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Formal Calculation

Peng Ji

Department of Electronic Information, Nanjing University, Nanjing, China; mcfroo@sina.com

Abstract: Formal Calculation uses an auxiliary form to calculate various nested sums and provides
results in three forms. In addition to computation, it is also a powerful tool for analysis, allowing
one to study various numbers in a unified way. This article contains many results of two types of
Stirling numbers, associated Stirling numbers, and Eulerian numbers, making a great generalization
of Euler polynomials, Wilson's theorem, and Wolstenholme’s theorem, showing that they are just
special cases. Formal Calculation provides a novel method for obtaining combinatorial identities and
analyzing g-binomial. This article has obtained a large number of results in g-analogues, including
inversion formulas for g-binomial coefficients. This article also introduces a theorem on symmetry.

Keywords: Formal Calculation; nested sums; Gaussian coefficient; Stirling number; associated
Stirling numbers; Eulerian number and polynomial; Wolstenholme theorem

1. Introduction

Formal Calculation is introduced in [1-3] , this article contains its summary and latest
achievements.

Definition 1. Recursive define VP, p € 7Z,V°f(n) = f(n),Nil Vif(n+1) = f(N),Nilf(n +1) =
n=0 n=0
VIf(N), V=V

Definition 2. Recursive define SUM(N)=SUM(N,PS,PT).K;, D; € Ring with identity elements.

N-1
SUM(N, [K] : Dl]r [Tl = 1]) = go(Kl + TlDl)
N-1
SUM(N, [Kl : D1, Ky : Dz], [Tl/ =T +2— p]) =Y (K2 + TlDz)VpSUM(Tl +1, [Kl : Dl]/ [T1])
n=0

If f(N) =Y A; (II\\I/L) and M; is not changed with N, then VP f(N) = Y A; (]Z\VIL:’;)

[K1 : D,K; : D..Kp : D] is abbreviated as [Kq, Kp...Ky]| @ D,[Ky, Kp...Kp] : 1 is abbreviated as
[K1, Kp...Kp].

By default,this paper use:

PSZ[Kl : Dlr Kz : DzKM : DM},PTZ[TLTz...TM],P81=[PS,KM+1 : DM+1],PT1=[PT,TM+1]

This is actually nested summation. For example:

N-1 M
SUM(N,PS,[1,2,3..M]) = ¥ TI (K; +nD;)

n=0 i=1
N-1 ns ny
SUM(N,PS,[1,3,5.2M—1)) = ¥ (Ky+nyuDu).. ¥ (Ka+mDy) ¥ (Ky +myDy)
np=0 ny=0 n1=0
N-1 n3
SUM(N,PS,[1,2,4]) = ¥ (K3 +m3D3) ¥ (Ki +nDy)(Ky +nDy)
n3=0 n=0
I\? 1 n3
SUM(N,PS, [1,3,4]) =) (K3+113D3)(K2+1’13D2) Yy (K1+TID1)
n3:0 n=0

The following use K to represent the set [K7, K»...Kj], T to represent the set [T1, T...Tv]-
M
Use the auxiliary form: (Ky + T1)(Ky + T2)...(Kpy + Tm) = X T X, Xi = Ty or K
i=1

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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Definition 3. X(T)=Number of {X1, Xp..Xpm} € T

Definition 4. X7_1=Number of {X1, X5..X;_1} € T, Xx_1=Number of {X1, X5..X; 1} € K
Xr=Number of {Xq, X»...X;} € T,and also define Xx

Obviously: X711 + Xg_1 =1 —1.
Theorem 1. [1] SUM(N,PS,PT)=
M M
N+Ty—M N+Ty—M T;—Xx_1)Di, X;=T;
Formy — gg() Hi(g) (N—lA—/Ig ) = g§0 H(g) (TM—%HHg) /B = {§<i+XTI<_111%i,Xi:Ki

M M
N+TM7M+g . N+TM7M+g B (T,'*XK,l)Di,X,‘:T,'
Form; — g>;0 Ha(g) (Nfl ) = g>;0 Ha(g) (TM7M+1+g ) /Bi = {K,-+(XK717T,-)Dl-,x,-:Ki

M N+Ty— M N+Ty— —Ki+(T,—X7_1) Dy, X;=T,
§=0 §=0
M
The factors of T] X; cannot be exchanged. H;(g),short for H;(g, PS, PT), is also defined aboveas 'y [ B;
X(T)=gi=1

N-1
The theorem is proved by induction.There have three forms because: ) n ("MH()
n=0

= M +1) (M) + - k) (NiK) = 1) (W5 - -0 (W) = -k (k) +
(1+K) (M5)

Definition 5. Fry ’Ke-Kul_y g, k) Kp a < b1, < 1, FN is short for E 2N FK = 0

Definition 6. EX; K15e-Kvly k) k) K) 0 < b1, < 1, EN, is short for EL*N EK — 0

M
Theorem 2. VSUM(N, PS,[1,2..M]) = TT (K; +nD;)
i=1

Theorem 3. In SUM(N,[...PS...],[..T+1,T+2..T+M...]), K; can exchange orders.
i
Theorem 4. SUM(N, [L, Ly..Lg, Ps], [Ll,Lz...Lq, PT]) = I L; x SUM(N, PS, PT),so T can great than
i=1
1,T; e N
Theorem 5. SUM(N, [1,1...1],[1,2..M]) = SUM(N, [1,1..1],[2,3..M]) = 1M 4+ 2M 4+ NM
Theorem 6. SUM(N, [1,1...1],[1,3..2M —1]) = SUM(N, [1,1..1],[3,5..2M —1])
= Y M2 N = EN = S,(N + M, N). Sy is Stirling numbers of the second kind.

M+ AN=M,A;>0

Theorem 7. SUM(N, [1,2..M],[1,3..2M — 1]) = SUM(N, [2,3..M], [3,5..2M — 1])

= Y i1ip..ipy = FAI\fM_l = S51(N 4+ M, N). Sy is unsigned Stirling numbers of the first
1< <ip<.<ipg<N+M-1
kind.
Example 1.1:
Form:(1+T1)(2+T2)(3+T3), Z HXi:1X2XT3+1XT2X3+T1X2X3
X(T)=1

Hi(1) =1x2x%x (T3 = Xg-1) + 1% (T = Xg-1) X 3+ X7-1) + T1 X (24 X7-1) X 3+ X1-1)
—1x2x(5-2)+1x(B-1)xB+1)+1x2+1)x (3+1) =26
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SUM(N, [1,2,3],[1,3,5]) =1 x 3 x 5 (N+2) +35 (N+2) +26 (N+2) +1x2x3 (N+2)

SUM(N, [2,3],[3,5]) =3 x 5 (N+3) F(2x4+3x4) (N+3) +2x3 (N+3)
It also can be calculated in the Ring with identity elements.K;, D; can be a matrix.

Theorem 8. [] (K; + nD;) can be decomposed into three forms by 1 and V.

2. Property

2.1. Relationships between H(g)

By definition:
5 E; (P81 P 2 g e, M = W2 o L A (T v — g -
3(8r Pé\{ﬂ’)”) = H3(g = 1)(—=Kps1 + (Tvy1 — [§ — 1)) Dmy1) + Ha(g) (Kpt1 + 8Dmy1)

Using these relationships and induction can prove:

Theorem 9. Hy(g) = Z Hy (k) ( ) Z H;s(k )( )[2]
Inversion—
Theorem 10. H(g) = 3. (—1)F*$Hy (k) (£) Hs(2) = S (—1)F Sk (k) (M%)

Calculation with 9 —

M M M
Theorem 11. Y Hi(g) = ¥ Hx(g)28 = ¥ Ha(g)2M~¢
g=0 g=0 g=0

Theorem 12. Z Hi(g) ( g> % H>(g) (?Jrg) = g H3(g) (?jéwfg) ,A,BeN

9= g=0 g=0
This indi - - M A\ M A+g
is indicates Formy = Form, = Formz — Y Hy(g) <g> = Y. Ha(g) (g )
g=0 g=0
M A+M-g
H
ggo 3(8) (M )
Induction [2]—
M M A M A+M-—
Theorem 13. 1 Hi(e)g (373) = L Ha@)s (3°F) = L {Ha(@)s (35" %) + M x
g=0 g=0 g=0

A+M—
Ha(g) (5111 ))
2.2. Property of H(g)
[1X; = (IT1X; € T)(ITX; € K).In some cases, H(g) is easy to calculate.
Definition 7. H(g,T) - H(g, T, PS,PT) = 1 B, H(g, X T) -
X;eT

