkNcWMzEqDRJEY4Skak76hHEVE+dni+Bk8N8oQjoQ0xTVcqL8nMhQplUah6YyQnqhVby7+5/UTPWr4GeVxognHy0WjhEEt4DwJOKSSYM1SQxCW1NwK8QRJhLXJq2RC8FZfXiedquPVnep9rdK8zuMoglNwBi6AB65AE9yBFmgDDFLwDF7Bm/VkvVjv1seytWDlM2XwB9bnDwBwkmI=</latexit>

!4 = 13.1826
<latexit sha1_base64="iib3ffwGvvxKhbCN0xrijCbI/dU=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgKiSl9QEKBTcuK9gHtCFMppN26EwmzEzEEvorblwo4tYfceffOG2z0NYDFw7n3Mu994QJo0q77rdVWFvf2Nwqbpd2dvf2D+zDcluJVGLSwoIJ2Q2RIozGpKWpZqSbSIJ4yEgnHN/O/M4jkYqK+EFPEuJzNIxpRDHSRgrscl9wMkRBHd5Ar+7Uat5VYFdcx50DrhIvJxWQoxnYX/2BwCknscYMKdXz3ET7GZKaYkampX6qSILwGA1Jz9AYcaL8bH77FJ4aZQAjIU3FGs7V3xMZ4kpNeGg6OdIjtezNxP+8XqqjSz+jcZJqEuPFoihlUAs4CwIOqCRYs4khCEtqboV4hCTC2sRVMiF4yy+vknbV8c6d6n2t0rjO4yiCY3ACzoAHLkAD3IEmaAEMnsAzeAVv1tR6sd6tj0VrwcpnjsAfWJ8/rAiSPA==</latexit>

!5 = 15.4419

<latexit sha1_base64="3c5ki6lBJsHIQj1TdwwQioyA1GA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5CUql0oFNy4rGAf0IYwmU7aoZOZMDMRaij+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1hwqjSrvttFVZW19Y3ipulre2d3T17/6ClRCoxaWLBhOyESBFGOWlqqhnpJJKgOGSkHY5upn77gUhFBb/X44T4MRpwGlGMtJEC+6gnYjJAQea5E3jtnVecWq0a2GXXcWeAy8TLSRnkaAT2V68vcBoTrjFDSnU9N9F+hqSmmJFJqZcqkiA8QgPSNZSjmCg/m10/gadG6cNISFNcw5n6eyJDsVLjODSdMdJDtehNxf+8bqqjmp9RnqSacDxfFKUMagGnUcA+lQRrNjYEYUnNrRAPkURYm8BKJgRv8eVl0qo43oVTuauW61d5HEVwDE7AGfDAJaiDW9AATYDBI3gGr+DNerJerHfrY95asPKZQ/AH1ucPlvyTWA==</latexit>

!10 = 152.884
<latexit sha1_base64="disnSRi+67N3oDKPu+29AzrCheo=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgKiRFtAuFghuXFewD2hAm00k7dB5hZiKUUPBX3LhQxK3f4c6/cdpmoa0HLhzOuZd774lTRrXx/W9nZXVtfWOztFXe3tnd23cPDltaZgqTJpZMqk6MNGFUkKahhpFOqgjiMSPteHQ79duPRGkqxYMZpyTkaCBoQjEyVorc457kZICiPAgm8AYGtarn16qRW/E9fwa4TIKCVECBRuR+9foSZ5wIgxnSuhv4qQlzpAzFjEzKvUyTFOERGpCupQJxosN8dv4EnlmlDxOpbAkDZ+rviRxxrcc8tp0cmaFe9Kbif143M0ktzKlIM0MEni9KMgaNhNMsYJ8qgg0bW4KwovZWiIdIIWxsYmUbQrD48jJpVb3g0qveX1Tq10UcJXACTsE5CMAVqIM70ABNgEEOnsEreHOenBfn3fmYt644xcwR+APn8wfo8ZN8</latexit>

!11 = 182.082
<latexit sha1_base64="s5B65vT1OxnYAMBKLQuMxRT+E7U=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyEJai0oFNy4rGAf0IYwmU7boTOTMDMRSij4K25cKOLW73Dn3zhts9DWAxcO59zLvfdECaNKu+63VVhZXVvfKG6WtrZ3dvfs/YOmilOJSQPHLJbtCCnCqCANTTUj7UQSxCNGWtHoduq3HolUNBYPepyQgKOBoH2KkTZSaB91Y04GKMw8fwJvoO9XnYtqJbTLruPOAJeJl5MyyFEP7a9uL8YpJ0JjhpTqeG6igwxJTTEjk1I3VSRBeIQGpGOoQJyoIJudP4GnRunBfixNCQ1n6u+JDHGlxjwynRzpoVr0puJ/XifV/asgoyJJNRF4vqifMqhjOM0C9qgkWLOxIQhLam6FeIgkwtokVjIheIsvL5Om73iXjn9/Xq5d53EUwTE4AWfAAxVQA3egDhoAgww8g1fwZj1ZL9a79TFvLVj5zCH4A+vzB/5Dk4o=</latexit>

