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Article

Formal Calculation

Peng Ji

Department of Electronic Information, Nanjing University, Nanjing, China; mcfroo@sina.com

Abstract: Formal Calculation uses an auxiliary form to calculate various nested sums and provides

results in three forms. In addition to computation, it is also a powerful tool for analysis, allowing

one to study various numbers in a unified way. This article contains many results of two types of

Stirling numbers, associated Stirling numbers, and Eulerian numbers, making a great generalization

of Euler polynomials, Wilson’s theorem, and Wolstenholme’s theorem, showing that they are just

special cases. Formal Calculation provides a novel method for obtaining combinatorial identities and

analyzing q-binomial.This article has obtained a large number of results in q-analogues, including

inversion formulas for q-binomial coefficients. This article also introduces a theorem on symmetry.

Keywords: Formal Calculation; nested sums; Gaussian coefficient; Stirling number; associated

Stirling numbers; Eulerian number and polynomial; Wolstenholme theorem

1. Introduction

Formal Calculation is introduced in [1–3] , this article contains its summary and latest

achievements.

Definition 1. Recursive define ∇p, p ∈ Z,∇0 f (n) = f (n),
N−1

∑
n=0

∇1 f (n + 1) = f (N),
N−1

∑
n=0

f (n + 1) =

∇−1 f (N), ∇1 = ∇

Definition 2. Recursive define SUM(N)=SUM(N,PS,PT).Ki, Di ∈ Ring with identity elements.

SUM(N, [K1 : D1], [T1 = 1]) =
N−1

∑
n=0

(K1 + nD1)

SUM(N, [K1 : D1, K2 : D2], [T1, T2 = T1 + 2 − p]) =
N−1

∑
n=0

(K2 + nD2)∇
pSUM(n + 1, [K1 : D1], [T1])

I f f (N) = ∑ Ai

(

Ni
Mi

)

and Mi is not changed with N, then ∇p f (N) = ∑ Ai

(

Ni−p
Mi−p

)

[K1 : D, K2 : D...KM : D] is abbreviated as [K1, K2...KM] : D,[K1, K2...KM] : 1 is abbreviated as

[K1, K2...KM].

By default,this paper use:

PS=[K1 : D1, K2 : D2...KM : DM],PT=[T1, T2...TM],PS1=[PS,KM+1 : DM+1],PT1=[PT,TM+1]

This is actually nested summation. For example:

SUM(N, PS, [1, 2, 3...M]) =
N−1

∑
n=0

M

∏
i=1

(Ki + nDi)

SUM(N, PS, [1, 3, 5...2M − 1]) =
N−1

∑
nM=0

(KM + nMDM)...
n3

∑
n2=0

(K2 + n2D2)
n2

∑
n1=0

(K1 + n1D1)

SUM(N, PS, [1, 2, 4]) =
N−1

∑
n3=0

(K3 + n3D3)
n3

∑
n=0

(K1 + nD1)(K2 + nD2)

SUM(N, PS, [1, 3, 4]) =
N−1

∑
n3=0

(K3 + n3D3)(K2 + n3D2)
n3

∑
n=0

(K1 + nD1)

The following use K to represent the set [K1, K2...KM], T to represent the set [T1, T2...TM].

Use the auxiliary form: (K1 + T1)(K2 + T2)...(KM + TM) = ∑
M

∏
i=1

Xi, Xi = Ti or Ki
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Definition 3. X(T)=Number of {X1, X2...XM} ∈ T

Definition 4. XT−1=Number of {X1, X2...Xi−1} ∈ T,XK−1=Number of {X1, X2...Xi−1} ∈ K

XT=Number of {X1, X2...Xi} ∈ T,and also define XK

Obviously:XT−1 + XK−1 = i − 1.

Theorem 1. [1] SUM(N,PS,PT)=

Form1 →
M

∑
g=0

H1(g)
(

N+TM−M
N−1−g

)

=
M

∑
g=0

H1(g)
(

N+TM−M
TM−M+1+g

)

, Bi =
{

(Ti−XK−1)Di ,Xi=Ti
Ki+XT−1Di ,Xi=Ki

Form2 →
M

∑
g=0

H2(g)
(

N+TM−M+g
N−1

)

=
M

∑
g=0

H2(g)
(

N+TM−M+g
TM−M+1+g

)

, Bi =
{

(Ti−XK−1)Di ,Xi=Ti

Ki+(XK−1−Ti)Di ,Xi=Ki

Form3 →
M

∑
g=0

H3(g)
(

N+TM−g
N−1−g

)

=
M

∑
g=0

H3(g)
(

N+TM−g
TM+1

)

, Bi =
{

−Ki+(Ti−XT−1)Di ,Xi=Ti
Ki+XT−1Di ,Xi=Ki

The factors of ∏ Xi cannot be exchanged. Hi(g),short for Hi(g, PS, PT), is also defined above as ∑
X(T)=g

M

∏
i=1

Bi

The theorem is proved by induction.There have three forms because:
N−1

∑
n=0

n
(

n+K
M

)

= (M + 1)
(

N+K
M+2

)

+ (M − K)
(

N+K
M+1

)

= (M + 1)
(

N+K+1
M+2

)

− (1 − K)
(

N+K
M+1

)

= (M − K)
(

N+K+1
M+2

)

+

(1 + K)
(

N+K
M+2

)

Definition 5. F
K={K1,K2...KM}
M =∑ KI1

KI2
...KIM

, a < b, Ia < Ib,FN
M is short for F

{1,2...N}
M ,FK

0 = 0

Definition 6. E
K={K1,K2...KM}
M =∑ KI1

KI2
...KIM

, a < b, Ia ≤ Ib,EN
M is short for E

{1,2...N}
M ,EK

0 = 0

Theorem 2. ∇SUM(N, PS, [1, 2...M]) =
M

∏
i=1

(Ki + nDi)

Theorem 3. In SUM(N,[...PS...],[...T+1,T+2...T+M...]), Ki can exchange orders.

Theorem 4. SUM(N, [L1, L2...Lq, PS], [L1, L2...Lq, PT]) =
q

∏
i=1

Li × SUM(N, PS, PT), so T1 can great than

1,Ti ∈ N

Theorem 5. SUM(N, [1, 1...1], [1, 2...M]) = SUM(N, [1, 1...1], [2, 3...M]) = 1M + 2M + ... + NM

Theorem 6. SUM(N, [1, 1...1], [1, 3...2M − 1]) = SUM(N, [1, 1...1], [3, 5...2M − 1])

= ∑
λ1+...+λN=M,λi≥0

1λ12λ2 ...NλN = EN
M = S2(N + M, N). S2 is Stirling numbers of the second kind.

Theorem 7. SUM(N, [1, 2...M], [1, 3...2M − 1]) = SUM(N, [2, 3...M], [3, 5...2M − 1])

= ∑
1≤i1<i2<...<iM≤N+M−1

i1i2...iM = FN+M−1
M = S1(N + M, N). S1 is unsigned Stirling numbers of the first

kind.

Example 1.1:

Form = (1 + T1)(2 + T2)(3 + T3), ∑
X(T)=1

∏ Xi = 1 × 2 × T3 + 1 × T2 × 3 + T1 × 2 × 3

H1(1) = 1 × 2 × (T3 − XK−1) + 1 × (T2 − XK−1)× (3 + XT−1) + T1 × (2 + XT−1)× (3 + XT−1)

= 1 × 2 × (5 − 2) + 1 × (3 − 1)× (3 + 1) + 1 × (2 + 1)× (3 + 1) = 26
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SUM(N, [1, 2, 3], [1, 3, 5]) = 1 × 3 × 5
(

N+2
6

)

+ 35
(

N+2
5

)

+ 26
(

N+2
4

)

+ 1 × 2 × 3
(

N+2
3

)

SUM(N, [2, 3], [3, 5]) = 3 × 5
(

N+3
6

)

+ (2 × 4 + 3 × 4)
(

N+3
5

)

+ 2 × 3
(

N+3
4

)

It also can be calculated in the Ring with identity elements.Ki, Di can be a matrix.

Theorem 8. ∏ (Ki + nDi) can be decomposed into three forms by 1 and ∇.

2. Property

2.1. Relationships between H(g)

By definition:

1. H1(g, PS1, PT1) = H1(g − 1)(TM+1 − [M − (g − 1)])DM+1 + H1(g)(KM+1 + gDM+1)
2. H2(g, PS1, PT1) = H2(g − 1)(TM+1 − [M − (g − 1)])DM+1 + H2(g)(KM+1 + [M − g −

TM+1]DM+1)
3. H3(g, PS1, PT1) = H3(g − 1)(−KM+1 + (TM+1 − [g − 1])DM+1) + H3(g)(KM+1 + gDM+1)

Using these relationships and induction can prove:

Theorem 9. H1(g) =
M

∑
k=g

H2(k)
(

k
g

)

=
g

∑
k=0

H3(k)
(

M−k
M−g

)

[2]

Inversion→

Theorem 10. H2(g) =
M

∑
k=g

(−1)k+gH1(k)
(

k
g

)

, H3(g) =
g

∑
k=0

(−1)k+gH1(k)
(

M−k
M−g

)

Calculation with 9 →

Theorem 11.
M

∑
g=0

H1(g) =
M

∑
g=0

H2(g)2g =
M

∑
g=0

H3(g)2M−g

Theorem 12.
M

∑
g=0

H1(g)
(

A
B−g

)

=
M

∑
g=0

H2(g)
(

A+g
B

)

=
M

∑
g=0

H3(g)
(

A+M−g
B−g

)

, A, B ∈ N

This indicates Form1 = Form2 = Form3 →
M

∑
g=0

H1(g)
(

A
g

)

=
M

∑
g=0

H2(g)
(

A+g
g

)

=

M

∑
g=0

H3(g)
(

A+M−g
M

)

Induction [2]→

Theorem 13.
M

∑
g=0

H1(g)g
(

A+1
B−g

)

=
M

∑
g=0

H2(g)g
(

A+g
B−1

)

=
M

∑
g=0

{H3(g)g
(

A+M−g
B−g

)

+ M ×

H3(g)
(

A+M−g
B−1−g

)

}

2.2. Property of H(g)

∏ Xi = (∏ Xi ∈ T)(∏ Xi ∈ K).In some cases, H(g) is easy to calculate.

