
Article

Not peer-reviewed version

The Power of Symmetries in Nuclear

Structure and Some of Its Problems

Peter Hess 

*

Posted Date: 9 May 2023

doi: 10.20944/preprints202305.0556.v1

Keywords: algebraic models; nuclear physics; group theory

Preprints.org is a free multidiscipline platform providing preprint service that

is dedicated to making early versions of research outputs permanently

available and citable. Preprints posted at Preprints.org appear in Web of

Science, Crossref, Google Scholar, Scilit, Europe PMC.

Copyright: This is an open access article distributed under the Creative Commons

Attribution License which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly cited.

https://sciprofiles.com/profile/574214


Article

The Power of Symmetries in Nuclear Structure and
Some of Its Problems
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1 Instituto de Ciencias Nucleares, Universidad Nacional Autónoma de México, Ciudad de México, Mexico;
hess@nucleares.unam.mx

2 Frankfurt Institute for Advanced Studies, J.W. von Goethe University, Hessen, Germany

Abstract: A review on several classical, algebraic models in nuclear structure physics, which use
symmetries as an important tool, are presented. After a conceptual introduction to group theory, a
selection of models is chosen to illustrate the methods and the power of the usage of symmetries. It
enables to describe very involved systems in a greatly simplified manner. Some problems are also
discussed, when ignoring basic principles of nature, as the Pauli Exclusion principle. We also show
that, nevertheless, occasionally one can rescue these omissions. In a couple of representative models,
applications of symmetries are explicitly applied, in order to illustrate how extremely complicate
systems can be treated. This contribution is meant bas a review on the use of algebraic models in
nuclear physics, leading to a better understanding of the articles in the same special volume.

Keywords: algebraic models; nuclear physics; group theory

1. Introduction

Symmetries are playing a primordial role in all fields of physics, just think of the cyclic variables
in Classical Mechanics, which imply conserved generalized momenta. A cyclic variable thus exhibits
a symmetry of the Lagrangian. Or take Noether’s theorem which allows to identify continuous
symmetries, so essential in not only field theory. The rotational symmetry is one example of a
continuous symmetry and the corresponding conserved quantum number is the angular momentum,
which is in most models and theories a good quantum number.

A symmetry is related to a transformation which leaves the Lagrangian and Hamiltonian invariant,
or in different words that the Hamiltonian commutes with the operator which generates the symmetry
transformation.

Nuclear Physics is no exception, also here the Hamiltonian commutes with the generators of the
angular momentum group. But there is more: The use of symmetries in nuclear physics is nearly as
old as Quantum Mechanics. Remember the seminal work in 1931 of H. Weyl [1]. The first noticeable
application of symmetries in nuclear physics is the shell model [2], recognizing that the special unitary
group SU(3) plays a central role. We will see in section 2 that this is a trivial consequence, as it is
nothing but counting the degrees of freedom of a system correctly! In fact, in Section 2 I will present a
basic introduction to symmetry, also known as group theory (a less attractive word), resuming mainly
well known methods and facts which are very useful in understanding all models in nuclear theory
based on symmetry. The content of section 2 may seem to be too trivial for most physicists, accostumed
to the use of symmetry. This is intentional, because some points will be stressed which are often easily
overlooked and taken as guaranteed.

Several years after the presentation of the shell model, J.P. Elliott [3] proposed a SU(3) model
for the description of deformed nuclei and we will see how this approach taught us how to describe
also nuclear clusters. Another advantage is that the method of using symmetry groups, as the SU(3),
provides very simple formulas for the spectrum of a nucleus.

The use of symmetries obtained an important boost in 1976 with the introduction of the Interacting

Boson Approximation (IBA) [4,5]. This model is the first in a series of models and extensions, where
symmetry is a central part of the theory. In section 3 we will resume all the historic achievements
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of these models, starting with the shell model, passing to the IBA and finally ending with the most
involved model, which is a cluster model. Though I use here the notion involved, with the help of
section 2 we will see that it can be readily understood, no magic involved.

The mentioned group of models are referred frequently as algebraic models. One important feature
is that, after having identified the number of degrees of freedom fixing the large group, the next
steps are quite determined: The large group is reduced to the angular momentum group and several
paths are possible, related to the so-called dynamical symmetries. Then, the Hamiltonian is constructed
as a function in the generators of the large group. When restricted to a dynamical symmetry, the
Hamiltonian can be written in terms of Casimir operators, which commute with each other. Thus, a
basis can be constructed which is diagonal to the Hamiltonian and analytic results are obtained. This
is of huge advantage, because is allows to describe the spectrum of certain nuclei in a very simple and
concise manner.

However, when this path is chosen, this also exhibits some problems without further verifying
the physics. For example, when two distinct models make the use of the same large group, how to
differentiate between them? This will show that caution is required, i.e., one has to take into account
the different physical assumptions both models use. This is sometimes ignored and results in jumping
from one model to another one. Also, when the standard path is used without observing basic physical
principles, which one has to avoid, the results may render useless. Though, in some cases the spectra
and transitions can be reproduced, the model itself should be abandoned. That there can be agreement
is often related to too few experimental information available and/or to the use of too many parameters.
Thus, the phrase the model reproduces experiment, and therefore is correct is an insufficient statement. I.e.,
this part is related to the "and some of its problems" in the title of the present contribution.

Finally it will be clear that the use of symmetry (group theory) provides a powerful method to
describe complicated systems, as is the case for a system of many nucleons (a nucleus).

