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Abstract: Outliers can influence regression model parameters and change the direction of the
estimated effect, over-estimating or under-estimating the strength of the association between a
response variable and an exposure of interest. Identifying visit-level outliers from longitudinal
data with continuous time-dependent covariates is important especially when the distribution of
such variable is highly skewed at follow-up visits. The primary objective was to identify potential
outliers at follow-up visits using interquartile range (IQR) statistic, motivated by a large TEDDY
dietary longitudinal and time-to-event data with a continuous time varying vitamin Bj, intake as
the exposure of interest and time to developing Islet Autoimmunity (IA) as the response variable.
The IQR method was also applied to simulated data. To assess the impact of IQR-method detected
outliers, data was analyzed using Cox-proportional hazard model with robust sandwich estimator.
Partial residual diagnostic plots were used to detect highly influential outliers. Results showed
how some of the detected outliers had large influence on the Cox regression model and changed
both the direction of hazard ratios and the strength of association with the risk of developing IA.
In conclusion, the IQR method is useful in identifying potential outliers at visit-level which can be
further investigated.

Keywords: exploratory data analysis; non-parametric statistics; skewed data; survival analysis;
repeated measures.

1. Introduction

In any statistical data analysis, analysts examine the data for unusual observations [1]. Outliers,
also called extreme values, can be defined as observations that are unusually larger or smaller compared
to other values in a data set [2]. Other studies have several ways of defining outliers such as being
observations that deviate extensively from the overall pattern or expectation of the other data points
(see [3,4]). [5] defined outliers as observations with large residual values or data values falling outside
of an expected range [6]. These extreme values tend to skew the distribution of the data and may
distort the model fit to the rest of the observations especially if they are highly influential.

Extreme values may be as a result of uncorrected data entry or system errors, self reporting bias
or they can be genuine extreme values that are due to rare events. An outlier observation may have
a large influence on the regression model parameter estimators that can change the direction of the
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effect, mask the effect, underestimate the effect, or overestimate the effect [7,8]. If extreme values are
genuine (plausible) then, the fitted model that ignored the presence of outliers may not be a good fit
and may lead to biased /misleading estimates.

Detection of outliers from longitudinal and time to event studies with continuous time-varying
covariates pause a challenge in most applied research areas [9]. Although several methods to detect
outliers have been employed in different study settings, most of them focus on detecting outliers
after fitting regression models to simple data set. However, when the process of data management
takes most of the time due to complexity of the datasets as is the case in dietary studies, conducting
exploratory data analysis to detect these extreme values at the earlier stage can be extremely important.
A more common process is using the knowledge and experience of investigators, using other published
cross-sectional references or eye-balling using graphical outputs [10] to come up with single upper
and/or lower values-cut-offs across the data set. These methods are arbitrary, lack clear justification
and may vary from one study to another. The generated cut-offs cannot be generalized to other studies
and may require more careful consideration when the data is longitudinal in design.

[11] used conditional growth percentiles to identify outliers in growth trajectory data and defined
outliers to be observations 4 standard deviations (¢) away from the expected (conditional) value.
However, o and means (y) are affected by extreme observations thus not suitable measures of spread
and location, respectively, where the data is skewed [12]. Additionally, conditional growth percentiles
method cannot be applied to a subject’s first measurement (visit).

Other studies have used robust regression methods to detect outliers on a longitudinal electronic
health data records [13], whereas [14] calculated age and sex-adjusted height, weight and body mass
index z-scores to identify extreme values for intra-individual trajectories. Also, [15] fitted non-linear
mixed effects models enhanced with algorithms to detect outliers for longitudinal growth datasets.