Definition 7. H(g, T) = H(g, T, PS, PT) = ∏
Xi∈T

Bi, H(g, ∑ T) =

∑ ∏
Xi∈T

Bi.Also de f ine H(g, K), H(g, ∑ K)
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If Di = 1 and Ti + 1 = Ti+1,H1(g, T) =
g

∏
i=1

Ti. H1(g, T, PS, [1, 2...M]) =

g!.H1(g, ∑ K, [1, 1...1], PT) = E
g+1
M−g

Theorem 14. If Di = 1,H1(g, ∑ K) = FK
M−gE

g
0 + FK

M−g−1E
g
1 + ... + FK

0 E
g
M−g

Theorem 15. If Di = 1,H1(g, ∑ T) = FT
g E

M−g
0 − FT

g−1E
M−g
1 + ... + (−1)M−gFT

0 E
M−g
g

Theorem 16. If Di = 1 and Ki+1 − Ki = Ti+1 − Ti = 1,H1(g)=
(

M
g

)

T1...Tg × Kg+1...KM

Theorem 17. If PS=PT,H1(g) =
M

∏
i=1

Ti

(

M
N

)

, H2(M) = H3(0) =
M

∏
i=1

Ti, H2(g < M) = H3(g > 0) = 0

Theorem 18. H1(g, [AD : D, PS], [A, PT]) = AD(H1(g − 1) + H1(g)) → H1(g, [1, PS], [1, PT]) =

H1(g − 1) + H1(g)

Definition 8. E
q
p ⊙ ([T1, T2...TM], C)

= ∑
λ1+λ2+...+λq=p,λi≥0

1λ12λ2 ...qλq(T1 + λ1C)(T2 + λ1C + λ2C)...(Tq−1 + λ1C + λ2C + ... + λq−1C)

[4] has proved:
〈

M
g

〉

=
〈

M
M−g−1

〉

= E
g+1
M−g−1 ⊙ ([1, 1...1], 1])

〈

M
g

〉

is Eulerian numbers.It is known that there exists Worpitzky identity:NM =
M−1

∑
g=0

〈

M
g

〉 (

N+g
M

)

eg :
〈

5
2

〉

= E3
2 ⊙ ([1, 1...], 1) = ∑

λ1+λ2+λ3=2
1λ1 2λ2 3λ3(1 + λ1)(1 + λ1 + λ2) = 66

By simple calculation:

H1(g, [1, 1...1], PT = [Ti = T1 + (C + 1)(i − 1)]) = E
g+1
M−g ⊙ (PT, C)

H3(g, [1, 1...1], PT = [Ti = T1 + (C + 1)(i − 1)]) = E
g+1
M−g ⊙ ([Ti = T1 − 1 + C(i − 1)], C + 1)

2.3. Shape of numbers

In this section,if not specifically mentioned,T1 = 1, Ti+1 − Ti = 1 or 2.

To calculate ∑
1≤K1<K2<...<KM≤N

K1K2...KM (*),products needs to be divided into 2M−1 categories.

There are M-1 intervals between factors.If the interval=1,define it as Continuity.If the interval>1,define

it as Discontinuity. Continuities,Discontinuities and their Positions are defined as Shape.So there

have 2M−1 Shapes.

From the definition of nested sum:

∑
1≤K1<K2<K3≤N

K1K2K3

= SUM(N, [1, 2, 3], [1, 2, 3]) + SUM(N − 1, [1, 2, 4], [1, 2, 4]) + SUM(N − 1, [1, 3, 4], [1, 3, 4]) +

SUM(N − 2, [1, 3, 5], [1, 3, 5])

Definition 9. PB(PT)=Number of Ti + 1 < Ti+1=Number of discontinuities

(∗) = ∑
All o f the Shapes with f actors=M

SUM(N − PB(PT), PT, PT).From 17 we can obtain a simple

formula:

Theorem 19. SUM(N, PT, PT) =
M

∏
i=1

Ti

(

N+TM−M
TM−M+1

)

,PT has no restrictions.
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This generalizes the famous formula
N−1

∑
n=0

(

n
M

)

=
(

N
M+1

)

. It was discovered during the calculation

of (*) which led to the birth of Formal Calculation.

Theorem 20. Number of Products in SUM(N,PT,PT) =
(

N+PB(PT)
PB(PT)+1

)

Definition 10. MINg(M) = ∑
PB(PT)=g

M

∏
i=1

Ti = 1 × ∑
PB(PT)=g

M

∏
i=2

Ti

This is the sum of the products of PTs with the same number of discontinuities.By definition:

Theorem 21. MINg(M) = ∑
(M+g)!
i1i2...ig

, 2 ≤ i1 < i2 < ... < ig ≤ M + g − 1, ij+1 − ij ≥ 2

Based on the concept of Shape rather than 21, it is easier to understand.

eg : MIN2(4) = (12357) + (12457) + (13457) + (12467) + (13467) + (13567).Here (...) is products.

From the definition of nested sum,there exists general classification principles:

Theorem 22. SUM(N, [K1 : D1, K2 : D2...KM : DM], [T1, T2...TM]) = SUM(N, PS, [T1...Ti, Ti+1 −

1...TM − 1]) + SUM(N − 1, [K1 : D1...Ki : Di, Ki+1 + Di+1 : Di+1...KM + DM : DM], PT)

eg : SUM(N, [1, 2, 3], [1, 3, 5]) = SUM(N, [1, 2, 3], [1, 2, 4]) + SUM(N − 1, [1, 3, 4], [1, 3, 5])

= SUM(N, [1, 2, 3], [1, 2, 3]) + SUM(N − 1, [1, 2, 4], [1, 2, 4]) + SUM(N − 1, [1, 3, 4], [1, 3, 4]) +

SUM(N − 2, [1, 3, 5], [1, 3, 5])

(∗) = SUM(N, [1, 2...M], [1, 3...2M − 1]) =
M−1

∑
g=0

MINg(M)
(

N
g+1

)

.It′s exactly 7.

2.4. H(g) and Associated Stirling Numbers

Associated Stirling Numbers of the first kind S1,r(n, k) is defined as the number of permutations

of a set of n elements having exactly k cycles, all length >= r.

1. S1,r(n, k) = n!
k! ∑

i1+i2+...+ik=n,ij≥r

1
i1i2...ik

2. S1,r(n + 1, k) = nS1,r(n, k) + (n)r−1S1,r(n − r + 1, k − 1), n ≥ kr
3. ∑

(n−1)!
i1i2...ik−1

, r ≤ i1 < i2 < ... < ik−1 ≤ n − r, ij+1 − ij ≥ r [5]

Derived from 2 and definition of H(g) or 3 and 21:

Theorem 23. MINg(M) = S1,2(M + g + 1, g + 1)

Table 1. Table of MINg(M) = S1,2(M + g + 1, g + 1).

g=0 g=1 g=2 g=3 g=4 g=5 g=6

M=1 1
M=2 2 3
M=3 6 20 15
M=4 24 130 210 105
M=5 120 924 2380 2520 945
M=6 720 7308 26432 44100 34650 10395
M=7 5040 64224 303660 705320 866250 540540 135135

Associated Stirling Numbers of the second kind S2,r(n, k) is defined as the number of permutations

of a set of n elements having exactly k blocks, all length >= r.
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1. S2,r(n, k) = n!
k! ∑

i1+i2+...+ik=n,ij≥r

1
i1!i2!...ik !

2. S2,r(n + 1, k) = kS2,r(n, k) +
(

n
r−1

)

S2,r(n − r + 1, k − 1), n ≥ kr

Derived from 2:

Theorem 24. H2(g, [1, 1...1], [3, 5...2M − 1]) = S2,2(M + g + 1, g + 1)

Table 2. Table of H2(g, [1, 1...1], [3, 5...2M − 1]) = S2,2(M + g + 1, g + 1).

g=0 g=1 g=2 g=3 g=4 g=5 g=6

M=1 1
M=2 1 3
M=3 1 10 15
M=4 1 25 105 105
M=5 1 56 490 1260 945
M=6 1 119 1918 9450 17325 10395
M=7 1 246 6825 56980 190575 270270 135135

SUM(N, [2, 3...M], [3, 5...2M − 1]) = S1,1(N + M, N) = (N+M)!
N! ∑

i1+i2+...+iN=N+M,ij≥1

1
i1i2...iN

=
M−1

∑
g=0

S1,2(M + g + 1, g + 1)
(

N+M
M+1+g

)

=
M

∑
g=1

S1,2(M + g, g)
(

N+M
M+g

)

= (N+M)!
N!

M

∑
g=1

[ ∑
i1+...+iN=N+M,ij≥1,Number o f ij>1=g

1
i1i2...iN

] =
M

∑
g=1

f (∗)

f (∗) = (N+M)!
N!

(

N
N−g

)

∑
i1+...+ig=g+M,ij≥1

1
i1i2...ig

=
(

N+M
M+g

)

S1,2(M + g, g)

Use the same way:

Theorem 25. S1,r(rN + M, N) =
M

∑
g=1

1
rN−g

(rN−rg)!
(N−g)!

(

rN+M
rg+M

)

S1,r+1(rg + M, g)

Theorem 26. S2,r(rN + M, N) =
M

∑
g=1

1

(r!)N−g
(rN−rg)!
(N−g)!

(

rN+M
rg+M

)

S2,r+1(rg + M, g)

2.5. Table of H(g)

Table 3. Table of H(g).

PS PT H1(g) H2(g) H3(g)

[1, 1...1] [1, 2...M] g!E
g+1
M−g = g!S2(M + 1, g + 1) (−1)M−gg!S2(M, g)

〈

M
g

〉

[1, 1...1] [2, 3...M] (g + 1)!S2(M, g + 1) (−1)M−1−g(g + 1)!S2(M, g + 1)
〈

M
g

〉

[1, 1...1] [1, 3...2M − 1] E
g+1
M−g ⊙ (PT, 1) (−1)M−g MINg−1(M) E

g+1
M−g ⊙ ([0, 1...], 2)

[1, 1...1] [3, 5...2M − 1] S2,2(M + 1 + g, g + 1) (−1)M−1−g MINg(M) E
g+1
M−1−g ⊙ ([2, 3...], 2)

[1, 2...M] [1, 3...2M − 1] MINg−1(M) + MINg(M) 1 × (−1)M−gE
g
M−g ⊙ ([3, 5...], 1) 1 × E

M−g
g ⊙ ([2, 3...], 2)

[2, 3...M] [3, 5...2M − 1] MINg(M) (−1)M−1−gS2,2(M + 1 + g, g + 1) E
M−g
g ⊙ ([2, 3...], 2)

3. Application

3.1. Number analysis

Theorem 27. 9, 11, 13 →
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1.
M

∑
g=0

〈

M
g

〉

= M!,
M

∑
g=1

(−1)M−gg!S2(M, g) = 1,
M

∑
g=1

(−1)M−gg × g!S2(M, g) = 2M − 1

2. g!S2(M, g) =
M

∑
k=g

(−1)M−kk!S2(M, k)
(

K−1
g−1

)

=
g−1

∑
k=0

〈

M
k

〉

(

M−1−k
M−g

)

, 1 ≤ g ≤ M

3. S1,2(M + g, g) =
M

∑
k=g

(−1)M−kS2,2(M + k, k)
(

K−1
g−1

)

, S2,2(M + g, g) =
M

∑
k=g

(−1)M−kS1,2(M +

k, k)
(

K−1
g−1

)

4.
M

∑
g=1

g!S2(M, g) =
M

∑
g=1

(−1)M−gg!S2(M, g)2g−1 =
M

∑
g=1

〈

M
M−g

〉

2M−g

5.
M

∑
g=1

S2,2(M + g, g) =
M

∑
g=1

(−1)M−gS1,2(M + g, g)2g−1,
M

∑
g=1

S1,2(M + g, g) =

M

∑
g=1

(−1)M−gS2,2(M + g, g)2g−1

6.
M

∑
g=1

g!S2(M, g)(g − 1)
(

A+1
g

)

=
M

∑
g=1

(−1)M−gg!S2(M, g)(g − 1)
(

A+g−1
g

)

7.
M−1

∑
g=0

(−1)M−1−g MINg(M) =
M

∑
g=1

(−1)M−gS1,2(M + g, g) = 1,
M

∑
g=1

(−1)M−gS2,2(M + g, g) = M!

