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Vito Antonio Cimmelli
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Lucano, 10, 85100 Potenza, Italy; vito.cimmelli@unibas.it

Abstract: We propose a thermodynamic model describing the thermoelastic behavior of composition
graded materials. The compatibility of the model with second law of thermodynamics is explored
by applying a generalized Coleman-Noll procedure. We calculate the speeds of coupled first-
and second-sound pulses, propagating either trough nonequilibrium or trough equilibrium states.
We characterize several different types of perturbations, depending on the value of the material
coefficients. Under the assumption that the deformation of the body can produce changes in its
stoichiometry, altering locally the material composition, the possibility of propagation of pure
stoichiometric waves is pointed out. Thermoelastic perturbations generated by the coupling of
stoichiometric and thermal effects are analyzed as well.

Keywords: Composition graded materials; thermoelastic solids; generalized Coleman-Noll
procedure; thermoelastic-wave propagation

1. Introduction

Functionally graded systems are new materials whose behavior varies along some given directions
inside the system [1,2]. Such a property can be used to optimize their performances of in several
applications [3]. For example, at nanoscale graded alloys of the type Si. Ge;_., with the stoichimetric
variable ¢ € [0;1] changing along a given direction, are used in the design of thermal diodes [4-8], or
to enhance the efficiency of thermoelectric energy conversion [9,10].

The study of elastic and thermal properties of composition graded systems is a promising field of
research, since applied mechanical stresses may influence their thermal conductivity, providing so a
wider degree of control of their thermal behavior [6,11,12].

In the present paper we focus on the thermodynamics of composition graded thermoelastic
systems, by postulating a syatem of balance equations modeling their behavior and investigating its
compatibility with second law of thermodynamics [13]. A set of thermodynamic restrictions, giving
necessary and sufficient conditions for the thermodynamic compatibility, is derived by applying a
generalized Coleman-Noll procedure for the exploitation of the entropy inequality [14-16].

Furthermore, we investigate the propagation of thermoelastic waves. We derive the necessary
and sufficient conditions for the propagation of the acceleration waves, and analyze them in different
situations. In such a way we get useful information on what could be obtained from experimental
thermoelastic-perturbation measurements. The outline of the paper is the following.

In Section 2, we postulate the model equations.

In Section 3, we prove the compatibility of the equations above with the second law of
thermodynamics, and derive the form of the Cauchy stress tensor and of the specific entropy.

In Section 4, we calculate the speeds of propagation of thermoelastic pulses both in equilibrium
states, and in nonequilibrium states.

In Section 5, a discussion of the obtained results is given, and possible developments of the theory
are analyzed.

© 2023 by the author(s). Distributed under a Creative Commons CC BY license.
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2. The Model Equations

In nanosystems nonlinear effects influence the propagation of thermomechanical disturbances [17-20].
Then, new mathematical models beyond the classical thermoelasticity [17,21-24] are necessary. In fact,
at nanoscale even small differences of temperature or displacement may produce strong gradients,
in such a way that linear constitutive equations are no longer valid. Furthermore, when a transient
thermal pulse is applied to one end of a system, it arrives at the opposite end in a very short time, i.e.,
before of reaching its equilibrium value. Thus, when studying thermoelastic nanosystems, a nonlinear
heat-transport equation allowing propagation of thermomechanical disturbances with a finite speed is
also needed. Due to the considerations above, here we assume that:

the heat-transport equation couples thermal and elastic effects;

the thermal conductivity and the relaxation time depend on the deformation too;

the stoichiometric variable ¢ € [0, 1] and its gradient enter the state space;

the variable c can change with time, due to the changes of volume produced by the deformation.

O O O O

In practice, we regard c as a a scalar internal variable, whose dependency on the points of the
system is known when the process starts, but changes as a consequence of thermoelastic deformation.
As usual for internal variables, the kinetic equation giving the evolution of c¢ is defined on the
state space.