This contribution is organized as follows: In Section 2 I will present the basic concepts of
symmetries. It will contain mainly methods and tricks without proof, which, though, can be retrieved
in literature [6,7]. The main objective is to show that the methods used in nuclear physics can be
understood via trivial manipulations. In Section 3 several classical models, which use symmetries,
are presented, starting with the shell model, the Elliott’s model and presenting several others which
were created during the last 50 years. In Section 4 a discussion is presented on the related problems in
relying only on the group structure, without taking into account basic principles of physics. But also I
will show how to correct errors, or at least what to do. Finally, in Section 5 Conclusions will be drawn.

The objective and hope of the present contribution is that it provides an interesting and useful
collection of information on symmetries in nuclear physics, which are not only useful for the experts
but also for readers interested in this topic. Another motivation is to prepare the inexperienced reader
such that the other contributions in this special issue can be understood.

2. A Pedestrian Introduction to Symmetries

In this section I will give a schematic and short review on how symmetries are exploited in nuclear
physics. It is not meant to give a complete review but rather it will consist of a list of methods and
useful tricks for handling symmetries and how to be able to construct in a direct manner a useful
and effective model. For more, please consult [6] and [7] were a wealth of further information can be
retrieved. The content of this section is also very useful for modeling particle physics as in Quantum

Chromodynamics (QCD). I am sure that for many the information at the start is trivial. It is kept so
intentionally because little by little the main message will be surprisingly clear, not so known well or
ignored, i.e., I will indicate that the use of symmetries is direct and actually easy.

The language chosen is neutral, i.e., I will not restrict to a definite physical system, which is
intentional as one will find out towards the end.
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2.1. Algebras, Casimir operators and group structure

Let us start with a system with n degrees of freedom, where as mentioned no reference will
be made as of what kind of degree of freedom is used, though the number of degrees of freedom is an

important information. I will restrict to bosons as particles, because the information presented can be
readily extended to fermion systems, too. Also a mixing of bosons with fermions (i.e., supersymmetric
models) can be made.

The bosons will be presented by boson creation (b†
i ) and annihilation (bi) operators (i = 1, 2, ..., n),

satisfying the commutation relations

[
bi, b†

j

]
= δij , (1)

where we use the notation of co- and contravariant indices in order to distinguish the different property
under unitary transformation. The δij is the Kronecker delta symbol. (In some models the bi is denoted

by b̃i, which I find quite confusing.)
One can construct operators which conserve the number of bosons:

C
j

i = b†
i bj , (2)

also called generators, which satisfy an algebra

[
C

j
i , C

q
p

]
= δpjC

q
i − δqiC

j
p . (3)

One can intriduce so-called raising and lowering operators. This definition is a bit arbitrarily and
different conventions exist. One possibility is to define a raising operator such that it lowers the index

and the lowering operator raises the index, i.e.,

raising operators : C
j

i , with i < j

lowering operators : C
j

i , with i > j

weight operators : C i
i . (4)

One can understand this definition by picturing a column vector with n entries and a 1 in the k’s row,
where the index runs from above to below. A raising operator then moves the 1 up the column. The
also defined weight operators just count the number of bosons in the state | [h1h2...hn]〉, with hi the
number of bosons of type i. The [h1h2...hn] can be cast into a Young diagram with hk boxes in the k’the
row and h1 > h2 > ... > hn [6]. The rank of a group is defined as the maximal number of operators
which commute with each other. For the U(n) this is just n, the number of weight operators.

The same of (3) is achieved when we consider bosons with a double index, separating in such a

manner two distinct degrees of freedom. I.e., b†
iα, bjβ and summing over β = α: C

j
i = ∑α b†

iαbjα, but I
keep it simple, for the moment. Further below I will come back to discuss the consequences of it.

The algebra (3) is the one of U(n). The form of the operators in (2) make it easy to construct
Casimir operators, which commute with all generators of the group and allow to define quantum
numbers. This is because the Casimir operators are functions in the generators of the group in question
and, thus also commute with each other.

Casimir operators are obtained by multiplying the generators and contracting over their indices:
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C l =
n

∑
i1i2...il

C
i2

i1
C

i3
i2

...C i1
il

, (5)

which is a Casimir operator of l’th order. Two particular examples is the number operator and second
order Casimir operator

N =
n

∑
i1

C
i1

i1
= ∑

i1

b†
i1

bi1

C2 =
n

∑
i1i2

C
i2

i1
C

i1
i2

(6)

The selected form is ideal in calculating the eigenvalues of the Casimir operators, as shown in [7].
The Special Unitary Group, SU(n) is obtained by subtracting a trace from the generators:

F
j
i = C

j
i −

δij

n

n

∑
k=1

C k
k . (7)

The F operators satisfy the relation ∑i F i
i = 0, i.e., the number of generators in SU(n) is one less,

namely (n2 − 1). The rank of SU(n) is (n − 1), because there is a relation between the F i
i operators.

According to Racah’s theorem [7] the number of independent Casimir operators in equal to the rank of
the group, therefore, for U(n) there are n and for SU(n) (n − 1) independent Casmir operators. This
limits the size of of the sum in (5).