PS=PT=[1,2...M],H1(g) = H1(M − g) = M!
(

M
g

)

,14 →

Theorem 28. M!
(

M
g

)

= g!
M−g

∑
i=0

S1(M + 1, g + 1 + i)S2(g + i, g) = (M −

g)!
g

∑
i=0

S1(M + 1, M + 1 − i)S2(M − i, M − g)

H1(g, [1, 1...1], [1, 2...M]) = g!S2(M + 1, g + 1), F
{1,1...1}
i =

(

M
i

)

, 14 →

Theorem 29. S2(M + 1, g + 1) =
M−g

∑
i=0

S2(M − i, g)
(

M
i

)

H1(g, [1, 2...M], [1, 2...M]) = H1(g, [M, M − 1...1], [1, 2...M]) = M!
(

M
g

)

15 →

Theorem 30. g!
(

M
g

)

=
g

∑
i=0

S1(M + 1, M + 1 − g + i)S2(M − g + i, M − g)(−1)i

H1(g, [K + i], [T + i]),16 →
(

M
g

)

T1...Tg × Kg+1...KM,14→ T1...Tg(...),15→ Kg+1...KM(...)

Theorem 31.
M

∏
i=g+1

(K + i)
(

M
g

)

= F
{K+i}
M−g E

g
0 + ...+ F

{K+i}
0 E

g
M−g,

g

∏
i=1

(T + i)
(

M
g

)

= F
{T+i}
g E

M−g
0 + ...+

(−1)gF
{T+i}
0 E

M−g
g

3.2. Merge and Expand

Theorem 32. SUM(N,PS,PT)=SUM(N,[1,1...1,PS],[1,1...1,PT]) expand
M

∑
g=0

(...) =
M+(number o f 1 added)

∑
g=0

(...)

Any
M

∑
g=0

ag

(

X
Y+g

)

can be converted to aM
M!∇

qSUM(N + P, [K1, K2...KM], [1, 2...M])

10 provides the necessary and sufficient condition for
M

∑
g=0

H(g)
(

X
Y+g

)

to be merged into
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M−K

∑
g=0

(...)
(

X+K
Y+K+g

)

:

H2(g) =
M

∑
x=g

(−1)x H(x)
(

x
g

)

= 0, g < K or H3(g) =
g

∑
x=0

(−1)x H(x)
(

M−x
M−g

)

= 0, M − g < K

For example:

SUM(N, [1, 2...M], [1, 2...M]), 19 →
M

∑
x=g

(−1)x (M
x

)

(

x
g

)

= 0, 0 ≤ g < M

N−1

∑
n=0

(

M+dn
M

)

= 1
M! SUM(N, [1, 2...M] : d, [1, 2...M]) = 1

M!

M

∑
g=0

H1(g)
(

N
1+g

)

I f M ≥ kd, Bi(Xi = Ki) = i + (XK−1 − i)d → H2(g < k) = 0 →
N−1

∑
n=0

(

M+dn
M

)

=
M−k

∑
g=0

(...)
(

N+k
1+g+k

)

After a simple calculation,it can be written as:

Theorem 33. Necessary and sufficient conditions for merging,0 ≤ g < K ≤ M:

1.
M

∑
n=0

H(n)
(

X
Y+n

)

→
M−K

∑
n=0

(...)
(

X+K
Y+K+n

)

:
M

∑
x=0

(−1)x H(x)
(

P±x
g

)

= 0

2.
M

∑
n=0

H(n)
(

X+n
Y+n

)

→
M−K

∑
n=0

(...)
(

X+K+n
Y+K+n

)

:
M

∑
x=0

H(x)
(

P±x
g

)

= 0

3.
M

∑
n=0

H(n)
(

X−n
Y

)

→
M−K

∑
n=0

(...)
(

X−K−n
Y−K

)

:
M

∑
x=0

H(x)
(

P±x
g

)

= 0

Theorem 34.
M

∑
g=0

(

M
g

) (

A+T+g
A

) (

X
Y+g

)

=
A

∑
g=0

(

A+T
g+T

) (

M+T+g
M+T

) (

X+M−A
Y+M−A+g

)

, A ≥ 0

Proof. It can be proved by induction, but it is cumbersome.

SUM(N,[T+1,T+2...T+M],[T+A+1,T+A+2...T+A+M])

=
M

∑
g=0

(

M
g

)

[T + A + g]g[T + M]M−g

(

N+T+A
T+A+1+g

)

=
M

∑
g=0

(

M
g

)

(T+A+g)!
(T+A)!

(T+M)!
(T+g)!

(

N+T+A
T+A+1+g

)

= A!(T+M)!
(T+A)!

M

∑
g=0

(

M
g

) (

A+T+g
A

) (

N+T+A
T+A+1+g

)

= (T+M)!
(T+A)!

SUM(N, [T + 1, T + 2...T + A], [T + M + 1, T + M + 2...T + M + A])

= (T+M)!
(T+A)!

A

∑
g=0

(

A
g

)

(T+M+g)!
(T+M)!

(T+A)!
(T+g)!

(

N+T+M
T+M+1+g

)

M

∑
g=0

(

M
g

) (

A+T+g
A

) (

N+T+A
T+A+1+g

)

=
A

∑
g=0

(T+M+g)!
(T+M)!

(T+A)!
(T+g)!

A!
(A−g)!g!

1
A!

(

N+T+M
T+M+1+g

)

g := M − g →
M

∑
g=0

(

M
g

) (

A+T+M−g
A

) (

X
Y+g

)

=
A

∑
g=0

(

A+T
g

) (

A+M+T−g
M+T

) (

X+M−A
Y+M−A+g

)

, A ≥ 0

When A>M, it is an expansion; When A<M, it is a merge.Combining with 33:

Theorem 35.
M

∑
g=0

(−1)g
(

M
g

) (

X1±g
A

) (

X2±g
B

)

= 0, M > A + B, A, B ≥ 0

I f f (n) =
B

∑
i=0

ain
i, B < M →

M

∑
g=0

(−1)g
(

M
g

)

f (g) = 0 →
M

∑
g=0

(−1)g
(

M
g

) (

X1±g
Y1

) (

X2±g
Y2

)

... =

0, ∑ Yi < M

It can be proved by induction:
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Theorem 36.
M

∑
g=0

(−1)g
(

M
g

) (

T+g
M+K

)

=

{

0,K<0

(−1)M(T
K),K≥0

;
M

∑
g=0

(−1)g
(

M
g

) (

T−g
M+K

)

=

{

0,K<0

(T
K),K≥0

T ± g ∈ Z

This helps to understand the differential sequence.

3.3. Congruences

P is prime.Ki, D is any integer,D 6=0.

Theorem 37. (P, D) = 1, SUM(P, [K1, K2...KM] : D, [1, 2...M]) ≡
{

0 (mod P),M<P−1
−1 (mod P),M=P−1

Proof. If M=P-1,SUM(P) ≡ H1(P − 1)
(

P
P

)

≡ H1(P − 1) ≡ (P − 1)!DP−1 ≡ −1 (mod P)

If a product has a factor that is divisible by P then ignore it and change the factor to its minimum

positive residue, then we can obtain many congruences. Wilson’s Theorem is a special case.eg:

A, B, C ∈ N

1A2B + 2A3B + ... + (P − 2)A(P − 1)B ≡ 1A3B + ... + (P − 3)A(P − 1)B + (P − 1)A1B ≡
{

0 (mod P),A+B<P−1
−1 (mod P),A+B=P−1

1A2B3C + 2A3B4C + ... + (P − 3)A(P − 2)B(P − 1)C ≡
{

0 (mod P),A+B+C<P−1
−1 (mod P),A+B+C=P−1

Theorem 38. ∑
0<Ki ,Kj<P,Ki 6=Kj

K1
λ1 K2

λ2 ...Kq
λq ≡

{

−1 ( mod P),λ1+λ2+...+λq=P−1

0 ( mod P),λ1+λ2+...+λq<P−1
, λi ∈ N

Wolstenholme’s Theorem is also a special case.P>3.

1. Wolstenholme’s Theorem:(P − 1)!
P−1

∑
n=1

1
n = ∑

0<Ki ,Kj<P,Ki 6=Kj

K1K2...KP−2 ≡ 0 (mod P2)

2.
P−1

∑
n=1

nP−2 ≡ 0 (mod P2)

They are two extremes.In fact,there have:

Theorem 39. ∑
0<Ki ,Kj<P,Ki 6=Kj

K1
C1 K2

C2 ...Kq
Cq ≡ 0 (mod P2), C1 + C2 + ... + Cq = P − 2, Ci > 0

Proof.

If X (mod P2) and X + Y (mod P2) then Y (mod P2).The Sum has symmetry.

For ∑ ABP−3, A 6= B,if P − A 6= B then add ABP−3 with (P − A)BP−3 to PBP−3,if P − A = B then

add ABP−3 with BBP−3 to PBP−3.so ∑ ABP−3 + ∑ BP−2 = xP ∑ BP−3, 0 < x < P → ∑ ABP−3 ≡ 0

(mod P2).

Similarly:

For ∑ ABCP−4, A 6= B 6= C,treat P-A=B,P-A=C,P − A 6= B, C separately.

∑ ABCP−4 + x ∑ B2CP−4 + y ∑ BCP−3 ≡ 0 mod P2, 0 < x, y < P

→ ∑ ABCP−4 + x ∑ B2CP−4 ≡ 0
(

modP2
)

, 0 < x < P

∑ ABCP−4 + ∑ B2CP−4 = ∑ (
(

P
2

)

− B)BCP−4 + ∑ B2CP−4 =
(

P
2

)

∑ BCP−4 ≡ 0
(

modP2
)

→ ∑ B2CP−4 ≡ 0 mod P2 → ∑ ABCP−4 ≡ 0 mod P2

Prove the conclusion in a similar way...