In the following, we will focus on small deformations, so that our model equations will remain
within the frame of linear thermoelasticity, although, due to the nonlinear dependency of the
constitutive equations on the strain and on the heat flux, the full model is nonlinear.

Due to the considerations above, in the present research we develop a mathematical model which
lays on the following set of equations

oii; — Tjj; =0, (1a)
0¢ — T;jE;j +qi; = 0, (1b)

2TQ

Tg (1+ acEpcEpk) 4i + 9i + & (1 + axEpcEpi) € — o Wi~ teEijqj —acc; =0, (1c)

¢=H(X), (1d)
wherein:

the indices i, j, h, k, range from 1 to 3;

u; is the local displacement vector with respect to a reference material configuration;
T}; is the Cauchy stress tensor;

0 is the mass density;

¢ is the internal energy per unit mass;

gi is the local heat flux;

O O O O O O

Ui + Uj,

o

Ejj is the strain tensor (i.e., E;j =

);

o  Cis the specific heat, related to the internal energy per unit of mass by the relation ¢ = ¢, where
%= o is the absolute temperature;
Kiss t%e thermal conductivity;
T, is a material parameter, depending on € and c, such that 7; (1 + a;EjEpi) represents the total
relaxation time of the heat flux (i.e., the time elapsed between the application of a difference of
temperature and the appearance of a heat flux);

o 7g is the relaxation time of the strain (i.e., the time elapsed between the application of a stress and
the appearance of a deformation);

o T is the relaxation time of the heat carriers, i.e., the quantity —, with £ as the mean free path and

0 as the mean speed of the heat carriers (phonons, electrons, holes);
o arand a, and a. are material functions depending on ¢ and c;
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o X denotes the set of the elements of the state space, which will be specified better below.

We note that in Equation (1c) the strain influences both the total relaxation time, and the heat
conductivity, according to the results in [25,26]. We also note that we are supposing 7; # 7g. Indeed, at
nanoscale size effects on the relaxation of the heat flux become as more important as the characteristic
dimension decreases. Consequently, in the present approach, the total relaxation time of the heat flux
(namely, 7;) does not coincide with the relaxation time of the heat carriers (namely, 7g) [27,28]. At
macroscopic scale, instead, where the size effects are absent, 7; reduces to 7, and the strain does
not influence the evolution equation of the heat flux, so that 7 = ar = a, = 0. Then, Equation (1c)
reduces to

. K ZTQ
TQqi +4i + 8 ?%iq]’ =0, (2)

which is the nonlinear Maxwell-Cattaneo equation derived in [29,30].

3. Thermodynamic compatibility

In the present section we postulate the following state space

Y= {S,S,k, S C ks Qs Ghjr Ehk} , )

and investigate the compatibility of Equation (1) with the second law of thermodynamics. In
order to better specify the theoretical framework of the present theory, we observe that the heat flux,
whose evolution is ruled by Equation (1c), enters the state space, We observe also that the gradients
of the independent thermodynamic variables belong to X. Such considerations allow us to conclude
that our model is within the frame of Extended Irreversible Thermodynamics (EIT), a weakly nonlocal
thermodynamic theory in which the dissipative fluxes have the rank of independent thermodynamic
variables [13,17,21,22,31]. According to the basic tenets of EIT, the gradients of the basic unknown
fields can enter the state space.

Second law of thermodynamics imposes that the local rate of entropy production

o) =5+, @

wherein s means the local entropy per unit mass, and ]l.(s) is the entropy flux, has to be nonnegative for
arbitrary thermodynamic processes [13]. When the dependency of s and J; on the state variables has
been made explicit, the inequality (4) reads

Js. 0s . s . Js | s . Js. 0s .
ol ==¢+ gs,i + S 4i + 34, + 7Ei]‘ +=—C+=—C; |+
i i

de aq aq]»,z- aEl‘j dc aC’i !
i 9] dJ; /i i 9] i
e € + aS,j 8,]1 + aq]‘ "7],1 + a‘h,k q;,kl + aEhk Ehk,l + oc Ci + 3C,k Cki = 0 (5)