All other constructions, as the Casimir operators of SU(n), are done exactly the same as in U(n),

substituting the C
j

i operators by F
j

i . The eigenvalues of the weight operators, F i
i, however, change in

terms of the Ci
i, namely

F i
i = Ci

i −
1
n

n

∑
1

C i
i

with

C i
i | max〉 = hi | max〉 . (8)

In the notation used, it is particularly easy to determine the eigenvalue of a Casimir operator. This
is illustrated for the SU(2) case, when ik = 1, 2 only. For that, we apply the second order Casimir
operator on the so-called maximum weight state, defined as

C
j

i | max〉 = 0 , for i < j , (9)

i.e., all raising operators give zero. For SU(2) there is only one independent weigt operator, namely

F 1
1 =

1
2

(
C 1

1 − C 2
2

)
= − F2

2 . (10)

Its eigenvalue is (h1−h2)
2 = L, is abreviated by L.

Applying the second order Casimir operator of SU(2) to the maximal weight state gives
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∑
i,j=1,2

F
j

i F i
j =

{
(F 2

1 )
2 + (F 2

2 )
2 +

(
F 2

1 F 1
2 + F 1

2 F 2
1

)}
| max〉 . (11)

Using that the raising operator F2
1 applied to the maximal weight state gives zero (when the lowering

operator is applied first, one has to commute the raising operator at the left to the right), re-experssing
the F i

i in terms of the C i
i and using the eigen values hi of the C i

i operators, results in

2
(h2 − h2)

2

(
(h2 − h2)

2
+ 1

)
= 2L(L + 1) . (12)

with the definition of L further above, we obtain the well known eigenvalue of the angular momentum
operator, apart from the factor of 2, which can be removed by redefining the Casimir operator by a
convenient factor.

For SU(3) the path is exactly the same, with the complication that more indices appear now.
Defining

λ = (h1 − h2) , µ = (h2 − h3) , (13)

the eigenvalue of the second order Casimir operator of SU)(3) is given by

2
3

(
λ2 + λµ + µ2 + 3λ + 3µ

)
. (14)

Note that this is valid for any SU(3), not having specified yet to what physical interpretation the SU(3)
refers to.

Another important concept is the direct product of groups: Let us consider bosons with a double
index, in order to distinguish two kinds of degrees of freedom. The creation operator (analog to that
for the annihilation operator) is expressed as b†

iα. For example the index i = 1, ..., n may refer to the
orbital degrees of freedom and the index α = 1, ..., m to the isospin degrees of freedom. But at this
stage the meaning of the two degrees of freedom is not specified yet. In total the bosons have nm

degrees of freedom, which imply a U(nm) group. Now, the generators of this group are

C
jβ

iα = b†
iαbjβ . (15)

If one is interested only in one part of the degrees of freedom (one kind of property), one has to contract
over the other part, which leads to

C
j

i = ∑
α

b†
iαbjα

D
β

α = ∑
i

b†
iαbdbiβ (16)

(here one sees one of the advantages to use the notation of co- and contravariant indices). The operators
in (16) are respectively the generators of U(n) and U(m), which can be easily verified. The operators
C commute with the operators D, but each of those are also a linear combinations of generators of
U(nm). Thus, U(n) and U(m) are subgroups of U(nm). All these properties are resumed in the group
chain
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U(nm) ⊃ U(n) ⊗ U(m) . (17)

The symbol ⊗ denotes a direct product. (17) implies that the two groups U(n) and U(m) are correlated
and for a more deeper source of information, please consult [6].

2.2. Dynamical symmetries and construction of model Hamiltonians

With this small set of formulas, we already able can construct models:
Let us consider Hamiltonians which are functions in the generators of SU(n) (it can be also a

function in the generators of U(n)), i.e., the Hamiltonian conserves the number of bosons. This is not a
necessary requirement and interactions which do not conserve the number of bosons can always be
rewritten such that they conserve it. For example, b†

i of bi can be substituted by

b†
i s/

√
N , s†bi/

√
N , (18)

where N is the total number of bosons considered and s refers to a scalar auxiliary boson introduced in
order to lead to operators which conserve the total number of bosons. The total number of bosons is
given by

N = Nb + Ns , (19)

with Nb and Ns are the number of b- and s-bosons respectively. When N = const the Nb can only vary
between 0 and N, i.e., a cut-off is introduced. The

√
N in the denominator serves to erase the contribution

of s† ∼
√

Ns + 1 and s ∼
√

Ns to the matrix element when N is large (Nσ ≈ N).
A particular form for the Hamiltonian is obtained when a so-called dynamical symmetry is present.

A dynamical symmetry is defined by the group chain

U(n) ⊃ G1 ⊃ G2 ⊃ ... ⊃ SO(3) ⊃ SO(2)

N α1 α2 ..... L M , (20)

where the SO(3) group was chosen for the nuclear physics case, because its generators have the
commutation relations of the angular momentum operators. The G1 is a possible group appearing
between U(n) and G2 within G1, etc. In general there are several possible combinations corresponding
to different chains of groups of the type (20). L is the angular momentum type quantum number and
M its projection. The αk represent shortly the quantum numbers (there may be more than one) of Gk.
The states, describing the dynamical symmetry, can be cast in the Dirac notation as

| N, α1, α2, ..., LM〉 , (21)

which also contain multiplicities.
In case of a dynamical symmetry, the Hamiltonian can be written in terms of the Casimir operators

of the groups and one possible form (actually the simplest) is

H = a0N + ∑
k

akC2(Gk) + bL2 , (22)
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where C2(Gk) is the second order Casimir operator of Gk. More general formulas, with higher order
Casimir operators and powers of them, can be constructed at will. The important point is that when
basis functions of (20) are used, the eigenvalue of H is analytical and given by

E = a0N + ∑
k

akC2(Gk) + bL(L + 1) , (23)

where C2(Gk) is the eigenvalue of the Casimir operator C2(Gk).
It is important to stress the observation that we were able to construct the Hamiltonian of a model

without reference to a physical system! In general, one has to show that the SO(3) generators correspond
to the angular momentum components, a simple equivalence to the commutation equations is not
enough. Also the physical interpretation of the different quantum numbers has to be found.