Theorem 40. EP−1
P−2 = S2(2P − 3, P − 1) ≡ 0 (mod P2); EP

P−2 = S2(2P − 2, P) ≡ 0 (mod P2)

eg : S2(7, 4) = 350, S2(8, 5) = 1050 ≡ 0 (mod 25), S2(11, 6) = 179487, S2(12, 7) = 627396 ≡ 0

(mod 49)
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4. Combinatorial Identities

Definition 11. R-FOLD SUM:∑N
(r) f (k) =

N

∑
kr=1

...
k3

∑
k2=1

k2

∑
k1=1

f (k1) =
N−1

∑
kr=0

...
k3

∑
k2=0

k2

∑
k1=0

f (k1 + 1)

By nested sum:

Theorem 41. ∑
N
(r) ∇

pSUM(k, PS, PT) =∇p−rSUM(N, PS, PT)

Theorem 42.
N

∑
kr=1

...
k3

∑
k2=1

k2

∑
k1=1

∇SUM(kr, PS, [1, 2...M]) = SUM(N, PS, PT = [Ti = i + r − 1])

Proof. PS1 = [1 : 0, 1 : 0...1 : 0, PS], PT1 = [1, 3...2(r − 1)− 1, 1 + 2(r − 1), 2 + 2(r − 1)...M + 2(r − 1)]

Bi =
{

(Ti−XT−1)Di=0,Xi∈T
Ki+XK−1Di=1,Xi∈K → H1(g > M, PS1, PT1) = 0, H1(g ≤ M, PS1, PT1) = H1(g, PS, PT)

SUM(N, PS1, PT1) =
M

∑
g=0

H1(g, PS, PT)
(

N+r−1
r+g

)

=
N

∑
kr=1

∇SUM(kr, PS, [1, 2...M])...
k3

∑
k2=1

k2

∑
k1=1

1

Theorem 43.
N

∑
kx=1

...
k3

∑
k2=1

k2

∑
k1=1

∇SUM(kr, PS, [1, 2...M]) = ∇r−xSUM(N, PS, [Ti = i + r − 1])

eg : (∗)
N

∑
kr=1

...
k3

∑
k2=1

k2

∑
k1=1

(

ki
j

)

= 1
j!∇

i−rSUM(N + 1, [0,−1,−2... − (j − 1)], [Tx = x + (i − 1)])

H1(g < j) = 0, H1(j) = (j+i−1)!
(i−1)!

, Tj − j = i − 1 →

(∗) = 1
j!∇

i−r (j+i−1)!
(i−1)!

(

(N+1)+(i−1)
j+1+(i−1)

)

=
(

j+i−1
i−1

) (

N+i−(i−r)
j+i−(i−r)

)

=
(

j+i−1
i−1

) (

N+r
j+r

)

[6]

Using induction to prove:

Theorem 44. ∑
0≤n1≤...≤nM≤N−1

(K+n1D1 + ... + nMDM) = (D1 + 2D2 + ... + MDM)
(

N+M−1
M+1

)

+

K
(

N+M−1
M

)

eg : ∑
0≤n1≤...≤np≤n

(n1 + ... + np) =
n

∑
np=0

np

∑
np−1=0

...
n2

∑
n1=0

(n1 + ... + np) =
(

p+1
2

) (

n+p
p+1

)

= pn
2

(

n+p
p

)

.

[6]

2 , 3 , 4 can be used to derive combinatorial identities.

Theorem 45.
(

n+A
A

) (

n+M+B
M

)

=

1.
M

∑
g=0

(

A+g
g

) (

M+B
M−g

) (

n+A
A+g

)

2.
M

∑
g=0

(−1)M−g
(

A+g
g

) (

A−B
M−g

) (

n+A+g
A+g

)

3.
M

∑
g=0

(

A−B
g

) (

M+B
M−g

) (

n+A+M−g
A+M

)

Proof.

= 1
A!M!∇SUM(N, [1, 2...A, B + 1...B + M], [1, 2...A + M]) = 1

M!∇SUM(N, [B + 1...B + M], [A + 1...A +

M])

H1(g) =
(

M
g

)

(A + 1)...(A + g)(B + g + 1)...(B + M) =
(

M
g

)

g!
(

A+g
g

)

(M − g)!
(

B+M
M−g

)

Using a similar method to obtain H2(g), H3(g)
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Theorem 46.
(

n+X
A

) (

n+Y
M

)

=
A

∑
x=0

(

M+x
x

)

(

M+X−Y
A−x

) (

n+Y
M+x

)

, 0 ≤ Y ≤ M

Proof.

= 1
A!M!∇SUM(N, [X, X − 1...X − A + 1, Y, Y − 1...Y − M + 1], [1, 2...A + M])

= 1
A!M!∇SUM(N, [1, 2...Y, 0,−1,−2... − (M − Y) + 1, X, X − 1...X − A + 1], [1, 2...A + M])

= Y!
A!M!∇SUM(N, [0,−1,−2... − (M − Y) + 1, X, X − 1...X − A + 1], [Y + 1, Y + 2...A + M])

I f H1(g) 6= 0 then X1, X2...XM−Y ∈ T → H1(g < M − Y) = 0, Let C = A + M − Y

I f H1(g ≥ M − Y) 6= 0, Number o f X ∈ K =
(

C−M+Y
C−g

)

→ H1(g) =
(

C−M+Y
C−g

)

[X + M − Y]C−g[Y + 1]g

x:=-(M-Y-g)→ H1(M − Y + x) = A!
(A−x)!x!

(M+X−Y)!
(M+X−Y−A+x)!

(M+x)!
Y!

Theorem 47.
M

∏
i=1

(A + 2i + n) =
(

n+A
A

)−1 M

∑
g=0

(2(M − g)− 1)!!
(

2M−g
g

)

[A + 1]g
(

n+A+g
A+g

)

, A ≥ 0

Proof. PS = [A + 2, A + 4...A + 2M], PT = [A + 1, A + 2...A + M], PT1 = [1, 3...2(M − g)− 1]

H2(g, ∑ K) = SUM(g + 1, PT1, PT1)) = (2(M − g)− 1)!!
(

2M−g
g

)

, H2(g, T) = [A + 1]g

(

n+A
A

) M

∏
i=1

(A + 2i + n) = 1
A!∇SUM(N, [1, 2...A, PS], [1, 2...A, PT]) = ∇SUM(N, PS, PT)

Theorem 48. SUM(N,[A+1,A+3...A+2M-1],[1,3...2M-1])=
M

∑
g=0

[A]M−g(2g − 1)!!
(

M+g
2g

) (

N+M−1+g
M+g

)

Proof. H2(g, ∑ T) = SUM(M − g + 1, [1, 3...2g − 1], [1, 3...2g − 1])) = (2g − 1)!!
(

M+g
2g

)

, H2(g, K) =

[A]M−g

Theorem 49. SUM(N,[A,A+1...A+M-1]:2,[1,3...2M-1])=
(

M+N−1
M

)

[A + M + N − 2]M

Proof. SUM(g + 1, [A, A + 1...A + M − 1 − g] : 2, [1, 3...2(M − g)− 1])

= H1(g, ∑ K, [A, A + 1...A + M − 1], [1, 2...M]) =
(

M
g

)

[A + M − 1]M−g

SUM(N, [1, 2...M] : 2, [1, 3...2M − 1]) = M!
(

N+M−1
M

)2
, 1 + 3 + ... + (2N − 1) = N2

49 and 45 → 1
M! H(g, [A+ 1, A+ 2...A+ M] : 2, [1, 3...2M− 1]) = H(g, [A+ 1, A+ 2...A+ M], [M+

1, M + 2...2M])

Theorem 50. SUM(N, [A + 2, A + 4...A + 2M] : 3, [1, 3...2M − 1]) =
M

∑
g=0

(

A+N−1+g
g

) (

N+M−1−g
M−g

)

[M+N−g]M

2M−g

Proof. PS1 = [A + 2, A + 4...A + 2M], PT1 = [A + 1, A + 2...A + M]

H1(g, PS1, PT1) = [A + 1]gSUM(g + 1, [A + 2, A + 4...A + 2(M − g)] : 3, [1, 3...2(M − g)− 1]))

=
M

∑
k=g

H2(g, PS1, PT1)
(

k
g

)

, 47 →=
M

∑
k=g

(2(M − k)− 1)!!
(

2M−k
k

)

[A + 1]k
(

k
g

)
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5. Matrix of SUM(N)

Consider H(g) as variables,list SUM(N),SUM(N+1). . . SUM(N+M),we can obtain a (M+1) ×(M+1)

matrix.

Let P = N + TM − M, Q = N − 1, corresponding to the three forms.define A1,2,3(P, Q, M) =











(

P
Q

)

. . .
(

P
Q−M

)

...
. . .

...
(

P+M
Q+M

)

· · ·
(

P+M
Q

)











,











(

P
Q

)

. . .
(

P+M
Q

)

...
. . .

...
(

P+M
Q+M

)

· · ·
(

P+2M
Q+M

)











,











(

P+M
Q

)

. . .
(

P
Q−M

)

...
. . .

...
(

P+2M
Q+M

)

· · ·
(

P+M
Q

)











Theorem 51. ‖ A1(P, Q, M) ‖=‖ A2(P, Q, M) ‖=‖ A3(P, Q, M) ‖, ‖ A(P, Q, M) ‖=‖ A(P, P −

Q, M) ‖ [2]

Theorem 52. ‖ A(P, 0, M) ‖= 1, ‖ A(P, 1, M) ‖=
(

P+M
1+M

)

, ‖ A(P, Q > 1, M) ‖=
Q−1

∏
g=0

(

P+M−g
1+M

)

(

1+M−g
1+M

) [2]

If SUM(N) or ∇ SUM(N) is easy to obtained,then H(g) can be calculated with the Cramer’s

law.Below,TM ≥ M

Theorem 53. H1(g) =
g+1

∑
k=1

(−1)g+1+k
(

TM−M+1+g
TM−M+k

)

SUM(k) =

g+1

∑
k=1

(−1)g+1+k
(

TM−M+g
TM−M+k−1

)

∇SUM(k)

(1) ∇SUM(N, [1, 1...1], [2, 3...M]) = NM → S2(M, g) = 1
g!

g

∑
k=0

(−1)g+k
(

g
k

)

kM =

1
g!

g

∑
k=0

(−1)k
(

g
k

)

(g − k)M

Theorem 54. z(k) =
k

∑
i=1

(−1)i+k
(

k
i

)

∇SUM(k), H2(g) =
M+1

∑
k=g+1

(−1)g+k−1
(

k−1
g

)

z(k)

∇SUM(N, [1, 1...1], [2, 3...M]) = NM → z(k) =
k

∑
i=1

(−1)i+k
(

k
i

)

iM = k!S2(M, k) → 27.2

Theorem 55. H3(g) =
g+1

∑
k=1

(−1)g+1+k
(

2+TM
g+1−k

)

SUM(k) =
g+1

∑
k=1

(−1)g+1+k
(

1+TM
g+1−k

)

∇SUM(k)

(2) ∇SUM(N, [1, 1...1], [2, 3...M]) = NM →
〈

M
g

〉

=
g+1

∑
k=1

(−1)1+g+k
(

M+1
g+1−k

)

kM =

g

∑
k=0

(−1)k
(

M+1
k

)

(g + 1 − k)M

(1)(2) are already known formula.

