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Abstract: A nonlinear MEMS multimass sensor is investigated. The MEMS design consists of an array
of nonlinear microcantilevers clamped to a shuttle mass which, in turn, is attached to a linear spring
and a dashpot. The microcantilevers are made of a polymeric hosting matrix reinforced by aligned
carbon nanotubes (CNT) with different CNT volume fractions in each cantilever so as to suitably
tune the frequency bandwidth of the device. The advantages of a single input-single output (SISO)
system are here exploited for the design, actuation and detection principles as in previous literature.
The equations of motion of the MEMS micro mass sensor, whereby each of the microcantilevers
attached to the shuttle mass is described by the nonlinear Euler-Bernoulli inextensible beam theory,
are discretized via the Galerkin method. The frequency response curves of the device are obtained via
a pathfollowing algorithm applied to the reduced-order model of the system. The linear as well as the
nonlinear detection capabilities of the device are explored by computing the shifts of the frequency
response peaks caused by the mass deposition onto one or more microcantilever tips. The mass
sensor sensitivity estimated in the linear and nonlinear dynamic range shows that, for relatively
large displacements, the accuracy of the added mass detectability can be improved due to the larger
nonlinear frequency shifts at resonance.

Keywords: nanocomposite; microcantilever; mass sensing; frequency shifts; carbon nanotubes;
nonlinear frequency response

1. Introduction

In the past decades MEMS have been subject to disruptinve developments in several fields of
engineering both in research and applications (mainly, signal processing, actuation, and sensing). The
lower power consumption and higher sensitivity are distinct advantages with respect to comparable
macro devices. A general introduction about MEMS devices can be found in [1] with an overview
of the fundamental concepts pertaining to linear and nonlinear dynamics of such systems. In recent
years, a great deal of studies have sought to advance our understanding of the nonlinear dynamic
behavior of nano/microresonators, which represent the main components of actual NEMS/MEMS
devices [2-5]. Nonlinear dynamic aspects of electrostatically actuated microcantilevers are discussed
in [6] while dynamics of the same systems subject to piezoelectric actuation are studied in [7].

Accurate models still need to achieve better agreement between analytical /numerical predictions
and experiment results, and explore the use of new materials and technical capabilities. Initial
imperfections of the structure, together with electrostatic actuation and nonlinear damping effects,
are discussed in [8,9]. Moreover, systems with feedback loop control are investigated to enhance the
sensitivity of the microdevices [10,11]. By restricting the attention to micromass sensing, the literature
is becoming increasingly richer due to the present interest in gas detection, chemical agent detection,
biological molecules and pollutant particles identification. In the mass/gas detection, different physical
principles can be used to measure the different target substances. In [12-14] some electrical resistive
detectors are investigated. In these studies the functioning of a semiconductor placed in an integrated
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circuit aimed to measure target molecules such as SO, or NO; in order to perform environmental
control or to measure the pollution associated with combustion chamber exhaust gases. Moreover, an
example of a MEMS gas sensor using Knudsen force for hydrogen detection can be found in [15,16].
Therefore, MEMS gas sensors using the mechanical features of micro oscillators are of current interest.
An overview on the working principles of these devices can be found in [17]. A micro mass sensor
based on a microcantilever is discussed in [18]. This micromechanical resonator is used as gas sensor
exploiting a working principle based on the detection of the beam natural frequency shift due to mass
deposition onto the tip of the microbeam. In addition, similar works addressing microcantilevers used
as sensor resonators to detect the chemical concentration of matter are found in [19,20]. On the other
hand, a detection procedure is discussed in [21,22] where monitoring of the amplitudes of the localized
vibration modes that vary when the system mass is perturbed was performed. A device made of two
microcantilevers weakly coupled through an overhang working with localized modes is discussed
in [23] while the use of these tools in highly viscous fluids is explored in [24,25]. Different kinds of
electrostatic actuation are addressed in [26,27] to achieve large motions as well as higher sensitivity. In
the field of NEMS, the performance of standalone carbon nanotube oscillators for mass detection is
investigated in [28,29].