The inequality (5) will be exploited by a generalization of the classical Coleman-Noll procedure [14-16],
which consists in substituting in (5) the evolution Equations (1b)—(1d), and their gradients, up to the
order of the gradients of ¢, g; and c entering the state space (see also [32,33] for more details on the
generalized exploitation procedures of the entropy inequality). Doing that, we consider of the first
order of magnitude the gradients of the independent thermodynamic variables. Then, in a first order
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approximation, we neglect the terms containing the products of such gradients as, for instance, the
term gy, Ey i9x ;- In this way, we obtain the following inequality

ds TE]] ds ds : E
(aql Tqu + aqz',k TEq],k asTl] + Q8E11> E1]+

dcpde;  0q;x CTyA; O

ds 0H ds  2704; d dJ;
(S + S Qq] _Sék+]l> ‘7j,ki+

ock 0qj;  0qif T;0eA; e / 09j

i | 9s oH
aEhk ac/i aEhk

) Epk,i+
ds ds .
7kTqu — aS,lTJk) Ei]',k—l-
< ds 0H  0s dJ;

—_— — L ; >
aC,k aC,i aqi,k e * aC’k> C’kl + f(Z) - O, (6)

wherein Ax =1+ axEpEp, Aq = 1+ acEpgEpg, Jj is the identity tensor, and f (X) is a scalar-valued
function defined on the state space whose expression is omitted for the sake of concision.

Theorem 1. The inequality (6) is satisfied whatever the thermodynamic process is if, and only if, the following
thermodynamic restrictions hold

ds TEqj 0ds ds ds \
<aq1‘Tqu + %TE%,I{ aingj +Q> =0, (7a)

ds oH ds KAk dJ;

ac,kas,i‘aqi,kc—Tqu‘ae,,(>:°' (7b)

—_ + [ ——— —_— = O, 7c
ock dq;i  Oqik Ty0eA;  Og; ik 0q; 7€)

2
< 9J; +asaH>(hk) _o, (7d)
(
(

9s OH s 2104 _ s 8h>
(ki)

aEhk aC,l' aEhk

ds ds
Wi,kTqu - ag,iTjk>(ij) =0, (7e)
ds oH ds i \
dciac, g f+ac,k> =0 @
f(Z) >0, (7g)

wherein the symbol (F) denotes the symmetric part of the tensor function F, while the symbol (F >(ab : denotes

the symmetric part of F with respect to the indicated indices.

Proof. Preliminarily, let us evaluate the inequality (6) in a fixed point P of the body, at a fixed instant 7.
Then, taking into account that, in a fixed point, the values of a function and those of its derivative are
independent quantities, Equation (6) can be regarded as an algebraic inequality which is linear with
respect to the elements of the set

H(P, ) = {e,ki(P, £),cxi(P,F),4ixi(P,F), Enki(P,F), Enic (P, F), Eni(P, f)} , ®)
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called set of the higher derivatives in (P, f). Such derivatives are independent of the quantities in the
brackets, which, instead, depend on the elements of

%(P,#) = {e(P,F),ex(P,F),c(P,F),c (P, F), qu(P, £), 4 (P, E), Enic (P, £) } -

Moreover, since the inequality (6) must hold for arbitrary thermodynamic processes, the elements
of H(P,f) can have arbitrary sign and, consequently, the same is true for each of the linear terms
entering such inequality. This implies that the inequality can be violated for some values of the elements
of H(P, ), unless all the linear terms in it vanish. This happens if, and only if, the thermodynamic
restrictions (7) hold in (P, f), once the symmetry of the elements of H (D, f) is taken into account. On
the other hand, since the point (P, f) is arbitrary, the thermodynamic restrictions (7) ensue. [

Remark 1. Inequality (7g) is also called reduced-entropy inequality, since it represents the effective local rate of
entropy production, once the restrictions (7a)—(7f) have been satisfied.