6. Eulerian polynomials and Beyond

In this section,q 6= 0, q 6= 1.Inductive proof:

Theorem 56.
N−1

∑
n=0

qn
(

n+K
M

)

= qN
M

∑
g=0

(−1)g

(

N+K−1−g
M−g

)

(q−1)g+1 + qM−K

(1−q)M+1
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Definition 12. AM
q =

M

∑
k=0

(1 − q)M−kqkS2(M, k)k!, A0
q = 1, A1

q = q

Table 4. Table of AM
q .

M=0 M=1 M=2 M=3 M=4 M=5 M=6 OEIS

AM
2 1 2 6 26 150 1082 9366 A000629

AM
3 1 3 12 66 480 4368 47712 A123227

AM
4 1 4 20 132 1140 12324 160020 A201355

nM = ∇SUM(N, [1, 1...1], [2, 3...M]) =
M

∑
g=0

S2(M, g)g!
(

n
g

)

=
M

∑
g=0

(−1)M−gS2(M, g)g!
(

n+g
g

)

=

M

∑
g=0

〈

M
g

〉 (

n+g
M

)

N−1

∑
n=0

qnnM =
M

∑
g=0

S2(M, g)g!
N−1

∑
n=0

qn
(

n
g

)

=
M

∑
g=0

S2(M, g)g!{qN
g

∑
k=0

(−1)k

(

N−1−k
g−k

)

(q−1)k+1 +
qg

(1−q)g+1 }

= qN

(q−1)M+1

M

∑
g=0

S2(M, g)g!
M

∑
k=0

(−1)k
(

N−1−k
g−k

)

(q − 1)M−k +

M
∑

g=0
S2(M,g)g!(1−q)M−gqg

(1−q)M+1

= qN

(q−1)M+1

M

∑
k=0

(−1)k(q − 1)M−k
M

∑
g=0

S2(M, g)g!
(

N−1−k
g−k

)

+
AM

q

(1−q)M+1

= qN

(q−1)M+1

M

∑
k=0

(−1)k(q − 1)M−k∇k(N − 1)M +
AM

q

(1−q)M+1 (∗)

Use the From2 and From3 of nM,the first part of (*) keep same, we can obtain:

Theorem 57. AM
q = q

M

∑
k=0

(q − 1)M−kS2(M, k)k! =
M

∑
g=0

〈

M
g

〉

qM−g =
M

∑
g=0

〈

M
g

〉

q1+g

nM = ∇SUM(N, [1, 1...1], [1, 2...M]) =
M

∑
g=0

S2(M + 1, g + 1)g!
(

n−1
g

)

→

Theorem 58. AM
q =

M

∑
k=0

(1 − q)M−kqk+1S2(M + 1, k + 1)k!, M > 0

S2(M + 1, k + 1) = 1
(k+1)!

k+1

∑
j=0

(−1)j+k+1
(

k+1
j

)

jM+1 = 1
k!

k

∑
j=0

(−1)j+k
(

k
j

)

(j + 1)M

By definition of difference:

∇k(N − 1)M =
k

∑
j=0

(−1)j
(

k
j

)

(N − 1 − j)M =
k

∑
j=0

(−1)j
(

k
j

) M

∑
g=0

(

M
g

)

Ng(j + 1)M−g(−1)M−g

=
M

∑
g=0

(−1)M−g−k
(

M
g

)

Ng
k

∑
j=0

(−1)j+k
(

k
j

)

(j + 1)M−g =
M

∑
g=0

(−1)M−g−k
(

M
g

)

NgS2(M − g + 1, k +

1)k! →

(∗) = qN

(q−1)M+1

M

∑
k=0

(−1)k(q − 1)M−k{
M

∑
g=0

(−1)M−g−k
(

M
g

)

NgS2(M − g + 1, k + 1)k!}+
AM

q

(1−q)M+1

= qN

(q−1)M+1

M

∑
g=0

(−1)M−g(q − 1)g
(

M
g

)

Ng
M

∑
k=0

(q − 1)M−k−gS2(M − g + 1, k + 1)k! +
AM

q

(1−q)M+1 (∗∗)

N = 0, (∗) = 0 → qN

(q−1)M+1 (...) +
AM

q

(1−q)M+1 = 0 →

Theorem 59. AM
q =

M

∑
k=0

(q − 1)M−kS2(M + 1, k + 1)k!
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A
M−g
q =

M

∑
k=0

(q − 1)M−k−gS2(M − g + 1, k + 1)k!, (∗∗) →

Theorem 60.
N−1

∑
n=0

qnnM = qN

(q−1)M+1

M

∑
g=0

(−1)M−g(q − 1)g
(

M
g

)

A
M−g
q Ng +

AM
q

(1−q)M+1

The Eulerian polynomials: AM(t) :
∞

∑
i=0

tiiM = tAM(t)

(1−t)M+1 , AM(t) =
M−1

∑
g=0

〈

M
g

〉

tg

|q| < 1, lim
N→∞

N−1

∑
n=0

qnnM =
AM

q

(1−t)M+1 → AM
t = tAM(t). There have 5 expressions for AM(t).

Eulerian Numbers and Polynomials is just a special case,we can handler:
N−1

∑
n=0

qn∇pSUM(n + Y, PS, PT), X = TM − M − p

=







































M

∑
g=0

H1(g)
N−1

∑
n=0

qn
(

n+Y+X
X+1+g

)

=
M

∑
g=0

H1(g){qN
X+1+g

∑
k=0

(−1)k

(

N+Y+X−1−k
X+1+g−k

)

(q−1)k+1 + q1+g−Y

(1−q)X+2+g }

M

∑
g=0

H2(g)
N−1

∑
n=0

qn
(

n+Y+X+g
X+1+g

)

=
M

∑
g=0

H2(g){qN
X+1+g

∑
k=0

(−1)k

(

N+Y+X+g−1−k
X+1+g−k

)

(q−1)k+1 + q1−Y

(1−q)X+2+g }

M

∑
g=0

H3(g)
N−1

∑
n=0

qn
(

n+Y+X+M−g
X+1+M

)

=
M

∑
g=0

H3(g){qN
X+1+M

∑
k=0

(−1)k

(

N+Y+X+M−g−1−k
X+1+M−k

)

(q−1)k+1 + q1+g−Y

(1−q)X+2+M }

Theorem 61.
M

∑
n=0

H1(g)(1 − q)M−gqg+1 = q
M

∑
n=0

H2(g)(1 − q)M−g =
M

∑
n=0

H3(g)qg+1

Here q can take any value,which is magical.q = 0.5 → 11

Definition 13. Aq(PS, PT) = 61

Theorem 62. X = TM − p,
N−1

∑
n=0

qn∇pSUM(n + Y) = qN

(q−1)X+2

M

∑
k=0

(q − 1)X−k(−1)k∇p+K−1SUM(n +

Y − 2) +
Aq(PS,PT)q−Y

(1−q)X+2

Theorem 63. |q| < 1,
∞

∑
n=0

qn∇pSUM(n + Y, PS, PT) =
Aq(PS,PT)q−Y

(1−q)TM+2−p

We can handler 63 of SUM(N,[a,a...a]:d,[1,2...M]),SUM(N,[1,1...1,2,2...2...k,k...k],[1,2...kM]). Many

results of [7,8] can be obtained by this.

7. Formal Calculation of q-Binomial

7.1. Concept

q-Binomial:
[

N
M

]

q
= (qN−1)(qN−1−1)...(qN−M+1−1)

(qM−1)(qM−1−1)...(q1−1)
, q 6= 0, 1,abbreviated as GN

M

1. GN
0 = 1, GN

M<0,M>N = 0, GN
M = GN

N−M
2. GN

M = qMGN−1
M + GN−1

M−1 = GN−1
M + qN−MGN−1

M−1

3.
N−1

∑
n=0

qnGn+K
M =qM−KGN+K

M+1

4. GM
K = ∑

w∈Ω(0M−K ,1K)

qinv(w) [9].w1. . . wM with M-K(zeros) and K(ones),inv(·) denotes the inversion

statistic.

The Formal Calculation use qn(Ki + Gn
1 Di) instead of Ki + qnDi .
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Definition 14. Recursive define ∇
p
q , p ∈ N,∇0

q f (n) = f (n),
N−1

∑
n=0

qn∇1
q f (n + 1) = f (N),

N−1

∑
n=0

qn f (n + 1)

= ∇−1
q f (N)

Definition 15. Recursive define SUMq(N) = SUMq(N, PS, PT).

SUMq(N, [K1 : D1], [T1 = 1]) =
N−1

∑
n=0

qn(K1 + Gn
1 D1)

SUMq(N, [K1 : D1, K2 : D2], [T1, T2 = T1 + 2 − p]) =
N−1

∑
n=0

qn(K2 + Gn
1 D2)∇

pSUMq(n + 1, [K1 :

D1], [T1])

Theorem 64.
N−1

∑
n=0

qnGn
1 Gn+K

M , M > 0, M ≥ K

= q2(M−K)+1GM+1
1 GN+K

M+2 + qM−KGM−K
1 GN+K

M+1

= qM−2K−1GM+1
1 GN+K+1

M+2 + qM−K(GM−K
1 − q−K−1GM+1

1 )GN+K
M+1

= (q2(M−K)+1GM+1
1 − q2M−K+2GM−K

1 )GN+K
M+2 + qM−KGM−K

1 GN+K+1
M+2

Use this to prove:

Theorem 65. [2] SUMq(N, PS, PT)=

Form1 →
M

∑
g=0

H
q
1(g)GN+TM−M

N−1−g =
M

∑
g=0

H
q
1(g)GN+TM−M

TM−M+1+g, Bi =

{

q1+(Ti−Ti−1)XT−1 G
Ti−XK−1
1 Di ,Xi=Ti

q(Ti−Ti−1−1)XT−1 (Ki+G
XT−1
1 Di),Xi=Ki

Form2 →
M

∑
g=0

H
q
2(g)G

N+TM−M+g
N−1 =

M

∑
g=0

H
q
2(g)G

N+TM−M+g
TM−M+1+g , Bi =

{

q−(Ti−XK−1)G
Ti−XK−1
1 Di ,Xi=Ti

Ki−q−(Ti−XK−1)G
Ti−XK−1
1 Di ,Xi=Ki

Form3 →
M

∑
g=0

H
q
3(g)G

N+TM−g
N−1−g =

M

∑
g=0

H
q
3(g)G

N+TM−g
TM+1 , Bi =

{

q1+(Ti−Ti−1−1)XT−1{(qXT−1 G
Ti
1 −qTi G

XT−1
1 )Di−Kiq

Ti },Xi=Ti

q(Ti−Ti−1−1)XT−1 (Ki+G
XT−1
1 Di),Xi=Ki

Hq(g) = ∑
X(T)=g

M

∏
i=1

Bi, lim
q→1

SUMq(N) = SUM(q), lim
q→1

Hq(g) = H(g)

7.2. Property

Theorem 66. ∇1
qSUMq(N, PS, [1, 2...M]) =

M

∏
i=1

(Ki + DiG
n
1 )

Theorem 67. In SUMq(N, [...PS...], [...T + 1, T + 2...T + M...]),Ki can exchange orders.