2.3. An example of mathematically two equal models

This lesson tells us that there must be more than just the number of degrees of a system. Knowing
n just is sufficient to look at least for a basis to diagonalize a Hamiltonian, but not more.

Let me mention an example: The geometric model of the nucleus [8,9] and the Interacting Boson

Approximation (IBA) [4]. In the first model the lowest excitations of a nucleus are described via
quadrupole surface motions. Because only quadrupole motion is considered (l = 2) there are five
degrees of freedom, i.e., from what we have learned above there is a U(5) group involved. The basis
states were constructed, for example, in [10] and applied to the geometric model in [9] to 238U and in

[? ] to the Os-, Pt- and W-chain of isotopes with great success. Die to numerical and practical
reasons (one cannot diagonalize an infinite matrix), the number of quadrupole quanta cut-off at a high
number of bosons. Alternatively, one can introduce a cut-off through the introduction of an auxiliary
scalar σ-boson, as described above, which will lead to U(6).

The IBA is claimed to be different, because it uses (in its first version) as basic decrees of freedom
pairs of nucleons in the valence shell, coupled to spin 2 (d-bosons) and spin 0 (s-bosons). In total there
are six degrees of freedom, which leads also to U(6). Therefore, one must find a manner to distinguish
the IBA form the geometric model. There is a difference: While in the geometric models the bosons
are real bosons (surface oscillations), without a substructure, the s- and d-bosons are composed of
pairs of fermions. Also the number of bosons in the IBA is limited to half of the number of nucleons in
the valence shell. So there is a clear difference which one can exploit! Limiting to a fixed number of
bosons corresponds still to the geometric model with a finite cut-off, both models on this level are still
equivalent (both use U(6)) as was proven in [12]. The main difference, however, is the sub-structure of
each boson. When many bosons are present (in mid-shell the N is large) then, due to a large overñlap
of teh pairs, this sub-structure should have an effect through the Pauli Exclusion Principle (PEP), also
denoted as including exchange effects [13]. I will come back to this later in the article.

There are extensions of the IBA, for example treating protons and neutrons separately. I will not
go into it, because also the geometrical model does it (isospin resonances [8]) and the discussion of the
relation between the IBA-type models to the geometric-type models is still the same.

3. Examples of models using symmetries: Algebraic models

Models, using symmetries, are often called in nuclear physics algebraic models. This is not always
a good notation, because sometimes (as in the geometric model) the group structure is used for the
construction of a basis, nothing more. The physics is in the basic assumptions (axioms) and in the
Hamiltonian.

3.1. The Elliott Model

The first example is the shell model [2,14]. It approximates the interaction between the nucleons
by a mean field, i.e., an harmonic oscillator in three dimensions (our space is three dimensional) and
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adds some residual interactions to get the details right. Because it is a three dimensional oscillator,
the U(3) or SU(3) groups pop up immediately. The basis states are easily constructed (known as a
basic example to each physics student) and the matrix elements of the residual interactions of the
Hamiltonian are calculated directly.

In nuclear physics, J. P. Elliott did rise the use of symmetry to a new level, really the first algebraic
model in its true sense, i.e., that the Hamiltonian is a function of generators of SU(3) and the basis
states are the ones of the harmonic oscillator. The Hamiltonian has the form

H = h̄ωN − χ

2
(Qa · Qa) + γL2 . (24)

The h̄ω is the distance of the shells in energy, given approximately by 41A− 1
3 [8] (there are better

formulas). The operator N counts the number of oscillation quanta. The χ-parameter describes the
strength of the quadrupole-quadrupole interaction

(Qa · Qa) =
+2

∑
m=−2

(−1)mQa
mQa

−m . (25)

The index a refers to the algebraic part of the quadrupole operator, which is a generator of SU(3) as the
number operator is of U(3). The form of the algebraic part of the quadrupole operator is given by [15]

Qa
m =

√
6
[
b† × b

][2]
m

, (26)

where the bracket denotes the angular momentum coupling of a creation with the annihilation operator,
which create (annihilate) an oscillator quantum.

As noted, the algebraic quadrupole operator does only act within a shell, because it does not
change the number of oscilltion quanta. The great advantage is that (26) has an analytical solution,
because the quadrupole quadrupole interaction can be written as a sum of Casimir operators [15]:

(Qa · Qa) = 4C2(SU(3))− 3L2 . (27)

Thus, the eigenvalue of the Hamiltonian (24) is

E = h̄ωN − 2χC2(SU(3) + 3
χ

2
L(L + 1) + γL(L + 1) . (28)

The C2(SU(3)) is the eigenvalue of the second order Casimir operator, which is given by 2
3 (λ

2 + λµ +

µ2 + 3λ + 3µ), where (λ, µ) gives a SU(3) irreducible representation (irrep) of SU(3). The important
feature is the analytical result of the energy and that deformed nuclei can be described by it. All what
one has to do, is to determine the content of the SU(3) within a valence shell.