Remark 2. The classical Coleman-Noll procedure [14] consists in substituting in Equation (5) the sole evolution
Equations (1b)—(1d). Thus, the set of the higher derivatives becomes

H(P,f) = {E,ki(pr £),cxi(P,E),qixi(P,E), Eni(P, E), Epi (P, E), Epgei (P, E), € (P, ), ¢ x (P, E), ik (P, f)} ,

and the set of coefficients which must vanish is different with respect to the previous one. In particular, according
to such a procedure, the coefficients of the quantities ¢ ;, ¢y, and q; , must be zero, preventing so the dependency
of sone; cy, and q;.

It is expected that such a methodology implies more severe restrictions on the constitutive quantities,
because it requires that the entropy inequality is satisfied under the constraints (1b)—(1d), independently of the
form of the evolution equations of the quantities ¢ ;, ¢y, and q; . It is very efficient in those physical situations in
which it is expected that the partial derivatives of s with respect to the gradients of the unknown fields vanish.
However, for some systems as, for instance, Korteweg fluids [15,16], such derivatives should not vanish, so that
the generalized method seems to be more suited for the exploitation of the entropy inequality. Below we analyze
some cases for the system at hand, in which s should depend on the gradients. The generalized Coleman-Noll
method reduces to the classical one if the form of the gradients of the unknown fields is not taken into account.

Corollary 1. If the inequality (5) is restricted by the sole constraints (1b)—(1d), the following thermodynamic
restrictions hold

s = s(e ¢, qi, Eij), (%)

<§;;EIZ; N g”ﬂj + Q£52>(ij) —0, 9b)

AL 0

<82ik> o 9d)
#1 (ki

<£5];k >(hk) -0 (%e)

()= o

g(x) >0, 9g)
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o . . . .. 0s 0s 0ds
wherein g is a new scalar-valued function which can be obtained by f once the quantities 3 905 and = —
i 9k k

have been put equal to zero.

Proof. To prove the Corollary it is enough to observe that, without the substitution of the gradient

) d )
extensions of Equations (1b)-(1d) into the entropy inequality (5), the terms is is aqs Gik, and — 5 > Cr
g ik Ck
would not couple with any other term. This would imply the following thermodynarmc restrictions
ds
- = 1
3, 0, (10a)
0ds
=0, (10b)
90,
s
= 1
ack c, 0, (10c)

ie.,s=s(gc,qi, EZ-]-). The coupling of Equations (7) and (10), yields Equation (9). O

Corollary 2. In order to satisfy the system of restrictions (9) it is sufficient that the following set of relations is

true
s =s(g ¢ q;, i‘) (11a)
ds Teqj Os Js
T W A ol (11b)
]i = ]i(sr c, qi)/ (11C)
h(E) >0, (11d)
i 9Ji i and i have been

, ” aSk aq]k E)Ehk aCk
put equal to zero.

., 0
’ aE,k
i _ i _ i .. . , .
=0, and =0and = 0, i.e, if Equation (11c) is true, then the restrictions (9c)—(9f)
aq]-,k aEhk aC,k

hold, while function g in Equation (9g) reduces to function / in Equation (11d). O

0,

Corollary 3. The thermodynamic restrictions (11a)—(11c) are satisfied by the following constitutive equations
for the specific entropy, the Cauchy stress and the entropy flux

$1C A
s = so(,0) + = qzz + & E 2 + yE —(BA+ 2y) sEl](S,] (12a)
SlTEq qi
= ~L + AEpdij + 2uE;; — (3A+2y) edij, (12b)
q<*q
c
Ji= s (12¢)

wherein sg and s1 are material functions depending on € and ¢, A and y are the Lamé coefficients, and w is the
coefficient of thermal expansion.
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Proof. It is evident that the constitutive Equation (12a) satisfies the restriction (11a), and the
constitutive Equation (12c) satisfies the restriction (11c). Moreover, by Equation (12a) we get

ds  siC

a e (13a)
0s ¢ o
3,  pe AEppdij + 2pE;; — (3A +2y)555i]} . (13b)