Form2 is simplest,X = TM − M − p, 3 →

Theorem 68. ∇
p
q SUMq(N) =

M

∑
g=0

H
q
1(g)GN+X

X+1+gq−gp =
M

∑
g=0

H
q
2(g)G

N+X+g
X+1+g =

M

∑
g=0

H
q
3(g)G

N+X+M−g
X+M+1 q−gp

Definition 16. nq− = q−nGn
1 , nq+ = qnGn

1 , nq−! = nq−...2q−1q−, 0q−! = 0, nq+! is similar.

Form2 →
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Theorem 69. SUMq(N, [L1q− , L2q− ...LQq− , PS], [L1, L2...LQ, PT]) =
Q

∏
i=1

Liq−SUMq(N, PS, PT),T1 can

great than 1,Ti ∈ N

Theorem 70. SUMq(N, [T1q− , T2q− ...TMq− ], [T1, T2...TM]) =
M

∏
i=1

Tiq−G
N+TM
TM+1

SUMq(N, [1q−, 2q−...Mq−], [1, 2...M]) →
N−1

∑
n=0

qnGn+1
1 Gn+2

1 ...Gn+M
1 = G1

1G2
1 ...GM

1 GN+M
M+1

By definition and 4

Theorem 71. In Hq(g), ∑
Xi∈K

∏ qXT = GM
M−g = GM

g

7.3. Application

Theorem 72. ∑
0≤λ1≤λ2≤...≤λM≤N

qλ1+λ2+...+λM = GN+M
M = GN+M

N [6]

Proof. SUMq(N + 1, [1, 1...1] : 0, [1, 3...2M − 1]) → H
q
2(g > 0) = 0, H

q
2(0) = 1 →

N

∑
λM=0

qλM ...
λ2

∑
λ1=0

qλ1 = GN+M
M

Theorem 73. ∑
1≤λ1<λ2<...<λM≤N+M

qλ1+λ2+...+λM = q(
M+1
2 )GN+M

M

Proof.
N

∑
λM=0

qM+λM ...
λ3

∑
λ2=0

q2+λ2
λ2

∑
λ1=0

q1+λ1 = q1+2+...+M
N

∑
λM=0

qλM ...
λ3

∑
λ2=0

qλ2
λ2

∑
λ1=0

qλ1

Theorem 74. ∑
A≤λ1<λ2<...<λM≤B

qλ1+λ2+...+λM = q(
M+1
2 )+(A−1)MGB−A+1

M , A, B ∈ Z

By simply following the definition of product, we can obtain:

Theorem 75.
M

∏
i=1

(1 + qA+iz) =
M

∑
g=0

q

(

g+1
2

)

+Ag
GM

g zg

A=-1 or 1,it’s q-Binomial Theorem:
M

∏
i=1

(1 + qi−1z) =
M

∑
g=0

q(
g
2)GM

g zg ,
M

∏
i=1

(1 + qiz) =

M

∑
g=0

q

(

g+1
2

)

GM
g zg

If Ti + 1 = Ti+1, Di = 1, Ki = Kiq− :

Bi o f H
q
1,2,3(g) =

{

X
i
=T

X
i
=K

iq−

=

{

qXT GTi−XK−1

q−Ki GKi+XT−1
,=

{

q−(Ti−XK−1)GTi−XK−1

q−Ki GKi−Ti+XK−1
,=

{

q1+XT GTi−Ki−XT−1

q−Ki GKi+XT−1

It’s similar to 1.Replace each Bi to G
Bi
1 in H(g, [K1, K2...KM], PT) and multiply by q? to obtain Hq(g).

If there is another Ki + 1 = Ki+1,74 can be used to obtain general formulas.

Theorem 76. Expansion of 2:GN+M
M+1 =

M

∑
g=0

q(g+1)gGM
g GN

1+g,GN+M+P
M+1+P =

M

∑
g=0

q(g+1+P)gGM
g GN+P

P+1+g

Proof.

SUMq(N, [1q−, 2q−...Mq−], [1, 2...M]) = Mq−!GN+M
M+1 =

M

∑
g=0

H
q
1(g)GN

1+g =
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SUMq(N, [Mq−, ..., 1q−], PT)

H
q
1(g, T) = gq+!, H

q
1(g, ∑ K) = GM

1 GM−1
1 ...G

g+1
1 q−(M+1)(M−g) ∑

1≤λ1<...<λM−g≤M
qλ1+...+λM−g

H
q
1(g)

Mq− ! =

q

(

g+1
2

)

q−(M+1)(M−g) ∑
1≤λ1<...<λM−g≤M

q
λ1+...+λM−g

q−(1+2+...+M) =
q

(

g+1
2

)

q−(M+1)(M−g)q

(

M−g+1
2

)

GM
M−g

q
−(M+1

2 )
= q(g+1)gGM

g

Theorem 77. GN
M =

M

∑
g=0

(−1)gq
g2

2 GM
g

[

N+M−g
2M

]

q
1
2

Proof.

SUMq(N + 1, [q1 : (q − 1)q1, q2 : (q − 1)q2...qM : (q − 1)qM], [1, 3...2M − 1])

=
N

∑
λM=0

q2λM+M...
λ3

∑
λ2=0

q2λ2+2
λ2

∑
λ1=0

q2λ1+1 = q(
M+1
2 ) ∑

0≤λ1≤...≤λM≤N
q2(λ1+...+λM) = q(

M+1
2 )

[

N+M
M

]

q2

Bi o f H
q
3(g) =

{

q1+XT−1{(qXT−1 G
Ti
1 −qTi G

XT−1
1 )Di−Kiq

Ti }=−qi+1+2XT−1=−qi−1+2XT ,Xi=Ti

qXT−1 (Ki+G
XT−1
1 Di)=qXT−1 (qi+G

XT−1
1 qi(q−1))=q2XT−1+i=qi+2XT ,Xi=Ki

Factor qi is present in all of them here, so q(1+2+...+M) can be extracted.

H
q
3(g) = (−1)gq(1+2+...+M)−g+2(1+2+...+g) ∑

Xi∈K
∏ q2XT = (−1)gq(

M+1
2 )+g2

[

M
g

]

q2

q(
M+1
2 )

[

N+M
M

]

q2
=

M

∑
g=0

H
q
3(g)G

N+2M−g
2M = q(

M+1
2 )

M

∑
g=0

(−1)gqg2
[

M
g

]

q2
G

N+2M−g
2M

Definition 17. qEN
M = ∑

1≤λ1≤λ2≤..≤λM≤N
G

λ1
1 Gλ2

1 ...G
λM
1 = S

q
2(N + M, N)

Theorem 78. (GN
1 )M = (1 + q + ... + qN−1)M =

M

∑
g=1

gq+!S
q
2(M, g)GN

g q−g

Proof.

∇1
qSUM(N, [1q−, 1q−...1q−], [1, 2...M]) = ∏( 1

q +
qn−1
q−1 ) = q−M(Gn+1

1 )M = q−M(GN
1 )M

= q−1∇1
qSUM(N, [1q−, 1q−...1q−], [2, 3...M]) = q−1

M−1

∑
g=0

H
q
1(g)GN

1+gq−g

Bi =

{

q1+XT−1 G
(i+1)−XK−1
1 =qXT G

1+XT
1 =q−1q1+XT G

1+XT
1 ,Xi∈T

q−1+G
XT−1
1 =q−1G

1+XT−1
1 =q−1G

1+XT
1 ,Xi∈K

H
q
1(g, T) = q−(g+1)(g + 1)q+!, H

q
1(g, ∑ K) = q−(M−1−g)

qE
g+1
M−1−g

(GN
1 )M = qM−1

M−1

∑
g=0

q−(g+1)(g + 1)q+q−(M−1−g)S
q
2(M, g + 1)!GN

1+gq−g

Use PS = [Ki + 1 : Di(q − 1)], PT = [1, 2...M] →

Theorem 79.
N−1

∑
n=0

qn
M

∏
i=1

(Ki + Diq
n) =

M

∑
g=0

H
q
1(g)GN

1+g, Bi =

{

qXT (qXT−1)Di ,Xi∈T

Ki+qXT Di ,Xi∈K

Ki = 1, Di = q−iz → ∇SUM(M + 1) =
M

∏
i=1

(1 + qM−iz) =
M

∑
g=0

H
q
1(g)GM

g q−g(∗)

Bi =

{

qXT (qXT−1)q−iz,Xi=Ti

1+qXT q−iz=1+q−1−XK−1 z=1+q−XK z,Xi=Ki

H
q
1(g) = q1+2+...+gzg(q1 − 1)...(qg − 1)[ ∑

−M≤λ1<...<λg≤−1
qλ1+...+λg ](1 + q−1z)...(1 + q−(M−g)z)
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(∗) =
M

∑
g=0

q

(

g+1
2

)

zg(q1 − 1)...(qg − 1)q

(

g+1
2

)

−g(M+1)
GM

g (1 + q−1z)...(1 + q−(M−g)z)GM
g q−g

=
M

∑
g=0

q
g2−g(M+1)−

(

M−g+1
2

)

zg(qM − 1)...(qM−g+1 − 1)(q1 + z)...(q(M−g) + z)GM
g

Combining q-Binomial Theorem →

Theorem 80.
M

∑
g=0

q(
g
2)zgGM

g (qM − 1)...(qM−g+1 − 1)(qM−g + z)...(q1 + z) = q(
M+1
2 )

M

∑
g=0

q(
g
2)zgGM

g

Use 79 and induction →

Theorem 81.
N−1

∑
n=0

M

∏
i=1

(Ki + Diq
n) =

M

∑
g=1

f (g)GN
g + N ∏ Ki, f (g) = ∑ ∏ Bi =



















1, Xi ∈ T, XT−1 = 0

qXT−1(qXT−1 − 1)Di, Xi ∈ T, XT−1 > 0

Ki, Xi ∈ K, XT−1 = 0

Ki + qXT−1−1Di, Xi ∈ K, XT−1 > 0

Theorem 82. qMn =
M

∑
g=0

GM
g

g−1

∏
i=0

(qn − qi) = q−M
M

∑
g=0

qg
[

M
g

]

q−1

g

∏
i=1

(qn − q−i) =

M

∑
g=0

GM
g (−1)gq(

g
2)G

n+M−g
M

Proof.

qMn = ∇1
qSUM(N, [1, 1...1] : q − 1, [1, 2...M])

=
M

∑
g=0

H
q
1(g)Gn

g q−g =
M

∑
g=0

H
q
2(g)G

n+g
g =

M

∑
g=0

H
q
3(g)G

n+M−g
M q−g

Bi =

{

q1+XT−1 G
i−XK−1
1 (q−1)=qXT (qXT−1),Xi∈T

1+G
XT−1
1 (q−1)=qXT−1=qXT ,Xi∈K

, H
q
1(g, T) = (q − 1)ggq+!, H

q
1(g, ∑ K) = GM

g

Bi =

{

q
−(1+XT−1) (q1+XT−1−1)=q−XT (qXT−1),X∈T

q−(1+XT−1)=q−1q−XT ,X∈K
, H

q
2(g, T) = (q − 1)ggq−!, H

q
2(g, ∑ K) =

q−(M−g)
[

M
g

]

q−1

Bi =

{

−q1+XT−1=−qXT ,X∈T

qXT−1=qXT ,X∈K
, H

q
3(g, T) = (−1)gq

(

g+1
2

)