By definition, a z-score for a particular observation x is the number of standard deviations that

it falls away from the mean. That is, z = Y=Y Where s is the sample standard deviation and ¥ is
the sample mean. The use of z-score statistic I?equires the assumption that the data has a bell-shaped
distribution. In that case, it is expected that ~ 68% of the data will have a z-score of £1, ~ 95% of
the data will have a z-score of £2 and ~ 99.7% of the observations will have a z-score of £3 which
is the empirical rule for any normally distributed data. A z-score = 0 indicates that the data point is
located at or near the mean of the dataset, and, a larger (positive or negative) z-score indicates that the
data point is larger than or smaller than almost all other observations in the data [2]. This method is
not appropriate for highly skewed variables. Other studies used jackknife residuals and defined an
outlier with a cut-off of &5 in their longitudinal childhood growth data [16]. Studentized residuals
have been used by [17] with a cut-off of > 2¢ to define outliers whereas [18] used a cut-off of 6 for a
longitudinal study on obesity prevalence and weight change in children and adolescents together with
cross-sectional z-scores thresholds as defined by Centers for Disease Control.

Interquartile range (IQR) and median absolute deviation (MAD) statistics are simple and useful
non-parametric methods that can be applied to detect potential outliers during the exploratory data
analysis stage. MAD method has been used to detect and remove outliers by several studies (see
[5,12,19,20]). For a given data set x1, x, ..., x5, MAD is defined as:

MAD = b x (median{|x; — £|})

where b is a constant (usually 1.4826 for a N(y,¢?) variable), £ = median(x), |x; — #| is absolute
deviation from the median and median{|x; — £|} = median of these absolute deviations.
To declare x; an outlier, a MAD rejection criteria is given by the following expression [21]:

£—kx MAD < x; < 24+ kx MAD

(xi — %) |(xi — %)|
or VAD > |+ k| or VAD >k
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where k > 0 is a scale factor.

Both IQR and MAD statistics are robust measures of dispersion that are more resilient to outliers
than standard deviation. Means and standard deviations should not be used as a measure of location
and spread, respectively, if the distribution is highly asymmetric.

Numerical IQR method and graphical assessment using box plots were described to be methods
that successfully identified potential outliers in an educational achievement study to improve student
learning [22]. Also, [23] calculated weight for length percentiles and then used the interquartile range
method to detect and remove outliers in a longitudinal childhood genome study.

The IQR method is based on quartiles which are values that partition the data into four equal
parts, each containing 25% of the observations. The lower quartile (Q1) is the 25th percentile, the
middle quartile (Q;) is the median (m) or the 50th percentile, and the upper quartile (Q3) is the 75th
percentile. Interquartile range (IQR) measures the distance (spread) between the lower and the upper
quartiles, that is IQR = Qs — Q. Graphical assessment of potential outliers using box plots is based
on the interquartile range of a data set. This method measures the central half of the data for any shape
of the distribution. It is a great alternative measure of dispersion that does not require symmetry and
has no distribution assumptions since it uses percentiles and hence robust to presence of outliers.

The robustness of IQR and MAD has been shown by [24] that if T}, is a statistic on an ordered
sample of size n, then, T, has breakdown value b, 0 < b < 1, if for every € > 0, limX( {(1=b)n})—oo T, <
oo and limX({(l—(b+€))n})—>oo Tn = OQ.

The sample median () remains unchanged in the presence of extreme low or high values. If less
than 50% of the sample — oo, then m and MAD will remain the same. If more than 50% of the sample
— o0, then m — oo and so does MAD. The median in that case will be located within the outliers. As
such, MAD has a breakdown value of 50%. Similarly, IQR has a breakdown value of 25%, breaking
down when Q7 is located within the outliers [25].

The aim of this study was to describe how to identify potential outliers at follow-up visits using a
non-parametric interquartile range (IQR) statistic method with its applications to real and simulated
data. This ideas was motivated by a large TEDDY dietary longitudinal and time-to-event data set
that had continuous time varying covariates as the main exposures of interest and time to developing
Islet Autoimmunity (IA) as the response variable. Exploratory data analysis is illustrated based on
simulated longitudinal data with and without extreme observations. We also show the impact of the
IQR-method detected outliers using TEDDY dietary data. Methods details and results are provided in
sections 2 and 3.

2. Materials and Methods

We describe the IQR method with application to data in the following sections.

2.1. Interquartile Range Algorithm

For each continuous time-dependent covariate of interest, do the following e.g. by country and
(or) age (follow-up visit):

(i) Calculate IQR = Q3 — Q.
(ii) Define lower and upper limits of outliers as [Q; — k x IQR, Q3 + k x IQR] where k > 0is a scale
factor.
(iii) Flag observations outside these limits as potential outliers.