Numerous studies have been carried out to explore new mass detection strategies exploiting
nonlinear effects. A parametrically excited clamped-clamped beam with cubic stiffness nonlinearity is
explored as micromass sensor in [30]. The principle is based on the passage from the stable region to
the unstable region across the transition curves of the Strutt diagrams. Also the jumps between the
nonresonant and resonant branches occurring at the fold bifurcations along the frequency response
curves are used as detection principle in [31,32]. Moreover, an electrostatically actuated microcantilever
dynamic mass sensor was analytically investigated and experimentally tested in [33] to indirectly
measure the added mass and its position along the span exploiting the frequency shift. The nonlinear
dynamic behavior of an electrostatically actuated microbeam was studied in [34] to compare the
different kinds of micromass detections according to the jumps at the bifurcation points, the frequency
sweeps, and the frequency shifts of the resonant peaks. A specific study on the static and dynamic
effects of the pull-in phenomena for a MEMS gas sensor can be found in [35].

In the present work, a single-input single-output (SISO) system is investigated making use of
a path following algorithm optimized to tackle several degrees of freedom. The baseline idea of the
SISO system can be found in [36] where a dynamic lumped system is studied numerically in the linear
range. The working principle of the tool consists in the use of the shuttle mass motion both to excite
the sensors and to read off the overall dynamic response of the system which includes the vibrations
of all microcantilevers.

The analytical investigation via a perturbation technique of the design guidelines for SISO systems
can be found in [37]. In the present work a different approach based on the eigenvalue analysis for
a five-dof system is presented. One of the key aspects of the proposed design is the use of CNT
nanocomposite material (i.e., polymeric matrix hosting aligned CNTs forests) for the microcantilever
detectors. An experimental and numerical study of the response of such nanostructured materials is
given in [38—40]. Contrary to the conventional way of tuning the detector frequencies by changing their
length, the proposed design consists of an array of equal-length beams having different CNT volume
fractions which leads to easily tunable frequencies. The shuttle mass is a mass-spring-damper system
while the microcantilevers clamped to the shuttle mass are modeled as nonlinear Euler-Bernoulli
beams. The equations of motion are discretized via the Galerkin method and the system sensitivity is
investigated for different cases such as the case of the system driven by a harmonic excitation or by
an electrostatic actuation as well as the case of the system with one or more working sensor beams.
The sensitivity of the device is computed in the linear and nonlinear dynamic ranges proving that the
nonlinearities can enhance the detection capabilities.
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2. Equations of motion for the nanocomposite microcantilevers

The SISO system investigated in the present study is depicted in Figure 1.

1234 7 n

TG

Figure 1. Array of nanocomposite microcantilevers clamped onto the shuttle mass. The
microcantilevers are numbered from left to right. The coordinate x denotes the shuttle mass
displacement, F the amplitude of harmonic direct excitation; on the right, a schematic representation of
the deflection of the jth microcantilever together with the fixed and local frames and the coordinate s.

The flexural motion of the jth microcantilever is described by the nonlinear Euler-Bernoulli beam
theory [41]. Let s and ¢ be the arclength along the beam baseline and time, respectively, and let d; and
d¢ denote differentiation with respect to s and ¢, respectively. The nonlinear equation of motion for the
jth undamped microcantilever is given by the following integral-partial differential equation:

pA(attvj cos 0; — dyu;sin 6’]-) —Kj Nj* + 9ss M

I 1
+ K;j /s [pA(attu]‘ Ccos 9] + attU]‘ sin 9]) — K]asM]] =0

where N¥ is the normal force at the tip of the cantilever, which is due to the presence of the
added mass at the tip denoted by m;; p A is the beam mass per unit length, with [ being its span,
while u; and v; are the axial and transverse (i.e., with respect to the fixed directions e3 and eq)
displacements of the cantilevers, respectively. Furthermore, 6; denotes the counterclockwise rotation
of the beam cross section, Kjis the flexural curvature, and M; = E];qu is the elastic bending moment,
proportional to the equivalent flexural stiffness E I;-’q of the jth nanocomposite cantilever cross section.
In particular, according to [39,42—44], such equivalent flexural stiffness is derived by a 3D continuum
homogeneization model which provides the following expression:

EJ* = E]™(¢c, Ew, Ec, v, vc) )

where the equivalent stiffness depends on the volume fraction ¢c of the CNTs embedded in the
polymeric hosting matrix, and of the isotropic elastic moduli of the two materials, Young’s and
Poisson’s moduli Ec and vc, respectively for the CNTS, Young’s and Poisson’s moduli Ey; and vy,
respectively for the hosting polymeric matrix.
The boundary conditions for the jth microcantiliver considering the presence of the added mass
m; at its tip are:
0j(0,t) = x(t), 095v;(0,t) =0, 9s0;(l,t) =0,

o ®3)
E]jqasss”()j(l, t) = mjattv]-(l, t) .
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Note that the dynamic boundary condition involving the tip mass m; is obtained via linearization of
the fully nonlinear equation of motion for the lumped tip mass. Such equation enforces the balance of
linear momentum at the cantilever tip expressed as