By Equations (13a) and (13b) it follows immediately that the restriction (11b) is satisfied, once the

thermodynamic relation a—i = % = g is taken into account. [
Remark 3. Equation (12) yields the classical expression of the entropy flux postulated by Coleman and Noll in
their celebrated paper on the thermodynamics of viscoelastic heat conducting solids [14], while Equations (12a)
and (12b) generalize the constitutive equations for s and T;; obtained in classical linear thermoelasticity [34].
Both the constitutive Equations (12a) and (12b) are local, as expected, and represent a very particular case of the
more general constitutive equations compatible with the set of thermodynamic restrictions in Equation (7).

Remark 4. It is important observing that the material coefficients A, y, and «, entering Equations (12a)
and (12b), depend, in general, on € and c.

, $1C 5 . L N ds
Remark 5. Due to the presence in s of the term 2%351%, in nonequilibrium situations the temperature ¢ = —

o
depends on the heat flux too.

One could wonder if, for the system at hand, the application of the generalized exploitation
procedure is necessary or not. To answer that question we observe preliminarily that, since function
H depends on E;;, the gradient of ¢ is not constant in time, as in the case of rigid heat conductors,
but can change as a consequence of the deformation, as it can be easily seen by taking the gradient
of Equation (1d). This variable gradient contribute to the variation of the heat flux too, according
to Equation (Ic), and this produces further thermal dissipation. Thus, both s and J; are expected to
contain terms which depend on E;; and c ;. Moreover, by Equation (1c) it follows that the temperature
varies along the medium even in the absence of heat flux, so that a dependency of s and J; on ¢ is
expected as well. The propositions below clarify the conditions under which such dependencies are
possible. To this end we generalize Equation (12c) as follows

c
Ji = 2ai+Jo(e ¢ Eip)ei+ e ¢ Eij)e (14)
and investigate its compatibility with second law of thermodynamics.

Corollary 4. The constitutive equation of J; may depend on Ej; if, and only if, s depends on c ; and H depends
on Ez]

Proof. To prove this proposition, we observe that if either s is independent of c ;, or H is independent
of E;;, then the thermodynamic restriction (7d) implies

ol
< 3 E]l > = 0. On the other hand, since the strain tensor Ej is symmetric, this relation is equivalent
nk / (k)

dJ;

¢
© 9En

=0, 1ie., J;isindependent of Ey;. O

Corollary 5. The constitutive equation of |; may be linear in € . (as in Equation (14)) if, and only if, either s
depends on c ; and H depends on € ;, or s depends on q; .
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Proof. To prove this proposition, it is enough to observe that if s is independent of c ;, H is independent

o
of € ;, and s in independent of g; s, then the thermodynamic restriction (7b) implies < Ji > =0or,

a€,k
. 1/9];  9dx\ _ . o . . .
equivalently, = { =— + =— | = 0. It yields Jyd;x = 0, once Equation (14) is taken into account. [
4 Y2\ 3¢ k Og; y q
, i

Corollary 6. The constitutive equation of |; may be linear in c  (as in Equation (14)) if, and only if, either s
depends on c j and H depends on c ;, or s depends on q; .

Proof. To prove this proposition, it is enough to observe that if s is independent of c; or H is
independent of ¢;, and s in independent of g;, then the thermodynamic restriction (7f) implies

9J; = 0 or, equivalently, E 9 + % = 0. It yields J10;x = 0, once Equation (14) is taken into
ac,k 2 aC,k aC’i

account. [

The nonlocal terms entering Equation (14) may be important at nanometric scale, where nonlocal
effects are evident. One should note that the additional terms Jo(8,c, Ejj)e; + J1(8, ¢, Ejj)c; in
Equation (14) may be regarded as the entropy extraflux proposed in [35].