This is also done in a straightforward manner, using the concept of a direct product group, as
introduced in Subsection 2.1: Let us consider a particular oscillator shell η. The number of orbitals
in this shell (equal to the dimension of the Young diagram [η]) is 1

2 (η + 1)(η + 2). Considering spin
1
2 (up and down) and isospin 1

2 (proton and neutron), there are additional 4 degrees of freedom to
consider. The orbital part leads to U( 1

2 (η + 1)(η + 2)) and the spin-isospin content to U(4). Thus the
group chain to consider is
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U(2 1
2 (η + 1)(η + 2)) ⊃ U( 1

2 (η + 1)(η + 2))⊗ U(4) . (29)

The U( 1
2 (η + 1)(η + 2)) has to be reduced to SU(3) and a library of programs exist [16,17], which also

contain the determination of coupling coefficients of all possible kinds.
Let us take as an example 20Ne: It has 4 nucleons in the sd-shell (η = 2). Because nucleons are

fermions, the irrep of U(2 1
2 (η + 1)(η + 2)) = U(24) has to be completely anti-symmetric, i.e.,

[
14
]
.

The irreps of the groups U( 1
2 (η + 1)(η + 2)) = U(6) and the spin-isospin group U(4) have to be,

therefore, complementary. I.e., when te one of U(4) is given by [h1h2h3h4] the one of U(6) is obtained by
interchanging the rows and the columns of the Young diagram [7]. Considering that a nucleon system
tends to couple to the "most anti-symmetric" irrep of U(4), the irrep of U(4) is the

[
14
]
, Thus, the one

of U(6) is [4]. Reducing this to SU(3), using the programs of [16,17], leads to the SU(3) content of the
sd-shell for 20Ne:

(8, 0), (4, 2), (0, 4), (2, 0) , (30)

of which the (8, 0) has the largest eigenvalue of the second order Casimir operator and, thus is lowest
in energy (for χ > 0). That the Elliott model was able to describe the spectrum of 20Ne from first
principles, without explicit shell model calculations, and considering that it is a well deformed nucleus,
did lead to the great sucess of using algebraic models. To obtain the content (Hilbert space) was
the most important step. In order to describe the scale of the spectrum, one has to apply the model
Hamiltonian. The rotational band can be easily adjusted by any model, which adds by hand an
L(L + 1) term.

The larges irrep is (8,0), thus there is a band denoted by this irrep with the angular momentum
content of L = 0, 2, ...8. There is maximal angular momentum, dictated by the (8,0) irrep! The
calculation of the matrix elements of the algebraic quadrupole operator is standard [5] and is used to
calculate quadrupole transition matrix elements. The agreement to experiment is excellent.

The Elliott model is the first of its kind and proved that the use of algebraic models provides a
powerful method to describe complicated many-particle systems in a simple manner.

3.2. The Interacting Boson Approximation

The next huge step came in 1975 when A. Arima and F. Iachello proposed the Interacting Boson

Approximation (IBA) [4]. The idea is very simple: Let us consider only the nucleons in the valence shell,
not yet distinguishing protons and neutrons. In the valence shell the pairing interaction favors that
nucleon pairs are preferably coupled to spin zero. These nucleon pairs can be treated approximately as
bosons (however, see next section). Thus, the number of bosons pairs in the valence shell is given by
N, which is the number of valence nucleons divided by 2. The lowest nucleon pairs in energy are the
ones with angular momentum 0 and 2, the first denominated s-pairs and the latter as d-pairs.

Now, we can apply what we have learned: The total number of degrees of freedom are 1 (from the
s-pair) plus 5 (from the d-pair), which gives 6. The particle creation and annihilation operators of the
s-pair are s†, s and for the d-bosons they are d†

m and dm (m = −2, ...,+2). Here, we deviate a bit from
the standard notation and make a difference between lower and upper indices, due to the different
property under unitary transformation. The annihilation operator with a lower index is related to the
one with an upper index via dm = (−1)2−md−m.

Thus, the maximal group of importance is U(6) and the generators are

s†s , s†dm , d†
ms , d†

mdm′
. (31)
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The number of the generators of U(6) is 62 = 36, as it should be. The last set of generators can be
coupled to spin 0 (the d-number operator), to spin 1 (proportional the angular momentum generators
and spin 2 (proportional to the algebraic quadrupole operators).

Because in nuclear physics the angular momentum is conserved (a "good quantum number"),
which is described by a SO(3) group, we have to look for a structure which contains this group. In

fact the
[
d† ⊗ d

][1]
m

generators are proportional to the components of the angular momentum, i.e., the
angular momentum group is trivially contained in U(6). In fact, there are three group chains, all
starting from U(6) and ending up in SO(3):

U(6) ⊃ U(5) ⊃ SO(3)

U(6) ⊃ SO(6) ⊃ SO(3)

U(6) ⊃ SU(3) ⊃ SO(3) . (32)

Now, I will shortly describe these dynamical symmetry limits in terms of the Hilbert space
(quantum numbers), model Hamiltonian and spectrum. In teh interpretation of the synamical
symmetries, of great help is the semi-classical description of algebraic model using coherent states [18].
It delivers classical potentials in terms of the deformation variables.

The U(5) limit:

The generators of the U(5) are obtained by skipping in U(6) all generators containing s-boson
operators. There are 52 remaining operators. This is the simplest one. A model Hamiltonian and its
eigenvalues are

HU(5) = ǫdnd

ESU(3) = ǫnd , (33)

where one can still add terms containing the angular momentuim operators, serving to break the
degeneracy of the five-dimensional harmonic oscillator. the spectrum is equidistant, as it is for a
harmonic oscillator.

