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Abstract: The orthogonal matrix with cube be symmetric is a common class of matrices with 1
important properties. We pay attention to this kind of matrices. By using the close relationship -
between the eigenvalues of a matrix and the trace of its power, we obtain the algorithm for its all s
possible different eigenvalues and multiplicities. The calculation formula is expressed only by the 4
trace of a matrix and its power, avoiding solving the characteristic polynomial. The method is simple s
and practical. Furthermore, a new essential characterization for the sum of orthogonal matrix pairs

being orthogonal is given as well. 7
Keywords: orthogonal matrix; cube; symmetric; trace; sum 8
0. Introduction °

A scalar A is called an eigenvalue of an n x n complex matrix A if there is a nontrivial 10
solution x of Ax = Ax[1]. The eigenvalues of a matrix A are the roots of the det(A —AE) =0
and so are difficult to evaluate in general[2,3]. “ Computer software such as Mathematica 1=
and Maple can use symbolic calculations to find the characteristic polynomial of a moderate- 13
sized matrix"[4]. But there is no formula or finite algorithm to solve the characteristic 1
equation of a general n X n matrix for n > 5, and the best numerical methods for finding s
eigenvalues avoid the characteristic polynomial entirely[4]. Is there a way to represent each 16
eigenvalue of a matrix by some simple numerical features, avoiding feature polynomials? 17

In this paper, we focus on the spectrum of the orthogonal matrix with cube be sym-  1s
metric. It is a common matrix class, as it may not be symmetric, but its cube is. It is difficult 1o
to get the eigenvalues by solving the roots of characteristic polynomial of an orthogonal 20
matrix. The trace is a useful tool. Smith O.K. have obtained the accurate eigenvalues of a 21
3 x 3 real symmetric matrix represented by trace[5]. Of course, the expression is somewhat 22
complicated. Lin et al.[6] discussed the solutions to the trace equation of orthogonal matri- 2s
ces with all eigenvalues of real or pure imaginary numbers, whose square is symmetric. The 24
trace of a matrix is a simple but useful tool. Chen.et al.[7] obtained the spectrum of 3 x 3 25
orthogonal matrix with trace be an integer. Chen.et al.[8] showed the explict expression for 26
the spectrum of 3 x 3 orthogonal matrix by trace. 27

Inspired by the close relationship between all possible eigenvalues of a matrix and  ze
the traces of its square power, we discuss the properties of orthogonal matrices with cube 20
be symmetric, and obtain the exact eigenvalues expressed by their square power trace in o
Sect.2. The numerical examples in Sect.3 show that our calculation method is simple and s
practical, it only uses the matrix trace and avoids solving characteristic polynomials. As s
an application, we draw a conclusion on the judgment of matrix orthogonal similarity in = 33
Sect.4 and obtain the condition for the sum of the orthogonal matrices be orthogonal. 34

Throughout this paper, we denote the transpose, determinant, and trace of a square s
matrix A by AT, |A|, and tr(A) respectively. E, represents the identity matrix of order 1, s
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sometimes represent it as E briefly. Denote the imaginary unitby i € C, thatis, i> = —1. s
Furthermore, O"*" and SO"*" stand for the sets of n X n orthogonal matrices, symmetric s
orthogonal matrices respectively. 30
1. Preliminary 40

As we know, the eigenvalues of an orthogonal matrix is always 1 or —1 or some pairs
of conjugate complex roots. Now let the multiplicities of eigenvalues 1 and —1be s, t
respectively, and the pair of pairwise conjugate complex(non-real) roots be k. We shall first a3
introduce the standard form of an orthogonal matrix A, denoted it as Oy4. m

Lemma 1. [1, inference 2.5.11 (c)] For an orthogonal matrix A of order n, there exists Q € O™ " 45

such that 46
Q 'AQ = diag(E;, —Es, Wy, --- , W), t +s+2k =n, (1)
and A € SO"" & k =0, where W; = 4 b L, a4+t =1-1<a <la,b €
~b; aj 7Y j jr Uj

R,j=1,2-k "

The set of eigenvalues of a matrix A is also called the spectrum of A, denoted as 0(A). 4