Y. II Bj.Alsodefine H(g,K), H(g, Y. K)
X;ET
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If D = 1 and T, +1 = Ty, Hi(g,T) =

=t

T,  Hy(gT,PS[1,2.M]) =

$LHi(g, LK, [1,1..1], PT) = E§

Theorem 14. If D; = 1Hi(g, LK) = Ffj_E§ + iy, Ef + ..+ FXE,
C_ _ pTpM=¢ 7 pM-g _1\M—gpTpM=¢
Theorem 15. If D; = 1,Hy(g, . T) = F E Fe 1B °+ .+ (-1)V8Fy E;

Theorem 16. If D; = 1and Kiyq — K; = Tpq — T; = 1,Hy (g):(fgw) Ty.. Ty % Kgiq.-Kag

—=

Ti, Hy(g < M) = H3(g > 0) =0

1

M
Theorem 17. If PS=PT,H,(g) = [1 T; (M), Ho(M) = H3(0) =
i=1

I
—

Theorem 18. Hy(g,[AD : D,PS],[A,PT]) = AD(Hi(g — 1) + H1(g)) — Hi(g [1,PS],[1,PT]) =
Hi(g = 1) + Hi(g)

Definition 8. E} @ ([Ty, T...Tm], C)

= ) 1M2%2 g% (Ty + A C)(To + A1C 4 A2C)..(Ty—1 + A1C 4+ A2C + ... + A4_1C)
)\1+)\2+...+/\q:p,/\i20

[4] has proved:<§4> = <%_g_1> = Eﬂjg,1 © ([1,1..1],1])

M-1
< Q/I > is Eulerian numbers.It is known that there exists Worpitzky identity:N M — gg() <§/I > (]I:];g)
eg:(3)=EBo(LL)1)= ¥  1M2235(1+A)(1+ A +A2) =66
M+Ar+Az=2

By simple calculation:
Hy(g,[1,1.1], PT = [T; = Ty + (C+1)(i = 1)]) = E§;, © (PT,C)
Ha(g, (1,11, PT = [T =T1 + (C+1)(i- 1)) = Ef; ', © (T = Ty = 1+ C(i = 1)],C+1)

2.3. Shape of numbers

In this section,if not specifically mentioned, Ty =1, T;y1 — T; = 1 or 2.

To calculate Y. K1Kj3...Kp (*),products needs to be divided into oM-1 categories.
1§K1 <K2<...<KM§N

There are M-1 intervals between factors.If the interval=1,define it as Continuity.If the interval>1,define
it as Discontinuity. Continuities,Discontinuities and their Positions are defined as Shape.So there
have 2M~1 Shapes.

From the definition of nested sum:

KiK>K3
1§K1<K2<K3§N
= SUM(N,[1,2,3],[1,2,3]) + SUM(N — 1,[1,2,4],[1,2,4]) + SUM(N — 1,[1,3,4],[1,3,4]) +

SUM(N —-2,[1,3,5],[1,3,5])
Definition 9. PB(PT)=Number of T; +- 1 < T, 1=Number of discontinuities

(x) = Y SUM(N — PB(PT),PT,PT).From 17 we can obtain a simple
All of the Shapes with factors=M

formula:

M
Theorem 19. SUM(N,PT,PT)=T11T; (I}’Jfﬁﬂ/j ),PT has no restrictions.
i=1

doi:10.20944/preprints202305.0311.v3
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This generalizes the famous formula Z ) = 1)~ It was discovered during the calculation

of (*) which led to the birth of Formal Calculatlon

Theorem 20. Number of Products in SUM(N,PT,PT) = (g&i?gi?)
M M

Definition 10. MIN;(M) = Y JIT;=1x Y TIIT;
PB(PT)=gi=1 PB(PT)=gi=2

This is the sum of the products of PTs with the same number of discontinuities.By definition:

M . . . ,

Theorem 21. MINg(M) = © 47882 < iy < iy < . <y < MAg—T,ijp1 —i; 22
Based on the concept of Shape rather than 21, it is easier to understand.

eg : MIN,(4) = (12357) + (12457) + (13457) + (12467) + (13467) + (13567).Here (...) is products.

From the definition of nested sum,there exists general classification principles:

Theorem 22. SUM(N, [K; : Dy, Ka : Da..Kpt : D, [Ty, TooTaa]) = SUM(N, PS, [Ty...T;, Tivy —
1. Ty — 1]) + SUM(N -1, [Kl :D1..K;:D;,Kit1+ Djyq: Djyq1..Kpy+ Dy DM],PT)

1,2,4]) + SUM(N —1,[1,3,4],[1,3,5])

eg : SUM(N,[1,2,3],[1,3,5]) = SUM(N, [1,2,3], [
2,4],[1,2,4]) + SUM(N — 1,[1,3,4],[1,3,4]) +

=  SUM(N,[1,2,3],[1,2,3]) + SUM(N — 1,[1,2,
SUM(N —2,[1,3,5],[1,3,5])

M-1
(+) = SUM(N, [1,2..M],[1,3.2M — 1]) = Y. MIN,(M) (g+1) It's exactly 7.
§=0

2.4. H(g) and Associated Stirling Numbers

Associated Stirling Numbers of the first kind Sy ,(n, k) is defined as the number of permutations
of a set of n elements having exactly k cycles, all length >=r.

1
1. Sl r(” k) = k' Y iy
ip+... iy nz >r

2. Sirfn51.k) fnélr(nk (0)-1S1,(n —r + Lk =1),n > kr
3. Y < <Tp <. <ipqg<n— i —ij > r[5]

iqipeig_1’

Derived from 2 and definition of H(g) or 3 and 21:

Theorem 23. MINg(M) = S1o(M+g+1,g+1)

Table 1. Table of MINg(M) = S1p(M+g¢+1,8+1).

g=0 g=1 g2 g3 g=* &>  g=6

M=1 1

M=2 2 3

M=3 6 20 15

M=4 24 130 210 105

M=5 120 924 2380 2520 945

M=6 720 7308 26432 44100 34650 10395

M=7 5040 64224 303660 705320 866250 540540 135135

Associated Stirling Numbers of the second kind S, , (1, k) is defined as the number of permutations
of a set of n elements having exactly k blocks, all length >=r.
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iy tip+.. Hig=n,i;j>r

2. Sy, (n+1,k) = kS, ,(n, ) ") Sy (m—r+1,k—1),n>kr

Derived from 2:

Theorem 24. Hy(g,[1,1..1],[3,5.2M —1]) = Spo(M+g+1,9+1)
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Table 2. Table of Hp(g, [1,1..1],[3,5..2M —1]) = Spp(M+g+1,9+1).

g=0 g=1 g=2 g=3 g=4  g=>

=6

M=1 1

M=2 1 3

M=3 1 10 15

M=4 1 25 105 105

M=5 1 56 490 1260 945

M=6 1 119 1918 9450 17325 10395
M=7 1 246 6825 56980 190575 270270

135135

SUM(N, [2,3..M], [3,5..2M — 1]) = S (N + M, N) = (NEM!

il —‘rlz-‘r-‘rlN:N-‘rM,l]Zl

M
_ Z S1a(M+g+1,g+1) (Ni’ﬂg) _ 2151,2(M+g,g) (,ﬁmfl)
g:

o (N+M)!
- N! Z [
g=1 i1+...+iN:N+M,i]-21,Number of i]->17g

£ = B (N,

Use the same way:

m] Zf()

) L
11+‘..+1g:g+M,z/-21

Theorem 25. S;,(rN + M,N) =
g=1

N+M
'11'21...z‘g = (MJ-rﬁ-g ) $12(M+3,8)

M N—rg)!
Y N (EN_;g)? (:gjz\’}”) S1r41(r8 + M, 8)

.
l‘ll'z.“l‘N

M
Theorem 26. S,,(rN + M,N) = y. —L_ UN-r2)! (YN +M) Sori1(rg+M,g)

o1 N8 (N-g)t \rg+M

2.5. Table of H(g)

Table 3. Table of H(g).

