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Abstract: In this contribution to the Festschrift for Prof. Remo Ruffini, we investigated a formulation 1
of quantum gravity based on the Wheeler-DeWitt (WDW) equation combined with the classical =
concepts of the branch-cut cosmology, which contemplates as a new scenario for the origin of s
the Universe, a smooth transition region between the contraction phase, prior to the primordial 4
singularity, and the subsequent expansion phase. Through the introduction of an energy-dependent s
effective potential, which describes the space-time curvature associated with the embedding geometry
and its coupling with the cosmological constant and matter fields, solutions of the WDW equation 7
for the wave function of the Universe are obtained. The Lagrangian density is quantized through =
the standard procedure of raising the Hamiltonian, the helix-like complex scale factor of branched
cosmology as well as the corresponding conjugate momentum to the category of quantum operators. 1o
As anovelty, ambiguities in the ordering of the quantum operators are overcome with the introduction 11
of a set of ordering factors &, whose values are restricted to the integers « = [0, 1, 2], since non-integers 12
have no physical meaning, allowing this way a broader class of solutions for the wave function of the 13
Universe. As another novelty, additional energy-dependent parametrizations are considered, more 14
specifically, in addition to a branched universe filled with underlying background vacuum energy, 1s
matter and radiation, in order to make contact with standard model calculations, we additionally 16
supplement the formulation with baryon matter, dark matter and quintessence contributions. As 17
an additional novelty, the boundary conditions for the wave function of the Universe are imposed  1s
by assuming the Bekenstein criterion. Our results indicate this way, as a novelty conclusion, the 1o
consistency of a topological quantum leap, or alternatively a quantum tunneling, for the transition 20
region of the early universe in contrast to the classic branched cosmology view of a smooth transition. 21

Keywords: Branch-cut cosmology; Wheeler-DeWitt equation; quantum gravity 22

1. Introduction 23

The equation developed by Wheeler and DeWitt, in 1967, represents a fundamental =4
approach for describing quantum gravity [1]. This model, based on the Arnowitt-Deser- 25
Misner decomposition of canonical general relativity in 3 + 1 dimensions, is additionally 26
complemented by a boundary term proposed by the authors of Ref. [2-5]. Dirac’s canonical 27
quantization procedure applied to the resulting Einstein-Hilbert action, then results in the  2s
equation developed by Wheeler and DeWitt (WDW), a second-order functional differential 2o
equation defined in a configuration superspace, whose functional solutions depend in o
general on a three-dimensional induced metric and matter fields [1,5-7]. 31
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Recently, we have proposed a topological canonical quantum approach [8] for the a2
classical branch-cut cosmology [9-11] on basis of the WDW equation [1], whose solutions, s
represented by a geometric functional of compact manifolds and matter fields, describe s
the evolution of the quantum wave function of the Universe [6,7]. As a corollary of our s
approach, our expectations are that the WDW equation may provide the most complete 36
dynamics of quantized gravity [12]. 37

In this contribution we go beyond the previous formulation, overcoming ambiguities s
in the ordering of quantum operators by introducing a set of ordering factors a, whose 3o
values are restricted to the integers a = [0, 1, 2], since non-integer values have no physical
meaning, thus allowing a broader class of solutions for the wave function of the Universe.
As another novelty, additional energy-dependent parameterizations are considered in the .2
effective potential of the branched cosmology, with the incorporation, — in addition to the 43
presence in the Universe of the background vacuum energy, matter and radiation —, of s
baryon matter, dark matter and quintessence contributions. Finally, as an additional novelty, s
boundary conditions for the wave function of the Universe are imposed by assuming the 4
Bekenstein criterion [13], which indicates the existence of an universal upper bound of 4
magnitude 27tR /fic to the entropy-to-energy ratio S/E of an arbitrary system of effective 4
radius R. As a conclusion, as we will see, our results indicate the consistency of the 4o
proposition of a topological quantum leap, or alternatively, a quantum tunneling of the  so
wave function of the Universe, in the primordial transition region in contrast with the s
classic view of the branched cosmology of a smooth transition between the contraction s
phase, before the primordial singularity, and the later phase of cosmic expansion. 53

2. Extended class of the branched quantum cosmological solutions se

In what follows we investigate a branched quantum formulation of the WDW equation, ss
whose dynamical variables, the helix-like scale factor analytically continued to the complex  se
plane as well as the corresponding conjugate momentum are raised to the rank of quantum -
operators. 58

2.1. Branch-cut formulation of the Weeler-DeWitt Equation 50

The complex scale factor In~![B(#)] represents, in branched cosmology, the only dy- e
namical variable'. The branched manifold M is in turn layered on hypersurfaces, &, which e
are restricted to Riemann leaves characterized by a complex time parameter, t, with the e
normalized branching line element analytically continued in 4 dimensions and defined s
as [10,11] 64

dr?