1 V3

We have noticed details for the matrix F, = % ( /3 >, and list it as as follows. Itis  so

1
easy to prove by checking the calculation. 51
1 3
Lemma?2. Let F, = %< 3 \1[ ), then 52
1) o(B) = {%(1 + \@i)},anda(—lfz) = {—%(1 + \/§i)}; -
2) F=-FE,B=—E, (—k)’=Ey 55
3) trh=1tr(-Fh)=-1,tF=-2t(-F) =2 5

In view of Lemma?2, we see that %(1 + /3i) is eigenvalues of A iff F, or Ff is a sub- s
block of the standard form O4. In fact, if 1 (14 v/3i) € o(A), then there will be a sub-block s

W = ( a l; ) € Oy. Therefore triWW = 2a = 1, it follows a = }. Then b = j:@ by e

—b
IW|=1,s0 W=F,or W =F]. o1
The correspondence between sub-blocks of the standard form O4 and the eigenvalues 2
will be an important fact for our later discussion. 63
2. Main results o4

Based on the background in Sect.2, we consider how to calculate the eigenvalue of s
a symmetric orthogonal matrix with cube be symmetric quickly. We show a simple fact s
flrstly 67

Theorem 1. For an orthogonal matrix A, it has

o(A) = {1,_1,;(1 +V3i), %(1 - ﬁz‘),—%u +V/3i), —%(1 - \@i)} o A% e SO,


https://doi.org/10.20944/preprints202305.0434.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 May 2023 d0i:10.20944/preprints202305.0434.v1

30f9

Proof. For the necessity, if the all possible eigenvalue of A is 1 or —1 or %(1 + /3i)

or—%(l + ﬁi), then it follows E;, Es, F,, —F, be the all possible different sub-blocks
of the standard form O4. By (1), we can assume
1 V3
_\/g 1 ’

-

kq ky

OA:diag Et/_ES/FZI"'/FZI_FZI"'/_FZ ,whereF2:
(N A ——

N —

Combined with Lemma 2 yields

O,2 = diag| Erys, —F,- -+, —Ff,—FE,--- ,—F] |, n =t 454 2k + 2k;

ky k>

OAs :diag Ey,—Es,—Ey,---,—Ey,Ep,--- ,E € sO™*",
—_—— T —
kq ko

For the sufficiency, as A% € SO"*", it has ¢(A3) = {1, —1}, then the all possible eigenvalues
of A should be cube unit roots. As

Bl (x_1>{x+;<1+x/§i>] [x+ 1<1—\/§i>]/
(1—\@')],

N~ N

x3+1:(x+1){x—;(l+\f3i)] [x—

then the all possible eigenvalue of A is 1 or —1 or %(1 +/3i) or—%(l ++/3i). O

Now we can obtain the standard form of an orthogonal matrix A with cube be sym-
metric.

Theorem 2. For an orthogonal matrix A, if its cube is symmetric, then there exists an orthogonal
matrix Q such that

1
Oa = Q 'AQ =diag| Et, —Es,Fo,--- ,F2, —F5,--- ,—F; | , where F, = = 1 V3 )
R AN 2\ —v3 1
kq ko
)
Besides, the parameters t,s,kq,ky are as follows,
t=1i(n+tr AB+2tr A2+ 2trA), s=1(n—trA®+2tr A2 —2tr A) 3)
ki=in-twA—trA2+trA), k=i(n+trA3—twA2—trA).

Proof. As A® € SO"*", by Theoreml, all possible eigenvalue of A is 1 or —1 or 3 (1 & v/3i)

or— % (1+ V3i ), then Eq.(2) follows by Lemma?2 and Theorem.
By Lemma2, we see that

trA=t—s+k —k (4)
trA2=t+s—k —ko, (5)
tr A3 =t — s — 2k + 2k, (6)

n:t+s+2k1+2k2. (7)

68

69

70

71

72

73

74

75


https://doi.org/10.20944/preprints202305.0434.v1

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 8 May 2023 d0i:10.20944/preprints202305.0434.v1

40f9

Plusing Egs.(4) and Egs.(5) gives %(tr A% +tr A) =t — ky, and plusing Egs.(6) and Egs.(7) 7
gives 1 (n +tr A%) = t + 2k;. Then 7

_1 3_ a2 _1 3 2

k2—6<n+trA tr A trA),t_6(n+trA F2trA +ztrA). ®)
By Egs.(5) and Egs.(7) follows
k1+k2:t+s—trA2:t+s—|—2k1+2k2—2(k1—|—k2)—trA2:n—2(k1+k2)—trA2.