Ps PT Hi(g) Ha(g) Hs(g)

1,1..1  [1,2..M] g!Eﬁj}g =g (M+1,g+1) (=1)M-8g15,(M,g) e

[1,1.1]  [2,3..M] (g+1)!S2(M, g +1) (—1)M-1-8(g + 1)1Sp(M, g + 1) ¥

[1,1..1]  [1,3.2M —1] Eﬁjfg@(PT,l) (=1)M=8MIN;_1(M) Egtl ® ([0,1..],2)
1,1.1]  [3,5.2M—1] Spa(M+1+g,g+1) (—1)M-1=8 MIN, (M) Eg+1 ©([2,3..],2)
[1,2..M] [1,3.2M—1]  MIN,_1(M) + MINg(M) 1x (-1)M=8E§, ©([3,5.]1) 1x E”fg@ ([2,3..],2)
2,3..M] [3,5.2M —1] MINg(M) (-1M-1= gSzz(M+1+g,g+1) 2o ([2,3..0,2)

3. Application

3.1. Number analysis

Theorem 27. 9,11,13 —


https://doi.org/10.20944/preprints202305.0311.v3

Preprints (www.preprints.org) | NOT PEER-REVIEWED | Posted: 7 October 2023 doi:10.20944/preprints202305.0311.v3

7 of 24

=

M=

M
(M) =my, ¥ (—D)MSg152(M ) =1, X (—1)M 8¢ x g5, (M, g) = 2M —1
g=

M s k) () =T () (M) 1 <g < m
5 M

M
kz (—1)MES, 5 (M + k, k) (5:11) ,Sop(M+g,8) = kZ (—1)M_k51,2(M +
=g =g

M M
4 gsMg) = X (-)MSgsa(Mg)2et = § ()2t
i 8= M 8= M
5. 2152,2(M+g,g) = Zl(—l)M’gSLz(M + 8,821, 2151,2(M+g,g> -
8= 8= 8=

M M—
Y (—1)"885(M+g,8)287 !
v

M B

6. L 8!5(Mg)(g—1) (gﬂ) = 221(*1)M_gg!52(M,g)(g—1) (§‘+g 1)

7. 2_01 (—1)M—1—3M1Ng(M) =) : (_1)M—851’2(_]\1+g,g) =1, %1 (_1)M_g52,2(M+g,g) — M
8= 8= g=

PS=PT=[1,2..M],H;(g) = H;(M — g) = M! (gﬂ),m =

M—g
Theorem  28. M! (Q/I) = g Y SiIM+1,8g+1+10)S2(g + 1,8) = (M —
i=0
8

NS M+1L,M+1—-0)S(M—i,M—g)
i=0

Hi(g,[1,1..1], [1,2..M]) = g!Sa(M + 1,5 + 1), EM1 = (M) 14 -
M—g
Theorem 29. $;(M+1,g+1) = ¥ S(M—1i,8) (M)
i=0

Hi(g, [1,2..M], [1,2..M]) = Hy (g, [M, M —1..1],[1,2..M]) = M! @4) 15 —

Theorem 30. g! @4) = ¥ S (M+1,M+1—g+i)So(M—g+i,M—g)(~1)

1

Lt

Hi(g, [K+i, [T+1i]),16 — @4) Ty Ty X Kgp1o Kyt 14— Ty Tg (o), 15— Kgppo K ()

M . . g . B
Theorem31. [T (K+1) (M) = FyES + o+ BNVES, o TH(T+i) (M) = RTS8 4+
i=g+1 i=1

T+i} -M—
(—1)sF{ T EY S

3.2. Merge and Expand

M M+ (number of 1 added)
Theorem 32. SUM(N,PS,PT)=SUM(N,[1,1...1,PS],[1,1...1,PT]) expand '} (...) =
g=0 g=0

M
Any ggo ag ({/(Jrg) can be converted to 3 VISUM(N + P, [Ky, K>...Kp], [1,2...M])

M
10 provides the necessary and sufficient condition for Y H(g) ()Y( +g) to be merged into
g=0
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M—
I ) (F)
Ha(g) = X (-1)'H() (5) =05 <Korms(g) = L (-1)'H() ({7}) =0 M —g <K
For example:
M
SUM(N, [1,2..M],[1,2..M]),19 = ¥. (~1)* (M) (g) =00<g<M
¥=g
N-1 M
o (31) = B SUM(N, [1,2..M] : d,[1,2..M]) = mggoHl(g) (Vo)
N-1 M-k
IfM>kd B( K) —i+(XK_1fi)d—) Hz(g<k) =0— ¥ (%-&-dﬂ) =y () (ﬁ:—gl:,k)
n=0 g=0

After a simple calculation,it can be written as:

Theorem 33. Necessary and sufficient conditions for merging,0 < ¢ < K < M:

LY H0 () > B G ($K) T - 1>"H< 9 (§+) =0
n 0k x7\q

2 L H(n) (Fim) — ng(( ) (ﬁﬁff) H(x) () =0

. E wn (570) = "B (0 (15 ¢ B oo (327) =0

mwm%iwxfﬂ®@=g@wwﬁﬂ@%@wwo

Proof. It can be proved by induction, but it is cumbersome.
SUM(N,[T+1,T+2..T+M],[T+A+1, T+A+2.. T+A+M])
M
— M N+T+A
= (317 + A+ glelT + Ml (111
M M
B M) (THA+! (T+M)! (N+T+A | _ A(T+M)! M\ (A+T+g\ (N+T+A
=L () (FRe) = &, (1) (77) ()
M
A

e (T+A)! (T+g)! \T+A+1+g A 2\ ) 4 T+A+1+g

THESUM(N, [T +1,T+2..T+ A}, [T+ M+1,T+M+2..T+ M+ A))
T4+ M)!
T

+M)! g (A) (T+M+g)! (T+A)! (N+T+M )
(THA) 2 \8 ) M) (Tg)t \T+M+1+g

% M\ (A+T+8) (N+T+A \ _ ’ZL‘; (T+M+g)! (T+A)! Al 1 (N+T+M 0
g0 \8 A T+A+1+g _g*O (TTM)! (T+g)l (A—g)igl AT \T+M+1+g

0
+

smsos B () (0700 (1) = £ (07) (528°7) (i) 420

When A>M, it is an expansion; When A<M, it is a merge.Combining with 33:

Theorem 35. g%()(—l)g (gf) (jlig) (f;zig) =0,M>A+B,AB>0

If f(n) = iiaini,B <M - %0(—1)8 () f@) =0 %0(—1% (1) (37%) (327%) . =
OLYi<M ’ ’

It can be proved by induction:
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theorem 36 £ (10 (1) (5 = {58 gy B () (55) = {5 202

This helps to understand the differential sequence.

3.3. Congruences

P is prime.K;, D is any integer,D #0.

Theorem 37. (P, D) = 1, SUM(P, [Ky, Ka..Kn] : D, [1,2..M]) = {* (o DMEF 1

Proof. If M=P-1,SUM(P) = H;(P—1) (}) = H;(P-1) = (P-1)!D’"1 = -1 (mod P) O

If a product has a factor that is divisible by P then ignore it and change the factor to its minimum
positive residue, then we can obtain many congruences. Wilson’s Theorem is a special case.eg:
A,B,CeN
1428 4+ 2438 1+ (P-2A4P-1)B = 1438 + .+ (P-3)AP-1)F + (P-1)MB =

0 (mod P),A+B<P—1
{71 (mod P),A+B=P—-1

AnBaC | nArByC A B Cc — [0 (mod P),A+B+C<P-1
14283€ 4+ 24384C 4 (P—3)A(P —2)B(P —1)C = {0 ot D et

-1 (mod P),)\1+)L2+...+/\q:P71

My A Ay —
Theorem 38. Y Ky K™ Kyt = {o (mod P)Ay+Ag+. 4 Ag<P—1

0<Ki,K]'<P,K,'7$K]'

LA €N

Wolstenholme’s Theorem is also a special case.P>3.

P-1
1. Wolstenholme’s Theorem:(P — 1) ¥ 1 = Y K1K3..Kp_» =0 (mod P?)
n=1 0<K,‘,K/‘<P,K1'75K]'
2. ¥ nP72=0 (mod P?)
n=1
They are two extremes.In fact,there have:
Theorem 39. y KK K “ =0 (mod P?),C; + Co+...+C; =P —2,C; >0

0<Ki,K]'<P,Ki7éK]‘

Proof.

If X (mod P?)and X + Y (mod P?) then Y (mod P?).The Sum has symmetry.

For Y, AB"=3, A # B,if P— A # B then add AB"~3 with (P — A)B"~3 to PB"3,if P — A = B then
add ABP~3 with BBP~3 to PBP3.s0o Y ABP 3 + Y BP2 = xPY B’ 30 <x <P = YAB 3 =0
(mod P?).