(N]?kbg + Q;kbﬂ = —m;j [attu]»(l, t)e3 + attv]'(l, t)81] . (4)

where (b1, b3) are the beam cross section-fixed unit vectors providing the current cross section
orientation and the direction normal to it while (eq, e3) indicate the fixed horizontal and vertical
directions, respectively. Therefore, the jth tension N and shear force Q; can be obtained as

N = —mj [cos6;(1, t) dpu;(l, t) +sin;(1, t) duv;j(L, 1)], 5)
Qi = —mj [—sin;(l, t) onu;(l, t) + cosO;(1, ) onv;(l, 1)] - (6)

The subsequent linearization of equation (6) yields
Qj = —mjonvi(lt). )

By further expanding Equation (1) in Taylor series up to the third order adopting the
moment-curvature law proposed in [42,43], and further developed in [44], expressing the longitudinal
motion u; as a function of the transverse motion v, the Euler-Bernoulli equations of motion governing
the transverse dynamics of the jth microbeam with the tip mass m; are cast in the form

s
pAattU]' (1 — %(850])2) +pAasvj/0 [asvjasttvj =+ (asﬂ)]')z} d(:

I ¢
+0s50; | pA |9svi04V; — 050;0s1tv; + (9 stv) dz| dé
] s ] ] 0 ] ] ]

! )
+ 8SSM]~ — assv]‘ / assvjaij dé
S
l
+ mjassv]- [(asvj)|l(attv]-)|l —|—A (asvjasttv]- + ( 5t0j ) ) d€:|
where v; is the transverse deflection of the beam, the constitutive law for the bending moment is
M] = E];qu = E];q {assvj (1 + %(as’(’)])z)] with Kj = assvj (1 + %(850])2)
Finally, the equation of motion for the shuttle mass is given by
Ny
M0yx 4 copx + Kx + ) aij|s:0 = fcos Ot )

j=1

where x is the displacement of the shuttle mass M, c is the damping coefficient of the dashpot, k
the spring constant, f(f) = Fcos Ot with F and Q) being the excitation amplitude and frequency,
respectively. The last term is the sum the shear forces of the N; beams at the roots attached to the
shuttle mass, on accounting for the relationship between shear force and moment gradient Q = —d; M.
In fact, the associated boundary conditions for the beams are the kinematic relations for the clamp and
the mechanical boundary conditions at the tip

0,(0,¢) = 350;(0,£) = x(£) = 0

and
M](l, t) =0, Q](l, i’) = —m]-(attx + attl)]'> |s=l

d0i:10.20944/preprints202305.0626.v1
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Expressed in terms of displacements, the mechanical the boundary conditions at the tip become

E];qéssvj(l, t) =0, E];qasssv]-(l, t) = mj(attx + att’Uj) }s:l

We rescale the absolute displacements v; of the jth beam and the shuttle mass displacement x by
the length of the beams I, time by 1/w, with w? = EJ®1/(pAl*), where pA is the mass per unit length
of the reference beam whose bending stiffness is denoted by EJ*1. By retaining the symbols s and t as
the beam nondimensional arclength and time, respectively, and using the prime for space derivatives
and the over dot for time derivatives, the ensuing nondimensional equations (8) become:

uE(t) +&x(t) + K x +th vi"(0,t) = f* cos Ot

pj (s, t) +mi 8(s —1)3 (s t) +¢joi(s,t) +a; "”(s t) (10)
+ 1 f[o(s, 1), 0(s, 1), 6(s, )] + & £} [0(s, )]
+m;-kfj1*[v(s,t) o(s, t), 4(s,t)] =0, forj=1,..., N,

where
fllo, 9] = ~Joyo + o) | " [oof) e+ / " [ de-
—of [ Lot e s [ (]
—of [ T e

1
f]-R[Z)] — (0;1)3_’_%0;///( ) +3ZJW ;/ ; ZJ],»,/ (U;/U;N-f— )dé‘*,

- /01 (vl + (%) d;‘} .