Therefore,
_1 2
ki +ky = g(n—trA )

Combined with Egs.(8) yields
ki = 1(n —trAZ) —ky = 1(n —trA2> — 1(n +tr A3 —tr A% —trA)
3 3 6 ’

namely, k; = ¢ (n —tr A3 —tr A2 + tr A). 78
Consequently, we have

SZH*Z(k1+k2)*t

=n-— %(n—tr/ﬁ) — %(n+trA3+2trA2+2trA)

— %(n —tr A3 + 21tr A2 —2trA).

So Egs.(3) is established . [ 70

Theorem? indicates that the exact eigenvalue and multiplicities of an orthogonal o
matrix with cube be symmetric could be obtained by Egs.(3), which only relates to trace of &
matrices, avoiding to calculate the characteristic polynomials. 82

In 1962, Hua Loo-Keng once obtained the necessary and sufficient condition for two s
orthogonal matrices be similar is that their characteristic matrices have the same elementary s
factor, when solving the similarity problem of the symplectic square under the symplectic s
group[9, Theorem 1]. It is equivalent to Lemmal, namely whether the orthogonal similarity s
of two orthogonal matrices is determined by all their eigenvalues. o7

Theorem 3. For orthogonal matrices A,B, if their cubes are both symmetric, then A, B are orthogo-  ss
nal similar if and only tr A = tr B, tr A> = tr B?, tr A3 = tr B>. 80

Proof. For the necessity, if A, B are orthogonal similar, it is obvious thattr A = tr B, so are e
the square and cube of trace. 01

For the sufficiency, in view of Theorem? yields the standard form of an orthogonal =
matrix with cube be symmetric could be determined by Egs.(3), which only relates to the o3

trace of the an orthogonal matrix and its square and cube. Consequently, whentrA = o
tr B, tr A2 = tr B?, tr A3 = tr B3, A, B are orthogonal similar. [ o5
3. Numerical Examples %
We see an example from [10, Example6.2] firstly. o7
6 V3 —V6-Vv2 —Vo+\2
~2v/3 6 —V6+v2 Ve+v2 .

Example 1. Let D = § , then D

Xample e 3 \/6 _ \/E \@ 4 \@ 6 —2\6 en 18 08
Ve+v2 —Ve+v2  2V3 6

asymmetric. By [10], we see that it belongs to the subgroup G of symmetric groupG, which is e
composed of positive hexagons, it is also orthogonal. By calculating, it has 100
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2 2v3  —v6-3v2 —V6+3V2
2oLl -2v3 2 —V6+v2  Ve+v2 |
8| voe-3v2 Ve+3v2 2 -2v3 |
V6+3v2 —v/6+3v2 23 2 5
We see D is sym- 101
0 0 -1 1
pp_Y2[ 0 0 1 1
2 -11 0 0
1 1 0 0
metric. It would be very complicated to calculate its eigenvalues. 102

Since D? ¢ SO*4, D3 € SO*4, tr D = 3,trD? = 1, tr D3 = 0, it follows t = 2,k; =
1,5 = ko = 0 by Egs.(3). Then combined with Eqgs.(2) yields

OD:diag<1,1,;( —15 \1@» U(D):{l,l,;(li\@i)}.

Example 2. From [10, example 8.1], there are four orthogonal matrices as follows,

0010 00 01 0010 1 0 0 O
1000} _[1o000) _|0o100| _[0001
'“"lo1oo0 "> foo1o0 )P looo0o1|["™ {0100

00 01 0100 1 0 0 O 0010
By checking, 0,03, 03,07 are different and all asymmetric. It is easy to know

07 = Eytrop=trof = 1,tro? =4,j=1,2,3,4.
Therefore 01, 03, 03, 04 are orthogonal matrices with cube be symmetry. 103

_1 V3 g 9

2 2

V3 _1

LetB=| —2 —2 0 0| — diag(—F), E,), then by Lemma? yields
0 0 10
0 0 01

B? = diag(~F, Ez)z = diag<(F2T)2, E%) = diag(— B, Ea),

B — diag(—FzT, 52)3 = diag<(F2T)3, E§> = E,.