A5ty =~ N(OPdE + o (n (1))’ [(qu))

+72(t) (d92 + sin29d¢2)] Y

In this expression, the variables r and t represent respectively, real and complex spacetime s
parameters and k the spatial curvature of the multiverse, more specifically, negatively  es
curved (k=-1), flat (k = 0) or positively curved (k=1) spatial hypersurfaces. N(f) in turn
represents the lapse’ function with 0> = 2/37 denoting a normalisation factor. o8

In~1[B(+)] represents the reciprocal of In[(t)] and B(t) identifies the range and cuts of the helix-like cosmolog-

ical factor in branched cosmology. In~![8(#)] characterizes complex topological leaves of singular foliations by
means of Riemann surfaces.

N(t) does note represent a dynamical quantity; in turn it denotes a pure gauge variable.
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In what follows, we consider as a starting point the renormalizable Hofava-Lifshitz e
theory of gravity whose action, given by Sy, employs terms dependent on the scalar
curvature of the Universe and its derivatives, in different orders, defined in the form [14,15]: =

S = o [ @xdtN /=g {KyKT — AR — oM — 1R — M R? — yaM 2R, R
— 1aMp R psM~*R(RIR]) — eM*RIR|R} — 1My RVR— s M5 VR V'R | ;
@

in this expression #; denotes the coupling constants associated to the terms dependenton 7
the curvature of the universe and its derivatives, Mp represents the Planck mass, and V; are 7
the covariant derivatives. The branching Ricci components of the three dimensional metrics 7
in equation (2) are determined by imposing a maximum symmetric surface foliation [8]. 7
We then obtain ) p 76

Rij = 5 gij/ and R = YIS TPV (3)

0% In""[B(t)] o?In""[B(t)]

where R represents the branching scalar curvature. The trace of the extrinsic curvature
tensor, K;j, which measures geometry modifications as well as deformation rates of the 7
normal to a hypersurface as it is transported from one point to another, corresponds to 7
a sub-manifold, which depends on the particular embedding and takes the form (for the o
details see [8]) 81

BEN L) "
20N In~Yp(t)] |

By means of canonical procedures, a Lagrangian density and the Hamiltonian of the model s
can be obtained (see [8,14,15]). 83

K= Kijgl-j =

3. Spacetime topological quantization sa

The Lagrangian density of the model is quantized, trough a procedure called spacetime s
topological quantisation, by raising the Hamiltonian, the helix-like complex scale factor of s
branched cosmology as well as the corresponding conjugate momentum to the category of &7
quantum operators. The resulting formulation describes the evolution of the wave function s
of the universe associated with hyper-surfaces ¥, analytically continued to the complex e
plane. %

Changing variable in the form u(t) = In"1[8(t)], with du = dIn"[B(t)], the conjugate o
momentum py of the original branching cosmology dynamical variable In~*[3(t)] becomes o2

~u(t) du(t)

S VAT ©)
After applying standard procedures, the branching Hamiltonian is (for the details see [8,14, s
15]) oa

_1 N7 - 200y — gy g s

H= 2u(t) { Py + 1 (t) AU (t) r uz(t)} ’ (6)

with the dimensionless coupling constants redefined as [15,16] o5
2 AMp?
W=y A = mzﬂﬁ@m+m)
1872(31 — 1)
ps = 2887 (31 — 1) (94 + 315 + 75e). 7)

In this expression, 7, 77a, #r, and #s represent respectively the curvature, cosmological o6
constant, radiation, and stiff matter coupling constant contributions. The %, and #s coupling o7
constants can be positive or negative, without affecting the stability of the solutions. Stiff s
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matter contribution in turn corresponds to the p = p condition in the corresponding oo
equation of state. 100

The quantisation of the Lagrangian density is achieved by raising the Hamiltonian, o
the new dynamical variable u(t) and the corresponding conjugate momentum py, to the 1.2
category of operators, represented respectively as H(t), ii(t), and py: 103

H(E) = A(t); u(t) — a(t); and  pa — Pu = —ihu(aﬂ; ®)

in what follows we simplify the notation by ignoring the use of the hat symbol in the 1os
operators 7 and py as well as in most part of equations the time dependence on the new 105

variable u(f). 106
As a novelty, ambiguities in the ordering of the quantum operators are overcome with 107
the introduction of a set of ordering factors, given by « = [0,1,2] , with pz defined as 108