Similarly:
For Y. ABC"=% A # B # C,treat P-A=B,P-A=C,P — A # B,C separately.
Y ABCP* + x ¥ B2CP~* + y Y BC’3 =0 mod P2,0 < x,y < P
— Y ABCP™ 4+ xyB?CP™* =0 (modP?),0<x<P
Y ABCP 4y B2CP =y ((§) —B)BCP 4+ L B*CP 4 = (D)L BCP* =0 (modP?)
— Y. B>CP~* = 0 mod P? = Y. ABC"~* = 0 mod P?
Prove the conclusion in a similar way... [

Theorem 40. E5 ") = S5(2P —3,P —1) =0 (mod P?);Eb , = $2(2P —2,P) =0 (mod P?)

eg : S2(7,4) = 350,5,(8,5) = 1050 = 0 (mod 25), S5(11,6) = 179487, 5,(12,7) = 627396 = 0
(mod 49)
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4. Combinatorial Identities

k N-1
Definition 11. R-FOLD SUM:EY, f(k) = kzl kilkﬁl Flky) = - kio 220 Flki+1)
r= 2 1 = 2 1

By nested sum:

Theorem 41. () V7SUM(k, PS, PT) =V?~"SUM(N, PS, PT)
N ks ky

Theorem42. Y .. Y Y VSUMi(k,,PS,[1,2..M]) = SUM(N,PS,PT = [T; =i+r —1])
k=1 ky=1k;=1

Proof. PS1 = [1:0,1:0..1:0,PS],PT1 = [1,3.2(r —1) = 1,1+2(r —1),2+ 2(r — 1)..M +2(r — 1)]
B; = {;gz;;g;gf’;;gggg — Hy(g > M, PS1,PT1) = 0, H; (g < M, PS1,PT1) = H; (g, PS, PT)

M k k
SUM(N, PS1,PT1) = ¥ Hy(3,PS,PT) (N 1) = 2 VSUM(k,, PS,[1,2.M]).. ¥ Y. 1 O
§=0 =1 ko=1k;=1

N k k
Theorem43. Y. .. Y. Y VSUM(ky, PS,[1,2..M]) = V" "*SUM(N, PS, [T, = i +r — 1])
kel kamlki=1

N ks Kk . 1o .
eg: () ¥ .. L ¥ () = LVi"SUM(N +1,[0, -1, 2. — (j = 1)], [Tx = x + (i — 1)])
k=1 ky=lki=1 Y r
Hi(g <j) = 0,H(j) = [l T—j=i—1—
_1 i (=11 ((N+1)+(i-1)\ _ (j+i=1\ (N+i—(i-r)\ _ (j+i—1\ (N+r
(o = AVt () = (57 (iR = (57) ()

Using induction to prove:

Theorem 44. ) (K+n1Dy + ... + nyDy) = (D1 + 2D + ... + MDy;) <1Q]4i]¥[71> +
0<n<..<ny<N-1
K (]I:IA+M71>
noo n 1\ (n+ +
g: X (mAe+m)= ¥ L . L (m+.+m) =) (0) =5 (7).
ognlg...gnpgn np:0np,1:0 n1=0

[6]
2,3 ,4 can be used to derive combinatorial identities.

Theorem 45. (’;‘*A) ("M+M+B) =

L8 () () (12)
o B0 () (502) (34)

3 gM A-B M+B n+A+M—g

-5 (@) (i) ()

Proof.

= 4 VSUM(N, [1,2..A,B+1..B+ M], [1,2..A+ M]) = = VSUM(N, [B+1..B+ M|, [A+1.A+
M)

Hi(g) = (M) (A+ 1) (A+g)(B+g+1).(B+M) = (M) g ({75) (M—g)r (574)

Using a similar method to obtain Hp(g), H3( g) O
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A
Theorem 46. ('Z‘*X) ("M+Y) = ; (M) (AAA:FJ?(*Y) (”MJFKX) O0<Y<M
Proof.
= g VSUM(N, [X, X - 1.X—A+1Y,Y—1.Y - M+1],[1,2..A + M])
= o VSUM(N, [1,2..Y,0,—-1,~2.. — (M= Y) + 1, X, X = 1.X — A+ 1],[1,2..A + M])
= g VSUM(N,[0,-1,—2..— (M- Y)+1,X, X - 1. X - A+1],[Y+1,Y+2.A+ M))
If H1(g) #0then X1, X.. Xp_y € T — H1(g <M-— Y) =0,LetC=A+M-Y
If Hig > M—Y) # ONumber of X € K = (g:yw) — Hy(g) =
(EMY) [X + M= Yo g[Y + 18
M+X-Y)! M !
xi=-(M-Y-g)— Hi (M~ Y + %) = 5 (M-(i-XtY—A)—&-x)! M o

M -1 M
Theorem 47. ] (A+2i+n) = (’;ﬁf‘) Y 2M—g) -1 (§M*S) [A+1)8 (gﬁ;‘*g) LA>0
i=1 g=0
Proof. PS = [A+2,A+4..A+2M],PT = [A+1,A+2..A+ M],PT1 = [1,3.2(M — g) — 1]
Ha(g LK) = SUM(g + 1, PTLPT1)) = (2(M — g) — 1)1t (34°5) Hy(g, T) = [A + 18

M
(’;‘“‘) T1 (A +2i+n) = LVSUM(N, [1,2..A,PS], [1,2..A, PT]) = VSUM(N, PS, PT) [
i=1

M
Theorem 48. SUM(N,[A+1,A+3..A+2M-11,[1,3..2M-1])= Y [A|M8(2¢ — )11 (Qg*g) (ﬁjf‘”g)
g=0
Proof. (g, L.T) = SUM(M —g+1,[1,3.2g —1],[1,3..28 = 1)) = (2g = 1)!t (5% ) , Ha(g, K) =
[AM=2 O

Theorem 49. SUM(N,[A,A+1...A+M-1]:2,[1,3..2M-1])= (ﬁ“’ *1) [A+M+N -2y

Proof. SUM(g+1,[A,A+1.A+M—-1-g]:2,[1,3.2(M—g)—1])
= Hi(g, T K [AA+1.A+M-1],[1,2..M]) = @4) [A+M—1]y_, O
+

2
SUM(N,[1,2..M] :2,[1,3..2M — 1]) = M! (ﬁ’A M—l) 143 +..4+ (2N —1) = N?

49and 45 — foH(g [A+1,A+2.. A+ M]:2,[1,3.2M—1]) = H(g, [A+ 1, A+2..A+ M], [M +
1, M+2..2M])

Theorem  50. SUM(N,[A + 2,A + 4..A + 2M] : 3,[1,3.2M — 1)) =
M A4N-1+g) (N+M-1-g\ [M+N—g]™

) G M

Proof. PS1=[A+2,A+4..A+2M],PT1 = [A+1,A+2..A+ M|

Hi(g, PS1,PT1) = [A + 1]SSUM(g +1,[A +2, A+ 4..A +2(M — g)] : 3,[1,3.2(M — g) — 1]))

:kAégHz(g,PSl,PTl) (g),47 - kifg(z(M_k)_l)” (IZCM—k) A+t (§) -
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5. Matrix of SUM(N)

Consider H(g) as variables,list SUM(N),SUM(N+1)... SUM(N+M),we can obtain a (M+1) x(M+1)
matrix.
LetP = N+ Ty — M,Q = N — 1, corresponding to the three forms.define A1 ,3(P, Q, M) =

O = @) (@ = @) (6 - 6

P+M P+M P+M P+2M P+2M P+M
Gy @)\ - e ) Lem o g
Theorem 51' || Al(P/Q/M) ||:|| AZ(P,Q,M) ||:|| A3(P’Q’M) H/H A(P/Q/M) ||:|| A<P/P_
QM) | 2]
_ _ (P+M — Q71 (v )
Theorem 52. | A(P,0,M) [|= 1, A(P,1,M) = (Y1), | A(P,Q > 1,M) ||= TT = [2]
§=0 <1+M )

If SUM(N) or V SUM(N) is easy to obtained,then H(g) can be calculated with the Cramer’s
law.Below, Ty > M

g+1

Theorem 53. Hi(g) - ) (1S (NS sum(k) -
g+1
SR (Tn=M¥s N\ Gorrm(k
L (DS (RN ) vsum
(1) VSUM(N,[1,1..1],[2,3..M]) = NM = S(M,g) = éf(—l)ﬁk(,{)kﬂd -
k=0
8
b E 0t (E) 0
k . M+1
Theorem 54. z(k) = ¥, (—1)"** ({f) VSUM(K), Ha(g) = Y. (—1)8*k1 (gfl)z(k)
i=1 k=g+1
VSUM(N, [1,1..1],[2,3..M]) = NM — z(k) = z( 1)”"() = KISy (M, k) — 272

i=

g+l g+1
Theorem 55. Hs(g) = Y. (—1)8+1+* (”TM ) SUM(K) =y, (—1)8t1+* (” T ) VSUM(k)

= g+1—k = g+1—k
g+l 1 X

(2) VSUM(N,[1,1..1],[2,3..M]) = NM — <§4> = LD et (;‘ﬁ{k) M =
g
2 (=D () (g +1 - kM
(1)(2) are already known formula.
6. Eulerian polynomials and Beyond

In this section,g # 0,9 # 1.Inductive proof:

N+K-1-g MoK

Theorem 56 Z q (H+K> q Z ( 1) ( 1)g+1> + (17(])M+1
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M
N —k
Definition 12. AY' = ) (1 - M 4*Sa(M,k)k!, A9 =1, Al = g

Table 4. Table of AéVI .