!12 = 229.597
<latexit sha1_base64="ppkwywbkNMjr9r1zHy8xr2EM9Ac=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5DUUrtQKLhxWcG2QhvCZDpph85kwsxEqKH4K25cKOLW/3Dn3zhts9DWAxcO59zLvfeECaNKu+63VVhZXVvfKG6WtrZ3dvfs/YO2EqnEpIUFE/I+RIowGpOWppqR+0QSxENGOuHoeup3HohUVMR3epwQn6NBTCOKkTZSYB/1BCcDFGTe+QReVWp1p16tBHbZddwZ4DLxclIGOZqB/dXrC5xyEmvMkFJdz020nyGpKWZkUuqliiQIj9CAdA2NESfKz2bXT+CpUfowEtJUrOFM/T2RIa7UmIemkyM9VIveVPzP66Y6qvsZjZNUkxjPF0Upg1rAaRSwTyXBmo0NQVhScyvEQyQR1iawkgnBW3x5mbQrjldzKrfVcuMyj6MIjsEJOAMeuAANcAOaoAUweATP4BW8WU/Wi/VufcxbC1Y+cwj+wPr8AZ7Nk10=</latexit>

!13 = 268.842

Figure 2. Mode shapes of the device, from the 2nd to the 13rd mode. The 1st mode with ω1 = 4.7423,

involving only the translational motion of the shuttle mass with no bending of the beams, is here

omitted.

A parametric analysis is initially performed in order to investigate the sensitivity of the

eigenfrequencies with respect to the CNT content variation and beam length. In Figure 3 the first

five frequencies are computed by varying the CNT volume fraction separately for each beam. Each

curve shows that starting from certain values of the volume fraction, the five eigenfrequencies gain a

plateaux, thus indicating a level of CNT content that does not affect the frequency properties of the

system. This occurs for the shuttle mass eigenfrequency (i.e., the first one of the SISO system), for small

values of CNT volume fraction (about 0.5%), for any beam considered. The same behaviour can be

observed for each beam eigenfrequency, although this occurs for values of volume fraction φC larger

and larger. In the same Figure 3 we also indicate through dashed grid lines the values of φC selected

for the next computations, thus proving to have an adequate frequency gap of the system.

The influence of the beam length is also considered in Figure 4: the natural frequency of a beam

made by a nanocomposite is compared with the natural frequency of a beam made of silicon in terms

of the ratio ωcnt/ωsil between the 1st natural frequency of the nanocomposite beam and that of the

silicon beam, respectively. We explore in Figure 4 how this ratio varies either by increasing the beam

nominal length of 270µm by an amplification factor r ∈ [0, 4], and by increasing the CNT volume

fraction, starting from a nominal value of 2% then amplified again by r. While the natural frequency

ratio monotically increases as the CNT volume fraction increases, by considering longer and longer

lengths of CNT beam made of the same mixture, the natural frequency ratio tends to a plateaux. In

particular, a nanocomposite beam with a 2.8% CNT volume fraction has the same value of the 1st

natural frequency of a silicon beam of equal length.
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Figure 3. Device frequencies (from the first up to the fifth mode) varying the CNT volume fraction of

each beam (beam ordered as the picture on the right). Dashed grid lines indicate the opted values in

the analyses for the chosen volume fractions for the subsequent analyses.
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Figure 4. Natural frequencies ratio of a beam made by a nanocomposite (ωcnt) with respect to a beam

made of silicon (ωsil). Ratio varying for increasing beam length as r 270µm of the silicon beam (blue

curve), and ratio varying for increasing volume fraction as r 0.02 of the CNT beam (red curve).

If one chooses to set the first frequency of a microbeam to a certain target frequency, the microbeam

could be designed in terms of a suitable length and CNT volume fraction. Figure 5 shows indeed

how to reduce the beam length as the CNT volume fractions increases. In particular, to have the same

first frequency a silicon-made microbeam would be twice as long as a microbeam of nanocomposite
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with very low CNT volume fraction; a 8%-CNT nanocomposite beam has the same first frequency of a

silicon microbeam of equal length.
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Figure 5. Dependency of silicon-beam length on nanocomposite-beam volume fraction to have the

same first beam natural frequency. The silicon-beam length is adimenzionalized with respect to the

nanocomposite-beam length equal to 270µm. Gridlines denote the volume fraction values used in the

device.