N
V= (” (t)au(t)> ' ©)

since intermediate non-integer values for  have no significance. This approach thus makes 100

it possible to obtain a broader class of solutions for the wave function of the Universe. 110
Combining (6) and (9), we get the subsequent expression for the Wheeler-DeWitt 111
equation for the wave function of the Universe, ¥ (¢): 112
1dy/,d
<_u“du(u (Tu) —l—V(u))‘I’(u) =0 (10)
with the effective potential 113
V() = =+ e g g =yt = 05, a1

which we supplemented as a novelty with two additional terms, 7,1, that describes the 114
contribution of baryon matter combined with dark matter, and 7,u%, a quintessence-term. 11
From this expression, for « = 0, we obtain a Schrodinger-type equation under the action of 116

a quantum real potential® represented by V (u): 117
42
g2t V(u) |¥(u) =0. (12)
For « = 1, we get the equation 118
I L A L T (13)
udu = du? o
And for a = 2, it results the equation 110

2d 42
<_{udu+duz}+v(u)>‘{’(u):0. (14

With a view to comparing results based on the standard formulation, in what follows, 1z
we set up the dimensionless coupling parameters of the effective potential with values 12

3 Despite we consider only the real part of the effective potential, the variable u is complex, and the solutions

still have a broader scope, describing the behavior of the wave function of the Universe both for the contraction
region, prior to the primordial singularity, and for the later expansion cosmological region.
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Re[V(u)]

Figure 1. Plot of the real part of the potential defined in equation 11. In the top figure the coupling
constants values are: 17, = 0.6, 17, = 0.2855, 5 = 1, 173 = 0.7, 75 = 1/3, and 55 = —0.03. In the
bottom figure the coupling constants values are: 7, = 0.6, 17, = 0.2855, 11, = 1,775 = 0.7, 5o = 1/3,
and 75 = +0.03. Values of parameters taken from [17-19].

Re[V(u)]

15

o |

Figure 2. Similar plot of the previous figure. Coupling constants values in the top figure: 7, = 0.024,
tm = 0.2855, 1 = 1,17 = 0.7, o = 1/3, and 175 = —0.468. Coupling constants values in the bottom
figure: 17, = 0.024, 7, = 0.2855, 7, = 1,173 = 0.7, 5 = 1/3, and 15 = +0.468. Values of parameters
taken from [17-19].

found in the literature, complementing the coupling constants of baryon and dark matter iz
and quintessence with a parametrization based on the total density parameter, ()9, which 123
describes the ratio between the total average density of matter and energy in the early Uni- 124
verse, pr and the critical density4, Pcrit- The most accepted value of the density parameter i2s
nowadays is: 126

Qo= = Qp+Opy+Op ~004+023+073~1, (15)
Perit
where Qp, Qppy, and QO represent the baryon matter, dark matter and dark energy density 12
parameters, respectively. At this stage of our investigation, we do not intend to obtain 12
numerical data that may support future cosmological observations, but rather to seek first 120
to establish a formal consistency in the treatment of the quantum branch-cut cosmology, 130
with the aim of establishing observational predictions based on a consistent theoretical 1

*  The critical density is the one at which the Universe would stop expanding only after an infinite amount of

time.
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Re[V(u)]
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200
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Figure 3. Similar plot of the previous figure. Coupling constants values in the top figure: 7, = 0.0,
im = 0.2855, 1 = 1,175 = 0.7, 1o = 1/3, and 175 = —234.0. Coupling constants values in the bottom
figure: 7, = 0.0, 17, = 0.2855, 15, = 1,173 = 0.7, 55 = 1/3, and 575 = +234.0. Values of parameters
taken from [17-19].

Re[V(u)]

Figure 4. Similar plot of the previous figure. Coupling constants values in the top figure: , = —1.22,
im = 0.2855, . = 1,175 = 0.7, 15 = 1/3, and 55 = 0.15. Coupling constants values in the bottom
figure: 1, = —0.5, 7,y = 0.2855, 7 = 1,173 = 0.7, yp = 1/3, and 55 = 0.05. Values of parameters
taken from [17-19].
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formulation in the future. There are numerous formulations in the literature, based on 132
standard cosmology, that consistently deal with this problem, using improved technical 133
models. Just to name a few of these, we indicate [12,15,17,20,21], among many others. 134

Figures 5 and 6 show typical results of solving equation 12. Also typical results, but 135
more systematized criteria of solutions of equations 12, 13, and 14 are presented in the 136
following section. 137