In the governing equations, we introduced the following nondimensional parameters:

fJI*[v v, 9] = v [(U;)

(%)
1 1

po=M/(pAl), pj:=pAj/pA, m;:=m;/(pAl),
§i=c/(pAlw.), §&j:=cj/(pAwc),
K*:=K/(pAlw?), aj:= E];q/(pAw§l4),
= FlpARGR), Q"= O/,

where m;j is the tip mass of the jth beam, ¢ jits damping coefficient, (4, K*, ¢) are the nondimensional
mass, spring constant and damping coefficient of the shuttle mass, f* and (3* are the nondimensional
excitation amplitude and frequency, respectively.

We further introduce the beam deflections w; relative to the shuttle mass according to vj(s, t) =
wj(s,t) + x(t). The equations of motion in terms of the relative beam deflections w; take the following
form:

Np
ui(t) +¢x(t) + K x(t) + Z ajw;"(O, t) = f* cosO't,
j=1

pj (@j(s, t) +%(t)) +m; 6(s — 1) (@;(s, 1) + £(t)) + §wj(s, t) + ajw” (s, t) (11)
+aj fRw(s, b))+ pj fl{w(s,t), ws, ), ©(s, )] +m? f*[w(s,b), w(s,t), d(s,t)]
—i—ng]l[w(s,t)] ¥(t )—i—m]*g]I*[ w(s, )] %(t) =0, forj=1,..., Ny,
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where

3. Modal analysis

The modal analysis of the SISO system here discussed is the first step towards the nonlinear
analyses carried out on the Galerkin obtained reduced order models. Moreover, the variability
of the eigenfrequencies of the SISO system reveals interesting preliminary results, thanks to the
nanostructured nature of the materials constituting the microbeams.

Let the jth overall mode shape of the system be cast in the vector-valued form:

ul = [X;, 1(s), d2i(s), -+, P, ()] = [Xj, ri(s)], k=1,...N, (12)

For further details see Appendix A. The substitution of the jth mode in the nondimensional kth beam
equation and shuttle mass equation yields

— Wi + ax ] =0 (13)
—ysz +K*X; + szk¢’” (0) =0; (14)

the associated boundary conditions for the beams are

i (0) —X; =0 ¢;(0)=0 (15)
adp (1) =0, agdyl(1) + miewiy (1) = 0 (16)

We multiply Equation (13) by ¢y ;, integrate over [0, 1] and sum the resulting projected equations for all
beams; we multiply Equation (14) by X; and sum the previously projected beam equations and the
shuttle mass equation to obtain:

Zm/¢mm%+ﬂx +2M/¢mw 7)
+ K*X;Xj + X; Zak@’g; 0)=0

We further integrate by parts the bending terms in the beam equations to obtain

1
[ ot = ol o — o dl ot [ oliatds (18)
Employing the boundary conditions (15) yields
! " Zmlt /// "
/0 Pr i ds = —ri(1)w; DTkGf’k,j(l) - +/ P ik s (19)
Substituting (19) into (20) yields
Nb " 1 s
|- ] / B s = Fmie (s (1) — X9l (0) + [ 00| (20)
k=1

Ny
— P XiX; + K XX + X; Zock4>’” 0)=0

d0i:10.20944/preprints202305.0626.v1
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which gets simplified into
) Ny 1 Np
—w; [ Y Vk/o PriPrjds + uXiXj+ ) mlt¢k,i(1)¢k,j(1)] (21)
k=1 k=1
Ny 1
+{szk/0 DL ds + K XX | =0 (22)
k=1
We let
M = Z‘, e [ s + i, + Z‘, migii(1)ej(1)| 23)
thk/ oLl ds + K XX (24)
so that Equation (21) becomes
—wiM;j + K = 0. (25)
Note that the normalization condition is set to be M;; = 1, which yields
Ny 1 Np i}
Y [ s+ nXiX;+ Y mige(1gii(1) =1. 26)
k=1 k=1

This allows to compute the coefficients {a, ..., ay, } of the eigenvectors. In particular, the (N, — 1)
coefficients {ay, ..., ay, } are first obtained as function of a; through the system A;;a; = 0 (for i =
2, ..., Np), and finally a; is computed by imposing the previous normalization condition. According
to this mass normalization, the frequencies are obtained as

Ny
~K; =k2ak/ o101 s + KU X)X, @7)
=1

Numerical results. The mode shapes of the system, together with the corresponding natural
frequencies, are computed using the linear equations of motion and solving the associated eigenvalue
problem discussed in the previous section. Here and henceforth, we will consider N, = 4
microcantilevers attached to the shuttle mass.