M=0 M=1 M=2 M=3 M=4 M=5 M=6 OEIS
AN 1 2 6 26 150 1082 9366 A000629
A%Aj 1 3 12 66 480 4368 47712 A123227
A 1 4 20 132 1140 12324 160020  A201355

nM — VSUM(N, [1,1...1],[2,3...M]) = % 52(M,g)g! (g) — % (_1)M*852<M’g)g! (Z-i'g) _

g=0 g=0
E (1) ()

§=0
N-1 M N-1 M g ~1-k
Y g'nM =Y S (M g)g! ¥ q" (;3) = ¥ S2(M,g)g{q" ¥ (1) ( k+>1 e}
n=0 §=0 n=0 g=0 k=0 (1-9)
M M % Sz(Mg)g'(l—‘J)Mfgqg
N E Sa(Mgg!
= o L SaMig)gt X (<D (507F) (0 = )M+ S
N M AM
= e X (D - >Mkzsz<Mg>g(N1k)+W
N M -~ AM
= — ; (—)f(q - )MFVE(N —1)M + gy (%)

Use the Fromy and Froms of nM the first part of (*) keep same, we can obtain:

8

M M M
Theorem 57. A,;VI =qY (9— 1)M_kSZ(M,k)k! =Y <M>qM_g =) <§A>ql+g
k=0 g=0 g=0

M
M = VSUM(N,[1,1..1], [1,2.M]) = ¥ Sa(M+1,g+1)g! (371) —
g=0

M
Theorem 58. AM = Y (1— )M " 18,(M +1,k+ 1)k, M > 0
k=0

k+1

SaM+1k+1) = gl P 1y () jt

() (5) G+ 1M

I

=
8
o

By definition of difference:

M=

(F)NsG+ M-

~
T
[}

- %0 (~1)M87E (M) Ng é () (F) G+ M = %0 (~)M (M) NSSy (M — g + 1k +
1) — " u
() = mer T (<D0 = DM B ()M (W) NSSa(M - g+ Lk DR +
(9-1) g=0 9
N _ M AM
= 2( DM =) (M) NS L (g = )M (M = g LR DR+ Gt ()

N AM

M
Theorem 59. AY! =} (g - DM (M + 1,k + 1)k!
k=0
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M
AYTE= ¥ (g DMFES (M — g+ L+ Dk, (+x) -
k=0

_ M— AM
Theorem 60. Z q"n (q 1 o Z (-1 )M 8(g—1)8 (Q/I) Ag 8N8+7(1_q‘)1M+1

00 M-1
The Eulerian polynomials: A;(t) : Z (IA?;,\(ZL,AM(t) =Yy <§4>t8
=0 g:O

M
(1:2% — AM = t A (t). There have 5 expressions for Ay (t).

Eulerian Numbers and Polynomials is just a special case,we can handler:

N-1
Y q"VPSUM(n +Y,PS,PT),X =Ty — M — p
n=0

S n,M _
gl <1, lim ¥ q'n
N—oo ;—

X+1+g N+Y+X—1—k> l4g-Y

M N-1 M
2 ) £ e (371 = £ et £ et

§=0 §=0 k=0 (
M N-1 M X+1+g N+Y+X+gfl—k) Ly
_ n (n+HY+X+g _ N B k(XJngik q
=1 L@ L () = L e LD e )
M NZt n+Y+X+M—g M N XM k(?{’ﬁj&j{(\dw*l%) gty
ggo Hs(g) YEO q" <X+1+M ) ggo Hs(8){q Z —-1) (1)1 + . q)X+2+M}

M M
Theorem 61. 2 Hi(g)(1—g)M 38t =g ¥ Ha(g)(1 — )M 8 = ¥ Hs(g)gs !

n=0 n= n=

Here q can take any value,which is magical.g = 0.5 — 11

Definition 13. A,(PS, PT) = 61

N-1 N M X—k K K1
Theorem 62. X = Ty —p, ¥ ¢"VPSUM(n+Y) = —15 ¥ (g— 1) *(=1)FvPHR=1suM(n +
n=0 k=0

(9-1)
Aq(PS,PT)q~Y

Y_ZH_W

Aq(PS,PT)q~Y
( q)TM+2 P

Theorem 63. |g| <1, 2 q"VPSUM(n+Y,PS,PT) =

We can handler 63 of SUM(N,[a,a...a]:d,[1,2..M]),SUM(N,[1,1...1,2,2..2.. k k.. k],[1,2.. kM]). Many
results of [7,8] can be obtained by this.

7. Formal Calculation of q-Binomial

7.1. Concept

O U | M Ui
97 @@ D)1

q-Binomial:[V] = ,q # 0,1,abbreviated as G}

%z %1_1 é/!@ %Nl_’\&N MIMGNl
3. Z qnGn-l-K qM KGIIC]/IiIl(
4. (”37129 = Yy q”“’ ) [9].wy. .. wp with M-K(zeros) and K(ones),inv(-) denotes the inversion
weQ(0M—K, 1K)
statistic.

The Formal Calculation use 4" (K; + G D;) instead of K; + ¢"D; .

doi:10.20944/preprints202305.0311.v3
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Definition 14. Recursive define V!, p € N, ng(n) = f(n), Z ”Vlf(n +1) = f(N),NZ_1 q'f(n+1)
= n=0
= Vi f(N)

Definition 15. Recursive define SUM;(N) = SUM,(N, PS, PT).
N-1

SUMq(N, [Kl : Dl]/ [Tl = 1]) = ZO qn(Kl —+ G?Dl)
n=

SUMq(N, [K1 : D, K, Dz],[Tl,Tz = T1+27p]) = Y q (Kz GnDz)vaUMq(Tl+1 [K
0
D1, [Th])

Theorem 64. Z q”G"G”JrK M>0M>K

2(M— K)+1G{VI+1GN$K+qM KGM KGN+K
M-2K 1GM+1GN+ +1+qM K(GM K

=4
1 M {VH_Z M—K\~N+ q_K 1GM+]\1/I)CI;<IIC]/I—~J;1< K+1
( 2(M—K) +1G + qZM K+2G )G jyas _|_qM KG GM——"_G-2+

Use this to prove:

Theorem 65 [2] SUM,(N, PS, PT

IH(T-T_)XTo1 L XK1, v
N+T, GN+Tu-M q i G D;, X;=T;
Formy — 2 HI(Q)Gy M~ z M ,B; = 1
> Hi(8)Gyo = " 4=0 1(®)Cry iy B g T T D11 (Ko 4.6 T D), X =K

M *(T'*XK_l) Ti7XK71 R o
N+Ty—M N+Ty—M i G D;,X;=T,
Formy — ). HZ(S)GNJrl = Z H3(g)G - *8 B, = {q 1 B

=0 420 Tm—M+1+4g 7 K,-fq*(Ti*XKfl)GTFXK‘lDj,X,-:K,-
F M 2 GN+TM*8 _ M H GNJFTM 8 ,B; —
orms — gZO 3(8)GN 1Y = ggo 3(8)Gry 11 =

g T T =DXr—1 £ (X7 1Gz —q"iG; X7 ND;—KigTi }, X;=T;
gl T DX (K, 1.6 T D)X=

Hi(g) = ():): H B,,hm SUM,(N) = SUM(q),;ig% HY(g) = H(g)
gl

7.2. Property

M
Theorem 66. V;SUM,(N, PS,[1,2..M]) = I—[l (K; + D;GY)
1=

Theorem 67. In SUM, (N, [...PS...],[..T +1,T +2..T + M...]),K; can exchange orders.