3.1. Complex conjugation of the Friedmann’s-type wave equations 138

In the branching cosmology, the Friedmann’s-type equations, analytically continued 130
to the complex plane, and expressed in terms of the new variables u(t), are [9-11]: 140

d 2 c diz”
(dtu(t)> _ ?W) _ ke %A; (dtu(t()t)> - _426 (p(t) + %p(t)) + %A; (16)

u(t) u(t)

where A represents the cosmological constant. The corresponding complex conjugated 1a:

Friedmann’s-type equations are: 142
dox (e 2 2 g
G () _8nG Lo k1 (qpd () 4G 3 Ly
(u*(t*)>_ 50 )~y 30 Ty ) = O+ ) + 3
(17)

These equations underlie the scenarios of branched cosmology in the imaginary sector: 1
in the first scenario, in the region before the primordial singularity, there is a continuous 14
evolution of the Universe around a branch-cut in the transition region as a function of an  1as
imaginary time parameter, conjugated to the corresponding time parameter of the later 14
evolutionary region and no primordial singularity occurs; in the second scenario, the 147
branch-cut and the branch point disappear after realization of the imaginary time by means  1ss
of a Wick rotation, then this parameter is replaced by the real and continuous thermal time, 140
the temperature. As a result, a parallel evolutionary mirror universe, adjacent to our own, 1so
is nested in the fabric of space and time, with its evolutionary process receding into the 1s:
cosmological sector of negative thermal time. In the following, we adopt, as a consistent s
formal procedure, conjugated complex versions of expressions (12), (13), and (14). And asa  1ss
consequence of this procedure, solutions of the wave function of the Universe that describe 1ss
the quantum evolution of the scenarios described above can be obtained. 185

P(u)
30

20

10

-10

Figure 5. Sampling solution family of equation 12 with the values of the coupling constants: #, = 0.6,
im = 0.2855; 1 = 1; 15 = 0.7, o = 1/3; s = —0.03. Values of parameters taken from [17-19].

3.2. Solutions and Boundary Conditions 156

The boundary conditions adopted in this work follows the natural canons of con- sz
vergence, as well as stability and continuity of the solutions of the differential equations. ss
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(1) =0; ¥'(1)=1

2 4 6 8 10
u

Figure 6. Solutions of equation 12. The values of the coupling constants are similar to the ones in
Fig. 5: n, = 0.6, 5,y = 0.2855; i, = 1,7 = 0.7, 15 = 1/3; s = —0.03. Values of parameters taken
from [17-19].

Y(u) ¥(u),
04 Y(-1)=0
15
02 10
0.0 5
-02 0
-5
~04
-10
-0.6 ¥Y(1)=0
10 s 6 4 2 2 4 6 8 10
u u

Figure 7. Solutions of Equation 12. The values of the coupling constants are: #, = 0.6, 17, = 0.2855,
i = 1,119 = 0.7, 15 = 1/3, and 575 = —0.03. Values of parameters taken from [17-19].

Y(u) :
1.0} P(-1)=-1 \P(u)
f ] 100
05}
0.0? 50
70.55 0
71.05 o
“15|
5 —100/ ¥ =1
-10 -8 -6 -4 -2 2 4 6 8 10
u u

Figure 8. Solutions of Equation 12. The values of the coupling constants are: 17, = —1.22, 17, = 0.2855,
k= 1,13 = 0.7, 75 = 1/3, and 75 = 0.15. Values of parameters taken from [17-19].

Y(u) P,
02 P(-1)=0]
0.1
0.0 °
-0.1
-02 1 0
-0.3
o | (1) =0
-10 -8 -6 —4 -2 2 4 6 8 10
u u

Figure 9. Solutions of Equation 13. The values of the coupling constants are: #, = 0.6, 17, = 0.2855,
ik =1,13 = 0.7, 75 = 1/3,and 55 = —0.03. Values of parameters taken from [17-19].
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Y(u) ‘P(u)s .

0.5

60
0.0 40

20

o

-20

—40

w(1)=1

2 4 6 8 10
u u
Figure 10. Solutions of Equation 13. The values of the coupling constants are: 7, = 0.6, 17, = 0.2855,
k= 1,13 = 0.7, 75 = 1/3,and 55 = —0.03. Values of parameters taken from [17-19].

Y(u) ¥(u)

W(-1)=0

0.1

IS

0.0

N

-0.1

o

-0.2

-03 ] -2

Y(1)=0

-10 -8 -6 —4 -2 2 4 6 8 10

u u
Figure 11. Solutions of Equation 14. The values of the coupling constants are: 7, = 0.6, 1, = 0.2855,
ik = 1,13 = 0.7, 75 = 1/3,and 55 = —0.03. Values of parameters taken from [17-19].