The shuttle stiffness is set according to the formula k = w? M, w being a percentage of the lowest
natural frequency of the sensors. The mechanical parameters are set to the following parameters:
k=10°N/m, M = 40pAl, p = 1236kg/m3, h = b = 50 um, Ey; = 2.8GPa, Ec = 970GPa, vy, = 0.3,
vc = 0.1, ] = 270um. Here, p is the mass density of the beam hosting matrix (i.e., epoxy), and k and b
are the thickness and width of the microcantilevers cross section, respectively, so that A = h b is the
area and [y = 1/12bh3 is the second moment of area of the microbeam cross section about the ep-axis
(see Figure 1).

The four microbeams are characterized by increasing volume fractions (from left- to right-beam),
respectively ¢c = {2, 3, 5, 7}%. The lowest 13 eigenvalues and the corresponding eigenmodes are
depicted in Figure 2; the 1st mode with w; = 4.7423 since it just involves the translational motion of
the shuttle mass with no bending of the beams. The higher modes can be classified as local modes
encompassing only the flexural motion of each cantilever separately. This indeed makes it possible
to use the device as a multimass detector. In particular the 2nd mode, the first flexural of the first
microcantilever, is associated with a frequency which is almost twice that of the 1st mode.
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——

wy = 8.78667 wz = 10.4617 wyq = 13.1826 ws = 15.4419
we = 54.6806 wr = 65.1262 wg = 82.1212 wg = 96.1628

s

wig = 152.884 wip = 182.082 wig = 229.597 w13 = 268.842

Figure 2. Mode shapes of the device, from the 2nd to the 13rd mode. The 1st mode with w; = 4.7423,
involving only the translational motion of the shuttle mass with no bending of the beams, is here
omitted.

A parametric analysis is initially performed in order to investigate the sensitivity of the
eigenfrequencies with respect to the CNT content variation and beam length. In Figure 3 the first
five frequencies are computed by varying the CNT volume fraction separately for each beam. Each
curve shows that starting from certain values of the volume fraction, the five eigenfrequencies gain a
plateaux, thus indicating a level of CNT content that does not affect the frequency properties of the
system. This occurs for the shuttle mass eigenfrequency (i.e., the first one of the SISO system), for small
values of CNT volume fraction (about 0.5%), for any beam considered. The same behaviour can be
observed for each beam eigenfrequency, although this occurs for values of volume fraction ¢ larger
and larger. In the same Figure 3 we also indicate through dashed grid lines the values of ¢ selected
for the next computations, thus proving to have an adequate frequency gap of the system.

The influence of the beam length is also considered in Figure 4: the natural frequency of a beam
made by a nanocomposite is compared with the natural frequency of a beam made of silicon in terms
of the ratio went/ wgj) between the 1st natural frequency of the nanocomposite beam and that of the
silicon beam, respectively. We explore in Figure 4 how this ratio varies either by increasing the beam
nominal length of 270um by an amplification factor r € [0, 4], and by increasing the CNT volume
fraction, starting from a nominal value of 2% then amplified again by r. While the natural frequency
ratio monotically increases as the CNT volume fraction increases, by considering longer and longer
lengths of CNT beam made of the same mixture, the natural frequency ratio tends to a plateaux. In
particular, a nanocomposite beam with a 2.8% CNT volume fraction has the same value of the 1st
natural frequency of a silicon beam of equal length.
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5 /—’—0—‘—‘—'—‘—’—'—‘—'—‘—‘—'—'—'—'—'—'—' 5 /4—0—0—0—0—0—0—0—0—0—0—0—0—0—0—0—0—0—0
0 : 0 :
0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06 0.08 0.10
1st beam volume fraction 2nd beam volume fraction
15 15
3 10 3 10
5 5
0 3 0 1
0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06 0.08 0.10
3rd beam volume fraction 4th beam volume fraction

Figure 3. Device frequencies (from the first up to the fifth mode) varying the CNT volume fraction of
each beam (beam ordered as the picture on the right). Dashed grid lines indicate the opted values in
the analyses for the chosen volume fractions for the subsequent analyses.

N

Went /wsil
@

0 1 2 3 r 4

Figure 4. Natural frequencies ratio of a beam made by a nanocomposite (went) with respect to a beam
made of silicon (wyg;). Ratio varying for increasing beam length as r 270um of the silicon beam (blue
curve), and ratio varying for increasing volume fraction as r 0.02 of the CNT beam (red curve).