Formy is simplest,X = T)y — M —p, 3 —

M M N+X+
Theorem  68. V/SUM,(N) = 20 Hi (g)G;Z}’Iﬁgq = Zo Hj (g)GX+1+gg =
8= 8=
M N+X+M—
Zo Hi(8)Gx i1 9 %
g:
Definition 16. n,— = q "G}, ng+ = "G}, ng-! = ny—..2; 15,0, = 0,144 ! is similar.

Formy, —
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Q

Theorem 69. SUM,(N, Ly, , Ly, ..Lg, ,PS),[L1,L2..Lo, PT]) = T L; SUM,(N,PS,PT),T; can
i=1

great than 1,T; € N

N+T,
Theorem 70. SUM,(N, [T1q7, Ty, ...Tqu], [T1, Tr..Tym]) = H T, GTM+fA

N-—1
SUM,(N, [15-,2—..Mg_],[1,2..M]) = T FIGITIGI2, GIM = GIG2..GMGNHM

By definition and 4

Theorem 71. In H1(g), ¥ T14%" = G} = Gé\/l
X;eK

7.3. Application

Theorem 72. Y ghthatetin = G]I\\]A+M = G%+M (6]
0<A <A <. <Ay <N
Proof. SUMy(N + 1,[1,1..1] : 0,[1,3.2M —1]) — Hi(g > 0) = 0HJ(0) = 1 —
A
% M. 22 g =GN"™ O
Am=0 A=0
Theorem 73. y ghTAtet A = q@Hl)Gi\’fM

1<SAM <A <.<Ay<SN+M

N oA Voo, 2 14 424 4M X B,
Proof. ) g™ ™M. Yy g2 ) g ™M =q YoMLY g Yy gn O
Ap=0 Aa=0 =0 Ap=0 Ao=0  A;=0

Theorem 74. Z q)\1+/\2+...+/\M _ q(§4+1)+(A71)MGII\3/;A+l,A/B ¥/
A<M <Ap<..<AMy<B

By simply following the definition of product, we can obtain:

M .
Theorem 75. [] (1+¢4%z) = Z q< )+AgGMzg
i=1

M , M g M .
A=-1 or 1,t's g-Binomial Theorem:[] (1+4''z) = ¥ q(2)G§Azg , TT(1+42) =
M +1
Y q@ )GMzg
g=0 ¢

IfT,+1= Tiv1,D; =1,K; = Ki%
X=T  [g*rcTi*k=1 ([T Xk-0GhiXk—1 [+ Xrghi-Ki-Xr1
B; Of Hl 23( ) X K - q—Kl-GKﬁXT,l [ q—KiGKl»—TiJrXK,l r— q—KiGKi+XT71

It’s similar to 1.Replace each B; to fo in H(g, [K1, K>...Kpg], PT) and multiply by 4’ to obtain H1(g).
If there is another K; + 1 = Kj; 1,74 can be used to obtain general formulas.

Theorem 76. Expansion of 2:GY M = Z g+ SGYGY, G = Z g8 +1+P) sGYGH T,

M+1 — 1+g’ " M+1+P — P+1+g
Proof.
N+M M N
SUMq(N, [1q_,2q_...Mq_}, [1,2..M]) = Mg Gyt = Y H (g)G1+g =

§=0
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SUMy(N, [M;—, ..., 15-], PT)
_ +1 _ AN
Hiig 1) = 01t M@ TK) = GG L GI e g g
M <a<Ay— <
q (§+1> g~ (M+1)(M—g) 3 g AM—g (gH) (Mfgﬂ)
Hi(g) _ 19 < SAyg_g <M _ 0 g et G grgseM
Mq,' = 2 M) = q7(£/1+1) =9 g
N_ 4 g 8 ~M[N+M-g
Theorem 77. Gy = L. (—1)°q 2 G, {ZM } 1
g=0 q2
Proof.
SUMq(NJrl,[ql'(q 1)q', qz'(q g™ (g - 1)gM], [1,3..2M — 1])
_ g gPm+M Z gPa+2 Z M = q( ) Y G2t An) _q(M+1)|:N+Mi|
Am=0 Ao=0 A=0 0<M <o <AMEN 7

B, Ong(g) _ {q:%—XT 1{(4%T- 1Gl - IG Xr— U)D,—KiqTiy=—q P 2XT 1 = gi=142X7 X T,
PTAKAG T D)= T-1(g1+Gy T (g—1)) =g?XT-1H =g 21 X, =K
Factor ¢' is present in all of them here, so q(1+2+ +M) can be extracted.
M+1
Hi(g) = (~1)8q(H2+-+M)—g 421424 4g) 3 []g2X7 = (~1)3q(0"") " H 2
X;eK q
MY Ivam] . Mg Nt2M—g _ (M+1y M 2 [ NiaM g
] = BB = B o ] ol

O

Definition 17. 4EN, = ) G}1GJ2..G{™ = SJ(N + M, N)
1<A <A <L <AyEN

M
Theorem 78. (GM)M = (1+g+...+¢"N"HM = ¥ ¢,.151(M,g)GNg 8
g=1

Proof.

VESUM(N, (15,1414 ], [1,2..M]) = TT(} + L) = g7 M(GITH)M = g~M(GN)M
M—-1

= g 'VESUM(N, [15-,14-..14-1,[2,3..M]) = ¢! 20 H{ ()G}, 41
g:

i+1)—X
B _ g XT— 1G<t+) K1 _ X G;+X7:q*1q]+XTG}+XT,X,-eT
g7 1+G, X1 =g~ 1G1+XT =g~ 1G1+XT X;€K

1
H{(g,T) = g~ V(g +1)q4!, H{ (¢, LK) = g~ M~18) ES7,
-8

M—-1
(GM =M1y g~ (g + 1), g~ MT78IS](M, g +1)!G,

-8 O
149
40 +g

Use PS = [K;+1: Di(g —1)], PT = [1,2..M] —

N-1 M M g%T (gXT -1)D;, X;€T
Theorem 79. 20 q" ]—Il (Ki +Djq") = Zo H(g )Gll\zrg'B - {K +(qXTD )ZEK
n= i= 8= v

. M ) M
Ki=1,Di=q7'z— VSUM(M+1) = T[] (1+¢"'z) = ¥ H{(8)GY'q78(%)
i=1 g=0
B — 9T (4*T -1)q7 "2, X;=T;
! 1+q5T g iz=14q" " XK-12=144%Kz,X;=K;

H‘17(g) = g2t (gt —1).. (g8 — 1) 5 GMA) (1 4 g 12). (14 g~ M=8)z)
—M<A<..<Ag<-1
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M g+1 g+l
(%) = ggoq(z >zg(q1 —1)...(g8 — 1)q<2 ) g(MH)GQ/I(l +g712)..(1+ q*(M*g)z)Gqu*g
M M—g+1
= 5 SO M ) (gM-s 4 1) (g1 4 2). (g8 1 2)GM
=0

Combining g-Binomial Theorem —

M
Theorem 80. Z q(z)ngM(q — 1) (gM T D) (M8 +2). (g +2) =40 © q(ﬁ)nggI
§=0 §=0

Use 79 and induction —

M
Theorem 81. ZO H (K; + Dig") = Zlf(g)Gé\] + NTIK; f(g) = YI1B; =
n i= 8=
1,X,eT,Xr_1=0
qXT*I (qXTA — 1)Di/ X, eT,Xr_1>0
Ki, Xi € K, X711 =0
K;+g%171D;, X; € K, X714 >0
M g1 ) M g )
Theorem 82. gM" = Y Gé,w IT@" — 4" = gMY g8 L]gw} L (" —q7") =
=0 ° i=0 =0 1 i=1
M
Y GY(-1)$qG)GyM8
g=0 ¢
Proof.
qM”*V15UM( .1, 1 A :q—-1,[1,2. M])
z H{(3)Gpq 8 = z Hi(3)Gy ™S = 2 HI(8)Gy " ¥
X116, K (g-1)=q (XT—l),XzGT q q
B:" 1 JHY(¢,T) = (g —1)8¢,.!, HI (g, Y K) =
1 {HGlX“(ql)qX“qXT,XieK 18 T) = (0 =18t iz K
X1y (X1 1) XT (X7 _1 XET

Bi - {Z(I+XT1)(=qq1qXT,X)€IZ (‘7 ) ’qu(g, T) = (q - 1)gg‘1—!’ Hg(g,ZK) =
—(M—g) [M
g~ M=g) [g L*l

_ 1+XT—1:7 XT,XET g+l
b= {q’?Tl_qu,quK JHi(8,T) = (_1)gq<2 ),Hg(g,):K) =
O]

N k;
Theorem 83. 3 ... ) z gtk kg ESUM, (ky, PS, PT) = V]~ "SUM,(N, PS, PT)
k=1 k2 1k;=1

N k

Theorem 84. Y .. 3 ): ghrthe -t SUM, (kr, PS,[1,2..M]) = Vi=*SUM,(N,PS,[T; = i+
k=1 k2 1k;=1

(r—=1)])

Theorem 85. Y gttt (K4 G Dy + ... + G{M D)

OSYllS...SnMSN—l
= {q'Dpt + @ (Dpm + Dpis1) + o + M (Dag + Dpgsr + . + D) }Go Y + KGR M!