4. Frequency Response Analysis

The Galerkin method is adopted to reduce the nonlinear integral-partial-differential equations of

motion into a reduced-order model (ROM). By setting the unknown vector

v(s, t)⊤ = [x(t), v1(s, t), v2(s, t), ...., vNb
(s, t)] (28)

the full system of equation can be cast as

Iv̈ + Lv = −n(v, v̇, v̈) + f (29)

where I and L are the generalized inertia and stiffness operators, n is the vector collecting the nonlinear

terms, and f is the vector of external forces. By expressing the solution as

v(s, t)⊤ = [q1(t) X1,
Nm

∑
j=2

qj(t)uj(s)]
⊤ (30)

where we considered the jth mode u⊤
j = [X1, φk,j(s)], for k = 1, . . . Nb, and substituting it into (29)

yields

q̈jIuj + qjLuj = −n(qjuj, q̇juj, q̈juj) + f (31)

where the summation convention has been adopted. Multiplying by u⊤
i and integrating over [0, 1]

yields the Galerkin discretized equations

q̈j

∫ 1

0
u⊤

i Iujds + qj

∫ 1

0
u⊤

i Lujds = −
∫ 1

0
u⊤

i n(qjuj, q̇juj, q̈juj)ds +
∫ 1

0
u⊤

i fds (32)

which can be rewritten as

Mij q̈j + Kijqj + ni = fi cos Ωt (33)
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where

ni =
∫ 1

0
u⊤

i n(qjuj)ds, fi =
∫ 1

0
u⊤

i fds (34)

By taking one trial function for each cantilever, a 5-dof overall ROM is obtained (i.e., 1 dof for the

shuttle mass and 1 dof for each of the four microcantilevers). This approach was shown to be acceptable

in [43,45] where a convergence analysis was carried out. We will also consider the parameters ζM = 0.01

and ζ = 0.011 for the shuttle mass damping ratio and the microcantilevers damping ratio, respectively;

all the other mechanical parameters are those reported in the previous section.

In order to obtain the periodic responses and the frequency response curves, we employed

the adaptive pseudo-arclength pathfollowing procedure proposed in [45], developed by some of

the authors and freely available on the Zenodo repository website: https://doi.org/10.5281/zenodo.

6616482. In particular, the search of periodic solutions is based on computing the fixed points of the

Poincaré map whose Jacobian turns out to be the monodromy matrix, whose eigenvalues are the

Floquet multipliers which dictate the stability of the periodic solutions [46,47]. The Jacobian matrix of

the Poincaré map is calculated according to a finite difference approach in state space, and it works as

iteration matrix. The interested reader can find further details in [45].

The dynamic behavior of the device is investigated by computing the frequency response curves

for different device configurations, in particular, accounting for the case of additional masses mj

at the tip of the jth microcantilever; unless otherwise stated, we set for m∗
j = 0.01, i.e., 1% of the

microcantilever mass (ρAl is about 835 pg).Finally, we took as characteristic frequency, the first

bending frequency of a microbeam made of neat polymer, so that ωc = 345, 755 rad/s.

In the following, we present and discuss some numerical results aimed at demonstrating the

sensitivity of the SISO system to the presence of additional tip masses. Note that in all figures reporting

the frequency response curves of the SISO system, thin curves are referred to systems without tip

masses, thick curves to systems with tip masses.

The frequency response curves reported in Figures 6–8 are recovered in a frequency bandwidth

close to the frequencies of the lowest bending modes of the microbeams. We tested four SISO

configurations: a system without additional masses, a system where a tip mass is added to the

first (from left) microbeam, another system with tip masses at both the first and the third microbeam,

and finally a system with tip masses deposited on all microbeams. Such figures show that the frequency

shift is bounded within a narrow frequency bandwidth close to the frequency peak of the microbeams

with mass absorbed at the tip. The comparison also proves that the sensitivity increases with the

frequency of the considered local vibration mode, and it is in line with similar results reported in the

literature obtained for simple microstructures (e.g., microcantilevers or clamped-clamped microbeams),

see [48,49].