IOR lower-limits below zero were set to zero because food intake cannot be negative.

By default, graphical exploration of data using box-plots method use k = 1.5 for detecting
mild-outliers and k = 3 for extreme-outliers limits. In our study, since the data is highly skewed and
varies by country and age at follow-up visit, we experiment with varying values of k.
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2.2. Choosing a Scale Factor (k) for Spread

The rationale for choosing k is to determine how far away from the median 50% of the data you
would like to keep and define the limits of spread to be included for analysis. Three guidelines are
provided below:

(i) k can be chosen arbitrarily. In this study, we explore 3 < k < 10.
(ii) k can be decided based on what percentage of data the investigator is willing to drop and not
lose power for the statistical analysis.

(iii) k can be based on known distribution parameters. For instance, assuming the data follow a
Gaussian distribution, the mean (i) is approximately equal to the median, and we expect that
~ 68% of the data lies within y £ 10, = 95% of the data lies within y £ 20, and ~ 99.7% of the
data lies within y &= 30. An IQR encloses 50% and IQR/2 = 0.6750. An observation x; such that
30 < x; < =30 away from the mean may be defined as a potential outlier.

The extent to which a scaling factor k from the IQR method may be related with ¢ is illustrated below:
fork =1.5,

Lower limit = Q7 —15(IQR) = Q1 —1.5(Q3 — Q1)
—0.6750 — 1.5(0.675 — [—0.675])c
= —0.6750 —15x 1.350c = -2.70
Upper limit = Q3+ 15(IQR) = 2.70

Similarly, a k = 1.7 has limits [—3,3]c, and a k = 3 has limits [—4.7,4.7]c. For k = 4, the limits are
[-6.1,6.1]0, and a k = 5 has limits [—7.4,7.4]c.

2.3. Simulated Data

Two longitudinal datasets were generated to illustrate the IQR method’s ability to detect outliers
at the exploratory data analysis stage. The initial data (data 1) was simulated with n = 10, 000 subjects
that were randomly assigned with 6 to 10 follow-up visits and a total of 79,951 observations. The
measured weight (kg) Yij of subject i at visit j, for j = 6,7,8,...,15 years of age, was based on a linear
random-coefficient model:

Vij = 2+45.6xagej+ po; + ageij x j1j + ejj
2+ (5.6 + Vli) * age;j + poi + €jj
= (24 poi) + (5.6 + p;) x ageij + ejj

where the random intercept for subject i is pp; ~ N(0,3), random slope j1;, ~ N(0,1) and the random
error e;; ~ N(0,2).

The second simulated data (data 2) was created by introducing eight extreme observations into
data 1. In this setting, 4 subjects and 8 visits were randomly selected. The means y; and standard
deviations o; of weight y;; from each visit (visit j) were computed. Each of the 4 subjects were assigned
arbitrary number of visits in which the new weights (kg) were re-computed to be d standard deviations
away from the mean, expressed as Hj £ (d * 0']'), ford = 5,6,7,8,10 where pj and oj are the specific
means and standard deviations at visit j. The values of d were chosen based on the description
provided in section 2.2. For instance, 5¢ away from the mean is equivalent to using a k = 3 scale factor
under the IQR method.
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2.4. Motivating TEDDY Dietary Data

The real data that motivated this study was a longitudinal and time-to-event data set with
time varying covariates. Dietary intake data was obtained from The Environmental Determinants of
Diabetes in the Young (TEDDY), which is an observational longitudinal study that investigates factors
associated with Diabetes (T1D) in children [26,27].

Full data set was obtained after undergoing cleaning and quality checks to remove obvious
unexpected observations. The data had 94, 352 records from 8, 676 children followed from birth up to
15 years of age. Censoring was done at 10 years of age for this analysis. Diet was assessed by 24-hour
dietary recall at the age of 3 months, by 3-day food record at the age of 6, 9, and 12 months and every 6
months thereafter until the subject developed islet autoimmunity (IA) or was censored at the end of
the study period. Data was organized using the counting process. For the purpose of illustrating the
IOR method, focus was on exposure to daily intake of vitamin By, (ng/day), including intake from
foods and dietary supplements [28] and the risk of developing IA. The Cox-proportional hazard model
was used for analysis with robust sandwich estimator for calculating standard errors. All statistical
models were adjusted for sex, Human Leukocyte Antigen (HLA) genotype DR3/4 status, family T1D
status (FDR) and country. Vitamin By, was treated as a continuous time dependent covariate.