SotrB=1trB2=1, tr BZ = 4. Then (712, (722, (T%,(TZ, B are orthogonal similar, they have the same  10s
orthogonal standard form and the same spectrum. 105

Example 3. From [11, Theorem 3.3],

0 aln 0 0 0 b13
A= 0 0 as3 ’ B = b21 0 0
a3 0 0 0 bxp O

are orthogonal matrices of order 3 with only three non-zero elements and all the diagonal elements
are zero. By calculation, it has

0 0 apazs 0 bizbz 0
A2 = | apaz 0 0 , B2 = 0 0 bybiz |,

0 asi1aqp 0 b32b21 0 0
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and 106
A% = diag(a12a23031, 423031012, 831012823) = 12823031 E3 = | A|E3; )
B3 = diag(bi3bsabai, by1bisbso, basbo1bis) = bisbasb1Es =| B | Es. (10)
It shows A, B are orthogonal with cubic be symmetry, and
trA=trB=trA> =trB?> =0, tr A> = 3|A|,tr B> = 3|B|,
it meets Theorem?. 108
As we know, if A, B are orthogonal similar, then A| = |B|. Here the inverse is also correct. In 100
fact, if A| = |B|, then it follows tr A3 = tr B3 by Eq.(9-10), which indicates A, B meet Theorem3, 110
namely, A, B are orthogonal similar. 11
Furthermore, if |A| = 1, then by Eq.(9) yields tr A®> = 3. Then from Eq.(3), it follows
_ 1/ 1 3 1 ,
Oy = dlag(l,z( 51 )> o(A) = {1,2(1 + \@z)}.
If|A| = 1, then by Eq.(9) yields tr A3 = —3. Combined with Eq.(3) yields
, 1 1 V3 B 1 .
Op = dlag(l,z( 3 1 )> o(A) = {1,2(1 + \@z)}.
4. Application 112

As everyone knows, the sum of orthogonal matrices is not necessarily orthogonal. 11

For example, A = ( (1) (1) ), B = ( (1) (1) ) both are orthogonal, however, A+ B = 1

0 2
the orthogonal matrices coule be orthogonal? It is an interesting question. 116

2 0. . . .y
( ) is not orthogonal. So it is natural to consider under what conditions, the sum of s

Proposition 1. [12] Let A, B be orthogonal, then A + B is orthogonal if and only if A, B are 17
orthogonal matrices of order 2n, and B = APFPT, where P is an arbitrary orthogonal matrix, s

F:diag(Et,—Es,—FzT/"'_FZT)/ and Fy = %< —1@ \? )

There are some mistakes in Propositionl. If t # 0, and s # 0, then AT(A+ B) = 120
E+ PFPT = Pdiag(2E;, 05, E, — Ef,- -+ ,E, — Ef ) PT, that is, ATB has eigenvalues 2 or 0, 1
it is contradictory. 122

Proposition 2. [13] Let A, B be orthogonal, then A + B is orthogonal if and only if A, B are 123
orthogonal matrices of order 2n, and B = APFPT, where P is an arbitrary orthogonal matrix, 12a

F=diag(—F],---—Ff), and F, = ;( _1@ ‘? )

Proposition2 is not rigorous. As P is arbitrary in Proposition1, then suppose P; = Ep, 126
it follows ATB = —FZT by B = AP, (—FZT)PlT = A(—FZT). If suppose P; = Ey, it follows 127

ATB = —F] from P,(—F] )P} = —F,. They are contradictory. 128
As an application, we will give a new characterization for the sum of orthogonal 12
matrices being orthogonal. 130