, H
q
3(g, ∑ K) = GM

g

Theorem 83.
N

∑
kr=1

...
k3

∑
k2=1

k2

∑
k1=1

qk1+k2+...+kr∇
p
q SUMq(k1, PS, PT) = ∇

p−r
q SUMq(N, PS, PT)

Theorem 84.
N

∑
kx=1

...
k3

∑
k2=1

k2

∑
k1=1

qk1+k2+...+kx∇1
qSUMq(kr, PS, [1, 2...M]) = ∇r−x

q SUMq(N, PS, [Ti = i +

(r − 1)])

Theorem 85. ∑
0≤n1≤...≤nM≤N−1

qn1+n2+...+nM (K+G
n1
1 D1 + ... + G

nM
1 DM)

= {q1DM + q2(DM + DM+1) + ... + qM(DM + DM+1 + ... + D1)}GN+M−1
M+1 + KGN+M−1

M

Theorem 86. (K + qD)M = (q − 1)D
M−1

∑
g=0

(K + D)g(K + qD)M−1−g + (K + D)M
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Proof. PS = [K + D, K + D...K + D] : (q − 1)D, PT = [1, 2...M]

Bi =

{

qXT (qXT−1)D,X∈T

K+DqXT ,X∈K
, H

q
1(1) = q1(q1 − 1)D ∑

a+b=M−1,a,b≥0
(K + D)a(K + qD)b, H

q
1(0) = (K + D)M

SUMq (2)− SUMq (1) = H
q
1(1) + H

q
1(0)G

2
1 − H

q
1(0) = H

q
1(1) + qH

q
1(0) = q(K + qD)M

7.4. Relationships between Hq(g)

Theorem 87. PT = [1, 2...M], H
q
1(g) = qg(g+1)

M

∑
k=g

H
q
2(k)G

k
g[3]

Theorem 88. PT = [1, 2...M], H
q
1(g) =

g

∑
k=0

H
q
3(k)G

M−k
M−gq(g+1)(g−k)

Proof. Direct verification when M=1, assuming M holds.

(∗)H
q
1(PS1, PT1, g) = qgG

g
1 H

q
1(g − 1) + (KM+1 + G

g
1 DM+1)H

q
1(g)

= qgG
g
1 H

q
1(g − 1)

M

∑
x=0

H
q
3(x)GM−x

M−g+1qg(g−1−x) + (KM+1 + G
g
1 DM+1)

M

∑
x=0

H
q
3(x)GM−x

M−g q(g+1)(g−x)

(∗∗)H
q
1(PS1, PT1, g) =

M+1

∑
x=0

H
q
3(PS1, PT1, x)GM+1−x

M+1−g q(g+1)(g−x)

=
M

∑
x=0

H
q
3(x){ qM+2−qX+1

q−1 DM+1 − KM+1qM+2}GM−x
M+1−gq(g+1)(g−x−1)

+
M

∑
x=0

H
q
3(x)(KM+1 + GX

1 DM+1)G
M+1−x
M+1−g q(g+1)(g−x)

Items containing KM+1:

KM+1GM+1−x
M+1−g q(g+1)(g−x) − qM+2KM+1GM−x

M+1−gq(g+1)(g−x−1) = KM+1GM−x
M−g q(g+1)(g−x)

Items does not contain KM+1 :

In (∗) = qgG
g
1 DM+1GM−x

M−g+1qg(g−1−x) + G
g
1 DM+1GM−x

M−g q(g+1)(g−x)

Divide by DM+1qgqg(g−1−x)(q − 1)−1 = (qg − 1)GM−x
M+1−g + (qg − 1)GM−x

M−g qg−x = (qg − 1)GM+1−x
M+1−g

In (∗∗) = qM+2−qx+1

q−1 DM+1GM−x
M+1−gq(g+1)(g−x−1) + Gx

1 DM+1GM+1−x
M+1−g q(g+1)(g−x)

Divide by DM+1qgqg(g−1−x)(q − 1)−1

= (qM+1−x − 1)GM−x
M+1−g + (qg − qg−x)GM+1−x

M+1−g = (qg − 1)GM+1−x
M+1−g

Theorem 89. (qM − 1)...(qM−K+1 − 1) =
K

∑
g=0

(−1)gq

(

K−g+1
2

)

GM
g G

M−g
M−K =

K

∑
g=0

(−1)gq

(

K−g+1
2

)

+(K−g)(M−K)
GK

g

Proof. 88 and 82 can obtain the first equation, the second equation is derived from 75.

Similarly, using induction to prove:

Theorem 90. PT = [1, 2...M], H
q
2(g) =

M

∑
k=g

(−1)k+gGk
gq

−k(k+1)+
(

k−g
2

)

H
q
1(k)

Theorem 91. PT = [1, 2...M], H
q
3(g) =

g

∑
k=0

(−1)k+gGM−k
M−gq

(g+1)(g−k)−
(

g−k
2

)

H
q
1(k)

Theorem 92. PT = [1,2...M] and Di = 1,H
q
1(g, ∑ K) = FK

M−g × qE
g
0 + FK

M−g−1 × qE
g
1 + ... + FK

0 × qE
g
M−g
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This indicates any
M

∑
g=0

agGX
Y+g can be converted to aM

Mq+ !∇
ASUMq(N + B, [K1, K2...KM], [1, 2...M])

Use 90 , 91 and 68 ,we can obtain the inversion formulas.

Theorem 93. If
M

∑
g=0

agGX
Y+g =

M

∑
g=0

bgG
X+g
Y+g =

M

∑
g=0

cgG
X+M−g
Y+M

1. agq(1−Y)g = qg(g+1)
M

∑
k=g

bkGk
g =

g

∑
k=0

ckGM−k
M−gq(g+1)(g−k)q(1−Y)k

2. bg =
M

∑
k=g

(−1)k+gGk
gq

−k(k+1)+
(

k−g
2

)

akq(1−Y)k

3. cgq(1−Y)g =
g

∑
k=0

(−1)k+gGM−k
M−gq

(g+1)(g−k)−
(

g−k
2

)

akq(1−Y)k

7.5. Merge and Expand

Theorem 94. Necessary and sufficient conditions for merging,0 < K ≤ M:

1.
M

∑
n=0

H(n)GX
Y+n →

M−K

∑
n=0

(...)GX+K
Y+K+n :

M

∑
x=g

(−1)xGx
g q

−x(x+1)+
(

x−g
2

)

H(x)q(1−Y)x = 0, 0 ≤ g < K

2.
M

∑
n=0

H(n)GX
Y+n →

M−K

∑
n=0

(...)GX+K
Y+K+n :

g

∑
x=0

(−1)xGM−x
M−g q

(g+1)(g−x)−
(

g−x
2

)

H(x)q(1−Y)x = 0, 0 ≤

M − g < K

3.
M

∑
n=0

H(n)GX+n
Y+n →

M−K

∑
n=0

(...)GX+K+n
Y+K+n :

M

∑
x=g

H(x)Gx
g = 0, 0 ≤ g < K

4.
M

∑
n=0

H(n)GX−n
M+Y →

M−K

∑
n=0

(...)GX−K−n
M+Y−K :

g

∑
x=0

H(x)GM−x
M−g q(g+1)(g−x)q(1−Y)x = 0, 0 ≤ M − g < K

Y=1,76 →:

Theorem 95.
M

∑
x=0

(−1)xGx
g GM

x q

(

x−g
2

)

= 0, 0 ≤ g < M,
M

∑
x=0

(−1)xGM
x q(

x
2) = 0

Theorem 96. P=A+T+1-Y,M > A ≥ 0,
M

∑
g=0

GM
g G

A+T+g
A GX

Y+gqg(g+1+T−P) =
A

∑
x=0

GA+T
x+T GM+T+x

M+T GX+M−A
Y+M−A+xqx(x+1+T−P)

Proof.

SUMq(N, [(T + 1)q−, (T + 2)q−...(T + M)q−], [T + A + 1...T + A + M]), Bi o f H
q
1(g) =

{

qXT G
T+A+i−XT
1 ,Xi=Ti

q−(T+i)G
T+i+XT
1 ,Xi=Ki

=
M

∑
g=0

GX
A+T+1+gq

g(1+g)
2 GT+A+1

1 ...G
T+A+g
1 × GT+M

1 ...G
T+g+1
1 q−(M−g)(T+M+1) ∑

1≤λ1<...<λM−g≤M
q∑ λi

= (qA−1)...(q−1)

(q−1)M

M

∑
g=0

GX
A+T+1+gq

g(1+g)
2 −(M−g)(T+M+1)+

(M−g+1)(M−g)
2 × (qT+M − 1)...(qT+A+1 −

1)G
A+T+g
A GM

g

= q−(T+A+1)GT+A+1
1 ...q−(T+M)GT+M

1 SUMq(N, [(T + 1)q−....(T + A)q−], [T + M + 1...T + M + A])

= q
−(M−A)(T+A+1+T+M)

2 GT+A+1
1 ...GT+M

1

A

∑
x=0

GX+M−A
M+T+1+xq

x(1+x)
2 −(A−x)(T+A+1)+ (A−x+1)(A−x)

2

× GT+M+1
1 ..GT+M+x

1 × GT+A
1 ...GT+x+1

1 GA
x

→
M

∑
g=0

GX
A+T+1+gq

g(1+g)−(M−g)(g+M+1+2T)
2 G

A+T+g
A GM

g
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= q
−(M−A)(T+A+1+T+M)

2

A

∑
x=0

GX+M−A
M+T+1+xq

x(1+x)−(A−x)(x+A+1+2T)
2 GM+T+x

M+T GA+T
x+T

→
M

∑
g=0

GM
g G

A+T+g
A GX

A+T+1+gqg(g+1+T) =
A

∑
x=0

GA+T
x+T GM+T+x

M+T GX+M−A
M+T+1+xqx(x+1+T)

The difference between this and 34 is that M>A is required.

A = 0 →
M

∑
g=0

GM
g GN

T+1+gqg(g+1+T) =
M

∑
g=0

GM
g GN

T+1+M−gq(M−g)(M−g+1+T) = GN+M
T+1+M

K = T + 1 + M →
K

∑
g=0

GM
g GN

K−gq(M−g)(K−g) = GN+M
K . It’s the q-Vandermorde Theorem.

0 ≤ B + A < M, 94 →
M

∑
g=0

GM
g G

A+T+g
A G

g
Bq

−gA+
(

g−B
2

)

(−1)g = 0 →

M

∑
g=0

GM
g G

X1+g
A G

g
Bq(

g
2)−g(A+B)(−1)g = 0

A and B have symmetry,2→.