If one chooses to set the first frequency of a microbeam to a certain target frequency, the microbeam
could be designed in terms of a suitable length and CNT volume fraction. Figure 5 shows indeed
how to reduce the beam length as the CNT volume fractions increases. In particular, to have the same
first frequency a silicon-made microbeam would be twice as long as a microbeam of nanocomposite
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with very low CNT volume fraction; a 8%-CNT nanocomposite beam has the same first frequency of a
silicon microbeam of equal length.

224

2.0t

1.8¢

1.6¢

1.4}

1.2t

silicon-beam nondimensional length

1.0t

0.00 002 004 006 008 0.10
cnt vol. fraction

Figure 5. Dependency of silicon-beam length on nanocomposite-beam volume fraction to have the
same first beam natural frequency. The silicon-beam length is adimenzionalized with respect to the
nanocomposite-beam length equal to 270um. Gridlines denote the volume fraction values used in the
device.

4. Frequency Response Analysis

The Galerkin method is adopted to reduce the nonlinear integral-partial-differential equations of
motion into a reduced-order model (ROM). By setting the unknown vector

v(s, )" = [x(t),01(s,t),v2(5,1), ..., on, (s, 1)] (28)
the full system of equation can be cast as
IV+Lv=—n(v,v,V) + £ (29)

where I and L are the generalized inertia and stiffness operators, n is the vector collecting the nonlinear
terms, and f is the vector of external forces. By expressing the solution as

Ny
v(s,t)" = [q1(t) Xy, gq]'(f)uj(s)]T (30)
=

where we considered the jth mode u]—-'— = [X1, ¢,j(s)], for k = 1,... Ny, and substituting it into (29)
yields

q'jluj + quu]- = —n(qju]-, q]u], q]u]) +f (31)

where the summation convention has been adopted. Multiplying by u, and integrating over [0, 1]
yields the Galerkin discretized equations

1 1 1 1
q'j/o ul-TIu]-ds—l—qj/O ul-TLu]-ds = —/0 u?n(qjuj,qjuj,q]-uj)ds—i—/o uinds (32)

which can be rewritten as

Mijéij + Kl-jqj +n; = fi cos Ot (33)
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where
1 1
Vl,':/ u;—n(qju]')ds, fi:/o uszds (34)
0

By taking one trial function for each cantilever, a 5-dof overall ROM is obtained (i.e., 1 dof for the
shuttle mass and 1 dof for each of the four microcantilevers). This approach was shown to be acceptable
in [43,45] where a convergence analysis was carried out. We will also consider the parameters {y = 0.01
and ¢ = 0.011 for the shuttle mass damping ratio and the microcantilevers damping ratio, respectively;
all the other mechanical parameters are those reported in the previous section.

In order to obtain the periodic responses and the frequency response curves, we employed
the adaptive pseudo-arclength pathfollowing procedure proposed in [45], developed by some of
the authors and freely available on the Zenodo repository website: https://doi.org/10.5281/zenodo.
6616482. In particular, the search of periodic solutions is based on computing the fixed points of the
Poincaré map whose Jacobian turns out to be the monodromy matrix, whose eigenvalues are the
Floquet multipliers which dictate the stability of the periodic solutions [46,47]. The Jacobian matrix of
the Poincaré map is calculated according to a finite difference approach in state space, and it works as
iteration matrix. The interested reader can find further details in [45].

The dynamic behavior of the device is investigated by computing the frequency response curves
for different device configurations, in particular, accounting for the case of additional masses m;
at the tip of the jth microcantilever; unless otherwise stated, we set for m? = 0.01, i.e., 1% of the
microcantilever mass (oAl is about 835 pg).Finally, we took as characteristic frequency, the first
bending frequency of a microbeam made of neat polymer, so that w, = 345,755 rad/s.

In the following, we present and discuss some numerical results aimed at demonstrating the
sensitivity of the SISO system to the presence of additional tip masses. Note that in all figures reporting
the frequency response curves of the SISO system, thin curves are referred to systems without tip
masses, thick curves to systems with tip masses.

The frequency response curves reported in Figures 6-8 are recovered in a frequency bandwidth
close to the frequencies of the lowest bending modes of the microbeams. We tested four SISO
configurations: a system without additional masses, a system where a tip mass is added to the
first (from left) microbeam, another system with tip masses at both the first and the third microbeam,
and finally a system with tip masses deposited on all microbeams. Such figures show that the frequency
shift is bounded within a narrow frequency bandwidth close to the frequency peak of the microbeams
with mass absorbed at the tip. The comparison also proves that the sensitivity increases with the
frequency of the considered local vibration mode, and it is in line with similar results reported in the
literature obtained for simple microstructures (e.g., microcantilevers or clamped-clamped microbeams),
see [48,49].