Similar qualitative results can be found in Figures 9–11 which report frequency response curves

for the same four SISO configurations when the excitation frequency is increased until nearing to the

frequency of the second bending mode of the microbeams. The nonlinearities of the system entail

a higher sensitivity than that predicted by the linear model, thus proving that nonlinear effects are

advantageous to ensure higher performance of the MEMS mass sensor system. In fact, 1% deposited

mass produces a shift of the peak about 0.125 in nondimensional frequency around the first mode,

while such a value is amplified about by ten times around the second mode.
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4

Figure 6. Frequency response curves of the device with and without tip mass when the 1% added mass

is absorbed onto the first microcantilever tip (from left).
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Figure 7. Frequency response curves of the device with and without tip mass when the added mass is

absorbed onto both the tips of the first and third microcantilevers.
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4

Figure 8. Frequency response curves of the device with and without tip mass when the added mass is

absorbed onto all the microcantilevers tips.
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Figure 9. Frequency response curves of the device with and without tip mass when the 1% tip mass is

absorbed onto the first microcantilever tip (from left). Frequency bandwidth restricted to the second

bending modes of the microcantilevers.

Figure 10. Frequency response curves of the device with and without tip mass when the tip mass is

absorbed onto both the tips of the first and third microcantilevers. Frequency bandwidth restricted to

the second bending modes of the microcantilevers.
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Figure 11. Frequency response curves of the device with and without tip mass when the tip mass is

absorbed onto all the microcantilevers tips. Frequency bandwidth restricted to the second bending

modes of the microcantilevers.

Such a mass sensitivity is further investigated for increasing values of additional masses. We

assume to add the tip mass just to the first (from left) microbeam. Figures 12 and 13 show the frequency

response curves limited to tip deflection of such a beam, with excitation frequency ranging in values

around the first and the second mode, respectively.

Such figures not only reveal the expected trend of the resonance peak shift upon increasing the

tip mass, but they also highlight a change in the length of the unstable branch of the response curve.

In fact, around the first mode frequency, the shift in frequency occurs with a hardening nonlinear

response which becomes more and more evident (see Figure 12); on the other hand, around the second

mode frequency, the softening nonlinear response does not change much qualitatively (see Figure 13).

Figure 12. Absorbed mass sensitivity. Frequency response curves of the first bending mode of the first

cantilever with an additional mass at the tip. See also Figure 6.
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Figure 13. Absorbed mass sensitivity. Frequency response curves of the second bending mode of the

first cantilever with an additional mass at the tip. See also Figure 9.

5. Conclusions

In this work the operating principles of a nonlinear MEMS multi-mass sensor are investigated.

The device consists of an array of microcantilevers, made of carbon nanotube nanocomposite material,

possessing a functionalized surface at their tips that can absorb molecules of target materials. The

microcantilever sensors are clamped onto a shuttle mass which, in turn, is subject to electrostatic

excitation. The system is treated as a single input-single output (SISO) system. Each microcantilever

is modeled as a nonlinear Euler-Bernoulli beam undergoing a moderately large resonance motions.

The modal characteristics of the mechanical system are investigated carrying out a parametric study

varying the CNT volume fraction in each microbeam. The frequency response and stability are

investigated by path following the periodic solutions of the device near the lowest three bending

modes of the microcantilevers. The main finding is that the dynamic mass sensitivity measured as

frequency shifts induced by the target mass absorbed at the cantilevers tip is enhanced by the nonlinear

resonances of the microcantilevers modes, especially for higher modes. Moreover, it is shown that

the fine tuning of the frequencies of the microcantilevers effected by the carbon nanotube content in

the nanocomposite material paves the way towards an effective design of multimass sensors since

the microcantilevers may self-detect their motion exploiting the electrical conductivity of the CNT

nanocomposites.
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Appendix A. Eigenproblem

The linearized equations of motion are

ρA(∂ttwj + ∂ttx) + EJ
eq

j ∂sssswj = 0

M∂ttx + Kx + ∑
j

EJ
eq

j ∂ssswj

∣∣
s=0

= 0 , (A1)

together with the associated boundary conditions for the jth microbeam

wj

∣∣
s=0

= 0 = ∂swj

∣∣
s=0

(A2)

EJ
eq

j ∂sswj

∣∣
s=l

= 0, EJ
eq

j ∂ssswj

∣∣
s=l

= mj

(
∂ttx + ∂ttwj

∣∣
s=l

)
(A3)

Let wj(s, t) = exp(iωt)φj(s) + cc and x(t) = exp(iωt)X + cc where i is the imaginary unit and ω the

circular frequency. Substituting the above equation into (A7) and (A12) yields

−ρAω2(φ + X) + EJ
eq

j ∂ssssφj = 0

−Mω2X + KX + ∑
k

EJ
eq

k ∂sssφk(0) = 0
(A4)