4. Thermoelastic-wave propagation

In this section we study the propagation of thermoelastic waves along a graded material. Our
analysis will be pursued under the following hypotheses:

o the constitutive equation (12b) for the Cauchy stress holds;
o all the material coefficients are constant;

o  function H is linear in the gradients, i.e.,

o H = Hy(e, Ep, ) + hye j + myc o + Nkjﬂk,j;

. 0 (s1Te/134)

. is negligible; wherein fy, my and Ny; depend on the set (g, Ey, ).
]

Under the hypotheses above, the system of equations (1) writes as

. S1TEqijqi  S1TEqid),

i A A — /\Ehh,i — 2VEij,j + Ee,i =0, (15a)
94q 949
S1TEGi]; . . L
- —LEjj — AEy,Eij — 21E;Ejj + beEj + g, = 0, (15b)
7
i _ ZTQ .
TqAqqi + qi + RAke; — o i~ TeEijq;j —acc; =0, (15c)
¢ = Ho(e, Epk, ¢) + i g + mgc g + Nijd i, (15d)

with b = (3A +2u)a /¢, and & =« /¢.
The nonlinear system of equations above allows the existence of nonregular solutions.

Definition 1. An acceleration wave is a traveling surface S across which a solution {u;, €, q;, ¢} of Equation (15)
is continuous, but its first- and higher-order derivatives suffer jump discontinuities [23,36].

Remark 6. It is worth observing that Equation (15) hold in the points of the two regions behind and ahead S,
while on S those equations must be written in terms of the jumps of the discontinuous fields across the wavefront.
Such jumps are given by the differences

G m— e y— oyt = gt
Sii; = ii; i, (Sul,] = ui,j ui’j, &twk = ”i,jk ”i,jk'

+ (16)
g’

1
S o . — g . — gt L — T
55,] = S,j e’]., (5q1,] =4;; 4 (5c,] =c;—c
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where the upscript + denotes the value of the corresponding fields in the region which S is about to enter, and
the upscript — denotes the same value in the region which S is about to leave.

For the sake of simplicity, herein we consider a one dimensional system. Then, Equation (15)

write as
- 1T
06 — (A 4 2p)u xx + be x — 21—Aqu,x =0, (17a)
T g
2
$1T, _
- 1 Eq u,x - ()\ + zy)u,xu,x + bET/'l,x + Q8 + q’x = 0, (17b)
T Ayg
. _ 3 2TQ
— Tequ x + KAkex + TgAgd + 9 — qu,x —accy =0, (17¢)
Ho+hex +Ngyx —¢+mcy=0. (17d)

In order to determine the jumps of the discontinuous fields across S, we first observe that in the one
dimensional case the sole component of the strain tensor is E = u . Here and in the following we
suppose that the fields u , ¢, g, ¢ are continuous across S but their space and time derivatives suffer
jump discontinuities. Meantime, we suppose that across S the time derivatives of the displacement u
are discontinuous too. Hence, we introduce the following notation

o%u d(du/ox) oE de g dc

0= =0——F—>=0-—=0E, J0—=0¢ 6=—=0q, I— =/c 18

9x2 ox ox ox % T T 9 T 18)
Moreover, being u , continuous across S, by the classical Hadamard identities, (see Ref. [36] and
Equations (54) and(55) therein), we can write

o%u 0%u

112 112
b5y = Uos = UG, (19)

wherein U is the speed of propagation of thermomechanical disturbances. Then, the system (17) yields

[oU? — (A +211)] 6E + b de — 2L 5 5g = 0, (20a)
Ty Aq
2
UEEED 4 (A 4 24)E — be] 6F — oU de + 69 = 0, (20b)
T3 Aq
_ ZTQ
Utpq dE + kRAg o — [UTyAg + Eq] dqg—acdéc=0, (20c)
hée + N g+ (U +m)dc =0, (20d)

wherein it must be understood that the coefficients of the unknown jumps are evaluated in the region
which S is about to enter. Equation (19) represent a linear and homogeneous algebraic system in the
unknown quantities JE, de, g and dc, which provides, in principle, the values of the jumps we are
looking for. The following statement is straightforward.