Similar qualitative results can be found in Figures 9-11 which report frequency response curves
for the same four SISO configurations when the excitation frequency is increased until nearing to the
frequency of the second bending mode of the microbeams. The nonlinearities of the system entail
a higher sensitivity than that predicted by the linear model, thus proving that nonlinear effects are
advantageous to ensure higher performance of the MEMS mass sensor system. In fact, 1% deposited
mass produces a shift of the peak about 0.125 in nondimensional frequency around the first mode,
while such a value is amplified about by ten times around the second mode.
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Figure 6. Frequency response curves of the device with and without tip mass when the 1% added mass
is absorbed onto the first microcantilever tip (from left).
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Figure 7. Frequency response curves of the device with and without tip mass when the added mass is
absorbed onto both the tips of the first and third microcantilevers.
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Figure 8. Frequency response curves of the device with and without tip mass when the added mass is
absorbed onto all the microcantilevers tips.
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Figure 9. Frequency response curves of the device with and without tip mass when the 1% tip mass is
absorbed onto the first microcantilever tip (from left). Frequency bandwidth restricted to the second
bending modes of the microcantilevers.

0.100F— - . . : .
§ E J
o ]
g ]
2 0.010k ]
9 E ]
(]
é 0.001F O ]
= 107F NAN
S ] ‘ 3
S —
2 105t ‘
g J
s [

-6

50 60 70 80 90 100 110

excitation frequency

Figure 10. Frequency response curves of the device with and without tip mass when the tip mass is
absorbed onto both the tips of the first and third microcantilevers. Frequency bandwidth restricted to
the second bending modes of the microcantilevers.
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Figure 11. Frequency response curves of the device with and without tip mass when the tip mass is
absorbed onto all the microcantilevers tips. Frequency bandwidth restricted to the second bending
modes of the microcantilevers.

Such a mass sensitivity is further investigated for increasing values of additional masses. We
assume to add the tip mass just to the first (from left) microbeam. Figures 12 and 13 show the frequency
response curves limited to tip deflection of such a beam, with excitation frequency ranging in values
around the first and the second mode, respectively.

Such figures not only reveal the expected trend of the resonance peak shift upon increasing the
tip mass, but they also highlight a change in the length of the unstable branch of the response curve.
In fact, around the first mode frequency, the shift in frequency occurs with a hardening nonlinear
response which becomes more and more evident (see Figure 12); on the other hand, around the second
mode frequency, the softening nonlinear response does not change much qualitatively (see Figure 13).

0.50

0.10f
~

additional tip-mass / i

m? = {0.0, 0.1, 0.5, 1.0, 2.5, 5.0, 7.5, 10.0}%

nondimensional amplitude (logscale)

o

o

o
T

75 8.0 85 9.0 95
excitation frequency

Figure 12. Absorbed mass sensitivity. Frequency response curves of the first bending mode of the first

cantilever with an additional mass at the tip. See also Figure 6.
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Figure 13. Absorbed mass sensitivity. Frequency response curves of the second bending mode of the
first cantilever with an additional mass at the tip. See also Figure 9.

5. Conclusions

In this work the operating principles of a nonlinear MEMS multi-mass sensor are investigated.
The device consists of an array of microcantilevers, made of carbon nanotube nanocomposite material,
possessing a functionalized surface at their tips that can absorb molecules of target materials. The
microcantilever sensors are clamped onto a shuttle mass which, in turn, is subject to electrostatic
excitation. The system is treated as a single input-single output (SISO) system. Each microcantilever
is modeled as a nonlinear Euler-Bernoulli beam undergoing a moderately large resonance motions.
The modal characteristics of the mechanical system are investigated carrying out a parametric study
varying the CNT volume fraction in each microbeam. The frequency response and stability are
investigated by path following the periodic solutions of the device near the lowest three bending
modes of the microcantilevers. The main finding is that the dynamic mass sensitivity measured as
frequency shifts induced by the target mass absorbed at the cantilevers tip is enhanced by the nonlinear
resonances of the microcantilevers modes, especially for higher modes. Moreover, it is shown that
the fine tuning of the frequencies of the microcantilevers effected by the carbon nanotube content in
the nanocomposite material paves the way towards an effective design of multimass sensors since
the microcantilevers may self-detect their motion exploiting the electrical conductivity of the CNT
nanocomposites.
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Appendix A. Eigenproblem
The linearized equations of motion are
pA(E)ttw] + attx) + E];anSSSZUj =0
My + Kx + ) EJ"dssstoj o = 0, (A1)
]

together with the associated boundary conditions for the jth microbeam
ZU]'|s:0 =0= 85w]-|S:0 (A2)
E];qasswj|s:l =0, E];qasssij:l = mj (attx + attwj‘s:l) (A3)