A detailed illustration of the IQR method is provided with application to this data both at the
exploratory stage before fitting time-to-event survival models and after, where residual diagnostics
were assessed for highly influential observations.

2.5. Detecting Highly Influential Observations Using Residual Diagnostics

Residual diagnostics plots were obtained after fitting Cox regression models on the full TEDDY
dietary data to further ascertain the influence of highly influential observations on the estimated
parameters. Partial DFBETA measure of influence for vitamin By, was plotted against analysis time
and partial efficient score residuals were also plotted against analysis time. Partial residuals were
calculated for each observation within subject. They are the additive contributions to a subject’s overall
residual (see [29,30] for details). The partial DFBETA value estimates the change in the regressor’s
coefficient due to deletion of that individual record.

2.6. Handling Detected Potential Outliers
Detected potential outliers by IQR method and diagnostic plots were handled as shown below:
(i) Naively ignored the presence of outliers for sensitivity analysis and fit standard Cox models to
the whole data set.
(ii) The variable was log-transformed to base 2.

(iii) Detected outliers were inversely weighted so that they can lie within the lower and upper bounds
using the following procedure: For each x; value that is outside the limits, compute weight

w; = max (|x; — upper_limit|, |x; — lower_limit|)

Calculate a pseudo value x; = % + lower_limit. This method replaces the x; outlier value with
i
x; that is bounded within the limits.
(iv) Dropped outliers based on IQR scale factors k = 3,5, 7, 10.

Statistical analysis was conducted using SAS® Software version 9.4 [31], R Core Team (2023)
version 4.3.0 [32] and Stata statistical software (release 18) [33].
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3. Results

3.1. Results Based on Simulated Data

Table 1 shows summary statistics based on IQR method with a scale factor k = 3 from the
simulated data without outliers (data 1) and also shows the eight identified outliers from data 2 (data
with outliers). There were no detected outliers from data 1 as expected since the data were simulated
without extreme values. A 100% of all weights were within the expected lower and upper boundaries.

Figure 1 displays exploratory data analysis from simulated data with no extreme data points
with spaghetti plot (Figure 1a), box plots (Figure 1b), normal quantile-quantile plots of standardized
residuals (Figure 1c) and a scatter plot of fitted values versus observed weight (Figure 1d) after fitting
a random coefficient mixed effect model. Histograms shown in Figure le are by age in years at visit.
The box plot for k = 3 does not show any indication of extreme values and neither are the histogram
distributions.

Figure 2 shows exploratory data analysis from simulated data with outliers. Figure 2a shows
a spaghetti plot with extreme observations deviating from the rest of the data points. Similarly
Figure 2b shows box plots with highlighted extreme observations by age at visit. Figure 2c shows
normal quantile-quantile plots of standardized residuals and Figure 2d shows a scatter plot of fitted
values versus observed weight after fitting a random-coefficient mixed effect model on the data. Both
figures (2c and 2d) show clearly that some observations are unusually larger or smaller than the rest of
the data points. The visit-level histograms (Figure 2e) depict some skewness at some of the follow-up
visits.

(a) Follow-up plots with mean line. (b) Box-plots by visit.
(c) Standardized residuals Q-Q plot. (d) Scatterplot of fitted values versus weight.
Figure 1. Cont.
(e) Histograms by visit.

Figure 1. Exploratory plots from simulated data without outliers. Figures (c) and (d) were obtained
after fitting a random-coefficient linear mixed effect model.

(a) Follow-up plots with mean line. (b) Box-plots with identified outliers.

(c) Standardized residuals Q-Q plot. (d) Scatterplot of fitted values versus weight.
Figure 2. Cont.
(e) Histograms by visit.