M—-1
Theorem 86. (K+gD)M = (4—1)D ¥ (K+ D)$(K +gD)" '8 4+ (K + D)M
g=0
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Proof. PS = [K+ D,K+ D..K+D]: (§—1)D,PT = [1,2...M]

e @ T-)DXET gy 101 a by _ M
Bi = {K+DqXT,XeK CHi(1) =q'(q 1)Da+h:Mz—:1,a,hzo(K+ D)*(K+¢D)", H;(0) = (K+ D)
SUM, (2) — SUMy (1) = H{(1) + H{(0)G} — H{(0) = H{ (1) +¢H{(0) = (K +¢D) O

7.4. Relationships between HI(g)

M
Theorem 87. PT = [1,2..M], H{ (g) = qs&*V) ¥ HI(k)GEI3]
k=g

8

_ q _ q M-k —k
Theorem 88. PT = [1,2..M], H{(g) = kgo Hy (k) GM_gq(g+1)(8 )
Proof. Direct verification when M=1, assuming M holds.
(*)H{(PS1,PT1,g) = g8G{H{(g — 1) + (Kmt1 + Gf Dars1) H{ (8)

M M

= 4SGiH{(g —1) L Hi(x)Gy1=g;1058™' ™) + (Kna +GiDpsr) L H3(x)Gygg s+~

xX= X=

(s

~—

M+1
HI(PS1,PT1,¢) = Y. HI(PS1,PT1,x)GM 1 xqlst1(s-2)
x=0

M+2_ X+1 _ o
OHg(x){%DM+1 _KM+1qM+z}GAAg+qu(g+1)<g x-1)

Mz

M
+ X H(x)(Kny1 + GXDa1) G~ g8 (=)
x=

Items containing Kjp41:
K1 G%ﬂ:gq(gﬂ)(gfx) _ qM+2KM+1G%;i‘_gq(g%l)(g*xfl) — KMJFIG%:gq(ngl)(gfx)

Items does not contain Ky :
In (%) = ngigDMHGAAﬁ:;Hqg(g’l*x) + GprHG%:;q(gH)(gfx)
Divide by Dy+1g%¢88 (g = 1) 7" = (g8 = 1)Gy 1o + (45 — 1)Gp 398" = (g5 = 1)Gy 5
M+2_ x+1
DMHG]]Q,I/I;qu(g“)(g—"—l) + Gi‘DM+1GAAZIﬂ:§q(g+1)(g_")

In (x%) = %
Divide by Dy11g8g88 1% (g — 1)1
= (@ DG+ (0 -GN = (- NGNS O

K
Theorem  89. (gM — 1)..(gM K+ — 1) = ZO(—l)gq(z )Gﬁﬂcﬁii =
g:

K K= ) 4 (K—g) (M=K
ggo(l)gq(z )+( g)( )G§

Proof. 88 and 82 can obtain the first equation, the second equation is derived from 75. O

Similarly, using induction to prove:

k+1)+(§’3)

M
Theorem 90. PT = [1,2..M], H(g) = L. (—1)"*8Gkg ™ HI (k)
k=g

g (8K
Theorem 91. PT = [1,2..M], Hj(g) = Y. (~1)"*8GHFg¢ D0 G mw)
k=0

Theorem 92. PT =[1,2..M] and D; = 1,H] (g, LK) = Fj_ X gE§ + i 1 X gEf + ..+ F X gE§;
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This indicates any Z ”gGerg can be converted to MM VASUM, (N + B, [Ky, Ka..Kp), [1,2...M])

Use 90, 91 and 68 ,we can obtaln the inversion formulas.

M M _
Theorem 93. If }_ agG{erg = ¥ bsG i(igg = Z CgG;(LI\\AA §
g=0 g=0

1. a q(l V)8 = g8l +1) kz kak kZOCkGM ’g<q(g+1)(g k) g(1-Y)k
£}
M

k=g
g _ 1(g—k)—(57* _
3 ngu_Y)g:kgo(_l)mgcﬁ_gq(ﬁ )3k (§ )akq(l Y)k

7.5. Merge and Expand

Theorem 94. Necessary and sufficient conditions for merging,0 < K < M:

x—g
1 2H(n> Yin ,0( )Gﬁé‘w 1)"Gyq ) (g0 — 0,0 < g < K
"MK

(
"7 8¢ o)) (5
2. ZOH(n) Yon — g ()GYIE., - xgo( 1)GM- g&TDE—)~ (5

g )H(x)q(lfy)x =00 <
%—g<1< M

3. ¥ H(m)Gyly = Z ( JGY Ikt s L H(NG =0,0<g <K
n=0 x=

4. goH(n)Gj\(M"Y z ()G 20H(x)c;;\g;;q(gm(g—x)q(l—nx —0,0<M-g<K

Y=1,76 —:

M x-g M x
Theorem 95. zo(—l)xcgc;wq(z ) —0,0 < g<M YL (-1)*cMg() =0
xX= xX=

Theorem 96. P=A+T+1-YM >A >0,

M A+T+8 ~X 1+T—P A+T ~M+T X4+M-A 1+T—P

ZGMG G g(g+1+ ) — ZG+G +xG x(x+1+ )

R +¢1 By AT UMAT Y M- A+x1

Proof.

SUMy(N, (T +1)g—, (T +2)g—ece(T+M)y_], [T + A + 1.T + A + M]),B; of Hi(g)
qXTG1T+A+i_XT,XizTi

{q (T+i)GT+i+XT Xi=K;

g(1+g) T+A T 1 g ‘
2 GX piiiod 2 GIFAFL G TATE  GIHM, G, P81 g~ (M=g)(T+M+1) y qEN
+T+1+¢ - A oy
§=0 M <e<Apg<

(Mfg+;)(Mfg)

_ (4 -1).. q 1) Z X 8048 (M—g)(T+M+1)+

A+1
T X1l T+M ) (qTHAH -

X (q
) A+T+gGM
=g <T+A+1>GT+A+1 q (T+M>GT+MSUMq(N,[(T+1)q,....(T+A)q,],[T+M+1...T+M+A])

—(M— A)(T+A+1+T+M (A—x+1)(A—x)
7z

=4
% GT+M+1 GT+M+X X GT+A GT+X+1GA

GT+A+1 GT+M Z Gz)\(ﬁ]\r/tﬁx M) (A—x)(T+A+1)+

§(+g) - (M-g)(g+M+1+2T) A4 T4g
- Z GA+T+1+gq 2 Gy Gy
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—(M—A)(T+A+14T+M) A X4 M_A XU —(A=0)(+A+142T) a4
=1 2 JEO AT 1447 : Gyt Gifr
M A
MAA+T+E ~X 14+T) _ A+T ~AM+T+x ~X+M—A 1+T
— ggo Gy Gy GA+T+1+gqg(gJr T = x§0 Gt Gy J(GM+T+1+qu(x+ D
The difference between this and 34 is that M>A is required.
M M
_ M~N 1+T) _ M~N M—-g)(M—g+14T) _ ~N+M
A=0— ggOGg GT+1+gqg(g+ +T) — ggocg GT+1+M_g‘7( S (M—g+1+T) — Griiem
K
K=T+1+M — GMGN  (M=g)(K=¢g) = GN+M 1y the g-Vandermorde Theorem.
28 K=l K !
M _ §—B
0 < B+A < M9% - ¥GMcTEcY ()l = 0 o

g=0
M
L GGy SGg8) s (—1)s =0
g:

A and B have symmetry,2—.