The associated boundary conditions for the beams are

φj(0) = 0 = ∂sφj(0) (A5)

EJ
eq

j ∂ssφj(l) = 0, EJ
eq

j ∂sssφj(l) = −mjω
2(X + φ(l)) (A6)

Setting total displacement vj(s, t) = x(t) + wj(s, t)

ρA∂ttvj + EJ
eq

j ∂ssssvj = 0

M∂ttx + Kx + ∑
k

EJ
eq

k ∂sssvk

∣∣
s=0

= 0
(A7)

The associated boundary conditions for the beams are

w
∣∣
s=0

− x(t) = 0, ∂svj

∣∣
s=0

= 0 (A8)

EJ
eq

j ∂ssvj

∣∣
s=l

= 0, EJ
eq

j ∂sssvj

∣∣
s=l

= mj∂ttvj

∣∣
s=l

(A9)

Let vj(s, t) = exp(iωt)φj(s) + cc and x(t) = exp(iωt)X + cc where i is the imaginary unit and ω

the circular frequency. Substituting the above equation into (A7) and (A12) yields

−ρAjω
2φj + EJ

eq

j ∂ssssφj = 0 (A10)

−Mω2X + KX + ∑
k

EJ
eq

k ∂sssφk(0) = 0 (A11)

The associated boundary conditions for the beams are

φj(0)− X = 0 ∂sφj(0) = 0 (A12)

EJ
eq

j ∂ssφj(l) = 0, EJ
eq

j ∂sssφj(l) + mjω
2φ(l) = 0 (A13)

Let φj(s) = Bj exp(λjs) and substitute into (A15) to obtain

−ρAjω
2Bj + EJ

eq

j Bjλ
4
j = 0 (A14)

Preprints (www.preprints.org)  |  NOT PEER-REVIEWED  |  Posted: 9 May 2023                   doi:10.20944/preprints202305.0626.v1

https://doi.org/10.20944/preprints202305.0626.v1


17 of 19

From the first equation

λ2
j = ±ωβ j (A15)

where β2
j = (ρAj)/(EJ

eq

j ), Λj =
√

ωβ j from which λj = (±Λj,±iΛj)

The microbeam mode shape can be expressed as

φj = aj cos Λjs + bj sin Λjs + cj sinh Λjs + dj cosh Λjs (A16)

On the other hand, the modal component of the shuttle mass is obtained substituting (A16) into (A11)

that yields

X =
1

K − Mω2 ∑
k

EJ
eq

k (bk − dk)Λ
3
k (A17)

The imposition of the boundary conditions leads to

aj + cj −
1

K − Mω2 ∑
k

EJ
eq

k (bk − dk)Λ
3
k = 0, (A18)

bj + dj = 0, (A19)

−aj cos
(
lΛj

)
− bj sin

(
lΛj

)
+ cj cosh

(
lΛj

)
+ dj sinh

(
lΛj

)
= 0, (A20)

Λ3
j EJ

eq

j

(
aj sin

(
lΛj

)
− bj cos

(
lΛj

)
+ cj sinh

(
lΛj

)
+ dj cosh

(
lΛj

))
(A21)

+mjω
2
(
aj cos

(
lΛj

)
+ bj sin

(
lΛj

)
+ cj cosh

(
lΛj

)
+ dj sinh

(
lΛj

))
= 0

Equations (A19)–(A21) are solved for (bj, cj, dj) in terms of aj which, in turn, is substituted into (A18).

The determinant of the ensuing coefficient matrix set to zero yields the characteristic equation. For

each root of the characteristic equation, i.e., frequency ωk, the corresponding eigenvector is made of

1 + 4Nb components, i.e.,

(Xk, a1,k, b1,k, c1,k, d1,k, . . . , ak,Nb
, bk,Nb

, ck,Nb
, dk,Nb

)

where Nb is the number of microbeams. Each sub-eigenvector (aj,k, bj,k, cj,k, dj,k) provides the kth modal

contribution for the jth beam described by φj,k(s).

Finally, notice that Equations (A19)–(A21) can be solved in ai, ie.:

bi = b̄i ai, ci = c̄i ai, di = d̄i ai,

so that Equation (A18) reads as a system of Nb equations

(1 + c̄i) ai + ∑
k

ḡkak = 0

to be solved for nontrivial solutions, i.e., det(A) = 0, associated with the matrix A whose components

are Aij = (1 + c̄j) δij + ḡj.
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