Theorem 2. The system (20) admits nontrivial solution if, and only if, the following condition is fulfilled

[ o2 — (A +2u)] b _p SITE 0o ]
Ay
u[ﬂﬂﬂwz )E—be] —oll 1 0
det | 1A, # € —0 1)
_ ZTQ
Utgg kAx  —(UtAy+ Eq) —ac
i 0 h N (U +m)]|
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Proof. The proof immediately follows by the observation that the system (20) admits non trivial
solutions if, and only if, the matrix of the coefficients is singular, i.e., if and only if Equation (21)
holds. O

Suppose now that the following additional conditions hold
TE:TQ:N:EZO. (22)

Remark 7. The conditions (22) mean that the Cauchy stress coincides with that of classical linear elasticity, in
the absence of thermal effects. Moreover, nonlocal effects for the heat flux do not influence the evolution equations
for the heat flux (Equation (1c)) and for ¢ (Equation (1d)).

Under the hypotheses (22) the system (20) becomes

[oU? — (A +2u)] OE =0, (23a)
U(A+2u)ESE — oU de + 6q = 0, (23b)
KAk de —UtyAg6q —acéc =0, (23¢)
hée+ (U +m)dc = 0. (23d)

Theorem 3. The system (23) admits nontrivial solution if, and only if, the following equation is fulfilled
[QUZ - (A+ 2#)} [QU2(UTqu +mtAq) — (U +m)kAg + hﬂc)} =0. (24)

Proof. To prove the theorem we observe that the system (23) admits non trivial solutions if, and only if,

[oU? — (A+2u)] 0 0 0
U(A+2u)E —olU 1 0 _
det 0 RAx  —UtA,  —a | 0, (25)
0 h 0 (U +m)

i.e, if, and only if, Equation (24) holds. O

Remark 8. The compatibility condition (24) is satisfied if either two elastic waves propagate with speeds

u— i,/"tf”, (26)

or two thermoelastic waves propagate with speeds

ha,
U=-m, U=-m-— . 27
m m— A (27)
Remark 9. If all the relaxation times in Equation (1c) vanish, then the generalized Fourier law
i = —KAge,; — acC, (28)

holds. Thus, being q; = qi(€ i, i, Enk), we are in the realm of Rational Thermodynamics, i.e., the thermodynamic
theory in which heat flux and stress tensor are assigned through suitable constitutive equations [13,37].

Corollary 7. Under the validity of the generalized Fourier law (28), if

N=0b=0, (29)
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then the following speeds of propagation are possible

. A+2u _ ha,
u_i,/T, U= —m A (30)

Proof. The proof follows by the observation that, if 7, = 0, Equation (24) reduces to
oW = (A-+20)| [(U +m)RAK + hac] = 0. (31)
O

Remark 10. The first speed in Equation (30) is of elastic type, while the second one, due to the combined
presence of & and Ak, corresponds to a thermo-mechanical wave. If a. = O, then the evolution equation of the
heat flux does not appear in the wave speeds, and the constant speed U = —m corresponds to a stoichiometric
wave, i.e., to a transport of energy due to the variable composition.

Corollary 8. Under the hypotheses (22), if
ac=m=0, Aj~1, Ax~1, (32)

then it is possible the propagation of elastic or thermal perturbations with speeds

Ue+ 220 oy | & (33)
Q 07y

Proof. We first observe that the hypotheses (22) imply Equation (24). On the other hand, if the
conditions (32) hold, then Equation (24) reduces to

ol = (A+2m)] [UPom; —&] =0, (34)
which proves the assertion. [

Remark 11. Under the hypotheses of Corollary 8 the system behaves as a purely elastic body (no thermoelastic
coupling), with a Cattaneo type evolution equation for the heat flux. Thus, the presence of purely elastic and
purely thermal waves (second sound) is expected.