The SU(3) limit:

This was already discussed above and within the Elliott model and we do not need to repeat it.
This dynamical symmetry describes well deformed nuclei.

The SO(6) limit:

This dynamical symmetry describes γ-unstable nuclei [8] as can be appreciated when a
geometrical mapping is applied. The geometric potential does not depend on the deformation variable
γ.

A possible model Hamiltomnian is

HSO(6) = aC2(SO(6)) + bL2

ESO(6) = aω(ω + 4) + bL(L + 1) . (34)

The eigenvalue is obtained in the same way as the example of SU(2) discussed in section 2. It is no
surprise that ω is the equivalent of L and instead of a 3 there is a 4 in the energy formula.
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As is noted, with these algebraic methods one can describe extremely complicated spectra, without
recurring to standard shell model calculations, which would involve a Hilbert space of huge dimension!

Each one of these chains can also be used as a basis in which a general Hamiltonian can
be diagonalized. The most general Hamiltonian is just a function of the generators, i.e., also the
Hamiltonian has to conserve the total number of bosons in the valence shell. But there is a special
class of Hamiltonians which are glued to each of the group chains in (32). To each group appearing in
(32) there belong Casimir operators and also the most general Hamiltonian can be expressed in terms
of functions in these Casimir operators. However, when a Hamiltonian is only a function of Casimir
operators within one group chain, this Hamiltonian is said to have a dynamical symmetry. For example,
one possible Hamiltonian with the SU(3) dynamical group chain is

H = aN − χC2(SU(3)) + γL2 , (35)

where C2(SU(3)) denotes the second order Casimir operator of SU(3). This looks pretty similar to the
Elliott model, discussed further above! Also the eigenvalue is analytical, which is of great advantage,
because it is easier to fit to an experimental spectrum (experimentalists love analytic formulas).

For Hamiltonians in the other dynamical symmetry chains, equivalent analytical results for the
energies are obtained. For their physical interpreatation, please consult [4,18].

But please note that all which entered here is

• starting from a certain number of degrees of freedom,
• constructing group chains and
• setting up a model Hamiltonians,

all of which is the result of a pure mathematical input. Some of the physics has to be included yet. This
is achieved when we note that the bosons are nucleon pairs, an information that we have still to exploit.
This is specially important, when there are other models, distinct to the IBA, with the same number of
degrees of freedom.

3.3. The Nuclear Vibron Model

Another example is the Nuclear Vibron Model (NVM [19]. In its simplest form, this model describes
the excitations of a two-cluster system, without any internal structure, as for example α+α and α+16O.
The excitations originate from the relative motion. Assuming clusters without internal structure (closed
shell nuclei), the procedure is again the same:

• Identify the degrees of freedom: The relative vector is a spin-1 tensor and described by spin one
p-bosons, i.e., there are three degrees of freedom. Add an auxiliary scalar boson s to it, such that
the total number of bosons N = np + ns is constant: Here, adding the scalar boson is just a trick
to introduce a cut-off. In this way, the p-bosons vary from zero to N.

• Construct a group chain, which contains the angular momentum group SOR(3), wher R refers to
the relative motion degree of freedom. This leads to

UR(3) ⊃ SOR(3) . (36)

• Construct a Model Hamiltonian: The simplest one is

Hvibron = anp − bC2(SU(3)) + cL2 . (37)

• The eigenvalues are
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E = anp − b
2
3
(λ2 + λµ + µ2 + 3λ + 3µ) + cL(L + 1) , (38)

where (λ, µ) is the irrep of the SU(3) group and N the particle number operator, one of the
generators of U(3), together with the generators of SU(3).
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Figure 1. Illustration of the Widermuth condition with α+16O → 20Ne. In their ground state all four
nucleons in the α particle are in the s state and for the O-nucleus there are four in the s-shell and 12 in
the p-shell. In order to satisfy the PEP, there must be four nucleons in the sd-shell for the Ne-nucleus.
The α particle contributes no oscillation quanta, but the O-nucleus has 12 quanta. The Ne-nucleus has
in total 20 quanta, thus, the difference of 8 quanta must be in the relative motion. This computation
results in a minimal number of relative oscillation quanta.
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which is well described by the Elliott model, however also by any algebraic model with a L(L + 1)
term.
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Figure 3. In the left panel the spectrum of 12C as a three α-particle state, not considering the PEP, is
plotted and in the right panel figure the same spectrum is plotted with taking into accound the PEP.

3.4. The Semimicroscopic Algebraic Cluster Model (SACM)

The SACM was proposed in 1992 [21,22]. The main motivation was to construct a theory which is
i) algebraic with all the powerful methods applicable, ii) describes clusters, as in the vibron model, and
iii) satisfies the PES.

The first question is, which basis to use. This is resolved, observing that the underlying group
of the shell model is SU(3), at least for light nuclei, to which we will restrict here. Within the SU(3)
states the nucleons are distributed such that the PEP is easily implemented. For that reason, in [21,22]
the following procedure is used, restricting to two cluster systems with nuclei where Z = N (then no
considerations have to be applied to the isospin).

In order to avoid a difficult, explicit anti-symmetrization of the cluster system, a method is
designed to construct the Dirac states, i.e. a ket state with the allowed combination of quantum
numbers. As was proposed in [21,22], first the cluster states, with definite SU(3) quantum numbers, is
coupled with the relative motion of the clusters, also given by a symmetric SU(3) irrep. Here one has
to keep in mind that for A particles the harmonic oscillator of the shell model always can be written in
a sum of the harmonic oscillators for each cluster plus the relative motion [23]. Note that the clusters
are defined within the united nucleus and, thus, move in the same harmonic oscillator.