Let wj(s, t) = exp(iwt)¢;(s) + cc and x(t) = exp(iwt) X + cc where i is the imaginary unit and w the
circular frequency. Substituting the above equation into (A7) and (A12) yields

—PA(Uz (¢ + X) + E];qassssq’j =0

—~Mw?X + KX + Y EJ{ 9555 (0) = 0 (A4)
k
The associated boundary conditions for the beams are
¢j(0) = 0 = 95¢;(0) (A5)
EJ0ss¢j(1) =0, EJ"9sss¢j(1) = —mjw?(X + ¢(1)) (A6)
Setting total displacement v;(s, t) = x(t) + wj(s, t)
PAattUj + E];qassssvj =0
eq (A7)
Masx + Kx + ) EJ"9sss0k| oy = 0
k
The associated boundary conditions for the beams are
w|,_,—x(t) =0, 9vj|_,=0 (A8)
Bt =0 B, =miu, (49

Let vj(s, t) = exp(iwt)$;(s) + cc and x(t) = exp(iwt)X + cc where i is the imaginary unit and w
the circular frequency. Substituting the above equation into (A7) and (A12) yields

—PA]‘(UZCPJ‘ + E];qassss(l)j =0 (AlO)

—Maw?X + KX+ Y_EJ%9ss5¢x(0) = 0 (A11)
k

The associated boundary conditions for the beams are

9;(0) —X =0 3:¢;(0) =0 (A12)
EJ70ssj(1) = 0, EJssspj(1) + mjco’¢p(1) = 0 (A13)

Let ¢;(s) = Bjexp(A;s) and substitute into (A15) to obtain

2 e 4
—pAjw?Bj + EJ"B;jA} = 0 (A14)
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From the first equation
A = fwp; (A15)
where p? = (pA;)/ (EJ;"), Aj = /wp; from which A; = (A, +iA))
The microbeam mode shape can be expressed as
¢; = ajcos Ajs + bjsin Ajs + cjsinh Ajs +d; cosh Ajs (A16)
On the other hand, the modal component of the shuttle mass is obtained substituting (A16) into (A11)
that yields
1 e
X= i ; ET;3 (b — di) A} (A17)

The imposition of the boundary conditions leads to

aj+cj — K—lA/IwZ;E]’iq(bk —d)A2 =0, (A18)

bj+d; =0, (A19)

—ajcos (IAj) — bjsin (IA;j) + ¢jcosh (IA;) 4 djsinh (IA;) =0, (A20)
AJEJ (ajsin (IA}) — bjcos (IA;) + ¢jsinh (IA;) + dj cosh (1A;)) (A21)

—|—m]w2 (a]' cos (lAj) + bj sin (lAj) + cjcosh (lAj) +djsinh (lAj)) =0

Equations (A19)-(A21) are solved for (bj, ¢j,d;) in terms of a; which, in turn, is substituted into (A18).
The determinant of the ensuing coefficient matrix set to zero yields the characteristic equation. For
each root of the characteristic equation, i.e., frequency wy, the corresponding eigenvector is made of

14 4N, components, i.e.,

(Xkr ay ks bl,k/ C1,ks dl,k/ ceey ak,Nl,r bk,Nbr Ck,Nb/ dk,Nb)

where Nj, is the number of microbeams. Each sub-eigenvector (aj,k, bk Ciks dj,k) provides the kth modal
contribution for the jth beam described by ¢; i (s).
Finally, notice that Equations (A19)—(A21) can be solved in a;, ie.:

bi=bia;, ¢ =7ca;, di=d;a,
so that Equation (A18) reads as a system of N;, equations

(1+¢c)ai+) Grar =0
K

to be solved for nontrivial solutions, i.e., det(A) = 0, associated with the matrix A whose components
are Aij = (1 + C_]') (Sij + g_j'
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