Figure 2. Exploratory plots from simulated data with outliers. Figures (c) and (d) were obtained after
fitting a random-coefficient linear mixed effect model.
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Table 1. Summary of simulated data sets without outliers (data 1) and with outliers (data 2) of weight
(kg) using IQR method with scale factor k = 3, where LL = lower limit and UL=upper limit.

Summary of Data Without Outliers (Data 1) Identified Outliers From Data 2
Visit mean (g Q3 IQR (LL,UL) Visit Weight IQR (LL, UL)

1 357 310 404 93 (3.0,684) 1 84.5 94 (2.8,68.6)

2 414 361 46.6 106 (4.3,784) 2 -5.8 10.5 (4.6,78.1)

3 469 409 528 119 (5.2,88.5) 3 -40.5 119 (5.2,88.5)

4 525 459 59.0 131 (6.6,98.3) 3 1343 119 (5.2,885)

5 58.1 509 653 143 (8.0,108.2) 5 -26.8 144 (7.7,108.5)
6 638 560 715 155 (9.5,118.0) 6 1559 155 (9.5,118.0)
7 694 610 779 170 (10.1,128.8) - - - -

8 750 659 843 184 (10.7,139.5) 8 74 184 (10.7,139.5)
9 80.6 707 91.0 203 (9.7,152.0) - - - -

10 863 761 96.7 20.6 (14.4,158.5) 10 -21.6 20.7 (14.2,158.7)

3.2. Results Based on TEDDY Dietary Data

Country by visit exploratory graphs from full TEDDY dietary data are shown in Figures 3 and 4.
The line graph (Figure 3) shows how intake/day of vitamin Bj, varies on average between countries
and by visit. The box plot (Figure 4) shows the presence of several extreme values at some of the
follow-up visits especially in the USA but also in other countries.

Table 2 shows hazard ratios (HR), 95%CI and P-values for analyses from fitted Cox-regression
models using full and reduced data sets. Vitamin By, was adjusted for sex of the child, HLA genotype
DR3/4 status, country, and family T1D status (FDR). Also, vitamin By, was energy adjusted by country
and visit using Willett’s residual method [34]. Full data set had all observations included in the analysis.
Similarly, log, transformed data and the inversely weighted data had all observations analyzed in
the model. The IQR-k=3 weighted data set was based on scale factor k = 3 such that all observations
that were outside the limits were weighted and replaced with values within the IQR limits using
the inversely weighted method described in Section 2.6. The IQR data sets for k = 3,5,7, and 10 are
reduced data sets based on the indicated scale factors.

After fitting the Cox model and examining partial residual plots, highly influential observations
were deleted, and data re-analyzed with results displayed under the "Sensitivity analysis after residual
diagnostics” sub title in Table 2.

Residual diagnostics plots for examining highly influential vitamin B;, observations on the
Cox model parameters are given in Figure 5 (partial DFBETA residuals), and Figure 6 (partial score
residuals). In both figures, USA’s vitamin By, intake/day values of 670.81ug at visit 72 and 1, 666.83ug
at visit 120 were abnormally further away from the rest. Partial score residuals plot in Figure 6 further
showed other observations from Finland and Sweden to be unusually larger or smaller than expected.

Figure 3. Average vitamin By intake/day by country from full TEDDY dietary data. The bars are 95%
confidence intervals.

Figure 4. Box plot of vitamin By, intake/day from full TEDDY dietary data.
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Table 2. Analysis of Intake/day of vitamin By, (pg) and risk of Islet Autoimmunity (IA) from TEDDY
dietary data. * Deleted observations 670.81 at visit 72 and 1666.83 at visit 120 both from USA. ¥ Deleted
2 observations from above and 1.29, 3.73, 410, 1.78 and 2.58 from Sweden at visit 120. * Deleted 7
observations from above and 3.79, 5.02 and 7.51 at visit 120 from Finland.