The coupling of the cluster states with the relative motion irrep leads to

(λ1, µ1)⊗ (λ2, µ2)⊗ (nπ , 0) = ∑
mλ,µ

mλ,µ (λ, µ) . (39)

where nπ is the number of relative oscillation quanta. The nπ is limited from below by the Wildermuth
condition [24], resulting in a lower limit n0 of nπ (see also Figure 1). The mλ,µ is the multiplicity of
(λ, µ). The sum is over all SU(3) irreps which result in the coupling and, in general, still not all of
them do satisfy the PEP.

In a last step, the list of irreps in (39) is compared to the content of SU(3) content of the shell
model (how to do it was indicated in Section 2, also see [21,22]). Only those, which have a counterpart
in the shell model, are included in the SACM model space. In this manner, the Pauli exclusion principle
is observed and the model space can be called microscopic.

In the Dirac notation, the basis is denoted by the ket state
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| (λ1, µ1)(λ2, µ2); ρC(λC, µC)(nπ , 0); ρ(λ, µ)κLM〉 , (40)

where ρC, ρ and κ are multiplicity labels. The cluster irreps are coupled first to (λC, µC), then with
(nπ0) to the final SU(3) irrep (λ, µ). The advantage of using the ket-formalism is the absence to the
need of a coordinate space description, it suffices to obtain the quantum numbers describing Pauli
allowed cluster states. Of course, the disadvantage is that no explicit space distribution of the clusters
are depicted.

The Hamiltonian of the SACM is a function of the generators of the groups appearing in the SU(3)
groups of each cluster and the relative motion. It has a pretty similar form as described in the other
examples. Due to the fact that the Hamiltonian is of phenomenological origin, the model contains the
word semi, i.e., while the Hamiltonian is phenomenological, the basis states are microscopic.

The SACM was applied with success to many light cluster systems, as in [25] for just to mention
only one under many of applications and its extensions.
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Figure 4. The 14C+α → 18O, describen within the SACM [25]. Experimental data are from [20].

3.5. Final remarks

The examples presented are not exhaustive, because a great wealth of algebraic models have been
developed and the space available here is not sufficient to cover all these algebraic models and their
applications. Nevertheless, the examples presented already give a sufficient list for the discussion of
the characters of these models and what is their respective advantage and power, but also problems,
as will be discussed in the next section.
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nh̄ω (λ, µ)
0 (0,4)
1 (3,3)
2 (2,4), (4,3), (6,2)
3 (3,4), (5,3), (7,2), (9,1)
4 (4,4), (6,3), (8,2), (10,1), (12,0)
5 (5,4), (7,3), (13,0)
6 (6,4), (8,3), (10,2), (12,1)

Table 1. The model space of the 12C nucleus within the SACM up to 6 oscillation quanta, taken from
[26,27].

4. Some problems which may arise, using symmetries without critics

We start with the IBA. One problem was already mentioned in Subsection 3.2. It was shown
that when two models have the same degrees of freedom, the recipe on how to construct a model
Hamiltonian is not enough. In the relation of the IBA to the geometric model, this is just the case. The
restriction to a finite number of bosons is one constraint, but it amounts to use a geometric model
with a finite cut-off. Further, it was shown experimentally, for teh case of 190Pt, [28] that the geometric
model works better due to the reason that the IBA has a cut-off, while the geometric model has no
cut-off. The other property, namely that the bosons are composed of fermion pairs, is never used. This
leads to the following problem: In the SU(3) limit, the lowest irrep is given by (2N, 0), which contains
the ground state (gs) band with the states L = 0, 2, 4....2N. The next irrep in energy is (2N − 4, 2) which
has a β-band (K = 0 with L = 0, 2, ..., (2N − 4)) and a γ-band (K = 2 with L = 2, 3, 4, ..., (2N − 2)). The
problem cosnists in that the γ-band is in a different irrep than the gs-band and, because the quadrupole
operator is a generator of SU(3), there are no transitions between the γ- and the gs-band. This problem
was proposed to be solved, using g-bosons (hexadecupole modes, l = 4). This produces a mixing and
the transitions can be adjusted again. However, the use of g-bosons is not necessary when the PEP
is taken into account, as shown by K. T. Hecht [29]. K. T.Hecht showed that in order to comply with
the PEP, the lowest SU(3) irrep are not those mentioned above, but have the form of (λ, µ) with both
values different from zero. Then, the gamma band is included in the lowest SU(3) irrep and transitions
are allowed. In conclusion, though the IBA seems to work, it does so due to ist proximity in structure
to the geometric model, but ignoring the exchange effects [13] leads to the a transition to the geometric
model.

The next example is the Vibron Model. The energy eigenvalues are given in (38) and may describe
quite complicates spectra. For simplicity, put in Eq. (38) b = 0. The L(L + 1) term generates states
which look like a rotational band, however, they are not, which will discuss in what follows.