Theorem 97.
M

∑
g=0

GM
g G

X1+g
A G

X2+g
B q(

g
2)−g(A+B)(−1)g = 0, 0 ≤ B + A < M

Theorem 98.
M

∑
g=0

(−1)gGM
g G

X+g
M+Kq

(

M+1−g
2

)

+ (M−g)K
= (−1)MGX

K , X + g ≥ 0, K ≥ 0

Proof.

SUMq(N, [(T + 1)q−, (T + 2)q−...(T + M)q−], [T + K + M + 1, T + K + M + 2...T + K + 2M])

H
q
1(g) = q

g(1+g)
2 −(M−g)(T+M+1)+

(

M−g+1
2

)

× GT+K+M+1
1 ...G

T+K+M+g
1 × GT+M

1 ...G
T+1+g
1 × GT+M+1

1 GM
g

H
q
2(0) =

M

∑
g=0

(−1)g H
q
1(g)q−g(g+1)+

g(g−1)
2 −(T+K+M)g = (−1)Mq−M(T+1+T+M)GK+M

1 GK+M−1
1 ...GK+1

1

→ (−1)MGK+M
1 ...GK+1

1 =
M

∑
g=0

(−1)gq

(

M−g+1
2

)

+(M−g)K
× G

T+K+M+g
1 ...GT+K+M+1

1 × GT+M
1 ...G

T+1+g
1 ×

GM
g

→ (−1)MGT+K+M
K =

M

∑
g=0

(−1)gq

(

M−g+1
2

)

+(M−g)K
× G

T+K+M+g
M+K GM

g

7.6. Matrix of SUMq(N)

Let P = N + TM − M, Q = N − 1, corresponding to the three forms,define A
q
1,2,3(P, Q, M) =









GP
Q . . . GP

Q−M
...

. . .
...

GP+M
Q+M · · · GP+M

Q









,









GP
Q . . . GP+M

Q
...

. . .
...

GP+M
Q+M · · · GP+2M

Q+M









,









GP+M
Q . . . GP

Q−M
...

. . .
...

GP+2M
Q+M · · · GP+M

Q









Theorem 99. ‖ A
q
2(P, Q, M) ‖=‖ A

q
2(P, P − Q, M) ‖=

GP
Q

GP
0

GP+2
Q+1

GP+2
1

...
GP+2M

Q+M

GP+2M
M

q(P+1)+2(P+2)+...+M(P+M)

‖ A
q
2(P, 0, M) ‖= q(P+1)+2(P+2)+...+M(P+M), ‖ A

q
2(P, 1, M) ‖= GP+M

M+1 q(P+1)+2(P+2)+...+M(P+M)

Theorem 100. ‖ A
q
1,3(P, Q, M) ‖=

GP
Q

GP
0

GP+2
Q+1

GP+2
1

...
GP+2M

Q+M

GP+2M
M

qQ(M+1
2 )
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8. Multi-parameter Formal Calculation

2-parameters Formal Calculation calculate nested sum of Ki +
(

n
1

)

D1,i + (n
2 ) D2,i.

SUM(N, [K1], [T1,1 = 1 : D1,1], [T2,1 = 1 : D2,1]) =
N−1

∑
n=0

(K1 + D1,1n + D2,1 (
n
2 ))

SUM(N, [K1, K2], [T1,1 : D1,1, T1,2 = T1,1 + 2 − p : D1,2], [T2,1 = T1,1 : D2,1, T2,2 = T1,2 : D2,2])

=
N−1

∑
n=0

(K2 + D1,2n + D2,2 (
n
2 ))∇

pSUM(N, [K1], [T1,1 : D1,1], [T2,1 : D2,1])

Recursive define SUM(N, PS, PT1, PT2). There is always Ti = T1,i = T2,i

Use the Form: (K1 + T1,1 + T2,1)(K2 + T1,2 + T2,2)...(KM + T1,M + T2,M)

Use T1 to represent the set {T1,1, T1,2...T1,M},T2 to represent the set {T2,1, T2,2...T2,M}.

Definition 18. X(PT1)=Number of {X1...XM} ∈ T1, X(PT2)=Number of {X1...XM} ∈

T2,X(PT)=X(PT1)+2X(PT2)

Definition 19. XPT1=Number of {X1...Xi} ∈ T1,XPT2=Number of {X1...Xi} ∈ T2,XPT = XPT1 + 2XPT2

Theorem 101. SUM(N, PS, PT1, PT2)

=
2M

∑
g=0

H1(g)
(

N+TM−M
TM−M+1+g

)

, Bi =















Ki + XPT D1,i +
(

XPT
2

)

D2,i, Xi = Ki

(Ti − i + XPT)D1,i + (Ti − i + XPT)(XPT − 1)D2,i, Xi = T1,i
(

Ti−i+XPT
2

)

D2,i, Xi = T2,i

=
2M

∑
g=0

H2(g)
(

N+TM−M+g
TM−M+1+g

)

, Bi =















Ki − (Ti − i + XPT + 1)D1,i +
(

Ti−i+XPT+2
2

)

D2,i, Xi = Ki

(Ti − i + XPT)D1,i − (Ti − i + XPT)(Ti − i + XPT + 1)D2,i, Xi = T1,i
(

Ti−i+XPT
2

)

D2,i, Xi = T2,i

=
2M

∑
g=0

H3(g)
(

N+TM+M−g
TM+M+1

)

, Bi =















Ki + XPT−1D1,i +
(

XPT−1
2

)

D2,i, Xi = Ki

−2Ki + (Ti + i − 1 − 2XPT−1)D1,i + (Ti + i − XPT−1)D2,i, Xi = T1,i

Ki − (Ti + i − 1 − XPT−1)D1,i +
(

Ti+i−XPT−1
2

)

D2,i, Xi = T2,i

According to this way, it can be extended to multi-parameter SUM(N) and SUMq(N). This

formula is complex and has not been studied in terms of analysis yet.

9. A theorem of symmetry

In this section,Ti ≥ i.

17→ H1(g, PT, PT) =
M

∏
i=1

Ti

(

M
g

)

=
M

∏
i=1

Ti

(

M
g,M−g

)

.Promoted it:Set T come from p Source:S1, S2...Sp.

Definition 20. Di f f (Sx, Sx) = 0, Di f f (Sx, Sy) = −Di f f (Sy, Sx) = 1, x > y

Definition 21. Di f f (Ti, Tj) = Di f f (Sx, Sy), Ti ∈ Sx, Tj ∈ Sy

Definition 22. W(g1, g2...gp, [T1, T2...TM]) = ∑
g1+g2+...+gp=M,gi=|Si |

M

∏
i=1

(Ti + ∑
j<i

Di f f (Tj, Ti))

In set T, g1 come from S1,g2 comes from S2...gM comes from SM.

Theorem 102. W(g1, g2...gp, [T1, T2...TM]) =
M

∏
i=1

Ti

(

M
g1,g2,...,gM

)

Definition 23. Wq(g1, g2...gp, [T1, T2...TM]) = ∑
gi+g2+...+gp=M,gi=|Si |

M

∏
i=1

G

Ti+ ∑
j<i

Di f f (Tj ,Ti)

1 q
∑

j<i,Di f f (Tj ,Ti)=−1
1
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Definition 24. GM
g1,g2...gp

= (qM−1)(qM−1−1)...(q1−1)
p

∏
i=0

(qgi−1)(qgi−1−1)...(qi−1)
, g1 + g2 + ... + gp = M

Theorem 103. Wq(g1, g2...gp, [T1, T2...TM]) = (
M

∏
i=1

G
Ti
1 )GM

g1,g2...gp
, Ti ≥ i

Proof.

W(1, 1, [T1, T2]) = G
T1
1 GT2+1

1 + G
T1
1 GT2−1

1 q = G
T1
1 GT2

1 G2
1 .Holds

Suppose Wq(g1, g2, PT) holds,Wq(g1, g2 + 1, [PT, TM+1]) = TM+1 ∈ Source1 + TM+1 ∈ Source2

= Wq(g1, g2, PT)G
TM+1+g1
1 + Wq(g1 − 1, g2 + 1, PT)G

TM+1−(g2+1)
1 qg2+1

= (
M

∏
i=1

G
Ti
1 )GM

g1,g2
G

TM+1+g1
1 + (

M

∏
i=1

G
Ti
1 )GM

g1−1,g2+1G
TM+1−(g2+1)
1 qg2+1

Just need to prove:GM
g1

G
TM+1+g1
1 + GM

g1−1G
TM+1−(M−g1+1)
1 qM−g1+1 = G

TM+1
1 GM+1

g1

(Right side)× (qM−g1+1−1)

GM
g1

= (qTM+1−1 + ... + q + 1)(qM+1 − 1) = (1)

(Le f t side)× (qM−g1+1−1)

GM
g1

= (qM−g1+1 − 1)G
TM+1+g1
1 + (qg1 − 1)G

TM+1−(M−g1+1)
1 qM−g1+1

= (qM−g1+1 − 1)(qTM+1+g1−1 + ... + q + 1) + (qg1 − 1)(qTM+1−1 + ... + qM−g1+2 + qM−g1+1) = (2)

(1)-(2)=0→It’s holds when p=2.

Wq(g1, g2 + g3, [T1, T2...TM]) = (
M

∏
i=1

G
Ti
1 )G

g1+g2+g3
g1,g2+g3

Every product has g2 + g3 factors come from Source2,divide them to g2 × Source2 + g3 × Source3

g1-factors are invariant,(g2 + g3)-factors are variant.

∑ ∏ (variant f actors) = Wq(g2, g3, [X1, X2...Xg2+g3 ]) =
g2+g3

∏
i=1

G
Xi
1 G

g2+g3
g2,g3

Wq(g1, g2, g3, [T1, T2...TM]) = (
M

∏
i=1

G
Ti
1 )G

g1+g2+g3
g1,g2+g3

G
g2+g3
g2,g3

= (
M

∏
i=1

G
Ti
1 )G

g1+g2+g3
g1,g2,g3

eg : Wq(1, 2, [1, 2, 3]) = S1S2S2 + S2S1S2 + S2S2S1 = G1
1G3

1G4
1 + G1

1G1
1qG4

1 + G1
1G2

1G1
1q2 =

G1
1G2

1G3
1G3

1,2

eg : When Wq(1, 2, [1, 2, 3]) changes to Wq(1, 1, 1, [1, 2, 3])

= S1S2S3 + S1S3S2 + S2S1S3 + S3S1S2 + S2S3S1 + S3S2S1

= G1
1{G3

1G5
1 + G3

1G3
1q}+ G1

1q{G1
1G5

1 + G1
1G3

1q}+ G1
1q2{G1

1G3
1 + G1

1G1
1q}

= G1
1{G3

1G4
1G2

1,1}+ G1
1q{G1

1G4
1G2

1,1}+ G1
1q2{G1

1G2
1G2

1,1} = G1
1G2

1G3
1G3

1,2 × G2
1,1 = G1

1G2
1G3

1G3
1,1,1
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