Definition 2. An acceleration wave is said to propagate in a state of thermal equilibrium if in the region in
which the wave is about to enter
t=¢ey=q=0. (35)

In such a case, the system (20) becomes

[oU? — (A 42u)] 6E 4+ b ée = 0, (36a)
U[(A +2u)E — be] 6E — oU e+ 69 = 0, (36b)
kA e —UtyAg6q —acéc =0, (36¢)

hée+ Nég+ (U +m)dc = 0. (36d)
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Theorem 4. The system (36) admits nontrivial solution if, and only if, the following condition is fulfilled

[oU2— (A+2u)] b 0 0
U[(A+2u)E —be] —oU 1 0
= 0. 7
det 0 RAK  —UtA,  —a 0 (37)
0 h N (U +m)

Proof. The proof immediately follows by the observation that the system (36) admits non trivial
solutions if, and only if, the matrix of the coefficients is singular, i.e., if and only if Equation (37)
holds. O

Corollary 9. If m = 0, the system (34) admits nontrivial solution if, and only if, the following condition is
fulfilled

[0t = (A +21)] [oUPTyAq — U(Nac + RAK) + hac| = BU [(A +2u)E — be] (~UPTyAs + Nac| = 0. (38)

Proof. To prove this statement we observe that Equation (38) follows by Equation (37) once the
condition m = 0 is taken into account. [

Remark 12. Equation (38) is satisfied if two elastic of speed

U=, A2 (39)

¢

propagate together with two thermoelastic waves with speed
U= | N (40)
T 4q

ot Ay — U(oNac + RAk) + hac =0, (41)

Moreover, if the third-grade equation

admits real solutions, then Equation (38) is also satisfied if thermoelastic waves with speed given by such
solutions propagate together with two thermoelastic waves with speed given by Equation (40).

5. Discussion

In Equation (1) we have proposed a mathematical model describing the nonlinear thermoelastic
behavior of composition graded materials. The compatibility of the aforementioned model with second
law of thermodynamics has been investigated by applying a generalized Coleman-Noll procedure.

We have determined the speeds of propagation of coupled first- and second-sound pulses,
propagating either in nonequilibrium states, or in equilibrium states, under different physical
conditions. We found that several different types of thermomechanical perturbations may propagate,
depending on the value of the material coefficients characterizing the system.

The basic assumption underlying the present work is that the deformation of the body can produce
changes in the stoichiometry, altering locally the material composition. An interesting consequence of
such hypothesis is the possibility of propagation of pure stoichiometric waves, with speed U = —m,
where m measures the nonlocality of ¢ with respect to c itself (see Equation (15d)). The coupling of
thermal and stoichiometric effects has been taken into account through the term —a.c ; in the evolution
equation of the heat flux (see Equation (1d)). Such a coupling produces thermoelastic waves with
speed

d0i:10.20944/preprints202305.0230.v1
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ha,
=—m— 42
u kAK (42)
for propagation in nonequilibrium states, and
U=+, | N (43)
T4y

for propagation in equilibrium states. Furthermore, it is capable to produce additional thermoelastic
waves with speed given by the real solutions of Equation (41)- It should be noted that if a. = 0, beside

the solution U = 0, Equation (41) yields
U=+, | MKk (44)
QT Ay

which corresponds to heat waves with strain-dependent thermal conductivity. Finally, the model is
capable to reproduce the propagation of pure elastic waves and pure thermal waves, in the absence of
coupling (see Equation (33)).

Such a rich behavior has been obtained under the hypothesis 7o = 7 = 0. In future researches
we aim at considering the most general case, which we expect to offer a lot of possibilities of nonlinear
thermoelastic coupling.

Acknowledgments: The author acknowledges the financial support of the University of Basilicata under grant
RIL 2020, and of the Italian National Group of Mathematical Physics (GNFM-INJAM).
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