To see this, one has to look at the possible quantum numbers. The np gives the relative excitation
quanta, acquiring the values 0, 1, 2, ... The positive parity states (the parity is (−1)np ) correspond
to np even and the negative parity states to np odd. Further, each np correspond to the SU(3) irrep
(np, 0) and this is a problem. It is related to the definition of a band: Given a nucleus with a definite
deformation, a band is generated by rotating this deformed nucleus. In other words all states in a
band have to have the same internal (intrinsic) structure, and the states are only distinguished by their
angular momentum. In contrast, the above states of the Vibron Model have all different internal
structure described by (np, 0) (np = 0, 2, 4, ...). Though, due to the L(L + 1)-term one can easily plot a
"rotational band", from (np, 0), with np = 0, 2, 4, 6, ..., all states in this "rotational band" have different
internal structure and thus do not form a collective band. In [30] the number of p-quanta start from 0 and,
thus, violate the Wildermuth condition [24] (see Figure 1), which has to be satisfied minimally. This
condition is not sufficient, as shown in [21,22], as will be discussed further below. The SO(4) limit
in the vibron model also poses a serious problem. When expanded in terms of the SU(3) basis, an
eigenstate of the SO(4)-Hamiltonian includes components with all np quantum numbers, i.e., also
all below the minimal number of p-quanta required by the Wildermuth condition. Thus, in nuclear
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physics the SO(4) basis states violate partially the PEP! In different words, the SO(4) limit in the
nuclear vibron model is unphysical.

So, what is going wrong? The answer lies in the so-called Wildermuth condition [24], which
includes the Pauli Exclusion Principle (PEP). To illustrate it, we take the system α+16O → 20Ne, using
also the shell model with its SU(3) symmetry (remember, it is the 3-dimensional harmonic oscillator).
All nucleons of the α particle are in the s-shell, thus, not contributing any oscillation quanta. The
16O nucleus has four nucleons in the s-shell and 12 in the p-shell. Each nucleon in the s-shell does
not contribute to the oscillation number but each in the p-shell contributes 1, i.e., the oxygen nucleus
contributes 12 oscillation numbers. In contrast to that, the 20Ne nucleons has 4 nucleons in the s-shell,
12 in the p-shell and 4 in the sd-shell, thus having 4*0+12*1+4*2=20 oscillation number. Summing the
ones form α and 16O gives 12, thus, 8 are missing. Remember that the α-particle and the oxygen are in

the same mean field (oscillator potential) of the Ne-nucleus. In order to satisfy the PEP, the remaining 8
oscillation quanta have to be deposited in the relative motion. This implies that the lowest number of
np quanta has to be 8! This corresponds to the SU(3) irrep (8, 0), identical to the Elliott model.

Note, that the (8, 0) irrep contains L = 0, 2, 4, 6, 8 and forms a band with the same internal
SU(3)-structure! Now, the description is complete, having included a physical information, namely
that the nucleons are fermions and all move in the same mean field.

This example shows how a pretty powerful mathematical method gives unphysical results, though
by choosing the parameters adequately it can describe observation. Including the PEP results in a
model which satisfies it and also can adjust the observational spectrum. This is meant as a warning,
i.e., saying that "the model describes well the spectrum" does not necessarily imply that it is correct.
In fact, there is a cluster model, which takes into account the PEP in the correct manner, starting also
with counting the degrees of freedom and constructing the same type of Hamiltonian as the Vibron
model, but taking into account the PEP. This is the Semimicroscopic Algebraic Cluster Model (SACM)
[21,22] presented in the last section.

This type of omission are continued in the Algebraic Cluster Model (ACM) [31] applied to 12C and
16O [32,33], described in terms of states consisting of 3 and 4 α-particle, respectively. The relative
motions of the α-particles is described via Jacobi coordinates. With respect in setting up the degrees of
freedom, this model is correct. However, the ACM does not anti-symmetrize between the α-particles,
though this is of utmost importance at low energy, when the overlap of the α-particles is significant. In
Figure 3 the calculations of the ACM, in case of 12C, is compared to the SACM. The SU(3) content is
given in Table 1, obtained from a microscopic constuction. This space is opposed to the one used in
the ACM. Considering the available data, both models seem to reproduce measurements. However,
the ACM predicts too many states at low energy. For example, the 5− state in the excited band is at
a too low energy, compared to the results obtained within the SACM. In general, the ACM predicts
more states at low energy than a model which takes into account the PEP. One may argue that the
experiment has to decide, however, here we have another criterion: The PEP. Namely, any model which

violates PEP is per definition wrong!

5. Conclusions

In this contribution we demonstrated the power and usefulness of symmetries in nuclear physics
and presented several examples. First, a primary on the use of symmetries was presented, indicating
on how to construct an algebraic model, using symmetries. The construction of the Hamiltonian and
the notion of dynamical symmetries was discussed.

Though, the path in constructing an algebraic model is quite direct (of importance is to identify
the correct number of degrees of freedom), problems are present in over-interpreting the model, if
important physical input is missing and the Hilbert space results to be incorrect.

I showed that two apparently different models may in fact be identical if different physical
assumptions are not exploited. Also, when the PEP is not applied, though important, the results are
wrong, even when the available experimental data seem to be reproduced. This may be the result of
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too many parameters and/or too few states known experimentally, the mathematical equivalence of
the model to another, correct model, etc. Thus, the argument "The model reproduces experimental data and,

therefore, it is correct" is a logical fallacy. The model has also to comply with fundamental principles of
nature, as for example the PEP.

As mentioned in the introduction, the use of symmetries in algebraic models ios not restricted to
nuclear physics. There are many algebraic models in particle phsyics [7] and of more recent application,
as for gluon systems [34] or hadrons [? ].

We hope that the material presented is useful for the construction of algebraic models and also
that it serves to take caution to not over-interpreting the use of symmetries.
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