F(uw)

40
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-20
Y1)=1
2 4 6 8 10
u

Figure 12. Solutions of Equation 14. The values of the coupling constants are: 7, = 0.6, 1, = 0.2855,
ik = 1,13 = 0.7, 75 = 1/3,and 55 = —0.03. Values of parameters taken from [17-19].
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Moreover, as a novelty in this contribution, we analyze the boundary conditions of the 1se
wave function of the Universe in the light of the Bekenstein criterion. 160

The impossibility of packing the energy and entropy of the primordial Universe into e
finite dimensions considering spatially connected regions within the particle horizon of a 12
given observer, locus of the most distant points that can be observed at a specific time fg in 163
an event, made Bekenstein conjecture an upper bound, given by %, for the entropy S and 164

energy E of a system contained in a spherical region of radius R: 165
27tR 2r
e 2 S/E so S<Sp e ER, (18)
in which Sp denotes the upper limit of Bekenstein entropy. 166

Considering in a simplified way the proper distance d(t) of a pair of objects, in an e
arbitrary time t and its relationship with the proper distance d(ty) in a reference time 1o
to, d(t) = u(t)d(ty), this implies that for t = ty, u(ty) = 1. We consider the condition e
|u(tg) = 1| as a boundary condition in our calculation, assuming the time t; as the locus of 170
the most distant points that can be observed, in tune with the Bekenstein criterion applied 17
to the branched cosmology. With this assumption, due to the structural characteristics of the 172
proposed effective potential and the extended class of solutions for the wave equations, the 17
wave function of the Universe ‘naturally’ obeys the following boundary conditions in the 17
expansion sector of the primordial Universe: ¥(1) = 1,%'(1) =0and ¥(1) =0,¥'(1) = 1. s
Similarly, in the contraction sector of the primordial Universe, we have the boundary 17
conditions: ¥(—1) = —1,¥'(—-1) = 0and ¥(—1) = 0,¥'(—1) = —1, in opposition to the 17

“no boundary” condition [6]. 178

In Figures 7 - 12 we show the solutions of equations 12, 13, and 14. As shown in 1
the figures, for the region domains between u = —1 and u = 1 the differential equations 1so
have no solutions. In our interpretation, this domain corresponds to the region in whicha  1e:
topological quantum leap occurs in accordance with the Bekenstein criterion [22,23]. 162
4. Conclusions 183

Let’s summarize our propositions and our most relevant results. We adopted as 1es
underlying propositions in our approach a compact universe, filled with homogeneous s
matter, that exists forever in a quantum state, either static or oscillating, determined by  1ss
the characteristics of the proposed model, without imposing in a ad hoc way a constraint ez
limit for the cosmological scale factor and for the wave function of the Universe, such as  1ss
its disappearance in any limit of the scale factor (see Ref. [24]. Although its disappearance 1so
‘naturally’ occurs in the transition region of the branched model, as a structural consequence 100
of the mathematical formulation, the results obtained indicate that the wave function of 11
the Universe, in the expansion phase, oscillates downwards in a dumping way, while 12
in the contraction phase, the opposite effect happens, suggesting the limit u(f) — oo (or 1es
In"![B(t)] — o0) ‘naturally’ occurs, implying an Universe described by oscillating quantum  1ss

states tending toward a stable ordering at some future time. 195
Our interpretation of the disappearance of the wave function of the Universe, in 106
turn, in the region between u = —1 and u = 1, where a topological quantum leap or o7

tunneling occurs according to Bekenstein’s criterion, although with a certain harmony 1es
with the Vilenkin’s quantum tunneling proposal [25], differs from most know proposals 1
for the corresponding boundary conditions”. This is because these proposals, although  zc0
based on different conceptions and assumptions, have in common the prediction of an 2o
inflationary stage of evolution of the Universe, in order to reconcile the causality problem 202
of the Universe. In turn, causality involving the horizon size and the patch size may 203

5 The tunneling boundary condition of Vilenkin [27] in particular has two degrees of freedom: the scale factor

and a homogeneous scalar field. A tunneling wave function then describes an ensemble of universes tunneling
from “nothing” to a de Sitter space, and then evolving along the lines of an inflationary scenario and eventually
collapsing to a singularity [27].
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be accomplished in branch-cut cosmology through the accumulation of branches in the 2o
transition region between the present state of the Universe and the past events [26]. 205

The presented proposal strengthens the idea of the transition region of the branched 206
Universe acting as a “portal” for cosmic material, playing the role this way of an ‘eternal 2o
seed’ [28] for the expanding emergent cosmic scenario. The conclusions of this work zos
lead to numerous underlying questions, whose understanding has motivated ongoing 2o

investigations. 210
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