M
Theorem 97. y GYG "¢ GRt8a(3)-s(A+B) (18 =0,0< B+ A< M
§=0

M M+1-g .
Theorem 98. ). (—1)gcgﬁcfdj§<q(2 )+ M=K _(_1\MGX X 4 g > 0,K > 0
g=0

Proof.
SUMy(N, [(T+1)g—, (T +2)g—(T+ M)g_], [T+ K+ M+ 1, T+ K+ M+2..T + K+2M))
(1+g) M-g+1
Hi(g) =g = MoTMi QU)o grekeman GTHMES  GTeM GTHHS o GT+MHIGM

M B (3-1) _ _ _
HJ(0) = ¥ (—~1)8H](g)q 86D+ 55— ~(T+KeM)g — (_1)Mg-M(THIHT+M)GKEMGREM-1 | gk

§=0
M M-g+1 _
L (—1)MGKHM_ GKHL 3 (qygg(e ) FMDK TR eM TeReMeL  GTEM | GTHIS
§=0

M
Gg
M—g+1

M _
S (COMGERM = E (—ysgle )0 gy
g:

7.6. Matrix of SUM,;(N)
Let P = N+ Ty — M, Q = N — 1, corresponding to the three forms,define A? »3(P,Q,M) =

P p P P+M P+M P
Gh ... Gh_y Gh ... Gh GE™M ... Gh_y
Pim L oM P gpiam |\ gpiam L P
Goti - GH GotM - GhiaY Gorat . GP
q q G GOt1  GOUM. (P41)+2(P+2) 4.t M(P4+M)
Theorem 99. || A5(P,Q, M) ||=|| AJ(P,P—Q,M) ||= —Fontq

B
” AZ(P' 0, M) ”: q(P+1)+2(P+2)+...+M(P+M), ” Ag(P, LM) ”: Gf/{—:ﬁ{lq(P+1)+2(P+2)+...+M(P+M)

P ~P+2 P+2M
GQ GQ 1 G (é\/Hl)

Theorem 100. || Atiﬁ(P, QM) |= el gz grim
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8. Multi-parameter Formal Calculation

2-parameters Formal Calculation calculate nested sum of K; + (T) Dyi+ (5) Dy.
N-1
SUM(N, [K{],[T1,1 =1:D11],[Ton =1:D21]) = ¥ (Ki +Dyin+ Dy (3))

n=|
SUM(N, [Ky, Kp], [T1p: D11, Tip = Tip +2—p:Di2), [Ton = Tip i Dot Top = Tip : Dapl)
N-1
= Zo (K2 + Dipn+ Dap (5))VPSUM(N, [Ky], [T11 : D14, [T2n @ D2;1])
n=

Recursive define SUM(N, PS, PTy, PT,). Thereis always T; = Ty ; = Tp;
Use the Form: (Ky + T11 + T21) (Ko + T12 + To2) (Kt + To,m + To,m)
Use Tj to represent the set {T7 1, T1 5...T1 M}, T2 to represent the set {T 1, T2 5...Tp pm}-

Definition 18. X(PT;)=Number of {Xj..Xm} € T1, X(PTp)=Number of {Xi..Xm} €
Tp, X(PT)=X(PTy)+2X(PT,)

Definition 19. Xpp1=Number Of{Xl...X,'} € Ty, Xpro=Number Of{Xl...XZ'} € Tr, Xpr = Xpr1 + 2Xp12

Theorem 101. SUM(N, PS, PTy, PT>)
Ki + XprDy,i + (f”) Dy, Xi = K;

2M
N+Ty—M , ’
= ggo Hi(g) (TJ—A&HW) Bi=4 (Ti—i+ XPT)DM;- (PX— i+ Xpr)(Xpr — 1)Dy;, X; = Ty
(21 1 PT) DZ,i/ Xi — Tzrj
oM Ki— (T;—i+Xpr+1)Dy; + <2Ti—i+XpT+2) Dy Xi = K;
N+Ty—M+ ‘ ‘ ‘
= ggo Ha(g) (TM—ﬁHJrgg) ,Bi = ¢(Ti —i+ Xpr)D1,; — (TIT_T;; Xpr)(T; — i+ Xpr +1)Dy, X; = Ty
(2’ 1 PT) Dy i, Xi = Tp,i
2M Ki + Xpr—1D1,i + (f”’l) Dy, X; = K;
= ZO Hs(g) (?JI%T?) ,Bi = —2K;+ (T +i—1—2Xpr_1)Dy; + (T; +i— Xpr_1)Dy, X; = Ty
= i Ti+i—Xpr_
Ki—(Ti+i—1—Xpr_1)D1; + (2 +i—Xpr 1) Dy X; = T,

According to this way, it can be extended to multi-parameter SUM(N) and SUM,(N). This
formula is complex and has not been studied in terms of analysis yet.
9. A theorem of symmetry

In this section,T; > i.

M M
17— Hi(g, PT,PT) = ]_[1 T; ({g\d) = Hl T; (Qfog> Promoted it:Set T come from p Source:Sy, S...Sp.
i= i=

Definition 20. Diff(Sy,Sy) = 0, Diff(Sx,Sy) = —Diff(Sy,5¢) = 1,x >y

Definition 21. Dif f(T;, Tj) = Diff(Sx,Sy), T; € Sx, Ti €Sy

M
Definition 22. W(g1,82.--8p, [T1, T2..Tm]) = ) IT (T + X Diff(T;, Ty))
81182+ +8p=M,gi=|5;| i=1 j<i
In set T, g1 come from S1,g2 comes from Sy...gp1 comes from Syy.

M
Theorem 102. W(g1, g2--8p, [T1, To--Tw) = T1 7 ({g\flgng)
=

Mm Tt X Diff(T;T;) r T»):—ll

Definition 23. W, (g1, 82.--8p, [T1, T2...Tm]) = Y e i<i g <P
Sitg2t.+gp=Mg;=|5;| i=1
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M M-1 1
Definition 24. GM = (@D D=l oy o)y 4o =M
SEE L gm0 ).

i=0

1

M . .
Theorem 103. W, (g1,92--8p, [T1, T2 Tat]) = (_1 Gl )GM gy g T >

Proof.
W(1,1,[Ty, T2)) = GG + G162 g = G G2 G2 Holds
Suppose Wq (gl,gz, PT) hOldS,Wq (gl,gz +1, [PT, TM+1]) = TM+1 € Sourcei + TMJrl € Sourcep
— Wq (g1,g2/ PT)GIM+1+81 + Wq (g1 -1, 0 +1, PT>GIM+1*(g2+1)qg2+1

M M

Ti T, + Tl T, — +1

— (I—Il Gl )Gg,g2G1M+l 81 + (I—Il Gl )Gé\ffl,g2+1G1M+l (82 )qu-‘rl

i= i=

M ATh g1 M AT~ (M=g1+1) _M-g¢1+1 _ ~Tm+1 ~M+1
Just need to prove:Gy/ G; +Gg 16 qr 8T = G Gyl

(Right side) x 7(”7221‘1) = (™o f g+ )M - 1) = (1)

(Left side) x %
1

= (qM—gﬁ-l _ 1)(qTM+1+81—1 + ot g+1)+ (g8 — 1)(qTM+1_1 o+ qM—g1+2 + qM_gl‘H) =(2)

(1)-(2)=0—1It’s holds when p=2.

= (gM-gi+1 1)G1TM+1+81 + (g% — 1)GIM+1_(M_g1+1)qM_g1+1

81,82+83
Every product has g, + g3 factors come from Sourcep,divide them to g x Source; + g3 X Sources
g1-factors are invariant, (g, + g3)-factors are variant.

i 82188 _x; ~gotes
Y1 (variant factors) = Wy(g2,83, (X1, X2.. Xg, 4 ¢5]) = 11:11 GG g

M .
Wy (81,82 + 83, [T, T2.. Tm]) = (Hl GlTl)Ggﬁgﬁgg
=

M7\ ~gitgt + M7\ gitgt
W;(81, 82,83, [T1, T2.. Tm]) = (Hl G )Gy giiey Ghrgr’ = (,chﬁ )G g O
i= i=
eg + Wy(1,2,[1,2,3]) = 51525 + 525152 4+ $25:51 = GiGJG} + GIG{qG} + GIG3Glg? =
GiGIGIGY,
eg : When Wy(1,2,[1,2,3]) changes to W, (1,1,1,[1,2,3])
= 515253 + 515352 + 525153 + 535152 + 525351 4 535251
= G{GG} + GiGiq} + G1a{Gi G} + G Giq} + G14°{G{ G} + GiGiq}
= GH{GIGIG,} + G19{GiGIGl, } + Gig*{GIGiGi, } = GIGIGIGl, x Giy = GIGIGIGY
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