Theorem 4. Let A, B be orthogonal, then A + B is orthogonal if and only if n is an even number 13
and ATBisa tri-potent matrix with no real-eigenvalue, namely, (ATB)3 = E,. 132
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Proof. For the necessity, as A + B is orthogonal, then (A + B)T (A + B) = E,, namely,

2E, + ATB + BT A = E,,. Therefore,

1 1 1

T
ATB + SEn = (ATB + zEn) = _—BTA— SEn

is a anti-symmetric matrix with no real eigenvalue. Now we can suppose the eigenvalue
of ATB+ JE, is ¢ji, here i is the imaginary unit of the complex field C and the coefficient

¢j € R. Then the eigenvalue of ATB=-1E, + (ATB + %En) is —1+ cji. Consequently,

2
it has | % + C]'i |= 1, namely, (—%) + C]2 = 1, it follows ¢ = :I:?. It indicated that the

eigenvalues of AT B are only —% (1 + \/gz) From Egs.(1) and Lemma?2, it gets

QT (ATB>Q = diag(—F, -+, —F) = O g

(11)

where Q € O"*". It shows nis an even number and AT B has no real-eigenvalue. Combining
with Lemma?2 yields

_ - T T
O(ATB)z—dlag< E, Fz)’O(ATB)

that means (ATB )3 = E;. This completes the proof of the necessity.

3 = diag(Ez,- .. EQ) = En,

For the sufficiency, since (ATB )3 = E,, if follows x3 — 1 is the annihilating polynomial

of ATB. Asx®—1 = (x—1) [x +11+ \@z)] [x +11- \@1)} and ATB has no real-

eigenvalue, then the eigenvalues of AT B are only —% (1 + \/gi), it follows Eqs(11). Then

there exists H, = ( _01 (1) ) such that
ATB = Qdiag(~F,---,—F)Q" =Q l—;En - ? diag(Hy, - - - ,Hz)l Q.
By Lemma?, it follows
1 1
AT(A+B)=E, + ATB = Qdiag<252 _ ?Hz,. < 5E - \fH2> QT

~ Qdiag(Ff,---F/)Q" € 0",

Furthermore, A + B = A[Qdiag(Ff,---- F])Q"] is orthogonal. O

Corollary 1. For a 2n x 2n orthogonal matrix A, there exists an orthogonal matrix B with same
order meets A + B is orthogonal.

Proof. By Lemmal and Lemma2, we can assume

B = AQdiag(—F,---, —F2)QT € p2nxan,

where Q is orthogonal with order 2n. Then B is orthogonal. Hence

A+B= A[En +Qdiag(—F, -+ Ep — PZ)QT]

O

—A {Qdiag(Ez A o FZ)QT]

= A [Qdiag(FzT,- . -FZT)QT} € Q22

(12)
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Corollaryl indicates there are many pairs of orthogonal matrices such that their sum

is orthogonal as well. We can construct many orthogonal matrices of the form as Eqgs.(12).
We seek into the example as follows.

Example 4. Let A be an orthogonal matrix of order 4, and Q1 = diag ( < (1) (1) ), < 0 1 ) ),

-1 0

Qy = diag(F,, —F) be orthogonal, then

QlT:diag(< (1) (1) ),( (1) _01 )), QZT:diag(FzT,—FzT).

Since(cl) (1)>(_P2)((1) é)——FzT,(Ol (1))(—1-"2)((1) _01>——Fz,and

F(—

B)F] = (-R)(-E)(—F) = —F, by Egs.(12), it follows

B =A [Ql diag(—bB, —PZ)QH —A [diag(—FZT, —Pz)],
By = A Qs diag(—F, ~F>) Qf | = Aldiag(~F, —F)].

Then By — B, = A[diag(—Ff + K, —-E+E)] = A [diag(\@< _01 (1) )’0” # 0, that is,
By # By, which means By, By are different.

From Theorem4, we get [14, Theorem 3] as follows easily.

Corollary 2. Let A, B be orthogonal matrices of order n, then the following statements are equiva-

lent:
(1)
(2)
(3)

A + B is orthogonal;
ATB + %En be real anti-symmetric;
the eigenvalues of ATB are — (1 £ /3i).

It shows some equivalent characterization for the sum of orthogonal matrices be or-
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