Data set Obs. dropped HR (95% CI) HR (95% CI) P-value
n (%) 1ug change in intake  5ug change in intake
Full 0 (0%) 1.003 (1.001, 1.004) 1.013 (1.003, 1.022) 0.010
IQR-k =10 77 (0.08%) 0.983 (0.936, 1.032) 0.919 (0.719, 1.173) 0.496
IQR-k =7 134 (0.14%) 0.986 (0.938, 1.038) 0.934 (0.725, 1.203) 0.596
IQR-k =5 243 (0.26%) 0.992 (0.941, 1.046) 0.962 (0.738, 1.253) 0.773
IQR-k =3 811 (0.86%) 0.996 (0.939, 1.056) 0.981 (0.731, 1.316) 0.897
IQR-k = 3 weighted 0 (0%) 0.997 (0.942, 1.057) 0.987 (0.740, 1.317) 0.930
Log, transformed 0 (0%) 0.978 (0.862, 1.109) 0.894 (0.475, 1.681) 0.727
Sensitivity analysis after residual diagnostics
Full-2 obs deleted* 2 (0%) 0.975 (0.934, 1.018) 0.882 (0.710, 1.095) 0.255
Full-7 obs deleted? 7 (0.01%) 0.977 (0.936, 1.020) 0.890 (0.719, 1.102) 0.285
Full-10 obs deleted* 10 (0.01%) 0.975 (0.933, 1.019) 0.881 (0.708, 1.096) 0.256

Figure 5. Partial DFBETA residuals from full TEDDY dietary data.

Figure 6. Partial score residuals from full TEDDY dietary data.

4. Discussion and Conclusion

The study has provided practical illustrations where IQR method can be used to identify potential
outliers in longitudinal data sets. Although the subject of outliers and application of IQR method is not
new (see for example [1,2,24,25,35-37]), the IQR method has not been widely applied in longitudinal
growth datasets such as in dietary studies in children as part of a data cleaning procedure to detect
and flag out potential outliers.

Our approach is different from other reported studies on longitudinal data analysis where
researchers wanted to identify unusual individual subjects using the IQR method [22] or calculate
for each subject, expected values of their next visits conditional on previous visits using means and
variances [11]. In our study, focus is on identifying observations at follow-up visits that are unusually
higher or smaller than expected.

A different variant of generating IQR limits is by using median () such that the upper limit
=m + k x IQR and lower limit = m — k x IQR. This method has been recommended by [21] for
smaller data sets. However, it was not applied in this study since we had large data and there was no
breakdown of the IQR statistic indicating its robustness to outliers (See [24] and [25]).

Analysis on TEDDY dietary data following the IQR method showed the impact of extreme
observations on the model (Table 2). Results from the full data analysis indicated a significant increase
in risk of developing IA with higher intakes of vitamin By,. Analysis from the log transformed and
IQR-k reduced datasets showed that an increase in intake of vitamin By, reduces the risk of IA although
the association between exposure and outcome in the Cox model was not statistically significant. Some
of the detected outliers by the IQR method were also found to be highly influential observations by the
residual diagnostic plots. These outliers impacted the estimated parameters in the full data model such
that the inference and conclusion drawn from such data analysis would be misleading. Data sets for
sensitivity analysis where highly influential observations were dropped resulted in a similar conclusion
to those from the IQR-k and log-transformed data sets, indicating that higher intake of vitamin By,
had a protective effect of IA. For skewed data sets, log-transforming variables or using inversely
weighted IQR methods may provide alternative approaches for handling legitimate observations that
are somehow far from the rest of the data points (See Table 2). However, interpreting hazard ratios
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from log-transformed variables should be done with care. For instance, hazard ratios indicate the risk
associated with a 2-fold change in vitamin By, intake/day if a log to base 2 (log,) transformation is
used.

The IQR method was implemented at a data management stage to explore the data graphically
with detailed box plots, and numerically with summary statistics including percentiles, inter-quartiles
range, lower and upper bounds, showing observations that were outside the boundary of a given scale
if any. It has been shown to be a useful statistic that can be used together with the residual diagnostics
plots to detect potential outliers that may have an effect on the estimated parameters in the statistical
model.

Our study has illustrated the use of IQR method to detect potential outliers of time-varying
continuous variables in longitudinal data sets at follow-up visits. It can be used as a data quality
control procedure to identify unusual observations. Once outliers are identified, they can be flagged
out and investigated further, including conducting sensitivity analysis to ascertain their influence in
the regression model.
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